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Abstract. We show that a John domain has finitely many minimal Martin
boundary points at each Euclidean boundary point. The number of minimal Martin
boundary points is estimated in terms of the John constant. In particular, if the John
constant is bigger than \/5/27 then there are at most two minimal Martin boundary
points at each Euclidean boundary point. For a class of John domains represented as
the union of convex sets we give a sufficient condition for the Martin boundary and
the Euclidean boundary to coincide.

1. Introduction.

Let D be a bounded domain in R"™ with n > 2. Let dp(z) = dist(z,dD) and o € D.
We say that D is a John domain with John constant c; > 0 and John center at zq if
each x € D can be joined to x(y by a rectifiable curve v such that

op(y) = csl(v(z,y)) forally €, (1.1)

where y(x,y) is the subarc of v from z to y and ¢(y(z,y)) is the length of y(z,y). In
general 0 < ¢y < 1. It is easy to see that an open ball with center at z( is a John domain
with John constant c; = 1 and John center at zo. We may say that the bigger c; is, the
smoother D is.

Since the main concern of this paper is the boundary behavior of functions in D,
we may replace xy by a compact subset Ky of D. We call such a domain a general John
domain with general John center Kg and general John constant cy. Obviously, a John
domain is a general John domain and vice versa. Note that a general John constant
is improved, i.e., a John domain with John center at xy and John constant c; can be
regarded as a general John domain with general John constant ¢/, > ¢ by replacing o by
a larger compact set K. In fact, a smooth domain is a general John domain with general
John constant ¢y = 1; whereas it cannot be a John domain with John constant 1 unless
it is an open ball. Several general John domains have been studied in connection with
the Martin boundary, e.g. Denjoy domains (Benedicks [10]), Lipschitz Denjoy domains
(Ancona [6], [7] and Chevallier [11]), sectorial domains (Cranston-Salisbury [12]), quasi-
sectorial domains (Lomker [18]), the connected union of a family of open balls with the
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same radius (Ancona [5]) and so on. The general John constants for these domains can
be estimated by the geometrical assumption on the domains. For example, the general
John constant ¢; = 1 for a Denjoy domain.

Let G(z,y) be the Green kernel for D. A Martin kernel at £ € 9D (with reference
point x¢) is a limit of the ratio G(x,y;)/G(xo,y;) with y; — & The totality of Martin
kernels gives an ideal boundary of D, referred to as the Martin boundary of D. We iden-
tify a Martin kernel and an ideal boundary point; a limit of the ratio G(z, y;)/G(x0,y;)
with y; — £ is called a Martin boundary point at £ as well. We say that a positive
harmonic function h is minimal if every positive harmonic function less than or equal
to h coincides with a constant multiple of h. If a Martin kernel is a minimal harmonic
function, then we call it a minimal Martin kernel or a minimal Martin boundary point.
In general, the Martin boundary need not be homeomorphic to the Euclidean bound-
ary. There may be even infinitely many minimal Martin boundary points at a Euclidean
boundary point (Martin [19]).

The purpose of this paper is to show that every John domain has finitely many
minimal Martin boundary points at each Euclidean boundary point. Moreover, the
number of minimal Martin boundary points is estimated in terms of the John constant.

THEOREM 1.1. Let D be a general John domain with general John constant c;.

(i)  The number of minimal Martin boundary points at every Euclidean boundary point
& € 0D is bounded by a constant depending only on the general John constant cj.

(ii)) Ifcy > \/3/2, then there are at most two minimal Martin boundary points at every
Euclidean boundary point £ € 0D.

REMARK 1.1. Let D be a sectorial domain whose boundary near the origin lies
on three equally distributed rays leaving the origin. Then D is a general John domain
with John constant sin(r/3) = v/3/2. There may be three different minimal Martin
boundary points at the origin. See Figure 1.1. This simple example shows that the
bound ¢; > \/3/2 in Theorem 1.1 is sharp. Note that the same bound c; > \/3/2 also
applies to the higher dimensional case.

Figure 1.1. The bound c; > \/3/2 in Theorem 1.1 is sharp.

REMARK 1.2. Theorem 1.1 generalizes some parts of [10], [6], [7], [11], [12] and
[18]. One of the main interests of these papers was to give a criterion for the number
of minimal Martin boundary points at a fixed Euclidean boundary point (via Kelvin
transform for [10]). Such a criterion seems to be very difficult for a general John domain,
since the boundary may disperse at every point (See e.g. [3, Figure 3b]).
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One might think that the number of minimal Martin boundary points at a Euclidean
boundary point would be equal to 1 provided the John constant c; is sufficiently close to
1. This is not the case in view of Benedicks’ work on a Denjoy domain ([10]). The best
upper bound obtained from the John constant c; is at least two as given in Theorem 1.1.
Our second purpose is to find a certain class of John domains for which each boundary
point has one minimal Martin boundary point.

We shall need some other information different from the John constant c¢;. Ancona
[5, Théoreme] gave a condition for the union of a family of open balls with the same
radius to have one minimal Martin boundary point at each Euclidean boundary point.
By B(x,r) we denote the open ball with center at = and radius r. For a pair of distinct
points = and y let [z,y] be the (open) line segment connecting « and y. For 0 < 6 <7
we denote by I'y(x,y) the open circular cone {z € R™ : Zzxy < 0} with vertex at x, axis
[z,y] and aperture 6. Ancona says that a domain D is admissible if

(A1) D is the union of a family of open balls with the same radius pg.

(A2) Let £ € 9D. If D includes two open balls By and By with radius pg tangential to
each other at &, then D includes a truncated circular cone (&, y) N B(&,r) for
some 6 > 0, r > 0 and y in the hyperplane tangent to B; at . See Figure 1.2.

THEOREM A (Ancona). Let D be a bounded admissible domain. Then every Eu-
clidean boundary point of D has one Martin boundary point and it is minimal. Moreover,
the Martin boundary of D is homeomorphic to the Fuclidean boundary.

00

(&, y)NB(E,r)

Figure 1.2. Condition (A2). Figure 1.3. Condition (II).

Let us generalize both (A1) and (A2). Clearly, (A1) implies that D is a general
John domain with general John constant 1. We would like to consider general convex
sets rather than balls with the same radius. They need not be congruent. Observe that

Ancona’s condition (A2) implies that two balls By and By are connected by a truncated
cone Ip(&,y) N B(E,r). IF0 < @ <0, then we have

U Iy (&,y) N B(&,r") is connected and non-empty,

yeD
Ly (£9)NB(E,r")CD

provided ' > 0 is sufficiently small. In view of this observation, we generalize (A1) and
(A2) as follows. Let Ag > 1 and py > 0. We consider a bounded domain D such that

(I) D is the union of a family of open convex sets {Cx}rca such that B(zx,po) C
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Cx C B(zx, Aopo)-
(IT) For each £ € 0D, there are positive constants ¢; < sinfl(l/Ao) and p; < pg cos b,

such that
€ (&) = U Iy, (&,y) N B(&,2p1) is connected and non-empty.
yeD
Ty, (€:4)NB(E,2p1)CD (1.2)

See Figure 1.3.

We observe that a bounded domain satisfying (I) becomes a general John domain.
In fact, let Ky be the closure of {z)}xca. Then Ky is compact. For each z € D there is
Az € A such that x € Cy,. Since [z,2x,] C Cx, C B(za,,Aopo) and ¢, (2x,) > po, it
follows from (2.4) in Section 2 that

|z — w|
5 > S
p(w) > Cix, (w) > |z — 2, |

dcy, (2a,) = A51|:1: —w| for all w € [z, zx,].

Hence D is a general John domain with general John center K¢ and general John constant
Ay ! Thus Theorem 1.1 is applicable to such a domain, so that the number of minimal
Martin boundary points at every Euclidean boundary point £ € 9D is bounded by a
constant N. Condition (II) implies that N = 1.

THEOREM 1.2.  Let D be a bounded domain satisfying (I) and (II). Then every
Fuclidean boundary point of D has only one Martin boundary point and it is minimal.
Moreover the Martin boundary of D is homeomorphic to the Euclidean boundary.

REMARK 1.3.  Ancona’s admissible domains satisfy (I) and (II) of Theorem 1.2.
The argument of Ancona depends on the special properties of a ball. His crucial lemma
([5, Lemme 1)) relies on the reflection with respect to a hyperplane, and is applied to a
ball by the Kelvin transform ([5, Corollarie 2]). This approach is not applicable to our
domains.

REMARK 1.4. A Denjoy domain can be represented as the union of a family of
open balls with the same radius. A Lipschitz Denjoy domain, a sectorial domain and a
quasi-sectorial domain can be represented as the union of a family of open convex sets
C) satisfying (I). However, they cannot be represented as the union of a family of open
balls with the same radius. Our Theorem 1.2 is applicable to these domains.

REMARK 1.5.  Condition (II) is local in the following sense: Suppose D is the
union of a family of open convex sets {C) } rea satisfying (I). If a particular point £ € 9D
satisfies (IT), then there is only one Martin boundary point at £ and it is minimal.

REMARK 1.6. Note that 0 < 6; < 7/2 by 0 < p; < pgcosf;. The bounds
0, < sin_l(l/Ag) and p; < pgcosfy are sharp. If one of the inequalities fails to hold,
then there is a domain D satisfying both (I) and (1.2) and yet having a Euclidean
boundary point & € 9D such that there are multiple Martin boundary points at £. See
Examples 8.1 and 8.2 in Section 8.
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Both Theorems 1.1 and 1.2 are based on a common geometrical notion, a system
of local reference points. In Section 2, we shall introduce a quasihyperbolic metric and
define a system of local reference points. Then we shall observe that Theorems 1.1 and
1.2 are decomposed into three propositions, namely, Propositions 2.1, 2.2 and 2.3. The
first two propositions are purely geometric and will be proved in the same section. Propo-
sition 2.3 involves many potential theoretic arguments. Among them, a Carleson type
estimate (Lemma 5.1 in Section 5) for bounded positive harmonic functions vanishing on
a portion of the boundary will be crucial. This estimate will be deduced from a Domar’s
type theorem (Domar [13]) for nonnegative subharmonic functions, as was employed by
Benedicks [10] and Chevallier [11]. Domar’s argument is applicable also to nonlinear
equations in a metric measure space ([4]).

By the symbol A we denote an absolute positive constant whose value is unimportant
and may change from line to line. If necessary, we use Ag, A1, ..., to specify them. We
shall say that two positive functions f; and f, are comparable, written f; ~ fs, if and
only if there exists a constant A > 1 such that A=!f; < f, < Af;. The constant A will
be called the constant of comparison. We write B(x,r) and S(z,r) for the open ball and
the sphere of center at x and radius r, respectively.

ACKNOWLEDGEMENT. The authors are very grateful to the referee for helpful com-
ments and suggestions.
2. Local reference points.

2.1. Restatements of Theorems 1.1 and 1.2.
We define the quasihyperbolic metric kp(z,y) by

. ds(z)
kp(x,y) = 12f SG)

where the infimum is taken over all rectifiable curves 7 connecting x to y in D and ds(z)
stands for the line element on v. We say that D satisfies a quasihyperbolic boundary
condition if

dp(xo)
dp(z)

kp(z,z9) < Alog + A" forallz € D. (2.1)

A domain satisfying the quasihyperbolic boundary condition is called a Holder domain
by Smith-Stegenga [20], [21]. Tt is easy to see that a John domain satisfies the quasihy-
perbolic boundary condition (see [16, Lemma 3.11]). We need more precise estimates.

DEFINITION 2.1. Let N be a positive integer and 0 < n < 1. We say that £ € 9D
has a system of local reference points of order NV with factor n if there exist R¢ > 0 and
A¢ > 1 with the following property: for each positive R < R¢ there are N points y; =
y1(R),...,yn = ynv(R) € DN S(& R) such that AglR <ép(y;)) < Rfori=1,...,N
and
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) R -
:rlnlnN{kDR(m,yl)} < A¢log m + A; for x € DN B({,nR),

where Dr = DN B(¢,n73R). If 1 is not so important, we simply say that £ € D has a
system of local reference points of order N.

The proofs of Theorems 1.1 and 1.2 can be decomposed into the following three
propositions. The first and the second are purely geometric; the third is potential theo-
retic.

ProrosITION 2.1.  Let D be a general John domain with John constant cy. Then
every £ € 9D has a system of local reference points of order N with N < N(cy,n) < co.
Moreover, if the John constant c; > \/3/2, then we can let N < 2 by choosing a suitable
factor 0 < np < 1.

PROPOSITION 2.2.  Let D be a bounded domain satisfying (I) and (II). Then every
& € 0D has a system of local reference points of order 1.

REMARK 2.1. In Proposition 2.1, the constants B¢ and A¢ in Definition 2.1 can
be taken uniformly for £ € 9D, whereas they may depend on & in Proposition 2.2.

By % we denote the family of all kernel functions at £ normalized at the John
center xg, i.e., the set of all positive harmonic functions A on D such that h(zg) = 1,
h = 0 q.e. (quasi everywhere) on 9D and h is bounded on D \ B(&,r) for each r > 0.
Here we say that a property holds g.e. if it holds outside a polar set. A Martin kernel at £
(with reference point x) is a limit of the ratio G(z,y;)/G(xo,y;) of Green functions with
y; — & Suppose y; C DNB(&,r/2). Then the (global) boundary Harnack principle for a
John domain (Bass and Burdzy [9]) implies that the ratio G(-,y;)/G(zo,y;) is bounded
on D\ B(£, ), and so is a Martin kernel at £. Obviously, a Martin kernel at £ is a positive
harmonic function vanishing g.e. on 9D with value 1 at xo, so that it belongs to ..
Thus Theorems 1.1 and 1.2 will follow from Propositions 2.1, 2.2 and the following:

PROPOSITION 2.3. Let D be a general John domain. Suppose & € D has a system
of local reference points of order N.

(i) The number of minimal functions in % is bounded by a constant depending only
on N.

(ii) If N <2, then there are at most N minimal functions in €. Moreover, if N =1,
then J; is a singleton and consists of a minimal function.

REMARK 2.2. It is plausible that there are at most N minimal functions in J%
even for N > 3. Unfortunately, our proof of Proposition 2.3 is based on (6.5), which is
proved only for N < 2.

2.2. Proof of Proposition 2.1.
For the proof of the second assertion in Proposition 2.1, we prepare an elementary
geometrical observation.

LEMMA 2.1. Let ey, es and e3 be points on the unit sphere S(0,1). Then
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max min |e; — ej| = V3,
i#]

where the maximum is taken over all positions of e1, es and es.

PrROOF. This is a well-known fact (Fejes [14]). For the convenience sake of the
reader we provide a proof. We can easily prove the lemma for n = 2. Let n > 3. We
observe from the compactness of S(0, 1) that the maximum d is taken by some points ey,
e2 and e3 on S(0,1). There is a unique 2-dimensional plane II containing e, es and es,
since three distinct points on S(0,1) cannot be collinear. Observe that S(0,1) N 1IT is a
circle with radius at most 1. Since ey, e5 and e3 are points on this circle, it follows from
the case n = 2 that d < v/3. The lemma follows. O

PROOF OF PROPOSITION 2.1. We prove the proposition with Re = ép(Ky). Let
£ € 0D and 0 < R < 6p(Kyp). Let us prove the first assertion with n = 1/2. Take
x € DN B(§,R/2). By definition there is a rectifiable curve  starting from z and
terminating at Ky such that (1.1) holds. Then the first hit y(z) of S(§, R) along ~

satisfies 271cy;R < dp(y(r)) < R and kp,(z,y(z)) < Alog ——. We associate y(z)

ép(z)
with z, although it may not be unique.

Consider, in general, the family of balls B(y,4 'c;R) with y € S(¢, R). These
balls are included in B(&, (4 e; + 1)R), so that at most N(cs,n) balls among them
can be mutually disjoint. Hence we find N points x1,...,2y € D N B(§, R/2) with
N < N(ey,n) such that {B(y1,47'c;R),...,B(yn,47'csR)} is maximal, where y; =
y(xz;) € DNS(E, R) is the point associated with x; as above. This means that if z € DN
B(¢,R/2), then B(y(x),4 'c;R) intersects some of B(y1,4 ¢ R),...,B(yn,4 tcsR),
say B(yi,47tcsR). Since B(y(x),4 'c;R) N B(y;, 4 tcyR) # & and B(y(z),271c;R) U
B(y;,27'cjR) C Dg, it follows that kp, (y(z),y;) < A’. Hence

R
kpp(w,yi) < kpp (2, y(x)) + kpg(y(z), y:) < Alog @) + A

Repeating some points, say y1 = y(x1), if necessary, we may assume that this property
holds with N independent of R and N < N(cy,n). Thus the first assertion follows.

For the proof of the second assertion, let v/3/2 < b <b < cyand n=1-b/cy > 0.
Let us prove that £ has a system of local reference points of order at most 2 with factor
7. Let 0 < R < dp(Kp). Suppose x € DN B(,nR). In the same way as in the proof of

the first assertion, we find y(x) € S(&, R) such that kp, (x,y(z)) < Alog %255) and
D

dp(y(x)) > c;(1—n)R=bR > VR > ?R.

Lemma 2.1 says that at most two disjoint balls of radius b’ R can be placed so that their
centers lie on the sphere S(&, R). Hence we can choose z1,z2 € D N B(§,nR) such that
B(y(x),b R) intersects B(y;, b’ R) for some i = 1,2, where y; = y(z;). Since B(y(x),b’ R)N
B(y;,b'R) # & and B(y(x),bR) U B(y;,bR) C Dg, it follows that kp, (y(z),y;) < A.
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Hence the proposition follows. O

REMARK 2.3. In case ¢y < \/§/2, we may have an estimate of N better than the
above proof, by considering a lemma similar to Lemma 2.1.

2.3. Proof of Proposition 2.2.

In this subsection, we assume, by translation and dilation, that £ = 0 and p; =1
for simplicity. The aperture 6, < sin~'(1/4y) is fixed and we write I'(x,y) for Iy, (z,v).
Note that 1 = p; < pgcosby, so that 0 < 6, < 7/2 and pg > secf;. Let C be a convex
set appearing in (I) and let B(zx, po) C Cx C B(2x, Aopo). If z € C) \ B(zx, po), then

I'(z,z\) N B(x,2) C co({z} U B(zx,p0)) C Ch, (2.2)
where co({z} U B(zx, po)) is the interior of the convex hull of {z} U B(zy, po). Let
@ ={yeS01): I0,y)NB(0,2) C D}.
We first show that & # & and that the point 0 can be accessible along a ray issuing

from the origin toward a point in #'.

LEMMA 2.2. There is a positive constant Ry < 1 such that if C\ N B(0, Ry) # &,
then Cx N¥ # . In particular, % # &.

PROOF.  Suppose to the contrary, there is a sequence Cy, with dist(0,C;) — 0
and Cy;, N % = . Let zy, be such that B(zy,,p0) C Cx, C B(zx,;,Aopo). Taking a
subsequence, if necessary, we may assume that zy, converges, say to zp. We claim

1(0,2) N B(0,2) c | JCn,. (2.3)

We find ), € 0Cy,; with x5, — 0. Take x € I'(0,z9) N B(0,2). Then Zz0zy < 6; and
|z| < 2 by definition. If j is sufficiently large, then Zzxy,2); < 61 and |z — ), < 2 by
continuity, so that

x € I'(xy;,2z,) N B(xy,;,2) Cco({zx; } UB(2x;,p0)) C Ch,,

by (2.2). Thus (2.3) follows. Now, by definition, yo = 2o/|20| € # and yo € I'(0,29) N
B(0,2) C U, C,. This contradicts Cy; N % = J. The lemma follows. O

Observe that if C' is a convex set, then the distance function d¢(x) = dist(z, 0C) is
a concave function on C, i.e.,

|z — 2|

|z -y

So(z) > ] Sc(z) +

P do(y) for z € [x,y], (2.4)

whenever = and ¥y are distinct points in C. This fact will be used in the following lemma.
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LEMMA 2.3. Let 0 < Ry < 1 be as in Lemma 2.2. Suppose 0 < R <
min{Ry,3 tsind}. If Cx N B(0,R) # & and y € Cx N¥, then there exists a point
w e C\NT(0,y)NB(0,3R/sinby) such that

sin 0
deanr(o,y)(w) > 1 LR.

PROOF. Take x € C\ N B(0,R). Then [z,y] C Cx. Observe that there is a point

wy € [z,y] N I(0,y) with |wy| < R/sin6,. In fact, if z € I'(0,y), then wy = x satisfies
the condition. Otherwise, let wy be the intersection of [z, y] and OI'(0,y). By elementary
geometry

R > dist(z, [0,y]) > dist(w1, [0, y]) = |w1|sin by,

so that |wy| < R/sinf;. Since |wy —y| > 1 — R/sinf; and 3R/sinf; < 1, we find a
point we € [w1,y] C Cx N I'(0,y) with |w; — we| = R/sinb;. See Figure 2.1.

I0,y)

]

Figure 2.1. ¢, nr(o,y)(w) 2 47 sin 6, R.

By (2.4) with C = I'(0,y) we obtain

— R/sin6 R
7|w1 we| o,y)(y) > /sin by sinf; > —.

N _R/sinb
(o) (w2) = = R/sinf; +1 2

I
fwy —y

Moreover |wg| < 2R/ sinf;. Since |wa — 25| > po—2R/sinf; > Rby 3R/sint; < 1 < py,
we can take a point w € [wg, z)] C C) such that |w — ws| = R/4. Then it follows from
(2.4) with C = C that

R/A sin 0

|w — ws| )
— 0
Aopo 4

6CA (w) >

= R.
lzx — w2

doy(2a) >

Hence

. (R R sin6, sin 0¢
dr,y)ncy (w) > min {2 v 4R} =— R.
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Moreover,

R R R 3R
< |w— - < — < )
|lw] < |w —wsa| + |wy —wy| + |wy] < 1 + 00 sng < smo

Thus the lemma is proved. O

PRrROOF OF PROPOSITION 2.2. Let 0 < Ry < 1 be as in Lemma 2.2 and let 0 <
n3 < 67 1sinf;. Suppose 0 < R < min{Ry,37'sinf;}. By Lemma 2.2 we fix yg € ¥
and write ygr = Ryo. It is sufficient to show that

+A forx € DN B(0,nR), (2.5)

R

where A is independent of z and R. Take z € D N B(0,nR). Then there is a convex
set C containing x and there is y € C, N % by Lemma 2.2. By Lemma 2.3 we find a
point w € Cx N I'(0,y) N B(0,3R/sinb) such that 6c,r(oy) (w) > 4~ 'Rsinf;. Then
[z,w] C B(0,271n73R) N Cy, and therefore dp,(z) = dp(z) > d¢, (2) for z € [z, w)].
Since

|z — 2| sin® 0,
> > > -
O0prp(2) > b0, (2) > P w|6C* (w) > T |z — 2| for z € [z, w]
by (2.4), it follows that
ds(z) R
kp,(z,w) < < Alog —— + A.
pem) < [ ooy S AR
Since
Son(2) > o (2) > 1225 (R)>Sin291| | for z € [w, Ry
z 2) > —— -z rz
Dr = or(,y) = |U) — Ry| roy\fy) = 4 w w, 1y|,
it also follows that
ds(z) R
kp,(w, Ry S/ < Alog + A.
R TR N )

Note that '(0) N S(0,1) is connected by the assumption (II). In view of dist(#/,S(0,1) \
%(0)) > sinf; and ¥ (0) C D, we see that kp, (Ry,yr) < A with A independent of R, y
and yg. Thus (2.5) follows from the triangle inequality. O

3. Refinement of Domar’s theorem.

Domar [13, Theorem 2] gave a criterion for the boundedness of a subharmonic
function majorized by a positive function. We need its quantitative refinement, i.e., the
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dependency of the bound is given explicitly.

LEMMA 3.1. Let u be a nonnegative subharmonic function on a bounded domain
2. Suppose there is € > 0 such that

I= / (log™ )" *eda < o0.
o)

Then
u(x) < exp(2+ AIY 50 (x) /%), (3.1)

where A is a positive constant depending only on £ and the dimension n.
For the proof we prepare the following.

LEMMA 3.2. Let u be a nonnegative subharmonic function on B(x, R). Suppose
u(x) >t >0 and

R>L,|{y € B(z,R) : e” 't < u(y) < et}|'/™, (3.2)

where Ly, = (€2 /v,)Y/™ and v, is the volume of the unit ball. Then there exists a point
x' € Bz, R) with u(z') > et.
PROOF. Observe that (3.2) is equivalent to

Hy € B(z,R) : e 't < u(y) < et}] _1
|B(z, R)| ~ e

Suppose u < et on B(x, R). Then the mean value property of subharmonic functions
yields

1
< < —
S ) S [T oy O
1

= —— udy —l—/ udy)
|B(z, R)| (/B(a:,R)m{ugelt} B(a,R)N{u>e—1t}

1 1
<e t+7et<t.
e

This is a contradiction. O

PROOF OF LEMMA 3.1. Since the right hand side of (3.1) is not less than €2, it is
sufficient to show that

So(x) < AIV™(logu(z)) ™%/,  whenever u(z) > €. (3.3)
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Fix z1 € 2 with u(x;) > €2 and let us prove (3.3) with z = 1. Let
Rj = Lol{y € 2: 2 2u(x)) < uly) < uz) /™ forj>1.

We choose a sequence {z;} as follows: If d(x1) < Ry, then we stop. If dn(z1) > Ry,
then B(z1,R1) C {2, so that there exists z3 € B(x1, R1) such that u(za) > eu(z1) by
Lemma 3.2. Next we consider dpo(x2). If dp(22) < Ra, then we stop. If dp(x2) > Ra,
then B(z2, R2) C {2, so that there exists 23 € B(x2, R2) such that u(z3) > e?u(x1) by
Lemma 3.2. Repeat this procedure to obtain a finite or infinite sequence {x;}. We claim

So(r1) <2) R;. (3.4)
j=1
Suppose first {x;} is finite. If d;(x1) < R, then (3.4) trivially holds. If §o(z1) > Ry,
then we have an integer J > 2 such that

do(x1) > Ri,...,00(xj-1) > Rj_1,00(xs) < Ry,

29 € B(x1,Ry),x3 € B(x2,Ra),..., x5 € B(xj_1,Rj_1).
Hence we have
do(x) <l|xy—x2|+ -+ |zjo1 — x5+ 0n(xy) <Ri+ -+ Rj_1+ Ry,
so that (3.4) follows. Suppose next {z;} is infinite. Since u(z;) > e‘u(z1) — oo,

it follows from the local boundedness of a subharmonic function that z; goes to the
boundary. Hence, there is an integer J > 2 such that 6o (zs) < 260(71). Then

1
do(xy) <l|zy —xo|+--+|xzgj1 —xg|+00(xy) <Ry +---+Rj_1+ 559(331),

so that (3.4) follows. In view of (3.4) we observe that (3.3) follows from

oo
> R; < ATY™(log u(y)) /™. (3.5)
j=1

To show (3.5), let j; be the integer such that e/t < u(z;) < e/1+1. Then j; > 2 and

R;j < L,{yec®: N2 < u(y) < ej1+j+1}|1/n_

Since the family of intervals {(e/1772 e/1Ti1]}. overlaps at most 3 times, it follows
from Holder’s inequality that
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ZRj < 3L, Z Hy e :e ! <u(y) < e}V
Jj=1 J=j1

o (n—1)/n 00 1/n
1 . L .
s3Ln(ZWW) (ZJ Hlyen:é 1<u(y)§ef}|)

i=i 7 i=h
1/n
< Ajlf/”(/ (log+ u)n—l+sdy>
2
< Alogu(wy)) /" 11",

Thus (3.5) follows. The lemma is proved. O

4. Integrability of negative power of the distance function.

Inspired by Smith and Stegenga [20, Theorem 4] we have proved that for a bounded
John domain there is a positive constant 7 such that

/ Op(x) Tdr < oo
D

([1, Lemma 5]). We need its local version.

LEMMA 4.1.  Let D be a general John domain with general John constant cy and
general John center Ko. Then there are positive constants T and A depending on cy such
that

/ ( R >d$§AR"
pnB(e,R) \0D(T)

for each & € 0D and 0 < R < dp(Kp).

PrOOF. Let
Vi={z e DNB(,R+(1+c;")2"7R): 277 'R < ép(x) < 277 R}

for j > 0. For a moment we fix z € U;’i j+1 Vi- By definition there is a rectifiable curve ~
connecting z and Ko with (1.1). Hence we find y € ~y such that dp(y) =277 R > cj|lz—y|.

In other words = € B(y,c;'279R). We observe
|B(y,5¢;'27 R)| < AV; 0 Bly, 527 R). (4.1)

In fact, take y* € 9D such that |y — y*| = 279R, and then take y’ € [y,y*] with
ip(y) = %(Z_jR +27971R). An elementary geometrical observation and c; < 1 give
B(y',27772R) C V; N B(y,c; 277 R), so that (4.1) follows.

Now the covering lemma yields a sequence {yj} such that
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U Vi C UB(yk,5c;12*jR)
i=j+1 k

and {B(yk,c; 279 R)}), are disjoint. Hence

<Y Byk, 5y "2 R) < ALY V5N Blyk, ;277 R)| < Ay |V
k k

U

i=j+1

> vil=

i=j+1

by (4.1). Let 1 <t < 1+ A;*. In the same way as in the proof of [1, Lemma 5] we have
itj|v-| < ;i Vi| < AIB(E, R+ (1 +¢;Y)2R)| < AR™.
= T=1-(t-1A = = ’ 7 -

Since t/ < (R/ép(x))” < /! on V; with 7 =logt/log2 > 0, it follows that

R )T oo )
—— ) dz <D ¢THV;| < AR™.
/DﬂB(.f,R) <5D(39) Z Vil

Jj=0

Thus the lemma follows. 0

5. Growth of positive harmonic functions.

In this section we shall show Proposition 2.3 (i) by investigating the growth of
h € 5. Throughout the section we let D be a general John domain and let £ € 9D be
fixed. We say that z,y € D are connected by a Harnack chain {B(x;, %5,3(13))}?21 if
@ € B(w1,30p(21)), y € Blyk, 30p(yx)), and B(x;, 30p(2;)) N B(xj41, 30p(2j41)) # D
for j =1,...,k—1. The number k is called the length of the Harnack chain. We observe
that the shortest length of the Harnack chain connecting x and y is comparable to
kp(z,y) + 1. Therefore, the Harnack inequality yields that there is a constant As > 1
depending only on n such that

exp(—Az(kp(z,y) +1)) < ZE;; < exp(Az(kp(z,y) +1)) (5.1)

for every positive harmonic function h on D. If D is a John domain with John constant
¢y and John center g, then we have from (2.1)

h(z) 3p(z0)
hzo) = A3< 5p(x) > (5:2)

with A and A3 > 0 depending only on the John constant cy. If D is a general John
domain with John constant c¢; and John center Ky, then (5.2) holds with the same A
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and another Az depending only on cj, xg and K.

Let £2 be an open set intersecting D. Let h be a bounded positive harmonic function
in D N {2 vanishing q.e. on D N 2. We extend h to 2\ D by 0 outside D and denote
by h* its upper regularization. Then we observe that h* is a nonnegative subharmonic
function on §2 ([8, Theorem 5.2.1]). We shall apply the refinement of Domar’s theorem
(Lemma 3.1) to the subharmonic function h* to obtain a Carleson type estimate.

LEMMA 5.1.  Let £ € 0D have a system of local reference points yi,...,yn €
DN S, R) of order N with factor n for 0 < R < Re. Suppose h is a positive harmonic
function in D N B(£,n73R) vanishing g.e. on D N B(§,n~3R). If h is bounded in
DnB(nR)\ B(&,m2R), then

N
h < AZh(yi) on DN S(&,m*R), (5.3)

i=1
where A is independent of h and R.

PrROOF. Let 0 < R < R¢. Then we find y1,...,yn € DN S(E, R) with dp(y;) = R
such that

. R
Z.211171.1{17]\7{chR(:E,yi)} < Alogm +A forxze DN B, nR).

By (5.1) we find a constant A4 > 1 such that

AN
h(z) < Ay <6D1?:c)) ; h(y;) for z € DN B(E,nR). (5.4)

Let us apply Lemma 3.1 toe = 1, u = h* /(44 Ef\il h(y;)) and 2 = B(&,nR)\B({, 1 R).
Let 7 > 0 be as in Lemma 4.1. Apply the elementary inequality:

n
(logt)" < (") 7 fort>1
T

tot=R/ép(x) > 1 for x € 2. Then

= (5w)] <(5m)

so that it follows from (5.4) and Lemma 4.1 that

I = / (1og+ u)"dr < A ) de < AR™.
I?)

DNB(¢,R) <5D(37)
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Hence, Lemma 3.1 yields that u < exp(2+ AIR™") < A on S(&,n?R), i.e., (5.3) holds.
O

Let us apply Lemma 5.1 to a kernel function h € 4% to obtain the following growth
estimate.

LEMMA 5.2.  Let £ € 0D have a system of local reference points y1,...,yn €
DN S R) of order N with factor n for 0 < R < Re. Let h € 5. Then

h(z) < Alz — €| forxz e D,

where A > 0 is as in (5.2) and A is independent of R, x and h.

ProOF. By Lemma 5.1 we have (5.3). Since h is bounded apart from a neighbor-
hood of £, the maximum principle gives

N
h(zx) < AZh(yi) for x € D\ B(¢,m*R).

i=1

Apply (5.2) to each y; € DNS(&, R) with dp(y;) =~ R. Then obtain h(y;) < AR™*. This,
together with the above estimate, yields h(z) < Alx — &7 for € D. The lemma is
proved. O

Here we record another application of Lemma 5.1, as this will be useful later.

LEMMA 5.3.  Let & € 9D have a system of local reference points yi,...,yn €
D N S(& R) of order N with factor n for 0 < R < Re¢. Let h be a bounded positive
harmonic function on D N B(£,173R) vanishing q.e. on 0D N B(&,n73R). Then

N
h<A> h(y:) onDNB(EnR),
=1

where A is independent of R and h.
PROOF. We have (5.3). Apply the maximum principle to D N B(£,n?R). O

The following lemma is well-known. For the sake of the reader’s convenience, we
state it with a proof.

LEMMA 5.4.  Suppose there exist a positive integer M and a positive constant A
with the following property: if ho, ..., hyr € Hz, then there is j such that

hj S AZhZ on D.
i#]

Then % has at most M minimal harmonic functions.
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PROOF. Suppose there are M +1 different minimal harmonic functions hyg, ... hy €
. If necessary relabeling, we may assume that

M
hOSAth on D.

i=1

We may also assume that A > 1. Then (A4 Zf\il hi —ho)/(AM — 1) € Hz. Let h be this
function. We have

1 1 1Y
Mh0+(1_w>h:M;hi'

Compare the Martin representation measures for the both sides. The measure for the

1
left hand side has at least —— mass at hg, whereas the measure for the right hand side

has 0 mass at hg. This contradicts the uniqueness of the Martin representation. O

Let v be an unbounded subharmonic function on R™. For k € R and =g € R™ we
define the limit component containing xy by

Clzo k) = |J Crlxo,k),

R>|xo]

where Cg(xo, k) is the connected component of {z : u(z) > k,|x| < R} containing xo.
By N (k) we denote the total number of limit components. It is known that N (k) is an
increasing function of k and the limit limy_,, N (k) is referred to as the number of tracts
of u. There is a close connection between the growth of u and the number of tracts. See
[15, Section 1] and [17, Section 4.6] for details.

PROOF OF PROPOSITION 2.3 FOR N > 3. Let h; € ¢ for j =0,..., M. Let hj
be the upper regularization of the extension of h; to R™ \ {{} as before Lemma 5.1 and
let H; be the Kelvin transform of A} with respect to S(£, 1), i.e.,

Hj(z) = |z — €*7"hj (€ + |z — €7 (x — €).

Observe that H; is a nonnegative subharmonic function on R"™ which is positive and
harmonic on the Kelvin image D* of D and is equal to 0 g.e. outside D*. Moreover,
Lemma 5.2 shows

Hj(x) < Alz — 7"

Thus H; is of order at most 2 —n + A. As in Benedicks [10, Theorem 2], we let

w = j:r(r)l’?.)’(M {Hj - ZHl}

i#]
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and let w™ be the upper regularization of max{w,0}. Then w is a nonnegative subhar-

monic function on R™ of order at most 2 —n + A. If none of {z : H;(x) > >, H;(2)}
is empty, then w™ has M + 1 tracts. Hence, [15, Theorem 3] yields

M+1
4

1 3
2—n—|—)\>210g( >+2 if M > 3.

Hence, if M > 4dexp(l —2n +2A) — 1, then {z : Hj(z) > >_,,; Hi(x)} = & for some

j=0,..., M. This means that H; < Zi# H; on D*, so that

hj < Z hz on D.
i#j

Hence Lemma 5.4 implies that /% has at most M minimal harmonic functions, or equiv-
alently there are at most M minimal Martin boundary points at £. Thus the number of
minimal Martin boundary points at £ is bounded by 4 exp(1 — 2n + 2X). O

REMARK 5.1. The above proof gives a coarse estimate of the number of minimal
harmonic functions of J# in terms of A depending on the John constant c;. More delicate
arguments will be needed for a sharp estimate.

6. Weak boundary Harnack principle.

In this section we shall prove Proposition 2.3 for N < 2. Throughout the section
we let D be a general John domain and fix £ € 0D. Since most arguments are valid for
any N > 1, except for (6.5), we shall state the results for general N. Proposition 2.3 will
be derived from a certain estimate of the Green function. There is a difference of the
behavior of the Green function G for D between the cases n =2 and n > 3, i.e.,if n > 3
and R > 0 is small, then

1
G(z,y) ~ R>™ forze S(y, 25D(y)) with dp(y) = R;

if n = 2, then this estimate does not necessarily hold. To avoid this difficulty we consider
the Green function G for the intersection Dgr = D N B(£, AsR) with sufficiently large
As > n~3. Then we have for any n > 2,

1
Gr(z,y) ~ R*™" forz e S(y, 25D(y)> with 6p(y) = R, (6.1)

where the constant of comparison depends only on D and As.

By w(z, E,U) we denote the harmonic measure of E for an open set U evaluated at
x. The box argument in [2, Lemma 2] (see [9] for the original form) gives the following
estimate of the harmonic measure.
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LEMMA 6.1. Let £ € 0D have a system of local reference points yi,...,yn €
DN S, R) of order N with factor n for 0 < R < Re. If v € DN B(&,n3R), then

N
LU(IL', Dn S(é-v 772R)> Dn B(§7 772R)) < ARn_2 Z GR(:Bv yi)7 (62)

i=1
where A depends only onn, cj, Re and Ag.

PROOF. Let us begin with an estimate of harmonic measure in a John domain.
For 0 < r < dp(Kp) let U(r) = {x € D : p(x) < r}. Then each point z € U(r) can
be connected to Ky by a curve such that (1.1) holds. Hence, B(z, Agr) \ U(r) includes
a ball with radius r, provided Ag is large. This implies that

w(z, U(r)N Sz, Agr),U(r) N Bz, Agr)) <1—¢¢ forxz € U(r)

with 0 < g9 < 1 depending only on Ag and the dimension. Let R > r and repeat this
argument with the maximum principle. Then there exist positive constants A7 and Ag
such that

w(z,U(r)n S(z,R),U(r)N B(x, R)) < exp(A7 — AsR/T). (6.3)

See [2, Lemma 1] for details.
Let 0 < R < Re. For each z € D N B(§,nR) there is a local reference point
y(x) € {y1,...,yn} such that

R
kpn(z,y(x)) < Aelog m + A

by definition. Let y'(z) € S(y(z),i6p(y(x))). Then we observe that

kD (y} (@Y (@) < Aglog(R/6p(x)) + Ag. Letting u(z) = "2 320, Gr(z,yi), we
obtain from (5.1) and (6.1) that

A
u(x) ZA((SDR@> for x € DN B(¢,nR)

with some A > 0 depending only on n, cj, Re and A¢. Let D; = {z € Dg: exp(—2/+1) <
u(z) < exp(—27)} and U; = {z € Dp : u(z) < exp(—27)}. Then we see that

U;NnB(,nR) C {SE € D:dp(r) < ARexp < - 2;)}

Define a decreasing sequence R; by Ry = n?>R and
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6(n° = 7%) <~ 1 .
k=1
Let wyo = w(-, DN S(&,n*R), DN B(£,m*R)) and put

wo(x)
sup
dj = { @€D;NB(E,Ry) u(x)

0 if D;NB(¢,Ry) = D.

if D, N B(£,R,) # 9,

It is sufficient to show that d; is bounded by a constant independent of R and j, since
Rj > 3R for all j > 0. Apply the maximum principle to U; N B(§, Rj_1) to obtain

wo(x) < w(;z:, U;n S(f,Rj_l), U;n B(E,Rj_l)) + dj_lu(x) for x € U;n B(ﬁ,Rj_l).

Divide the both sides by u(z) and take the supremum over D; N B(§, R;). Then (6.3)

yields
d; < exp <2j+1 tA— A R; 1 —R;

provided j is so large, say j > jo, that

Ria—R; 60 —n’)exp(2/N) _
ARexp(—27/X) w2 Aj2

Hence, for j > jo,

(n* —n?) exp(2f/ A)

8ARexp(—2a‘/A)> i,

dj S djo—l —+ Z exp (2J+1 + A7 — Ag 772

Jj=Jjo

Aj?

For j < jo we have d; < exp(2/1!) < exp(27°*!). Hence we obtain sup;~,d; < co. Thus

(6.2) follows.

LEMMA 6.2. Let £ € 0D have a system of local reference points yq, ...

O

YN €

D N S(& R) of order N with factor n for 0 < R < Re. If x € DN B n*R) and

y € DNSEn3R), then

N
Gr(x,y) < AR"? " Gr(x,y:) Y Grly;,v),

i=1 j=1

where A depends only on n, cj, Re and Ag.

(6.4)

PROOF. Apply Lemma 5.3 to h(x) = Gr(r,y) with y € DN S(¢,n~3R). Then
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N
Gr(z,y) < AZh(yj) for x € DN S(€,7°R).

j=1
Hence (6.2) yields
N N
Gr(z,y) < AR" 2 Z Gr(x,y;) Z h(y;) for z € DN B(&,n3R)
i=1 j=1
by the maximum principle. The lemma follows. U

For further arguments we need the following improvement of (6.4): If z € DN
S n°R) and y € DN S(£,n73R), then

N
Grlz.y) < AR"Y " Gr(z,y:)Gr(yisy) (6.5)

i=1

where A depends only on n, ¢, Re and A¢. Note that the cross terms Gr(z, y;)Gr(yj, y)
(i # j) disappear from the right hand side of (6.4).

If N =1, then (6.5) is nothing but (6.4). If N < 2, then Ancona’s ingenious trick
[6, Théoreme 7.3] gives (6.5) from (6.4). However, the proof is rather complicated and
we postpone the proof to the next section. The remaining arguments are rather easy and
hold for arbitrary N > 1, provided (6.5) holds. Let us show the weak boundary Harnack
principle defined by Ancona [6, Définition 2.3].

LEMMA 6.3 (Weak Boundary Harnack Principle). Let & € 9D have a system of
local reference points yi,...,yn € DNS(E, R) of order N with factor n for 0 < R < Re.
Moreover, suppose (6.5) holds. Let ho, hi,...,hy € F. Then

ho(z) < AEN: ho(yi)h-(x) for x € D\ B(&,n°R) (6.6)
0= — hi(y:) ' ’ .

where A depends only onn, c;, Re and Ag.

PROOF. In (6.5) we replace the roles of z and y and write z for y. By dilation and
changing A5 we obtain from the symmetry of the Green function that if x € DNS(&,7°R)
and z € DN S(&,n*'R), then

N
Gr(z,z) < AR"2 Z Gr(x,z)GRr(zi, 2),

i=1

where z1,...,2xy € DN S(&,n'2R) are local reference points. Moreover, for each z; we
find a local reference point y;;) € D N S(E, R) such that kaR\{z Z}(zi,yj(i)) < A In
view of (5.1), we have Gr(x, 2;) = Gr(x,y;0)) and Gr(2;, 2) = Gr(Y;@), 2), whenever
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x € DNSEN’R) and z € DN S(E,n*'R). Hence we obtain that if x € DN S(€,7°R)
and z € DN S(£,m* R), then

N
Gr(z,2) < AR"iZZGR(:L’,y,;)GR(yi,z). (6.7)

=1

Let r = 73R and p = 7?'R. Observe that the regularized reduced function

ﬁﬁm(s(g’r)us(é’p)) with respect to BR is a Green potential of measures p concentrated on

DNS(,r) and v on DNS(E, p) such that ﬁhDOm(S(g’T)US(S’p)) = hogon DNB(&,r)\B(&, p).
It follows from (6.5) and (6.7) that for x € DN S(&,7°R),

ho(z) = / G, y)du(y) + / G, 2)du(2)
DnS(&,r) DnNS(&,p)

N
< AR”—2 Z (/ GR(x’yl)GR(yzay)d/j,(y)
—I—/DOS(&p) GR(SC7yi)GR(yi,Z)dy(Z)>

N
= AR"? Z Gr(x,y:i)ho(yi)-

i=1

Let ¢ = 1 — n Observe from (6.1) and the Harnack inequality that
hi(y:)R"2GRr(z,y;) ~ hi(x) for x € S(yi,edp(yi)), and so h;(y;) R"2Gr(x,y;) <
Ah(z) for = € DN S(€,71°R) € Dg \ B(yi,edp(y;)) by the maximum principle. Hence
(6.6) follows for = € D\ B(£,1°R) by the maximum principle. O

PROOF OF PROPOSITION 2.3 (ii) FOR N < 2. Obviously (6.5) holds for N = 1. As
we shall show in the next section, (6.5) holds for N = 2. Hence Lemma 6.3 is applicable.
Varying R in Lemma 6.3, we obtain relationships among kernel functions in 5 (cf.
Lemma 5.4), which yield Proposition 2.3. This procedure is the same as in Ancona [6,
Théoreme 2.5] and we omit the details. O

REMARK 6.1.  We do not know whether the weak boundary Harnack principle
holds for N > 3. In special cases, such as a sectorial domain whose boundary lies on
N rays leaving &, we can apply the weak boundary Harnack principle repeatedly to
subdomains containing just one ray and conclude the weak boundary Harnack principle
for the sectorial domain itself (cf. Cranston and Salisbury [12, p. 36]).

7. Proof of (6.5).
In this section we shall prove the following:

LEMMA 7.1. Let & € 0D have a system of local reference points y1,y2 € DNS(E, R)
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of order 2 with factor n for 0 < R < Re. If v € DN S(,,n°R) and y € DN S(§,n73R),
then (6.5) holds.

In order to apply (5.1) to the Green function, we need the following elementary
lemma.

LEMMA 7.2.  Let §2 be a subdomain of R™ and let z € 2. Then
1
Koy (21 (00) < 7+ Bha(o)for 0,y € 2\ B (2 300(2)).
PrOOF. We first claim that
1
da(w) <300\ (z3(w) for w e 2\ B(z, 25Q(z)).

Indeed, let w € 2\ B(z,27'00(2)). Observe that do\ (-} (w) = min{dg(w), |z — w[}. If
do\{z3(w) = dp(w), then there is nothing to prove. Otherwise, do\ .y (w) = |z — w| >
27150(2), so that

do(w) < da(2) + |z — w| < 300\ (21 (w).

Now let v be an arbitrary rectifiable curve in {2 connecting x to y. If v C 2\
B(z,27155(2)), then the claim shows that

ds(w) ds(w)
i < Lty

Suppose v\ B(z,27100(2)) # &. Let wy and wsy be the first hit of v to S(z,27 100 (2))
and the last hit, respectively. Observe that w; and wy can be connected by the circle v;
in S(2,27185(2)) whose length is at most 72710 (2). Let v/ = vy(z,w1) Uy Uy(wa,y),
where y(z,w;) (resp. y(wa,y)) is the subcurve of v connecting  and w; (resp. wo and
y). It follows from the above claim that

/ ds(w) S/ ds(w) +3/ ds(w) §7r—|—3/ ds(w).
¥ 59\{2}(10) 1 |Z - w| ¥(z,w1)Uy(wa,y) (SQ(U]) 2% (SQ(U})

Taking the infimum with respect to vy, we obtain the lemma. O

We employ Ancona’s trick [6, Théoreéme 7.3]. Since our setting is slightly different
from Ancona’s, we provide a proof for the sake of the reader’s convenience.

PrOOF OF LEMMA 7.1. Besides the local reference points y1,y2 € DNS(&, R), we
take local reference points y7,y5 € DN S(&,n°R) with

6

R .
min{kpnpensr) (2, y;)} < A¢log T + A forz € DNB(E,N"R).
i=1,2 ’ op(x)
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Then

R
i (& DY)} < Aglog ——= + Ae < Ag.
]IT:liI}Q{ DR(yz’yJ)}_ EOg(SD(y;’k)—i_ o

So, we may assume either
kpr(yi,vn) <A and  kpg(y5,01) < A, (7.1)
or

kDR (yika yl) <A and kDR (y;; y2) < Aa (72)

by replacing the roles of y; and s, if necessary.

First consider the case when (7.1) holds. Let z € D N S(&,7°R) and suppose y €
DN S n°R). Then yi,y5,y1 € Dr\ (B(z,27"9p,(z)) U B(y,27"9p,(y))). By (7.1)
and Lemma 7.2 we have kp \ (2} (7, ¥1) < A and kp\ 143 (7, y1) < A fori = 1,2. Hence
(5.1) and (6.4) for y7 and y3 yield

Gr(z,y) < AR Gr(z,y;)Gr(Y},y) < AR">Gr(z,y1)Gr(y1, ).

,J

By the maximum principle the same inequality holds for y € Dg \ B(&,7°R), and in
particular for y € DN S(£,7n72R). Hence the lemma follows in this case.

Next consider the case when (7.2) holds. Let & = {z € Dy : Gr(z,11) > Gr(z,y2)}.
If cither 2,y € ® or z,y € Dg \ @, then (6.5) follows from (6.4). Let us consider the
remaining cases. If necessary, exchanging the roles of y; and y2, we may assume that
z € PNS(E,n°R) and y € (Dr\P)NS(E,n3R). Let E = &\ B(¢, 1P R) and consider the
regularized reduced function I:EER(,“U) with respect to lN)R. This function is represented
as the Green potential of a measure p concentrated on 0F. For a moment let z € E.
Then we have from (6.4) for yf,y3 and the maximum principle

Gr(z,z) < AR"_QZGR(x,y;‘)GR(y;‘,Z). (7.3)

(2]

It is easy to see from (7.2) that kp .\ (s} (¥i %) < A, so that Gr(z,y;) < AGRr(z,¥:)
for i = 1,2 by (5.1). We also have Ggr(y;,2) < AGr(y;,2) for j = 1,2. In fact,

. 1—nf
if z € B(ij2775D(yj))v then Gr(y;,2) =~ |y; — 2[>7" > AR*™ > AGR(y}, 2);

~ 1—nb
if z € Dr\ B(yj7277<5p(yj)>, then (7.2) gives kp.\(z)(y;,y;) < A, and hence

Gr(y;,2) = Gr(y;,2) by (5.1). Hence (7.3) becomes

Gr(r,2) < AR"?Y Gr(x,4:)Gr(y;, 2) < AR">Gr(2,y1)Gr(y1, 2)

2%}
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by the definition of @. Therefore

R, (@) < AR Grlz,m) [ Grlon,2)dn(2)
= AR 2Gr(x,1)RE () (1) < AR 2GR(z,51)Gr(y1,y).  (7.4)
Let vy, = Gr(-y) — RE, - Then
vy, =0 qe on E=®&\B(En’R). (7.5)
By (6.4) we have
vy(2) < Gr(z,y) < AR"?Gr(z,42)Gr(y2,y) for € DNO®NB(E,PR).  (7.6)
Observe that
DNa@N B’ R)) C (\ B(&,n’R)) U (DN 2N B(E 1P R)).
Hence (7.5), (7.6) and the maximum principle yield
vy < AR"*GRr(-,y2)Gr(y2,y) on ®N B nPR).
This, together with (7.4), implies
Gr(z,y) < AR *(Gr(x,11)Gr(Y1,y) + Gr(2, y2)GR(Y2, Y))-
The proof is complete. O

8. Sharpness of Theorem 1.2.

In this section we give two examples to demonstrate the sharpness of the bounds
0, < sin"'(1/Ag) and p; < pocosf;. Each example satisfies (I) in Section 1 and (1.2)
with p; and 6; violating the bounds; and yet there are two minimal Martin boundary
points at the origin. For simplicity we let n = 2, po = 1 and 6y = sin~'(1/A4p) with
Ay > 1. Write B2 = {(21,22) € R? : x5 > 0} and R? = {(21,22) € R? : 25 < 0}
For z,w € R? with |z — w| = Ay we let V(z,w) = co({z} U B(w, 1)), where we recall
that co({z} U B(w,1)) is the interior of the convex hull of {z} U B(w,1). Obviously,
B(w,1) C V(z,w) C B(w, Ap). Our domains D in the following examples will be given
as unions of open balls of radius 1 and V(z,w) with suitable z and w. Hence (I) will be
satisfied. Let us recall

% (0) = U T, (0,y) N B(0,2py).
yeD
Ty, (0,y)NB(0,2p1)CD
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For both examples, we shall show %'(0) = B(0,2p;) N R?, a connected set. Thus (1.2)
will hold.

ExAMPLE 8.1. The case when 6; > 6y and p; > 0. We may assume that 0 < p; <
1. Let 2% = (0, Ap) and

D =V(0,2°) U (B(o, Ao+ 1)\ (B0, 49 —1)N Ri)).

See Figure 8.1. Obviously, there are two minimal Martin boundary points at 0. Since
D= V(O,ZO) @] (UZEE1 B(Z, ].)) with E1 = S(O,Ao) @] (B(O,A()) n {(1’1,[1}2) € R2 i) S
—1}), it follows that D satisfies (I). It is easy to see that B(0,2p1) N R? C €(0). By an
elementary geometrical observation V (0, 2%) C I, (0, 2°), so that I}, (0,y) N B(0,2p1) is
not included in V(0, 2%) for 6; > 6. Hence € (0) = B(0,2p1) N R?, so that (1.2) holds.

V(z% w?)

Figure 8.1. Example 8.1: Figure 8.2. Example 8.2:
01 > 0o and p; > 0. 0< 60, <6y and p1 > cosb.

EXAMPLE 8.2. The case when 0 < 0; < 6y and cosy < p; < 1. Let 2! = (0,1)
and we choose a point 22 € B(z1,1) such that
V(z*,w*) N R3 C B(0,2cos ) (8.1)
and 0 ¢ V (22, w?), where w? = (23,23 — Ap). Define
D =V(z%w?) UB(:', 1) U (B(o, 5)\ (W)).

See Figure 8.2. Since D = V(22,w?) U (U,cp, B(z,1)) with E; = {z'} U 5(0,4) U
(B(0,4)n{(z1,72) € R? : x5 < —1}), it follows that D satisfies (I). There are two minimal
Martin boundary points at 0 since 0 & V (22, w?). It is easy to see that B(0,2p1)NR2 C
%(0). Observe that Iy, (0,y) N B(0,2p1) consists of rays of length 2p; issuing from the
origin; while I}y, (0,2') N B(z',1) consists of rays of length in between 2 and 2 cos6;
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and B(z',1)\ Iy, (0, z!) consists of rays of length not greater than 2cos#;. Since p; >
cosy > cos by, we infer from (8.1) that if y € R, then Iy, (0,y) N B(0,2p1) cannot be
included in D. Hence €' (0) = B(0,2p;) N R?, so that (1.2) holds.
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