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Let A be a principally polarized Abelian surface defined over Q with End(A) = Z and A
be the reduction at a good prime p. In this paper, we study the density of prime numbers

p for which Z(Fp) is a cyclic group and establish a conjecture which relates this density.
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1. Introduction

Let A be an Abelian variety A defined over Q and p be a rational prime. Let
A be the reduction of A at a good prime p. In this paper, we study the structure
of the group of rational points of the reduction of A modulo a rational prime p. In
particular, we want to investigate the density

o #Hpem(X) | A(F,) is cyclic}
CA T X'lgnoo #7T1(X)p )

for a given Abelian variety A defined over Q. Here m (X) = m (A, X):={p< X | A
has good reduction at a prime p}. We will study this for principally polarized
Abelian surfaces defined over Q to avoid some difficulties that come up when A
is higher dimensional.

In the case of elliptic curves E, Serre and Murty studied C'r and obtained
the following result by using Hooley’s method which is so called simple asymptotic
sieve (p. 212 in [8]).

THEOREM 1.1 ([17], [13]). Let E be an elliptic curve over Q and p be a
rational prime. Let E[m] be the kernel of multiplication by an integer m on E.
Assume the generalized Riemann hypothesis (GRH for short). Then,

X

{p<X| E(Fp) is cyclic and p is a good prime} ~ Cg - Tog X’

where Cp =Y. ouarefree>1 m and p is the Mobius function.
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Using Theorem 1.1, we can asymptotically compute the density C'r for a semi-
stable elliptic curve E over Q by Corollary 1 at p. 308 in [15] and Proposition 3.2 in
[4]. Gupta obtained a more explicit form for C of E = E1(a): y* = 2® — ax (note
End(E) = Z[v/—1]) [6] and Takeuchi did the same for E = Fs(a): y?> = 23 +a (note
End(E) = Z[v/—=3]) [21]. In both cases, the densities are given by the combinatorial
formula in the parameter a € Z. We remark that the assumption of the GRH can
be removed if E has complex multiplication ([13] and [3]).

After these works, it is quite natural to expect a similar result for the higher
dimensional case and compute the density explicitly. We formulate the following
conjecture:

CONJECTURE 1.2. Let A be a principally polarized Abelian surface defined
over Q and A[m] be the kernel of multiplication by an integer m on A. Assume the
GRH. Then,

_ pw(m) # 15,
- m;squ;efmx #Gal(Q(A[m])/Q)’

where Ty, = {0 € Gal(Q(A[m])/Q) | dimg,z(A[(]7) > 2 VL | m}. Here A[(]” =
{P € A[l] | P? = P} for a rational prime {. In other words,

X
log X

#{p < X | ﬁ(]Fp) is cyclic and p is a good prime} ~ Cy -

Then we will prove the following theorem which is the algebraic part in our
results.

THEOREM 1.3. Let ¢ be a rational prime and A be a principally polarized
Abelian surface defined over Q. Assume End(A) = Z and the image of mod ¢
Galois representation associated to A is isomorphic to GSpy(F,) (see Section 2).
Then we have

HTy = 02200 — 04 — 0 — 12 =30 -1).

The above theorem asserts us that a new phenomena appears in the case
higher dimension which is greater than one, though it also appears some difficulties
by reason of this. We remark that #7,, = 1 for any m in the case elliptic curves.

The following theorem is the analytic part in our results which will be discussed
in Section 3.

THEOREM 1.4. Let A be a principally polarized Abelian surface defined over
Q with End(A) = Z. Assume the GRH and Conjecture 3.5 (see p. 315), then
Conjecture 1.2 is true for A.

The above theorem is easy to prove, since the tools and methods which we
apply are already known. Therefore, it is crucial to prove Conjecture 3.5 though it
seems to be difficult to do it in the current situation.

This paper is organized as follows. We will study 7y for Abelian surfaces
with End(A) = Z in Section 2 and give the proof of Theorem 1.3. We will prove
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Theorem 1.4 in Section 3. In Section 4, we will give a numerical evidence of Con-
jecture 1.2 to compute the asymptotical value of C'4 for the Jacobian surface of the
hyperelliptic curve defined by 32 = 2® — z + 1.

In this paper, we use the notation f(x) < g(x) if there exists a constant ¢ > 0
such that f(z) < eg(x) for any sufficiently large x. For a parameter X > 0, we
denote by 7(X) the set of rational primes which are less than or equal to X.

2. Computation of Ty

Throughout this section we will assume that Gal(Q(A[(])/Q)) ~ GSp,(F).
This assumption is satisfied for all but finitely many ¢ when A is a principally
polarized Abelian surface with End(A4) = Z. This well-known fact is a celebrated
theorem of Serre (see Theorem 3 in [18]). To compute T; for an odd prime ¢, we
begin from the following easy exercises in linear algebra.

Let V be a vector space over a field k. Let f: V xV — k be a non-degenerate,
alternating form.

LEMMA 2.1. Assume char(k) # 2. Then there exists a basis {uy, vy, ..., up,
vy} such that f(u;,w;) = f(vi,v;) =0 and f(u;,v;) = 0i;, where §;; is Kronecker’s
delta. In particular the dimension of V is even.

Proof. Take a non zero element u; in V. Since f is non-degenerate on V,
there exists v; € V such that f(u;,v1) = 1. Since f is an alternating form, u; and
vy are independent over k. Let W := kuy @ kv;. Clearly, f|w is non-degenerate on
W. Then the following exact sequence splits:

0->Wt -V -W*—=0,

where Wt := {v € V | f(v,w) =0 (Vw € W)}, W* = Homy (W, k) is the dual of
W, and the second arrow means that V' 3 v +— f(v,x) € W*. Iterating the same
procedure for W+, we get the claim. (]

Let W be a subspace of V' and Wy = Ker(W 3 w — f(*,w) € W*). Here W*
means the dual of W.

LEMMA 2.2.  Take the symplectic complement W1 of W in V. Then there
exists a subspace Wo of 'V which satisfies the following conditions
(a) dim(Wy) = dim(Ws),
(b)  f(wi,ws) =0 for any wy in W1 and any wy in Wa,
(C) wn WQ = {0},
(

d)  flweew, is non-degenerate.

Proof. Let dimgV = n, dimpy W = m, and dimy Wy = r. We denote by
{v1,...,v,} a basis of V such that {vy,...,v,} is a basis of Wy and {v,41,...,0m}
is a basis of W7. Since f is non-degenerate on V', we can take the basis {v},..., v} }
which corresponds to the dual basis of V. Let W5 be the k-vector subspace of V/
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which is spanned by {vf,...,v¥}. Then clearly W5 satisfies (a) and (b) by choosing
a basis of W7 above.

Let v € Wo NW. Then f(wg,v) = 0 for all wy € Wy, since v € W. Then we
get v = 0, since v € W,. This asserts (c).

For (d), it follows from that Wy @ W5 has the basis {vy, ..., v, 07,..., v }.

>V

O
For a subspace W C V, we define by the degenerate degree d(W) of W the
dimension of Wy. Let S, :={W CV |dim(W) =r, d(W) = s}. Since f is an
alternating form, r — s is even, and r + s < dim(V') by Lemma 2.2.
Using above two lemmas, we now compute 7Ty for any odd prime number £. We
assume A has a principal polarization for simplicity. Then the image of mod ¢ Galois
representation of f-section points of A can be embedded in GSp,(F,). Namely,

Gal(Q(A[(])/Q) — GSp(A[l], er) ~ GSpy(Fy).

Here e, is the Weil pairing and GSp(A[l],e/) = {g € Aut(A[{]) | Ix(g9) € F}:
ee(gz, 9y) = x(9)ee(z,y), Yo,y € A[f]}. Recall T, = {0 € Gal(Q(4[m])/Q) |
dimg /7 (A[l]7) > 2 V| m} for a squarefree integer m > 1.

We now prove Theorem 1.2, namely

HTy = 02200 — 04 — 3 — 1% —30-1).

Assume Gal(Q(A[(])/Q) ~ GSp(A[f],e,). Let V = A[f] (~FP*) and f = es. Let
Sps ={W CV | dim(W) =r, d(W) =s}. Then, r—s is even and r+s <
dim(V) = 4.

We decompose T by using S,  as follows:

T@ = H H Tr,s(W)y

(r,s) WeS, s

where T,. s(W) = {g € Gal(Q(A[(])/Q) | V9 = W} and (r, s) runs over {(2, 2), (2,0),
(3,1),(4,0)}. For any W.W' € S, ,, we can see that T, (W) and T, s(W') are
conjugate. So #T, (W) is independent of the choice of W. We define #7T, , :=
#T, s(W) for some W € S, 5. From this, we have #T, = Z(m) #S, s #T) s

We take a basis (u1, vy, u2,v2) of V as in Lemma 2.1.
In the case (r,s) = (2,2). Put W = (uj,uz) € Sa2. So g € Tho(W) if and

only if
(I, B
9= 0D)

where B, D € M5(FF;). Since g € GSp(V, f), we have

"I, B 0 L\ (LBY_ (0 L
0D)\-I0 0D) “\-Ibo)



Cyclicity of the Group of the F,-Rational Points 311

for some A\ € F;. Then we get D = A5, ‘B = B. The number of such g is
£3(¢£ —1). Furthermore, g fixes some subspace of V of dimension 3 if and only if
A =1 and det(B) = 0 (note that ‘B = B). The number of such g is £2. So #7155 =
B—-1)— 2.

In the case (r,s) = (2,0), we take W = (u3,v1) € Sa,0. So g € T o(W) if and

only if
(I, B
9= 0oD)

where B, D € M(F;). Since g € GSp(V, f), we have

t(fg B) (J 0) <12 B) _/\<J 0) S ( 0 1)
0D 0J 0D 0J) -10)’
where B, D € Ms(F;) and A € F}. From this, we have A =1, B =0, and ‘DJD =
J (i.e. D € SLy(FFy)). The number of such g is ¢(¢2 — 1). Furthermore, g fixes
some subspace of V' of dimension 3 if and only if D fixes some subspace of V' of
dimension 1. The number of such g is £2. So #15 = ((£* — 1) — (2.

In the case (r,s) = (3,1), we take W = (u1,v1,u2) € S31. So g € T31(W) if

and only if
(120 ~(1b
- (53). o= (31) coen

Since g € GSp(V, f), we have

I, 0O\ [(JO\ (L O ENEA
0D 0J 0D) 0J)’
where A € F}. From this, we have d = 1. Furthermore, V¢ =V if and only if b = 0.
So #T371 =/—1.

In the case (r,s) = (4,0). This is the trivial case so that #7Ty ¢ = 1.
On the other hand, it is easy to compute #J9, 5:

t—1

4-25 1 =1 pa-—2t—25
#S o €4t72t272ts g 1 g 1
r,s —

2t—25 __ —J _ ’
TR S

r—S8

where t := 5

if s =0).
Summing up the computations above, we have

and we set the first (resp. second) product to be 1 if ¢ = 0 (resp.

#Ty = (B0 —1) = £2)Sa0 + (63 — 12 = 0)Sa 0+ (£ —1)S31 + Sa0
= (BU-1) =) B+ H0+1)+ (65 =2 =)+ 07)
+ U=+ +L+1)+1

= (2205 -0 — 03— 17 —30-1).
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3. Cyclicity of A(Fy)

Let A be a principally polarized Abelian surface defined over Q. In this section,
we first give another interpretation of the density C'4. For a squarefree integer m,
let T, = {0 € Gal(Q(A[m])/Q) | dimg,ez(A[f])” > 2 VL | m} and let S, (X) :=
{p € m(X) | Frob,(Q(A[])/Q) C Ty, V¢ # p, £ | m}. By Chebotarev’s density
theorem, we have

L #S(X) #T,,

X—oo #m(X)  #Gal(Q(A[m])/Q)
LEMMA 3.1. S, (X) = {p € m(X) | A(F,) D (Z/CZ)®? Vit #p, £ | m}.

Proof. Let A be the reduction of A at a good prime p and ¢ # p be a
prime. By the proper smooth base change theorem (see [11]), the specialization
map HL (A xq Q, Zy) — HL(A xp,Fy, Z¢) gives a Zg-linear isomorphism and it
preserves the action of Frob,. Since the Tate module Ty(A) (resp. Ty(A)) of A
(resp. A) is the dual of HZ (A xo Q, Z¢) (resp. HL (A x5, By, Zy)) as Gg-modules
(resp. Gp,-modules) (cf. [11]), A[f] = T,(A)/¢T,(A) and A[l] = Ty(A)/(T,(A) are
isomorphic as Fy-modules and this isomorphism preserves the action of Frob,. From
this “C”-part is easy to follow.

For “D”-part, take p from the right side in the claim, then by the criterion
of Néron-Ogg—Shafarevich [20] the lift of Frobenius map is uniquely determined.
Then we have the assertion from the same as above. O

We say a finite group M is “cyclic outside p” if its p-primary part is cyclic.
Then E(FP) is cyclic outside p if and only if A(IFP) 2 (Z/0Z7)®? for all primes ¢
different from p. By lemma 3.1, we expect the probabilistic density of {p € m(X) |
A(F,) is cyclic outside p} to be Py := I1,(1— m) which will be more or
less different from C4 by the contribution of the conductor of A (cf. p. 518-520 [4]).

We have to treat the case [ = p separately to compute the density. To do this,
we compute the density of U(X) := {p € m (X) | A(F,) D (Z/pZ)®?}.

Let F,(t) € Z[t] be the characteristic polynomial of the Frobenius map Frob,
acting on the Tate module Ty(A) of A for some good prime £ and a;, i = 1,...,4
be its roots. By Weil conjecture, |a;| = \/p, i = 1,...,4 ([22]). This reads the
following:

4
#E(Fp) = ZTrace(Frob;I | Hét(g xw, e, Zy))
i=0
4 i N
= ) Trace <Fr0bp1 /\ Hey (A xx,Fy, Z¢)>
i=0
4

T[]0 - a) < (vB+ 1)

i=1
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If #Z(Fp) = mp? for some m > 2, then we have the inequality p? < 4p\/p + 6p +
4,/p + 1. This inequality does not hold if p > 29. Therefore we may consider
Uy(X) = {p € m(X) | #A(F,) = p2} instead of U(X). Take p in U;(X). Let
F,(t) = t* — a1t® + ast® — pait + p* be the characteristic polynomial of Frob,.
Since p? = F,(1), we have |a;| < |‘;ﬂ"{1 < 6;3:_11 < 6. Then Trace(Frob,) = a; €
(0,41, +2, +£3, +4, +5, £6).

LEMMA 3.2. Assume End(A) = Z. Then hm Zi:igx)) = Xlgnoo ;ﬁ](g()) =0.

Proof. From Theorem 3 in [18], the image of the (-adic representation py
associated to the f-adic Tate module Ty(A) is open in GSp(Ty,er) =~ GSp,(Zy)
for a sufficiently large ¢. Since U;(X) C U?:%;{p € m(X) | Trace(Frob,) = i},
pe(Frob,) is lying on a finite union of some hyperplanes in GSp(Ty, e;) ~ GSp,(Z¢).
Since the Haar measure of hyperplanes in GSp,(Z;) is zero (cf. Chapter 1 in [14]),
the assertion follows from this. O

LEMMA 3.3 ([16]). Let K/Q be a finite Galois extension which is ramified
only at the primes p1,...,pm, then

1 m
——— log|dk| < log] —|— lo Pi,
where dy is the discriminant of K/Q.

PROPOSITION 3.4 ([9], [16]). Let K/Q be a Galois extension of degree n and
C C Gal(K/Q) be closed under conjugation. Assume the GRH. Then,

#ro(X) = # H#m(z) + O(#;C’le(log dg + nlog X)),

where 7o (X) = {p < X | p: unramified in K and Frob,(K/Q) C C}.

We claim the following under the GRH and Conjecture 3.5 below: if End(A) =
Z, then

. #{pem(X)] Zl(Fp) is cyclic outside p}
Cs = lim .
X—o0 #m1(X)

To see this we apply Hooley’s method. Let f(A, X) := #{p € m(X) | A(F,) is
cyclic outside p} for a principally polarized Abelian surface with End(A) = Z. If

A(F,) D (Z/IZ)®? for a good prime p of A, then we have ¢2 < (,/p + 1)* by the
Weil bound. So p < X leads ¢ < 3X. Let

N(X,Y) = #{p € m(X) | A(F,) B (Z/IZ)**,VL<Y, # p},
and

M(X,Y) = #{p e m(X)| A(F,) D (Z/lZ)®2, for some £ # p, s.t. Y < < 3X}.
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Here Y is a parameter depending on X, to be chosen later. Then we have
NX,Y)-M(X,Y)< f(4,X) < NX,Y).

First, we estimate N(X,Y). By the inclusion-exclusion principle,

NXY) = 3 ulm) #5(X),

m

where the summation is over all squarefree integers m all of whose prime factors
are less than or equal to Y. We set S1(X) = m(X) if m = 1. Applying Proposi-
tion 3.4 for G = G, := Gal(Q(A[m])/Q) and C = T,,, we have the following under
the GRH:

#m
#Gm

#1m

Sin(X) = s

- #m(X) +O( X2 (log|dm| + #Gn, 10gX))

where d,,, is the discriminant of Q(A[m]). Therefore,

#Go,

m

T 1
N(X,Y) = Z' (m )# +0<Z Xa (log dpm + #Gm 1ogX)>
Using Lemma 3.3, we have

1
——logd,, <log #G,, + log(Nm) < logm,
#Gm

where N is the conductor of A. Then

m

<Z T X2 (0g d + G log X)) 0 ( S~ (logm) #T,, XY/ log X ) :

Let us observe that m <[], p < e?Y'. By Theorem 3 in [18] and Theorem 1.2,
p<Y
it is easy to see that

Z/(log m) # 1,

m

< > o mP< () =",
1<m<e2Y

since Ty, C [],, Te. Now we chose Y to be {5 log X° for a positive constant § < 3.
Then we have

: #T, X
N (X 1810gX6> =3 u(m)#Gm -#W(X)JrO(logX)a

m

for sufficiently large X.
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We remain to estimate M(X,Y) for ¥ = TlglogX‘S. We are hopeful that
M (X, log X?) = o(logx) to prove Conjecture 1.2. However it seems to be dif-
ficult to prove it with the current tools in analytic number theory or algebraic
number theory. We set up the following conjecture which we expect to be true

from the (naive) numerical evidence in Section 4.

CONJECTURE 3.5. The notations being as above. Then M(X, Tls log X‘s) =
X
0(10gX ) .

The estimation for N(X,Y’) and Conjecture 3.5 give us

74,0 = 3 utm) B2 ) o 125 ),

under the GRH. Then we have

. #{pem(X) | AF,) is cyclic outside p} . f(A, X)
A 1 (X) = U ()
! #1m

= Z M(m)m~

m

REMARK 3.6.
(a) A naive estimation gives us that

A

M <X, % log X5) < > #Se(X)

1 log X0 <<3X

- 3 #;‘F‘; HT(X)+O(X 7).

e #G
15 log X0 <l<3X

(b) In the proofs of Theorem 1.1, Serre and Murty make use of the fact that the
division fields Q(E[¢]) (here £ is a prime) contain cyclotomic fields, and thus
a prime p splitting completely in Q(E[¢]) satisfies the congruence condition
p =1 (mod ¢). As such, they can invoke the Brun-Titchmarch Theorem to
estimate M (X,Y). In current situation of an Abelian surface, this argument
can not be invoked because the invariant #7, becomes large with order ¢7
when / is large (see Theorem 1.2). Contrary to this situation, #7;, = 1 for
any ¢ if A is an elliptic curve.

Proof of Theorem 1.4. By Lemma 3.2 and the observations above,

Z/M(m)ﬁ lim #{p € m(X) | A(F)) is cyclic outside p}

- #G  X—oo #m1(X)
o #Hpem(X) | A(Fy) is eyclic} | #U(X)
= (%) )

=Cy. O
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4. Numerical evidence

In this section, we compute the asymptotic values of C'4 for some Jacobian
surface A and compare this value with the probabilistic density P4. In general,
T, is not multiplicative function for m and then C4 does not coincide with Pjy.
However, we expect these two values become close, since P4 is an interpretation of
C4 in the probabilistic point of view.

We consider an algebraic curve C: y? = 2% — z + 1 with End(J(C)) = Z.
Let A= J(C).

We first compute the value of the probabilistic density P4 (see p. 312). The
following result is known by L. Dieulefait.

THEOREM 4.1 (seep.509in [5]). Assume the Serre’s conjecture (3.2.47 [19]).
Then

Gal(Q(J(C)[]))/Q ~ GSp,(Fe),
for £ > 3.
LEMMA 4.2. The notations are as above. Then #1T5 = 46.
Proof. Let P; = (a;,0), i = 1,2,3,4,5 where o; is a root of 2% — 2 + 1 and
let D; = P, — 00 € J(C), where oo is the infinite point on C. Then J(C)[2] =

@?:1 FyD; (cf. Section 5 in [12]) and Dy + Dy + D3 + Dy = Ds, since the divisor
of y is (Z?:l P;) — 500. Using this, we have the Galois representation

p: Gal(Qs/Q) — GL4(Fs),

where Qy is the decomposition field of f(z) = 2% — 2z + 1 (note that Qf =
Q(J(O)[2])). For o € Gal(Q;/Q), o € Ty if and only if the rank of the ma-
trix p(o) — Iy is less than or equal to 2.

We know Gal(Q;/Q) = &5 by using Pari-gp calculator [1]. To compute 15, we
have only to consider the conjugacy classes of Gs.

Let {(1),(12), (123), (1234), (12345), (12)(34), (12)(345) } be the complete set of
conjugacy classes of G5. Clearly, (1) € To. Let {e;}1_; be the canonical basis of
}F§94. For o = (12), the number of elements of G5 conjugate to o is equal to 10 and
we have

p(U) = (eQa €1, €3, 64)'

From the criterion above, o € T5.
For o = (123), the number of elements of G5 conjugate to o is equal to 20 and
we have

p(o) = (es,e1,e2,€4).

From the criterion above, o € Tb.
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For o = (1234), the number of elements of &5 conjugate to o is equal to 30
and we have
p(U) = (647 €1, €2, 63)'

From the criterion above, o & T5.
For o = (12345), the number of elements of &5 conjugate to o is equal to 24
and we have

p(o) = (eq,e1 + €4,e2 + €4, €3 + €4).

Here we use the relation D1+ Do+ D3+ Dy = Ds. From the criterion above, o & T.
For o = (12)(34), the number of elements of &5 conjugate to o is equal to 15
and we have

p(U) = (627 €1, 64, 63)'

From the criterion above, o € T5.
For o = (12)(345), the number of elements of G5 conjugate to o is equal to 20
and we have

p(o) = (ea+es,e1 +eq,eq,e3 + €4).

Here we use the relation D1+ Do+ D3+ Dy = Ds. From the criterion above, o & T5.
From the computations above, we have #7175 = 1+ 10 4 20 4 15 = 46. (]

From Theorem 4.1 and Theorem 1.2, we have

46 (O — =5 -2 —30-1)
Py = (1_Eﬂ>g(1_ A& @1 >_o.5945---.

So we would like to expect that the density

L #Hpem((X)| A(F,) is cyclic}
Ca=m, #m (X )p

—_—

Table 1. The cyclicity of J(C)(Fp)

X #m(X) | cyclic | Density
1000 163 91 0.5582- - -
2000 298 176 0.5906 - - -
3000 425 258 | 0.6070---
4000 544 318 | 0.5845---
5000 663 393 0.5927 - - -
6000 T 453 | 0.5830- - -
7000 894 524 0.5861 - - -
8000 1001 578 | 0.5774---

Here we exclude p = 2, 3, 5.
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is close to P4. To support this, we calculate #{pET”(X;Jﬁ(&’)) is cyclic} by 1000 units
as X = 1000, 2000, ... ,8000.

Here “cyclic” in the third column in Table 1 means the number of primes p

—

such that J(C)(F,) is cyclic. We hope that Density above become close to C4 and
also Py.
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