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This paper investigates the existence of traveling fronts and their propagation speeds
for the two component higher order autocatalytic reaction-diffusion systems with any
diffusion coefficients. Our elementary analysis of the vector fields in the phase space gives
the estimate of the minimal propagation speeds in terms of the order of autocatalysis and
the diffusion coefficients.
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1. Introduction

Autocatalytic reaction-diffusion systems including the Brusselator [20], the
Field-Noyes model [7] and the Gray—Scott model [11], have stimulated an extensive
amount of theoretical studies on waves and patterns produced by chemical reac-
tions (see for example, [15]). One of the basic elements responsible for chemical
pattern formation is traveling waves which describe the development of chemical
processes. The papers by Needham et al. ([2]-[5], [16]-[19]) studied extensively the
traveling waves in autocatalytic reactions. Focant and Gallay [8] and Hosono and
Kawahara [14] also discussed the traveling waves for the mixed order autocatalytic
two component systems and their minimal propagation speeds. The similar type of
traveling waves appears in the combustion problem and the speeds of combustion
waves were discussed by the several authors ([9], [23] and the references therein).
Our concern is traveling fronts and their speeds for the higher order autocatalytic
reaction-diffusion system of the form:

{ Up = dyUgy — kiuv™, (1)
v = doUgy + kouv™,

where u and v are concentrations of the reactant and the autocatalyst respectively,

dy and dy are diffusion coefficients, and k; and ko are any positive constants.
Then, traveling front solutions for (1) are defined as follows. The nonnegative

bounded functions of the form (u(x,t),v(x,t)) = (U(z),V(z)) with z = & — ct are
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said to be traveling front solutions for (1) when they satisfy the equations

U + U’ — by UV™ = 0, @
AoV + V' + keUV™ = 0,

with the boundary conditions
P = (U(—OO), V(_OO)) = (077}0)7 Pi = (U(+00),V(+0)) = (uOvO)' (3)

Here ug and vy are positive, and ' denotes d/dz. This condition is imposed so that
on the far right there is only reactant and on the far left there is only autocatalyst,
and these two states should be the critical states of the system (2).

By applying the comparison argument, Takase and Sleeman [22] proved that
there exists the minimal wave speed ¢* such that traveling front solutions for (1)
exist for each ¢ > ¢* assuming that ug is sufficiently small for m > 1. The purpose
of this paper is to discuss the properties of the minimal wave speed c¢*, especially
the dependence of ¢* on the parameters m,d; and do for arbitrarily fixed ug > 0.
The method of the proofs employed here is the shooting argument which looks for
the connection orbits of (2) and (3) in the 3-dim phase space. Throughout this
paper, we always assume that m > 1 without notice.

In the next section, we present the preliminary results required for the later
discussions. In Section 3, we investigate the existence of traveling fronts for (1) and
their minimal propagation speeds when 0 < dy < ds. In Section 4, we study the
same problem when di > dy > 0.

2. The preliminary results

We first write the equations in the dimensionless form. Introducing the dimen-
sionless dependent variables @ = u/ug, © = v/(rug) with r = ko /k; and scaling the
independent variables by ¢ = k; (rug)™t, & = \/k1(ruo)" z, we write (1) as

— m
{ Uy = dluww —uv,

vy = doUge + uv™,

(4)

where 7 is omitted for the simplicity of notations. We may also suppose that
either of di and dy is 1 by scaling the independent variable z. The corresponding
traveling equations are

dU" +cU' —UV™ =0, )
AV + V! + UV™ =0,

with the boundary conditions
P = (U(-00),V(=00)) = (0,5), Py =(U(+0),V(+0))=(1,0).  (6)

Here 3 is a constant to be determined.
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We already know the following properties of the traveling front solutions for
(4), that is, the solutions of (5) and (6).

PROPOSITION 1 ([3]). Assume that there exists a traveling front solution
(U(2),V(z2)) for (4). Then it satisfies the followings for all z € R.
(i) 0<U<1,0<V<l.
(i) 0<U < +o0, —c0o < V' <0.
>0, fords>d; >0,
(111) U+V -1 :O, fO?"dlde,
<0, ford; >ds>0.
Furthermore, lim,_,_(U(2),V(2)) = (0,1), that is 8 =1, and ¢ > 0.

For the equal diffusion case: dy = dy = 1, we know the following theorem.

THEOREM 2 ([21]). Assume that di = da = 1. Then, there exists some pos-
itive ¢ such that only for each ¢ > ¢f, (1) has a unique traveling front solution.
Furthermore, the minimal wave speed ¢ satisfies that

P - P
—_ < < —.
m(m + 1) (m—1)m

SC = (7)
For the extreme case: d; = 0, we may assume dy = 1 without loss of generality,
and have the following result.

THEOREM 3 ([13]). Assume that di =0, do = 1. Then, there exists cfy such
that only for each ¢ > ¢}, (1) has a unique traveling front solution. Furthermore,
the minimal wave speed cfy satisfies

(8)

1 2
— <t < )
m " = m-1

For another extreme case: do = 0, we may assume d; = 1 without loss of
generality, and easily have the following result.

THEOREM 4. Assume that dy = 1, do = 0. Then, there exists a unique
traveling front solution for (1) for each positive c.

Proof. See Appendix.

In the next two sections, on the basis of these results, we discuss the general
case that the both diffusion coefficients are not zero. To do so, we require some
definitions and the Wazewski theorem which was formulated by Dunbar [6]. Let
v(z;y0) be a solution of the initial value problem

y' =f(y), y(0)=yo, 9)

where ' = d/dz, y,yo € R", and f(y) is Lipschitz continuous. Set y(z;yo) = yo - 2
andV-Z ={yp-2:y0€V,2z€ Z}. Given W CR", let W~ = {yp € W: any z >
0, yo-[0,2) ¢ W}. W~ is called the immediate exit set. Given X C W, let
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X0 = {yo € X: thereis an zg = 29(yo) such that yo - 29 ¢ W}. For yo € XY,
define T'(yo) = sup{z: yo - [0, 2] € W}, which is called an exit time. We denote the
closure of a set W by cl(W).

PROPOSITION 5 ([6]). Suppose

1) Ifyoe X and yo-[0,2] C cl(W), then yo-[0,2] CW.

2) Ifyo€e X, yo-z€W and yo-z ¢ W, then there is an open set V. about
Yo - z disjoint from W~

3) X=X X is compact, and X intersect an orbit of (9) only once in W.
Then the mapping F(yo) = yo-T(yo) is homeomorphism from X to its image

on W—.

A set W C R™ satisfying (1) and (2) in Proposition 5 is called a Wazewski set.

3. The case 0 < di < d

For d; > 0 and dy > 0, the system (4) can be written as

{ up = dtbgy — u™,

Vg = Ve + uv™.

(10)

by the change of the independent variable z, where d = dy/d2. Then the traveling
equations for (10) are

dU" +cU —UV™ =0, (11)
V"'V +UV™ = 0.

The boundary conditions are specified by (6) with 5 = 1.

Adding the above two equations and integrating the resulting equation, we
have the relation dU" + V' + ¢(U + V — 1) = 0 with the aid of the boundary
condition (6). Set X = U + V — 1. Proposition 1 assures that X is positive when
0 < d < 1. Then (11) is reduced to the first order system

x=-Sx- (L 1)w

d d
- (12)
W' = —cW — (1 -V + X)V™.

The boundary conditions are

(13)
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Introducing the new dependent variables by

q:Va p=— (14)

we can write (12) as

d d
q" = pq,
p=-pp+c)—(1—g+X)g™ "

x' = _Sx_ (1—1)29% (15)

For later use, we denote (15) in the vector form as u’ = f3(u) with u = (X, q,p),
and u(z;ug) denotes a solution of (15) satisfying u(0;ug) = uo.

We should note that the singularity (0,0,0) of (12) is split into two critical
points Py = (0,0,0) and P, = (0,0, —c) in (15). Thus, (15) has three critical points
Py = (0,0,0), P. = (0,0,—c) and P; = (0,1,0). The properties of these critical
points are as follows. P; = (0,1,0) has the 1-dim unstable manifold and the 2-dim
stable manifold. Py = (0,0,0) is a topologically stable node. P. = (0,0, —c¢) has
the 2-dim stable manifold and the 1-dim unstable manifold.

Now our problem is to find an orbit of (15) connecting P; = (0,1,0) with
Py = (0,0,0) or with P, = (0,0, —c), which lies entirely in 2% = {(X,q,p): X >
0,0 < g <1, p< 0}. Here, let Uy(c) be the part of the unstable manifold of
Py lying in 27, whose existence will be assured in Section 3.2. Our main goal of
this section is to find the values of ¢ for which Uy(c) approaches Py = (0,0,0) or
P.=(0,0,—c).

3.1. The property of the vector field

We first discuss the property of the vector field of (15) and the behavior of
the unstable manifold Uy(c). To do this, we require the information on the case of
d = 0. For d = 0, the first equation of (15) gives X = —pq/c and (15) is reduced to

7= Pq (16)
p=-plp+c)— (1 —-q-— 7)q’"‘1,

which has three critical points (0,0), (1,0) and (0,—c). The proof of Theorem 3
assures the followings. There exists a unique orbit of (16) connecting (1, 0) to (0, —c)
if ¢ = ¢} and to (0,0) if ¢ > ¢f. This orbit can be represented by p = 1.(q) < 0 for
0 < ¢ < 1, and it satisfies that ¢.(1) = 0 for ¢ > c§, ¥ (0) = ¢f, and ¥.(0) = 0
for ¢ > ¢f. For cf, let §25 be the set {(¢,p): 0 < ¢ <1, ¥es(q) < p < 0}. Then any
orbit of (16) starting from a point in (2§ stays in (25 for z > 0 and converges to
the critical point (0,0) as z — co. Also, it holds that ¢/.(1) = 1/¢, which is easily
derived from the linearized analysis of the critical point (1,0). By the use of the
orbit p = 1.(q), we introduce the region {2, defined by

2= {(X0): 0 < X < =il 0 <a < 1 wle) <p <0},
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Then, the boundary of (2, denoted by 021, consists of the followings:
S1={(X.0.0): 0 < g <1, X = —vul0)d, vilg) <p <0},
S = {(X,q.p): 0<g<1,0<X < —velo)d, p=velo)}.
93 ={(X,¢,p): 0<¢<1, X =0, wc(Q)q<p<0},

{qu 0<g<10<X<—vlg)? p=0},

{(X,q,p): 0<q¢<1, X=0,p=0},
{(X,q,p): 0<q<1, X=0,p=1v(q)},
{qu 0<q<LX=—v(q)? p=0},

J={Xap:0<g<L X =@ p=vela)},
IO = {(X’(Lp) X = 07 q= Oa 1;[}6(0) <p < 0}7
.P(), Pl and Pc.

That is,

4 4
o8 = (U SZ> U (U Jz) UlgUPyUP UP..
=1 =1

Here, note that Iy = @ for any ¢ > ¢j.

PROPOSITION 6. Let d be fized in (0,1) and ¢ > ci. Any orbit of (15) starting
from a point ug € §21, denoted by u(z;ug), stays in £ for all z > 0.

Proof. Py, P, and P, are critical points and Ij is an invariant manifold, so
that u(z;up) cannot reach any point of the set Iy U Py U Py U P, in a finite time.
To prove that u(z;ug) cannot leave {4 through S; (i = 1,...,4), it suffices to show
that the inner products of the outward normal n; of .S; and the vector field f; are

all negative.
We begin with Sy. On S, ny = (1, (1/¢)(%c(q) + q¥.(q)),0). Hence we have

c 1
nl'fd:_gX_ (d—l)pqﬂoq (Ve + qiby,)

1 1
= Sa— opa + %(C+wc+q¢£) < %(C+wc+q¢é)~

It follows from (16) that

We(q) = —(e +¢) — % (1 —q— wéq>qm‘17

C

which gives

nl.fdg—fj (1—q—w;q>qm_1<0 for any u € Sj.
c
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On Ss, ny = (0,1.(q), —1). Hence we have
ny - fq = Ypg +pp+e) + (1 —q+ X)g" !

_wc(wc + C) - (1 —q— wcc(]>qm—1

+Ye(tpe+¢) + (1 — g+ X)g™*

<X+w2q>qm_1<0 for any wu € Ss.

On S3, ng = (—1,0,0), so that

n3-fd:§X—&— (Cll—l)pq: (;—l>pq<0, for any u € Ss.
Similarly, on Sy, ny = (0,0, 1), so that

ng-fu=-plp+te)—1-—qg+X)g" '=—-1-q+X)g" ' <0,

for any u € Sy.

For the remaining part of the boundary J; (i = 1,...,4), we have to examine
the orbit u(z;ug) for ug € J;. For ug = (0, qo,0) € J1, we see that

u(z;ug) = ug +u'(0;up)z + %u”(o; ug)z” + (h.o.t)
=g + f4(ug)z + %Dfd(uo)u’(o; ug)z% + (h.o.t)
= (0,40,0) + (0,0, —(1 — qo)gi" ")z
+ %(1 —qo0)qy ((cll - 1) o, —qo,c) 2% + (h.o.t),

where Df;(u) is the Jacobi matrix of f;(u). This shows that X (z;ug) > 0 and
p(z;u9) < 0 for sufficiently samll positive z, so that any orbit u(z;ug) for ug €
cannot traverse Ji. Similar argument assures that the same result holds for Js, J3
and Jy. This completes the proof. O

3.2. The local property of U(c)
We next discuss the local behavior of U;(c) near the critical point P;. The
linearization of (15) at P; becomes

S0 1~ 1

d d

00 1 (17)
-1 1 —c

Its characteristic equation becomes

g e d) = ()\ + g)fC(A) - (:z - 1))\ —0, (18)
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with f¢(A\) = (A2 + ¢\ — 1). This can be factorized as

d d
= A+ A= AL()(A = A%(e)),

g(A,c,d):(/\+c)(A2+CA_1>

where A% (¢) = —(1/(2d))(c + V2 +4d) < 0 < A4 (c) = —(1/(2d))(c — V% + 4d).
Therefore, (17) has two negative eigenvalues —c and A% (c), and one positive eigen-
value A4 (c). For d = 1, we see that A} = (1/2)(—c = V2 +4) are zeros of
f¢(X\). Moreover, it is obvious that A% (c) is strictly monotone decreasing with
respect to d > 0, since A% (c) = —(1/(2d))(c — V2 +4d) = 2/(V/2 +4d + ).
The eigenvector pi (¢) corresponding to the eigenvalue )\i(c) is given by pi(c) =
(—=fe(AL(e)), 1,24 (c)) for d > 0.
Thus we have the following two propositions.

PROPOSITION 7. Let ¢ be fized positive. For d > 0, Uq(c) has the tangential
direction pl(c) = (= f¢(AL(c)), 1, 4 (c)) at Pi, and \L(c) and f¢(A\%(c)) are both
strictly monotone decreasing with respect to d. Therefore, it holds that if 0 < d < 1,

0=f(\ile) < FFAL(e) < fEAG(0) = %/\3(0)- (19)
and if d>1,
—1=f0) < F°(\%(e) < f(AL(e)) = 0. (20)

Proof. We already see that )\ff_ (¢) is strictly monotone decreasing with respect
to d, so that the monotonicity of f C(/\i) with respect to d are also obvious because
' (N) =2\ + ¢ > 0 for any A > 0. This completes the proof. O

PROPOSITION 8. Let d be fized positive. Forc > 0, /\‘j_ (¢) is strictly monotone
decreasing with respect to ¢, and

0 evd <0, for0<d<1,
Oc (+(C)>{>O, ford>1. 1)

Proof. The expression A2 = —(1/(2d))(c — V¢ + 4d) directly shows that
(0/0c)AL =—\L/V/ 2 +4d<0. Since (0/9c) f¢(A%(c))=2(d—1)(2A% (0)2) /v +4d,

(21) is obvious, so that the proof is completed. O

We next show that Ug(c) enters 2;. Since Ug(c) has the tangential direction
pi at Pp, the projection of U(c) to the plane X = 0 has a slope )\‘i and the
projection of Uy(c) to the plane p = 0 has a slope ff(/\‘_f_). On the other hand,
the boundary surfaces p = 1.(q) and X = —1.(q)q/c have slopes A9 = 1/c and
—X /e, respectively at ¢ = 1. Therefore, the inequalities (19) assures that Uq(c)
enters (. Thus, from Proposition 6 we can conclude that Uy(c) stays in (2 for all
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z € R. There exists no critical point in 2; and ¢’ = pq < 0, so that ¢ — 0. This
implies that X (q) — 0 as ¢ — 0, and hence U, (c) approaches cl(Iy), which consists
of the ordinary points Iy and the critical points Py and P,.. Therefore Uy(c) has to
approach Py or P.. In fact, the following lemma holds.

LEMMA 9. Assume that 0 < d < 1. Then, for each ¢ > cf, there exists an
orbit of (15) which connects Py with Py.

Proof. Tt suffices to show that Uy(c) cannot approach to P, as z — oo for
¢ = ¢ because {2; does not contain P, for any ¢ > ¢j. Assume that ¢ = ¢j in
the following. We first choose ug = (Xo,qo,po) € Uy such that po/(qo — 1) <
¥e(qo)/(qo — 1), which is possible since

Po
q0—1 qop — 1

1 . 7wbc(QO)
+ + c qolgll q — 1

Let qo be (qo,po) and (q(z;q0),p(2;q0)) be the solution of (16) satisfying
(¢(0;d0),p(0;d0)) = qo. Then, qo € {2, so that (q(z;qo),p(z;q0)) stays in
for all z > 0 and converges to (0,0) as z — oco. We can represent this orbit by
p = @c(q), (0 < ¢ < qp), where Q;C(O) = 0 and z/?c(qo) = pg. Now we define the
region 21 by {(X,¢,p): 0 < X < —(1/c)¢e(q)q, 0 < ¢ < qo, Ye(q) <p < 0}. Re-
peating the same arguments in the proof of Proposition 6, we conclude that Uy(c)
stays in £2; for all z > 0 and converges to (0,0,0) as z — oo because 1[)6((]) — 0 as
q — 0. This completes the proof. O

3.3. The existence of the orbit connecting P; and P,

In this subsection, we shall prove the existence of the orbit connecting P; and
P, with the aid of the Wazewski theorem. In order to apply the Wazewski theorem,
we rewrite the system (15) as

which is simply denoted by the vector notation: U’ = F(U) with U = (u,¢) =
(X,q,p,c), and U(z; Up) denotes a solution of (22) which satisfies U(0; Ug) = Up,.
This system has three critical manifolds Py(c) = (0,0,0,¢), Pi(c) = (0,1,0,¢) and
Py(c) = (0,0, —¢,¢). In R*, we shall construct the Wazewski set for (22).

Let W, be

We={u=(X,¢p): 0<X <1 1l(p) <qg<1,—c<p<O},
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where [.(p) is defined by

le(p) = (;(p + C)> 1/(m_1),

gk

—c<p< <

p= 9’
c
—<p<
—5=p=0,
with gp = (¢/(2k))Y (=1, We also define W by W = {U = (u,¢): ue W,, ¢; <
¢ < ca}, where ¢1 and ¢y are any constants satisfying 0 < ¢; < ¢2 and will be speci-
fied later. The boundary of W is consists of OW; = {U=(u,¢):uedW, 1 <c<
co} and Wy = U?Zl{U = (u,¢): u € int(W,), ¢ = ¢}, that is, 9W = oW, U dWs.
Here, for each fixed ¢, int(W,) and W, denote the interior and the boundary of W,
in R3, respectively. W, consists of two critical points P; and P,, and the following

surfaces H! (i = 1,2,...,6) and the one dimensional invariant manifold .J,..
Hy ={(X,q.p): 0 X <1, g=1le(p), —c <p <0},
H?={(X,q.p):0<X<1,0<q<1, p=—c},

H? ={(X,q,p): 0< X <1,g=1,—c<p<0},
HfZ{(X,q,p):OSXsl,i<q§1,p:0}\P1,
H} ={(X,q.p): X =0, l.(p) <q<1,—c<p<0},
HY ={(X.,q,p): X =1,1(p) <q <1, —c<p<0},
Jo={(X,¢,p): 0< X <1,¢=0,p=—c}.

That is, OW, is the disjoint union of these sets, and expressed as

6
oW, = (U H) UJ.UP,UP,.

i=1
Set H' = {(u,¢):u € H, ¢; < ¢ < ¢y} for i = 1,2. Then, we have the
proposition.

PROPOSITION 10. For sufficiently large positive k, the immediate exit set W=
of W is the disjoint union of H' and H?, that is,

W~ =H'UH?, H'nH?=g,

for any c1 and co satisfying 0 < ¢1 < ca.

Proof. Tt is obvious that W, is not an immediate exit set because int(W,)
is open in R? and {(u,c): ¢ = ¢;} (i = 1,2) are invariant manifolds. Therefore, it
suffices to discuss OW;. We denote the outward normal of W, by n.
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Let us first consider H'. For —c < p < —¢/2, ¢ = l.(p), which implies
p=kq™ ' —c (0 <q< q). This gives n = (0, —k(m — 1)¢"™ 2,1,1) on H' for

—c < p < —¢/2. Thus, noting that 0 < X < 1 in cl(WW), we have

0-F=—k(m—1)pg" " —p(p+e)—(1-qg+X)g"*
= —k(m—Dpg™ ' —kpg™ ' — (1 — g+ X)¢g™ !

1
= —mqum_l (p—i— %(1 - q+X))
2
> m—1 E_i
> mkq (2 mk;) > 0,

if we choose k > 4/(mc;y). For —¢/2 < p < 0, ¢ = qx > 0, so that on H} we
see that n-F = —pgr > 0. On By} = {(X,¢,p,¢): 0 < X < 1,q =g, p =
0, ¢c1 < ¢ < e}, we have U = F = (—(¢/d)X,0, —(1 — g, + X)g"*,0). Hence for
Uj = (Xo,qx,0,¢c0) € Ey

B B B 1 3
q(z:Up) =q(0:Ug) +¢'(0: Ug)z+ §q”(0 : Ug) 2% + 0(2°)

1 - -
=q, + §p’(O : Uo)q(O : Uo)z2 + 0(23)

1
=q;, — §(1 —qr + X0)g 22 + O0(2*) < qu,
for any sufficiently small positive z, since we can choose k so large as ¢ =
(co/(2k))Y/(m=1) < 1/2. Therefore, we know that H' is the immediate exit set.
Next, let us consider H2. Since i = (0,0, —1, —1) on H?, we see that

nF=pp+c)+(1-—qg+X)g" ' =10-qg+X)g™ >0

forgq#1or X #0. On Ey = {(X,q,p,¢): X =0,¢q=1,p= —¢, c1 <c¢ < ca},

F = (((1/d) = 1)¢, =¢,0,0), so that
p'=—2p+c)p — (m—1)1+X)g™ 3¢ + mg™ ¢ — X'¢™ !
c

d<0.

:—(m—l)q'+mq’—X’=q’—X’=—c—<;—1>c:—

Hence, for Uy = (0,1, —c¢, ¢) € E5 we have

~ ~ ~ 1 ~
p(z:Ug) =p(0:Up) +p'(0: Ug)z + 5]?"(0 :Ug)2” + O(z?)

. & 2 3y _
=—C— g% +0(7°) < —¢,

for any sufficiently small positive z. Thus we also know that H? is the immediate
exit set. The disjointness of H' and H? is obvious.
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Similarly, we can show that any orbit starting from
6
Wt = {U: (u,c):ue UH;, g <c< 02},
i=3

enters immediately into int (W) for any c¢; and ¢y satisfying 0 < ¢; < c¢g, which
completes the proof. O

Now, we shall prove the following lemma.

LEMMA 11. Assume that 0 < d < 1. Then, there exists some positive con-
stant ¢y (< ¢ ) such that, for ¢ = ¢, (15) has an orbit connecting Py with P..

Proof. We first consider the case that m > 2, which assures that F(U) of the
system (22) is Lipschitz continuous. In order to apply the Wazewski theorem, we
first identify X' as follows. Let u. = (X, ¢, pc) be a point on the unstable manifold
Uy (c) for each ¢ satisfying ¢; < ¢ < ¢o, where ¢. is chosen sufficiently close to 1
and satisfies 0 < ¢, < 1. Set ¥ = {U. = (u,,¢):c1+e < c<cy—e€ C W
with sufficiently small ¢ > 0. Then Y is compact and intersects a trajectory of
(22) only onces. W is seen to be a Wazewski set. In fact, (1) in Proposition 5 is
trivially satisfied since W is closed. If U, € Y, U.-z € W and U, - 2 ¢ W‘,
then U, - z € int(W) U W, U (OW; \ W~). The definition of ¥ assures that
U, -z ¢ OWs. Here we note that 9W, \ W~ = W+ U WO with W° = {(u,¢): u €
(JLUPLUP,), ¢1 <c¢ < co}. In the proof of Proposition 10 we already see that
the direction of the vector field is inward on W+, so that U, - z ¢ W+. Since W°
consists of the invariant manifold and the critical points, it is also obvious that
U, - z ¢ W°. Therefore, it holds that U, - z € int(W), which assures (2).

Now, we consider the behavior of U;(c) for large ¢ and for small ¢ > 0. For
any ¢ > cfy, Lemma 9 asserts that Uy(c) approaches to Py as z — oo. This assures
that Uy(c) has to leave W, through H! for ¢ > ¢5. Of course, it cannot traverse
H? before it hits H} because H! is the immediate exit set of W,.. Thus we see
that any orbit starting from U, € ¥ hits H' with an exit time T(U,.) for ¢ > ¢.
Since the slope of the projection of Uy(c) to the p-g plane at Py is A% (c) which
approaches to 1/v/d as ¢ — 0, there exists some small positive ¢;” such that Uy(c)
intersects the plane p = —c for ¢ € (0, ¢1’], which implies that Uy(c) goes out from
W, through H?2. Hence we see that an orbit starting from U, € X hits H? with an
exit time T'(U,) for any ¢ € (0,¢;’]. Choose ¢; + € = ¢;” and ¢g — € = ¢fj. Then,
if ¥ = X% Proposition 5 says that F(X) is the continuous image of the connected
set ¥ on W~ = H' U H?. On the other hand, we have shown in the above that
F(U,) =U,T(U,) € H' for ¢ = ¢14¢, F(U,) € H? for ¢ = co—e and H'NH? # @,
which contradicts the connectedness of F(X). Therefore, ¥ # X9 so that there
exists a point Uex = (uex, ¢*) € X such that the solution U(z; Ug+) = (u(z; uex ), ¢*)
of (22) stays in int(W) for all z > 0.

Next, we show that u(z;u.+) gives an orbit connecting P; with P.. Note
that u(z;u.~) stays in int(We-) for all z > 0 and there is no critical point in
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int(Wex). In int(Wee), ¢ = pg < 0 so that g(z;ue) — 0 as z — oo. This
assures that p(z;ue) — —c* as z — oo since 0 < l.«(p) < ¢ in int(We-) and
le-(p) = 0 if and only if p = —c¢*. We choose now sufficiently large positive z; such
that —c* < p(z;ue) < —¢*/2 for all z > 2. It easily follows from the second
equation of (22) that q(z;u.-) < q(z1;u.- e~ (¢ /221 The first equation of (22)
is integrated as

X(e) = e () = (G =1) [ Ou0ac). (@)

where we omit the dependency of the initial value u.- for simplicity. By using the
above estimates of p and ¢, we have the following inequality.

X(2) < e~ /d)—1) (X(Zl) N (; _ 1) o) / o D= 21) = (e 2 (C—21) d<>
Z1

. 1 # «
< o )2 (X(Zl) N (d _ 1>c*q(z1)/ L(1/d=1/2)¢" (1) dc)

1
< o )2 (X(Zl) . %q(zl) [L/d=1/2 (s=21) _ ﬂ)
< ef(c*/d)(zle)X(Zl) + 67(1/2)6*(‘3*21)(](21),

which asserts that X (z) — 0 as z — oo. Thus we conclude that lim, o u(z;ue-) =
P.-. Tt is obvious that lim,_, . u(z;u.) = Py since ue.« € Ug(c*).

For the case that 1 < m < 2, in order to assure the Lipschitz continuity of
F(U), we introduce another change of the dependent variables by

d:V7n_17 ﬁ: Ev (24)
which rewrite the system (12) as follows.

c 1 1
Yy - _Cx_ LR ISV

d°  m-1 (d )pq
q =pq, (25)
. 1 1/ (m— .
(= =+ (m = 1)) — (m = 1)(1 =g/ + X)g

Here, the critical points of this system are Py = (0,0,0), P = (0,1,0), and By =

(0,0, —(m—1)c). We write (25) in the vector form as @ = f;(11) with & = (X, 4, p),
and 1(z; 1) denotes a solution of (25) satisfying (0;1) = . Now fy(i) is
Lipshitz continuous. It follows from (14) and (24) that
=@/, p= L (26)
’ m—1

This relation assures the one to one correspondence between orbits of (15) in the
phase space 27 and orbits of (25) in 27 = {(X,§,p): X >0,0< ¢ <1, p <0}
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Through this correspondence, the whole of the above arguments for m > 2 is valid
also for 0 < m < 1 since Propositions 6, 7, 8, 10 and Lemma 9 hold for m > 1, and
hence we know the existence of some ¢* such that for ¢ = ¢* (25) has a solution

a(z;09) satisfying lim,_, o G(z;09) = Py and lim,_ oo u(z;ug) = P... Again,
through the correspondence (26), for this ¢* we have obtained the orbit of (12)
connecting P; with P.-. Choosing c}; = ¢*, we complete the proof. |

REMARK 1. It follows from the proof of Lemma 11 that the traveling front
solution of (11) obtained above, denoted by (Ug(z;c*), Va(z;¢*)), decays to (1,0)
exponentially as z — oo.

Thus, we have established the existence of the traveling front solution of (11)
and (6) for ¢ > ¢f and ¢ = ¢j. In the next subsection, we shall prove that ¢} is the
minimal wave speed of traveling front solutions and state the main theorem.

3.4. The properties of the connection orbit

We first discuss the existence of connection orbits of (15) for any ¢ > ¢jj. We
can express the orbit of (15) obtained in Lemma 11 as (X, ¢,p) = (X*(¢), ¢,p*(q))
(0 < q¢ < 1) in the phase space, since ¢ = pg < 0 in 7. Here we note that

p* (O) = 7627

. p*p*+c*_|_1_q+X*qm71
p(q) = R U g SO0 (2)

and

X =%~ (51) (28)

By the use of this orbit, the region 2* is defined, similarly as {21, by
2" ={(X,¢,p): 0< X <X"(q),0<g<1,p"(q) <p<0}.

The boundary of 2* is given by

4 4
:(USOU(Uﬁ)U%U%UHUE?
=1

i=1
where

ST =A{ 0<g<1,X=X"(q),p"(q) <p<0},
S ={(X,¢,p): 0<¢g<1,0< X < X"(q), p=p"(0)}

(X,q,p):
( ):
53 {(X,¢,p): 0<qg<1,X=0,p"(q) <p<0},
={(X.q,p):
( ):

7q7

Jy 0<g<l1l, X=0,p=0}

{qu
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Jy ={(X,¢,p):0<q¢<1,X=0,p=p"(q)},

Ji ={(X,¢,p): 0< ¢ <1, X =X"(q), p=0},

Ji ={(X,¢,p): 0<q¢ <1, X =X"(q),p=p"(0)}
Iy ={(X,¢,p): X =0,¢=0, —c; <p <0}.

PROPOSITION 12. Let d be fized in (0,1). For each ¢ > ¢}, any orbit of (15)
starting from a point ug € 2%, denoted by u.(z;ug), stays in 2% for all z > 0.

Proof. The proof of Proposition 6 can be applied to this proposition with the
minor changes by noting that ¢ > ¢. In fact, on S7, X = X*(¢), so that n} =
(1,—X*',0). Here, n} are the outward normal of the surfaces S} (i = 1,2,3,4).
Hence, using (28) we have

* c 1 *
n1'fd=—dX—<d—1>pq—X 'pq

c 1 ch X* 1
=——X"—(|=--1 - —
d (d >pq+{dp*q+ <d >}pq
1

_d(p* C)X <d(cd ) X™ <0,

for any u = (X, q,p) € ST.
On S, p = p*(q), so that nj = (0,p*'(¢), —1). We then have

;- £y =p'pg+pp+c)+ (1— g+ X)g™!
=" +ep) —(1—g+X)gm!
P (P )+ (1 —g+ X)g™ !
=ple—ch) + (X = X")g" ! <0,

for any u € S5. The remaining part of the proof is the same as that of Proposition 6.
This completes the proof. O

LEMMA 13. Let d be fizred. Then, for each c¢ > c}j, there exists an orbit of
(15) connecting Py with Py lying in 27 . For each positive ¢ < ¢, there exists no
orbit of (15) connecting Py with Py or P..

Proof. It follows from Proposition 8 that for each ¢ > ¢}, Uq(c) enters 2*.
Then Proposition 12 assures that the orbit corresponding to U;(c) cannot leave 2*.
Hence, it must approach to Py as z — oo since ¢ = pg < 0 in £2* and the critical
point P, does not belong to cl(£2*), which proves the first half of this lemma.

Assume that for some c¢* < ¢}, there exists an orbit connecting P; with P, for
¢ = ¢*. Then Proposition 8 asserts the existence of an orbit connecting P; with
Py for ¢ = ¢ because of ¢ > ¢*. This contradicts the uniqueness of the orbit
corresponding to Ug(c). Next, assume that for some ¢* < ¢, there exists an orbit
connecting P, with Py for ¢ = ¢*. Then, we can choose ¢y — ¢ = ¢* in place of
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¢y in the proof of Lemma 11, so that from Lemma 11, we see the existence of an
orbit connecting Py with P. for ¢ = ¢ (< ¢* < ¢}j). Thus, the first part of this
lemma again asserts that the existence of an orbit connecting P; with Fy for ¢ = ¢},
which leads us to the contradiction. This proves the last half of the assertion, which
completes the proof. O

Lemmas 11 and 13 allow us to call ¢;; the minimal wave speed of traveling front
solutions.

REMARK 2. It follows from the proof of Lemma 13 that ¢} is determined
uniquely. Also, for each ¢ > ¢}, the traveling front solution of (11) exists uniquely
except translation since Uy(c) is the unique orbit entering P; as z — —oc.

Next, we consider the d-dependence of connection orbits.

LEMMA 14. Let d € (0,1) be fized. Then, for each d € (d, 1), there exists an
orbit of (15) connecting Py with Py in 27F.

Proof. We first show that for each fixed ¢ > 0, Uy(c) lies strictly below the
surface Sy = {(X,q,p): 0 < ¢ <1, X = —pq/c, p < 0} for any d € (0,1). The
normal vector ng of Sy is (¢, p, q), so that

c 1 _
ng - fy :c{—dX— (d — 1)pq} +p2q+q{—p(p+0) —(1-qg+X)g" 1}

=—(1-q+X)¢" <0,

for any u = (X,q,p) € So. This implies that any orbit lying in 2% cannot tra-
verse Sy from the region X < —pg/c to X > —pg/c. On the other hand, Uy(c) is
represented near P; by

(X(9):4,2(a)) = (0,1,0) = (= f*(AL(e)), 1, AL (e)) + o(h))

for sufficiently small positive h. Therefore,

X(q) +p(q>% = fS\L(e)h—(1— h))\i(c)% + o(h)
- (o - Aic(c)>h T oh) <0,

since Proposition 7 assures that f¢(A%(c))/Ad(c) < f4(A\%(c))/A%(c) = 1/c. Thus
we know that Uy(c) lies strictly below Sy near P; and hence cannot traverse S
in 27,

We again consider the region 2% and prove that Uz(c)) stays in 2% for all z
for d € (d,1). For simplicity, we denote ¢j; by ¢* in the following. Proposition 7
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assures that Ug(c*) enters 2* for d > d. On the surface Sj, using (28) with ¢}, = ¢*,
we have

nj-fj=—-—=X - <d—1)pq—X 'pq

c* 1 ct X* 1
= Cxr (=1 CA (2
a (d )p“{dp*q*(d >}pq

for any u = (X,q,p) € ST, since Uy(c*) stays in the region below Sy where X* <
—pg/c”.
On S5, p = p*(q), so that nj = (0,p*'(¢), —1). We then have
n; -y =ppg+plp+c)+(1—q+ X)g" !
=P +c) - (1—g+X")g"
+p (P )+ (- g+ X)g™ !
= (X -X"¢" ! <o,

for any u € S5. By repeating the same argument as in Proposition 12, we can
conclude that Uy(c*) stays in 2* for all z for d € (d, 1).

Next, assume that Uz(c*) connects Py with P.-. We can express this orbit by
(X4(q),4q,p3(q)) (0 <q <1). Since Ug(c*) stays in 2* for 0 < ¢ < 1, it holds that
0 < Xz(q) < X*(¢) and p*(q) < pz(q) <0 for 0 < ¢ < 1. We should note that

X4(0) = X*(0) = X (1) = X*(1) = 0, )
pg(0) = p*(0) = —c*, pg(1) =p*(1) =0,
and
X7 =~ (AL(e), X(1) =~ (M(e)), 50

Since p*(q) and p4(q) satisfy

4w PO ) F (g X"

dq Pq ’
and

d  papg+c)+ (1 —q+Xa)g" !

P :
dg? Paq
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respectively, we have

i * . __1 I 1_q+X*_1_q+Xd> m—2
dq(p Pa) q(p Pa) ( p py q
a
= —(qQ) (g —p*) + b(q),

where a(q) = 1— ((1 — ¢+ X*)g™ ?)/(p*pg) and b(q) = —(¢"*/pa)(X* — X3).
This can be solved as

p*(q) — palq) = e*@ <p*(q1) — palq) + / ' e~ ADp(q") dCJ’> : (31)

q1

where A(q) = — flq/2 a(q')/qd dq'. A(q) is evaluated as follows. By using (29) and
(30), we see that

Xg(q) = =1 (M(c"))(g— 1) +o(g — 1),
X*(q) = —f" (M(c")) (g — 1) +o(g — 1),
pala) = A (c") (g —1) +o(g — 1),
P (a) =i (c")(g—1)+o(qg— 1)

These expressions easily prove that there exists sufficiently small € > 0 such that

C
a(q)<1—171 for ge[l—¢1),

with some positive constant C;. Hence, we have

alg)  Cr—(1—q) _Cr—e
— > > > 0,
q (1—-q)q 1—¢q

for g € [1 — €, 1), so that

4 4 / l—ea / 7 4 /

172 4 12 4 1—e 4
a Cl—é r €
B dq —A(l—e)—i—(Cl—e)log(l_q).

>A(l—¢€)+
Thus, we have obtained the required inequality

01—6
A 5 A(I=6) flog (¢/(1=) 1™ _ LA(1—) (1€> , (32)
—q

Now, take the limit ¢ — 1 in (31). Noting that (29) and (32), we obtain the
relation

1
p*(ql)—pg(q1)+/ e~ p(¢") dg' = 0.

q1
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Then, take the limit ¢ — 0 in the above relation. By (29), we finally conclude that

1
/ e_A(q/)b(q’) dq¢' =0,
0

which is impossible because b(g) > 0 for 0 < ¢ < 1. This proves that U;(c*) starting
from P; cannot approach P.- as z — oo. Therefore, it must approach Py as z — oo.
This completes the proof. O

Lemmas 11 and 13 assure that the existence of a unique connection orbit of
(15) only for each ¢ > ¢, that is, ¢ is the minimal wave speed. Furthermore, with
the aid of Lemma 14 we can show that ¢} < cjj for d > d. In fact, Lemma 14 asserts
that for ¢ = ¢} there exists an orbit connecting P; with P for d > d, so that Cc*i <cj
if d > d. If ¢} = ¢, the definition of ¢ implies that Ug(c) connects Py with P
This is a contradiction. Combining these results, we obtain the following theorem.

THEOREM 15. Assume that 0 < d < 1. Then, there exists some cj, such that
a traveling front solution for (10) exists uniquely (except translation) only for each
¢ > cjj. Furthermore, the minimal wave speed cj is strictly monotone decreasing
with respect to d, and it satisfies that c] < ¢ < cf.

Proof. It suffices for us to prove that ¢f < ¢jj. For d = 1, the system (15)
becomes

X' =-°x

d b
q = pq, (33)
p=-plp+ec)—(1—qg+X)g™ "

The first equation of (33) with the boundary condition (13) gives that X = 0.
Therefore, we consider the problem in the invariant manifold X = 0 in cl(£27),
which is denoted by 2y = {(X,¢,p): X =0,0 < ¢ < 1, p < 0}. In £, (33) is
reduced to

{ q = pg, (34)

p=-pp+ec)—(1—-q)qg™ "

The system (34) has three critical points P§ = (0,0), PY = (1,0) and P? = (0, —c)
in the (q,p)-space. At PP = (1,0), the eigenvalues are A{(c) < 0 and A (c) > 0,
and hence Py has the 1-dim unstable manifold ¢, (c). The slope of U;(c) at ¢ = 1
is AL (c).

Now, consider the region 2 = {(¢,p): 0 < ¢ < 1, p*(q) < p < 0}, where
(X*(q),q,p"(q)) is the same as before. We should note that p*(1) =0, p*(0) = —c;
and p*'(0) = A4 (c3). The boundary of 2] consists of C = {(¢,p): 0 < ¢ <1, p=
(@)}, h={(gp):0<qg<1l,p=0}1l={(gp:qg=0 —c;<p<0}, P P
and P.. Let us examine the behavior of the orbit U (c;). Since AL (cf) < AL(c)
by (19), Ui(c}) enters £2f. The argument in the proof of Lemma 14 with X = 0
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Front Positions for d1=0,0.2,0.4,0.6,0.8,1(d2=1,m=5)
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Fig. 1. The position of the front z(t) of u(z(t),t) = 1/2 (0 < t < 1000) for
d = 0 (pp50), 0.2 (pp502), 0.4 (pp504), 0.6 (pp506), 0.8 (pp508), 1.0 (pp51),
m = 5.

verifies that the inner products of the vector field (34) with ¢ = ¢, and the outward
normal on C, Iy and [y are all negative, so that that U, (c;) cannot leave £2f for all
z. This assures the existence of the connection orbit of (34) approaching Py or P,
for ¢ = ¢}, which implies that ¢j < ¢ for any fixed d € (0,1). If ¢f = ¢}, choose d’
satisfying d < d’ < 1. Then ¢} < ¢, and ¢}, < ¢j. This is a contradiction. Hence
we have ¢} < ¢j, which completes the proof. 0

Fig. 1 shows the numerical result of the propagation speeds of the traveling
fronts obtained by solving the evolutional system (10) with the appropriate initial
data of the step function type. This result illustrates numerically the last assertion
of Theorem 15.

4. The case d; > dy >0

The condition d; > dy > 0 implies d = dy/dy > 1. Then, it follows from
Proposition 1 that X = U +V — 1 < 0. Hence, for d > 1, our problem is to find
an orbit of (15) connecting P; = (0,1,0) with Py = (0,0,0) or with P. = (0,0, —¢),
which lies entirely in 27 = {(X,q,p): X < 0,0 < ¢ <1, p < 0}. Repeating the
similar arguments in Section 3, we can prove the existence of the connection orbits.
Therefore, we discuss only the different points from the case that 0 < d < 1.

In order to examine the local behavior of the unstable manifold Uy(¢) near Py,
it suffices to refer to the statements for d > 1 in Propositions 7 and 8. They assert
that Uy(c) has the tangential direction p% (c) = (= f¢(AL(c)), 1, A4 (c)) at Py. Since
fe(AL(c)) is negative, Uy(c) enters 2.
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To discuss the global behavior of Uy(c), we require the connection orbit of (15)
for d = 1, which was already considered in the proof of Theorem 15. For d = 1,
we have the system (34), and we know that there exists a unique orbit connecting
P with P{ for ¢ > ¢} and with PY for ¢ = ¢}, which was assured in the proof
of Theorem 2. Now, we denote this unique orbit by (g, ¢.(q)) for ¢ > ¢}, which
satisfies

i _ _¢C(¢c +o)+(1—gg™!
3= o : (35)

Let us define the region (2, by

2 ={(X,q,p):q-1<X <0,0<q<1, ¢c(q) <p<0}.
Then, the boundary 0{2; of {2, consists of the followings:

Sy ={(X,q:p): 0<q¢ <1, X =q—1, ¢e(q) <p <0},

Sy ={(X,q,p): 0<q<1,¢-1<X<0,p=0¢c(q}
Sy ={(X,q,p): 0<q¢ <1, X =0,¢c(q) <p<0},
Sy ={(X,¢,p):0<qg<1l,¢g—1<X<0,p=0},
S5 ={(X,¢,p): ¢=0,-1< X <0, p(0) <p <0},
J ={(X,q,p): 0<¢<1, X=0,p=0},
Jy ={(X.q,p): 0<q¢ <1, X =0,p=¢c(q)}
Jy ={(X,q.p): 0<¢<1, X =¢q—1,p=0},
Jy ={(X,q;p): 0<q¢<1, X =q—1,p=0dc(q)},
Iy ={(X,q,p): X =0,q=0, ¢:(0) <p <0},
Py, P; and P,.

That is,

5 4
o9y = <U S;) U <U J;) Ul UPyUP UP.
i=1 i=1

Here, note that Jo = @ for any ¢ > ¢j. We have the followings which correspond
to Proposition 6 and Lemma 9 respectively.

PROPOSITION 16. Let d > 1 and ¢ > ¢i. Any orbit of (15) starting from a
point ug € 2, denoted by u(z;ug), stays in 2] for all z > 0.

Proof. We only consider S; and S5 . S5 is an invariant manifold, so that

u(z;ug) cannot reach any point of this surface. On S;, the outward normal ny is
(—1,1,0), so that the inner product

_ c 1 c 1
n; -fd:dX+(d—1>pq+pq=d(q—1)+dpq<0-
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Hence, u(z;ug) cannot leave {2 through S;. To prove the remaining part, it
suffices for us to follow the argument in the proof of Proposition 6 by replacing .
with ¢.. This completes the proof. O

LEMMA 17.  Assume that d > 1. Then, for each ¢ > ¢}, there exists an orbit
of (15) which connects Py with Py.

Proof. Since 0 < AL < A} and —1 = f¢(0) < (A1) < fe(AL) = 0, Ua(c)
enters {2, . Then Proposition 16 assures that ¢ — 0 as z — oo, since ¢’ = pg < 0
in ;. The first equation of (15) gives (23) with ¢ in place of ¢*, so that we have

X (2)] < e~/ (|X<zl>| +f el () q() dc)

Z1

o d
< e VX ()] + — Mya(=n),

for any z, z; satisfying z > 2, where M, = maxo<q<i1|¢c(¢)|. Taking the limit
z — oo in the above inequality, we have lim, .. |X ()] < (d/c)Mpq(z1). Again
take the limit z; — co. Then we see lim, . |X(z)| = 0. This implies that Ug(c)
must approach cl(Z; ), which assures that Uy(c) approach Py or P, as z — co. To
show that U;(c) cannot approach to P. as z — oo for any ¢ > ¢j, it suffices for
us to repeat the corresponding part of the proof of Lemma 9. This completes the
proof. O

We define W~ by
W, ={u=(X,q,p):q—1<X<0,l(p) <qg<1, —c<p<0}.

This plays the same role as W, in the Subsection 3.3, and we can construct the
Wazewski set W~ = {U = (u,¢): u € W;, ¢; <c < ca} for the extended system

c

(22). By noting that X < 0 and 1 — ¢+ X > 0, the whole arguments in the
Subsection 3.3 with ¢} in place of ¢j are valid for d > 1. Thus we have

LeEMMA 18. Assume that d > 1. Then, there exists some positive constant c}
(< ci ) such that, for ¢ = ¢, (15) has an orbit connecting Py with P,.

REMARK 3. Remark 1 is also valid for d > 1.

In order to prove that ¢ is the minimal wave speed, we introduce the region
2% by §2* with the reversed inequality with respect to X, that is,

2 ={(X,q,p): X" () < X <0,0<qg<1,p(q) <p<O0},

where (X*(¢),q,p*(¢)) denotes the orbit connecting Py with P, for ¢ = ¢}j. Then,
the boundary of 2* is given by

4 4
on* = <U Si*> U (U Ji*> Uly"UPyUPLUP,
i=1 i=1
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The d-dependence of the minimal wave speed c(d): m=2, m=>5 (log-log scale)

1 T T T T

T
"cm2.dat"
"cmb.dat" —=—=--

0.1

0.01

0.001 E

0.0001 L L L L L
1e-06 1e-05 0.0001 0.001 0.01 0.1 1

Fig. 2. The dependency of ¢; on § = 1/d (log-log scale).

where S, %, J; " (i=1,2,3,4) and I; " are S;, J; (i =1,2,3,4) and I; with p*(q)
in place of ¢.(q). Proposition 8 assures that Uy(c) enters 2F for any ¢ > ¢, and
then applying the arguments of the proofs of Proposition 12 and Lemma 13 to 2,
we see

LEMMA 19. Let d > 1 be fized. Then, for each ¢ > cj, there exists an orbit
of (15) connecting Py with Py lying in 2*. For each positive ¢ < c}j, there exists
no orbit of (15) connecting Py with Py or P..

As for the d-dependence, unfortunately, Proposition 7 asserts that U;(c) does
not enter 2* for any d > d > 1. Therefore, except the monotone decreasing prop-
erty of ¢ with respect to d, we have the similar result of Theorem 15 for d > 1.

THEOREM 20. Assume that d > 1. Then, there exists some cj, such that a
traveling front solution for (10) exists uniquely (except translation) for each ¢ > cjj.

Furthermore, the minimal wave speed ¢ satisfies that ¢ < cf < \/2/(m(m —1)).

5. Concluding remarks

For all d; > 0 and dy > 0, we have shown the existence of the minimal wave
speed ¢ > 0 such that the traveling front solutions exist for any ¢ > cj.

As for the front profile, we have seen that the solutions of (5) with the minimal
wave speed ¢; decay to (U, V) = (1,0) exponentially as z — co. We can also see that
the the solutions of (5) with the speed ¢ > ¢} decay to (U, V') = (1,0) algebraically
as z — oo. This can be proved by the routine work of the local analysis of the
(15) near Py with the aid of the center manifold theory (see, for example [12]).
Of course, it is obvious that any traveling front solutions decay to (U, V) = (0,1)
exponentially as z — —o0.
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The m-dependence of the minimal wave speed ¢(m) (d=10, 1<=m<=12)
0.4 T T T T

"d1 Om‘insp.dat"

0 L L L L L
2 4 6 8 10 12

Fig. 3. The dependency of ¢ on m (d =10, 1 < m < 12).

We have also discussed the dependence of ¢; on the diffusion coefficients and the
order of autocatalytic reactions. When d > 1, unfortunately we cannot establish the
monotone dependence of the minimal wave speed on d. However, Fig. 2 shows that
the minimal wave speed c}; is monotone decreasing with respect to the parameter
d for m = 2 (cm2.dat) and m = 5 (cmb.dat). This is obtained numerically by the
shooting method which follows the unstable manifold of the critical point P; of (15).
Also, this numerical result shown in Fig. 2 suggests that ¢} = v/d {o(m) + o(1)},
where 0 = 1/d. Fig. 3 shows that he minimal wave speed ¢}, is monotone decreasing
with respect to the parameter m for d = 10. The justifications of these numerical
results require the further study.

6. Appendix

We give the proof of Theorem 4. For d; =1 and ds = 0, (5) becomes

" ’r_ m _
{U +elU —UV™ =0, (36)

V' +UV™ =0.
Adding these two equations and integrating the result with the aid of (6), we have
U+4cU+V-1)=0,
so that (36) is reduced to the first order system

U=—-cU+V-1),
37
V’:—%UV’”, (87)
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which has two critical points Py = (1,0) and P_ = (0,1). From Proposition 1, we
see that U +V < 1 and U’ > 0. This shows ¢ > 0. Hence we look for an orbit
connecting Py and P_ which lies entirely in 2y = {(U,V): 0 < U <1,0<V <
1, U+V <1} for ¢ > 0.

The eigenvalues of the linearized equation of (37) about the critical point P_
are Ay = (1/2)[—c £ +/c2 +4]. The corresponding eigenvectors are *(cAy,—1),
respectvely. Since cAy = (¢/2)(Ve2+4 —c¢) =2/(\/1+4/c2+1) < 1, the 1-dim
unstable manifold Uy through P_ enters (). We easily see that this Uy must stay
in () for all z € R. In fact, on the boundary I; = {(0,V): 0 < V < 1}, the vector
field of (37) is (¢(1 — V),0), and it is (0,U(1 —U)™) on ls = {(U,V): 0 < U <
1,U +V = 1}. These imply that the vector fields on Iy and Iy are directed to the
inside of 2. The boundary I3 = {(U,0): 0 < U < 1} is an invariant manifold.
Thus we know that Uy cannot traverse the boundary of 2y and stays in (2. Noting
that there is no critical point in £y and U’ > 0, we can conclude that Uy must
approach P, as z — 4o00. This completes the proof. O
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