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ABSTRACT. Initial-boundary value problems for bend-
ing of a thermoelastic plate with transverse shear deforma-
tion are studied under the assumption that different parts of
the boundary are subjected to different types of physical con-
ditions. The solutions of these problems are represented as
single-layer and double-layer thermoelastic potentials, which
leads to time-dependent systems of boundary integral equa-
tions. The unique solvability of these systems is proved in
spaces of distributions.

1. Introduction. Mathematical models of elastic plates aim to re-
place the study of full three-dimensional problems with that of simpler
theories in only two dimensions, concentrating the computation on the
phenomenon of bending and disregarding other, less significant, effects.
Kirchhoff’s classical theory reduces to the solution of a fourth-order
equation with two boundary conditions. Later models (see, for exam-
ple, [1]) yield more information by including the action of transverse
shear forces into a system of three second-order equations accompanied
by three boundary conditions. The model considered in [1] was later ex-
tended to bending motions and, more recently, to thermoelastic plates,
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312 I. CHUDINOVICH AND C. CONSTANDA

where deformation caused by temperature variations is also taken into
account [2]. In this paper we study the bending of a thin thermoelas-
tic plate subject to mixed boundary conditions and homogenous initial
conditions. The variational formulation of this problem and a state-
ment on its unique solvability may be found in [3]. The corresponding
results in the absence of thermal effects are detailed in [4-7].

2. Formulation of the Problem. We consider a thin elastic
plate of thickness hg = const > 0, which occupies a region S x
[~ho/2,ho/2] in R?, where S is a domain in R?. The displacement
vector at a point z’ in this region at ¢ > 0 is denoted by v(a',t) =
(v1 (2, 1), va(a’, 1), v3(2,t))T, where the superscript T signifies matrix
transposition. The temperature in the plate is denoted by 6(z’,t). Let
v’ = (z,23), © = (v1,72) € S. In plate models with transverse shear
deformation it is assumed [1] that

’U(iL'/, t) = ((Egul({E, t)v LE3UQ(£L', t)a us3 ((E, t))T'

If thermal effects are taken into account, we also consider the “averaged
weighted temperature” across thickness defined by [2]

ho/2
z36(x, x3,t) drs, h?

—ho/2

_ M
12°

1
’U,4(£L', t) = h2h0

The factor 1/h? has been introduced for reasons of convenience. Then
the vector function U(z,t) = (u(z,t)T,us(x,t))T, where u(x,t) =
(u1(x,t),ua(x,t), us(x,t))T, satisfies the equation

(1) LU (z,t) =Bod?U (z,t)+B10;U (x, t)+AU (z,t)=Q(x,t), (z,t)€G,

where G = S x (0,00), By = diag{ph?, ph?,p,0}, 0, = 8/0t, p > 0 is
the constant density of the material,
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On = 0/0x4, @ = 1,2, 0,3, and ~ are positive physical constants,
A and p are the Lamé coefficients of the material satisfying A +
pw >0, p >0, and Q(x,t) = (q(z,t)", qa(z,t))T, where q(z,t) =
(q1(w,t),q2(x,t), q3(z,t))T is a combination of the forces and moments
acting on the plate and its faces and g4(z,t) is a combination of the
averaged heat source density and the temperature and heat flux on
the faces. Without loss of generality, in what follows we consider only
the case of the homogeneous equation (1), that is, Q(x,t) = 0, and
homogeneous initial conditions

(2) U(z,0) =0, Owu(z,0)=0, z€S,
since, as shown in [8] and [9], the nonhomogeneity in both can easily
be transferred to the boundary conditions.

We assume that the boundary 95 consists of four open arcs 9.5;,
i =1,...,4, counted counterclockwise, such that

4
0 =08, 0SnoS; =@, i#j ij=1... 4
i=1

We write
I'= 05 x (0,00), T; =385 x (0,00), 8S;; =0dS;UdS;U(8S;NAS;),
F'L’j :831] X (O,OO)7 h,j=1,...,4.

We further assume that the displacements and temperature are pre-
scribed on I'y by
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(3) u(z,t) = f(x,t), wualz,t) = falz,t), (x,t) €Ty,

or U(z,t) = F(x,t), where

F(z,t) = (f(=, )", fa(z,1))",  f.t) = (fi(@, ), f2(2,1), fs(@,1)",

and the displacements and heat flux on I'y by

(4) u(xat) = f(xvt)a anU4($,t) = 94(xat)7 (:I:,t) ela.

In (4), n = n(z) = (n1(z),n2(x))T is outward unit normal to 9S and
Op, = 0/0n.
Let T be the boundary moment-force operator defined by

R2 [(A+2p)n101 + pnads] h2(An10s + unq0y) 0
(5) hQ(/Lnlag + /\’I’Lgal) h? [(/\ + 2/1)%282 + unl(‘)l] 0
pny e 1O

Tu is the vector of the averaged moments and shear force acting on
the lateral part of the plate boundary. We assume that the boundary
moments and force and the heat flux are prescribed on I's by

(6) Tu(z,t) — h*yn(z)ug(z,t) = g(z,1t),
Onua(z,t) = ga(zx,t), (x,t) €T3,

(TU)(J?, t) = G(J?, t) = (g(l‘, t)T7 94(1‘" t))Ta
where
g(x, t) = (91 (J,‘, t)7 gg(l‘, t)7 93(377 t)T
and
_((Tu)(z,t) = WPyn(z)ua(z, )\ ((TU)(x,t)
TV = Outia(,1) )=(znen)
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To keep the notation simple, in (6) and below we also denote by n(x)

the three-component vector (nj(x),na(z),0)T.

Finally, on I'y we prescribe the boundary force and moments and the
temperature:

(7) Tu(x,t)—h*yn(z)us(z,t) = g(x,t), us(z,t) = fa(x,t), (z,t) €Ty.

The functions f(z,t), fa(x,t), g(x,t), and ga(x,t) in (3)—(6) are known.

Let ST and S~ be, respectively, the interior and exterior domains
bounded by 95, and 1et G* = 5% x(0,00). We consider simultaneously
the interior and exterior initial-boundary value problems (TM®*), which
consist in finding U € C?(G*) N C!(GF) that satisfy the homogeneous
equation (1) in GF, (2) in S*, and (3)—(7).

The solutions of (TM*) will be represented in terms of thermoelastic
single-layer and double-layer potentials. These representations lead
to systems of time-dependent boundary integral equations for the
unknown densities. The aim of the paper is to prove the unique
solvability of these equations and to show that the potentials with
densities obtained in this way are the solutions of (TM¥).

3. The Laplace-transformed Boundary Value Problems.
First, we apply the Laplace transformation in (TM*) and study the
unique solvability of the transformed problems (TM;E). In what follows,
we denote Laplace transforms of (vector-valued or scalar) functions by
a “hat” above their symbols; thus,

Ulz,p) = /e*”tU x,t)d
0
The transformed problems (TM?) depend on the complex parameter

p and consist in finding U(z,p) € C*S*) N C'(S*) that satisfy,
respectively, the equations

(8) p2BoU($,p) +pBlU(xvp) + A[j(xap) = Oa T € Siv

and the boundary conditions
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D), Ga(x,p) = fa(z,p), €05,
;D) Ontia(z,p) = ga(z,p), x € D52,
Ti(x,p) — h*yn(z)ia(x,p) = j(z,p), Onta(x,p) = ga(x,p), = € 05,

(x,p) yn(z)ig(z, p) = §(z,p), du(z,p) = falz,p), T €IS

Let H,,(R?), m € R, be the standard Sobolev space of functions d4(x)
with norm

fouthn = { 1+ |5|2>m|ﬁ4<5>|2d5}1/2,

R2

where 74(€) is the Fourier transform of 04(x).

For every m € R and p € C, H,,,(R?) is the space of three-
component vector functions o(z) that coincides with [H,,(R?)]® as a
set but is endowed with the norm

1/2
[ollmp = { Ja+ie+ Ipl2)m|ﬁ(£)l2df} .

R2

The spaces H,,(S*) and H,, ,(S*) consist of the restrictions to S*
of the elements 94 € H,,(R?) and 9 € H,, ,(R?), respectively. Their
norms are defined by

i gt = inf D
S S L 1

inf — N[ollm.p-

U gt = i
H ||m,p,Si ﬁEHm,,p(R2):@|si=U

Let Hy/2(0S) and Hy /5 ,(0S) be the spaces of the traces on 95 of all
Gy € H1(ST) and @ € Hy ,(S™), with norms

||f4||1/2;8s = inf l|tall1,5+,

Uy €Hy (ST ):ta|os=fa

I fll1/2.p:08 = inf 4l 1,p;5+

ﬁEHLp(S*’)Zﬂ‘as:f

respectively. The continuous (uniformly with respect to p € C) trace
operators from H1(S%) to Hy/5(95) and from Hy ,(S*) to Hys,,(95)
are denoted by the same symbols yF.
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H_1/5(08) and H_; 5 ,(0S5) are the duals of H; /2(9S) and H, /5 ,(95)
with respect to the duality generated by the inner products in L?(9.9)
and [L?(8S)]?. Their norms are denoted by [|ga||_1/2;05 and ||g]| —1 /2 p;0s-

Let dS C S be any open part of &S with mesdS > 0 (in particular,
0S5 may coincide with 852, and let 7 be the operator of restriction
of functions from 95 to 9S. The spaces Hi1/2(0S) and Hy /o ,(0S5)

consist of the restrictions to dS of all the elements of H., /2(0S) and
H./2,(05), respectively. Their norms are defined by

: .= inf A
ll€all 41/2,08 R S [7all£1/2:05

é &= inf i .95
||e||:t1/2,p;63 feHil/z,l,?(as):frf=é 17l +1/2,p;05

ﬁi1/2(8§) and Iinl/g,p((‘)S’) are the subspaces of Hi/2(9S) and

H./2,(05) consisting of all the elements with support in dS. The
norms of é; € ﬁlﬂ/g(ag) and é € ﬁi1/2(8§) are denoted by
léall£1/2;05 and [|€]|+1/2,p;05. We remark that H:tl/Q(@g) are the duals
of I—Dlg/g(f)‘g) and Hi1/27,,(aS) the duals of IzIﬂ/Q?p(aS') with respect
to the duality generated by the inner products in L2(85) and [L?(9S)]?.

Let m; and m;;, 4,5 = 1,...,4, be the operators of restriction from
95 to 0S; and to 05, respectively. Hi(S*;0S23) and Hy ,(ST;0S534)
are the subspaces of Hi(S*) and Hj ,(ST) of all 4y € H;(S*) and
i € Hlﬁp(Si) such that 74y 4 = 0 and 727 0 = 0.

We consider the spaces Hi ,(ST) = Hy ,(S%) x Hy(SF) of elements

U = (a",4)" with norm
0N s+ = Nl pss + llallse,
and their subspaces
Hi p(ST;0854,0823) = Hy ,(ST;0S54) x Hy(SF;0S53).

Finally, the spaces Hﬂ/m(ag) = Hil/lp(a;g) X Hﬂ/Q(@S) are
endowed with the norms

|||g|||:|:1/2,p;8§ = ||é||:|:1/2,p;8§ + ||é4||i1/2;aSa

where £ = (&7, ¢4)T. 7'0{:&1/27‘,)(85') = IEIil/Q,p@S’) X ﬁi1/2(8:§) are the

subspaces of H/2,(0S) consisting of all & with supp & C 98S.
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We now turn to the variational formulation of (TM;)‘E). Let £ > 0,
and let C, = {p=0+i7 € C: 0 > k}. In what follows we denote by ¢
all positive constants occurring in estimates, which are independent of
the functions in those estimates and of p € C,, but may depend on k.
Also, (+,-)o;s= and (+,).55 are the inner products in [L2(S*)]™ and
[L?(0S)]™ for all m € N. The norms on these spaces are || - [|p,s+ and
- llo;os-

Let U = (4T L) € C?(S*) N C'(S*) be the classical solution of
(TM;)‘E), and let W = (0T, w,)T € CF(5%) be any function (with
compact support in S~ in the case of S7) such that w(z,p) = 0,
x € 0512, and wy(z,p) = 0, x € 9S4. We multiply (8) by W in
[L2(SF)]* and arrive at

9) Y1 (U, W) =£L(W),

where

Y (U, W) = as(@t, ) + (Viia, Vida)oss+ +p2(By/ i, By *1h) .5+

+ %_1p(ﬁ4, Wa)o; 5+ — h? (g, div ) g. s+ + np(div @, 04)o. s+,

as (i, ) = 2/E(a )dz
S+

2E (11,0 = h%Eo(ti,0) 4+ h2u(datiy + O11i2)(0a1h1 + O1102)
+ p[(fn + Oniig) (1 + Oidz) + (g + Datiz) (e + Dati3)],
Eo(@, ) = (A + 2p)[(9181) (91101) + (9202)(D2102)]
+A[(O111)(B2102) + (D2tin) (O1101)],
By = diag{ph®, ph®, p}, L(W) = (94, 01)0:052 + (9, )0:05s-

In view of (9), the variational problems (TM:¥) consist in finding
U € Hiy,p(S*) that satisfy

moyti = f, mayTia = fi
and (9) for any W e HLp(Si; 08534, 0593).

The following assertion is proved in [3].
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Lemma 1. For all f € Hyjp,(0512), f4 € Hy/3(081), g €
H_/5,(0534), and g4 € H_1,5(0523), p € Cy, k > 0, problems (TM;‘E)

have unique solutions U € H1,,(ST), which satisfy the estimates

(10) U1 pis+ < e{IpI1f111/2.p08:0 + 1 fall1/2:08,)
+ 1P 11911 =1 /2,p:0851 + 194l —1/2;0855 }-

For S C 85, we write Hi1/2(85’) = Hil/z,o(ag) and Hy(S%) =
H; ((S*), and denote the norms on these spaces by | - ”il/2;a§ and
| - [l1,5+, respectively.

For any x > 0 and k& € R, we introduce the spaces Hilmk,ﬂ(@g)

and Hf kﬁ(Si), which consist of all three-component vector-valued
functions é(z,p) and 4(z,p) that

(i) define holomorphic mappings
é(:c,p) : (Cn - Hil/Q(aS)a ﬂ(xap) : CK - Hl(Si);

(ii) have norms

o0

||é||il/27k,n;85' = Sg’g /(1 + |p|2)k||é(xap)||2il/27p;3§ dr < 00,
—00
o0
||7ft||ik,,{;si = Slip / (1+ |p|2)k||ﬁ(x,p)||ip;si dr < 0.
K
7 — 00
Hi1/2 X H((‘)S) and ka’H(Si) consist of all functions é4(x,p) and

G4(x,p) that
(i) define holomorphic mappings

é4(£L‘,p) :(Cn_)Hil/Q(aS)a ﬂ4(x,p) :Cy _>H1(Si);

(ii) have norms
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oo

16412135 = 30 [ (L4 ) e g 5 < o6,
— 00

oo

4] 1 5 = 50 / 1+ [p2)* s p)|2. 2 dr < oo,
o K

The norms on the spaces wa L(S%) = ka,H(Si) X Hflﬁ(Si) and
Hi1/2,k,l,n(ag) = Hil/Z,k,n(aS) X Hi1/2 1 K(ag) are
|||U|||1 kedsst = U1,k w5t + |0all10 5%,
|||€|||i1/2 k08 = N€ller /208 + 1€4ll11 2, 008
ﬁil/Q,k’l’n(aS) = Hﬂ/lm(aS) X Hi1/2 L n((’?S) are the subspaces
of Hi1/27k7m(85) consisting of all € with supp & C 5.

Let T = 88 x (0,00). For k > 0 and k,l € R, the spaces
—1 —1
1k,~;(Gi) chln(Gi)a chklm(Gi)v
Hil/Qk‘K/(f‘)7 Hil/le(F)v Hil/lem(f‘)
Hil/an(f)7 H:I:I/Q,l,n(f)ﬂ Hil/leK(f)

consist, respectively, of the inverse Laplace transforms of all the func-
tions in
lkn(Si) Hlﬁ,l,n(si)v Hlkln(si)v
H:tl/2,k,n(85)7 Hi1/2,l,n(85)a H:tl/2,k,l,n(as)a
Hi1/2,k,n(85)7 H:ﬁl/Z,l,n(a‘S)7 Hi1/2,k,l,n(8‘s)'

The norms on these spaces are

”u”l,k,n;Gi = ”ﬂ”l,k,n;siv ||u4||1,l,n;Gi = ||ﬁ4||1,l,n;Si;
U1 k1m0 = ULk, m55%
||6||:i:1/2,k,f{;f‘ = ||é||:|:1/2,k,n;8§7 ||e4||i1/2,z,n;f = ||é4||:tl/2,l,n;8§’

|||€H|j:1/2,k,l7}§;f‘ = |||£|||i1/2,k,l,fc;8§'
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The trace operators from G* to I' and the operators of restriction
from T to its parts I';;, 4,5 = 1,...,4, are again denoted by ~* and

mij. We say that U = (ub,ug)T € Hf(_)foﬁ(Gi) is a weak solution of
(TM®) if

(i) You = 0, where g is the trace operator on S* x {t = 0};
(ii) moyTu = f and myyTug = fu

(iii) for all W = (wT,wy)T € CP(G*) such that w(x,t) = 0,
(x,t) € T2, and wa(z,t) =0, (z,t) € 'y,

YT (U,W)=+L(W),

where

T (UW) = / {as (u, w)+(Vug, Vg )g,s: —(By *0pu, By *0pw) .5+

0
— 2 Hug, Oywya)o.5+ — h2y(uy, div w)o.sx — n(divw, 8,5’[1)4)0;Si} dt,

o0

L(W) = / {(9,w)0;0854 + (94, w4)0;08,, } dt.
0

The next assertion was also proved in [3].

Theorem 1.  Let U(z,t) = L7'U(x,p) be the inverse Laplace
transform of the weak solution U(z,p) of problem (TMF). If

1 —1
fe Hf/2,l+1,n(F12)7 fa € H1£/2,l+1,n(r41)5
geMHE 1y (Ta), ga€ HE )y, (Tas),

k>0,and | € R, then U € Hf;;’n(Gi) and

U]

liimet < I flly2as1,mmme + I falli /2,041,000

+ 19ll=1/2,151, 751 + 1921l =1 /2,072 } -

If [ > 0, then U is the unique weak solution of (TM*).
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We now consider three particular cases: problems (TD¥) with Dirich-
let boundary conditions, where 957 = 3S and 0S; = @, i = 2,3,4,
therefore, 'y = T'; problems (TN¥) with Neumann boundary condi-
tions, where 053 = 9S and 0S; = @, i = 1,2, 4, therefore, I's = T
and the “reduced” problems (T'M¥) with mixed boundary conditions,
where 052 = @ and 0S4 = @. The corresponding Laplace-transformed
boundary value problems are (TD;,‘E), (TN;,‘E), and (T’ M?), respectively.

Strictly speaking, the next assertions do not follow directly from
Lemma 1 and Theorem 1, but their proofs are almost identical to those
of the others.

Corollary 1. (i) For any Fe Hi/2,(0S), p € Cy, and k > 0,

problems (TD;JE) have unique solutions U € Hi,,(ST), which satisfy
the estimates

UM, pss < clplllFll1/2,p:05-

(ii) For any G = (§%,32)" € H_1/2,(0S), p € Cy, and x > 0,
problems (TN?) have unique solutions U € H1,,(ST), which satisfy
the estimates

MO pis= < clplllgl=1/2.m05 + 1l -1/2:08)-
(iii) For any F' € Hi/2pas,, G = (9%, 90)T € H_1/2,(0S3), p € Cy,

and > 0, problems (T'M) have unique solutions U € Hip(S*),
which satisfy the estimates

Ul s < cUplllENll12,p0s: + [PIIG1-1/2.:085 + [94ll-1/2:05,)-

Corollary 2. (i) Let U(z,t) = LU (x,p) be the inverse Laplace
transform of the weak solution U(x,p) of problem (TD;)‘E). If F €

1

Hlﬁ/;,l+1,l+1,n(r)f k>0, andl €R, then U € Hf;;K(Gi) and
MU 10, m56= < el F Ml 2,041,041, 57
If1 >0, then U(z,t) is the unique weak solution of (TD).
(ii) Let U(x,t) = L~ 'U(z,p) be the inverse Laplace transform of
the weak solution U(x,p) of problem (TN;)‘E). IfG e Hf1;27l+17l7K(F),
k>0, andl € R, then U € Hf;},K(Gi) and
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WU 10,06+ < cllGlll=1/2,041,0,m:0-
If1 >0, then U(z,t) is the unique weak solution of (TNT).
(ili) Let U(x,t) = L7 U(x, p) be the inverse Laplace transform of the
weak solution U(x,p) of problem (T'M¥). If F € Hlﬁ/;l,lJrl,lJrl,m(rl)’
G e Hf;;z’lﬂ’l’n(f‘g), k>0, and ! € R, thenU € Hf;;K(Gi) and

U]

lnimet < U F M2ir1mr, + NG -1/2.001,0,0:05)-

If1 >0, then U(z,t) is the unique weak solution of (T'M%*).

4. Properties of the Boundary Operators. We introduce the
Poincaré-Steklov operators Tpi acting on elements F' € Hy /2 ,(0S) by

(%iﬁ‘7 é)o;as = iTi,p(ﬁ7 W)a

where U € H; ,(S*) is the solution of (TD;)t) with boundary data F,
® is an arbitrary element of Hi/2,,(0S), and W € Hyp(S%) is any
extension of F' to S*. Also, we write

L op
o
P THF
p,0
and remark that for sufficiently smooth vector-valued functions U (z,p)

(and, respectively, F(m,p)), (%iﬁ)(x,p) coincide with the Laplace
transforms of (7U)(z,t) introduced in Section 2.

Later on we use another norm on H_l/Q,,,(aS), namely,

()1 2o = P13 1 2 o + 193l 205

The next assertions were proved in [10].

Lemma 2. For any p € Cy, the operators Tpi are homeomorphisms
from H,/2,(9S) to H_1/2,(0S). If U € Hy,(S*) are the solutions

of (TD?) with boundary data F' € Hi/2,5(0S), then for any p € Cy,
K >0,
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(11) (TEF) _1/2,p05 < clpPI Flll1 /2,08,
(12) E 1 2,p08 < C(%iFﬁuz,p;as,
(13) 1T El -1 /2,m05 < llUl1pis+

L - R
17,0 F | -1/2.p:05 < clpl [|U]ll1,p;s5% -

Let operators 77 on Hf/m’l’n(@S)Aand (77)~! on Hlﬁ/2,£+1,l,n(as)
be defined by (TciF)(a:,p) = (’Z;iF)(x,p) and ((Tci)_lG)(m,p) =
(Z;5)"'G)(z,p), = € 9S, peCo. Operators T+ on Hf/;tu%(I‘)
and (7%)7! on Hlﬁ/721,1+1,l,n(r) are defined by T+ = L7177 L and
(T:I:)fl _ ‘C*l(Tﬁﬂ:)—lﬁ.

Lemma 3. For any A > 0 and k € R, the operators
1 —1
T+ Hlﬁ/Q,l,l,n(F) - HEl/Q,l—l,l—Q,n(F)

are continuous and injective, and their ranges are dense in
C_l

H_1/2_l_1 1—2 (). Their inverses, extended by continuity from their
ranges, define continuous and injective mappings

—_ -1 -1
(Ti) i H[—:I/Q,l—l,l—Q,n(F) - Hlﬁ/Q,l—Q,l—Q,fc(F)v

. -1
whose ranges are dense in the spaces Hf/Q 1o 1—0.).

Proof.  The continuity of 7% and (7%)~! follows from (11) and
(12), respectively. The statement about the ranges of 7= being dense

in HEI/IQ’FLFZ’K(F) follows from the fact that HEI/I2,1+1,1,K(F) is dense

in HEI;ZFLFZH(F), and that about the ranges of (7%)~! from the
fact that Hf/_;,l’m(f‘) is dense in Hf/;1,172’172m(r). m

Suppose that 85}-_C 0S8, i = 1,2, are two open arcs such that
951NdS, = @ and 8§1U@5’2 =05, and let 7;, 1 = 1,2, be the operators
of restriction from I' to I'; = 95; x (0,00). Also, let F' € Hy /9, ,(T).
We define boundary operators m;j, 4,5 = 1,2, 7 # j, by
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LP = {7 F, 7 TEFY = {F,Gy).

Lemma 4. For any x >0 and | € R, the operators
£t =
H1/21m( ) — H1/2 L, es i) XHZy90-1,-2, <(T5)

are contmuous (md myectzve and their ranges are dense in the spaces

H1/2 1 (Li) X HE C1j20-10-2 R(I‘j). Their inverses, extended by conti-
nuity fmm their ranges, deﬁne continuous and injective mappings

~ —1 ~ -1
(7 ) H1/2 1l o (Li) x H£1/2,z,lf1,ﬁ(rj) - Hf/2,171,171,,{(r)a

3 -1
whose ranges are dense in Hf/Q.l—l.l—l L(D).

Proof. The continuity of Wj][ follows from the statement in

Lemma 3 about the continuity of 7*. Let {F},G;} € H1/2 1 (Li) X
H£1/27l7l—17}€(1—‘j)7 and let U € HLFLFLH(G ) be the solutions of
(T'M*) with boundary data {F;, G;}. Since (7%) UF,G;} =~4*U,
the continuity of (ﬂf;)’l follows from the trace theorem. The assertion

about the ranges of ﬂf; and (W%)’l being dense in the corresponding
spaces can be verified by the method used in the proof of Lemma 3.
O

Let G € H_1/2141,,x(I'). We define boundary operators &;;, i,j =
1,2,i# j, by
56 ={7(TH)7'G,7;G} = {F, Gy}

Lemma 5. For any x >0 and | € R, the operators
+ —1 ~ —1 ~
€ij * H£1/2,l+1,l,n( ) — H1/2 L) X H£1/2,l+1,l,n(rj)

are continuous and injective, and their ranges are dense in the spaces

Hf/;l,uﬁ(f‘i) XH[—:I/lQ,l-i-l,l,n(Fj)' Their inverses, extended by continuity
from their ranges, define continuous and injective mappings

(g; ) H1/2 I+1,1+1, H(f‘i) X H[—:I/Q,l+1,l,n(fj) - H[—:I/Q,l,l—l,n(r)v
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3 -1
whose ranges are dense in HEl/Q.l -1 ().

Proof. The continuity of E?; follows from the statement in Lemma

3 about the continuity of (7)™, Let {F;,G,} € Hlﬁ/;l,l+17l+1,n(f‘i) X

H[—:I/2,l+1,l,n(rj)’ and let U € Hf;},K(Gi) be the solutions of (T'M%)
with boundary data {F;, G;}. The continuity of (55)_1 now follows

from (13), while the assertion about the ranges of 5?;- and (efj)*l
being dense in the corresponding spaces is established as in the proof
of Lemma 3. o

For any x > 0 and [ € R, we introduce the space
-1 -1 -1
Hﬁlixed,l,n(]‘—‘) = H1£/2,l+1,~(F12) X Hlﬁ/z,z+1,n(r41)
1 -1
X HE1/2,1+1,H(P34) X HE1/2,1,K(P23)-

Naturally, the norm of

1
‘I)(J?, t) = {le(x7 t)) f4,41 (l‘, t)7 g34(m, t)7 g4,23(x, t)} € Hﬁlixed,l,n(r)
is
1@ llmixed,t,s:0 = [ f12ll1/2,4 10,0000 + [ faa1ll1/2,04 1,00
+ lg3all-1/2,041,mr50 + 192,23/ -1/2,1, 705

Let ® € HZ. | ., (T). By Theorem 1, problems (TM%) have unique

mixed,l,k

solutions U € Hf;;K(Gi), which satisfy the estimates

(14) H|U|||1,l,l,f$;Gi S C|||q)|||mixed,l,m;lj~

Let F =~*U ¢ Hf/_;l (D), and let G = TEF. We define boundary
operators p* and n* by ptF = ® and n*G = ®.

Lemma 6. For any x >0 and | € R, the operators
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+ a7t £t
p H1/2,l+2,l+2,n(r) - Hmixed,l,n(r)a
+ . Lt £t
no H71/2,l+2,l+1,n(r) - Hmixed,l,n(r)
are continuous and injective, and their ranges are dense in Hﬁ;ed_m(F).
Their inverses, extended by continuity from their ranges, define contin-
wous and injective mappings
+\—1 ., 47" I £t
(p ) : Hmixed,l,n(r) - H1/2,l,l,f$(r)7

—1 ~

(™)' Hﬁlixed,l,n(]‘—‘) - H[—:I/Q,l,l—l,ﬁ(r)v

whose ranges are dense,respectively, in Hf/;l,u,n(l“) and Hfl/lQM_LH(F).

Proof. Let F = (fT,f0)7T € Hf/_2171+27l+27ﬁ(11). By Lemma 3,
G= (9", g0)T=T*F ¢ HEI;QJH,LH(F). We write
® = ptF = {miof, Ta1 f1, T349, T2394}-

Obviously, p* define continuous mappings

—1 —1 -1
Pi : Hlﬁ/2,l+2,l+2,/{(r) - H1L/2,l+2,n(F12) X H1£/2J+2,K(F41)

1 -1 -1
X H£1/27l+17ﬁ(rg4) X Hfl/Z,l,n(F23) - Hrﬁnixed,l,n(r)'

Since the norm on Hﬁ;;ed’lﬁ(lj) is weaker than that on

Hf/721,1+2,,{(rl2) X H1£/72T1+2,H(F41) X H£1;2,1+1,K(F34) X HEI;2,Z,H(F23)5
we deduce the continuity of p*.
IfG=(g9",94)" € HEI;QJ_,_Q?HLK(F), then
F= (" 0" = (TG e M1 10,0
It is evident that

1 —1
®=n"Ge H1£/2,l+1,K(F12) X H1£/2,l+1,n(r41)

—1 —1 -1
X HE1/2,1+2,~(P34) X Hf1/2,1+1,5(r23) C Hrcnixed 1 (D)
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The continuity of n* now follows from the fact that the norm on

-1 —1 -1 -1
H1L/2,l+1,n(rl2) X H1L/2,l+1,n(r41) X HEI/2,I+2,H(F34) X H£1/2,1+1,/{(F23)
is stronger than that on Hlfli::ed’m(lj). Suppose that ptF = & = 0.
Then the solutions of (TM*) with boundary data ® are U(x,t) = 0,
(z,t) € G*. This means that F = 0. The injectivity of nT is proved
similarly.

Let ® € Hﬁ;ed’l’n(lj), and let U € Hf;;’n(Gi) be the solutions of

(TM®) with boundary data ®. The continuity of (p*)~! and (n*)~!
follows from (14), the trace theorem, and (13).

The fact that HZ, (T') is dense in HE, (T") implies that the

mixed,l+1,k mixed,l,x
-1

mixed,l,x
about the ranges of n* is proved analogously. ]

ranges of p* are dense in H (T'). The corresponding statement

5. Properties of the Layer Potentials. The single-layer
and double-layer potentials were introduced and studied in [10]. For
convenience, here we list their basic properties and the properties of
the boundary operators generated by them.

Let D(x,t) be a matrix of fundamental solutions for (1), which
vanishes for ¢ < 0. This means that the (4x4)-matrix D(z,t) satisfies

Bo(atQD)(xvt) + (BlatD)(xat) + (AD)(Q:,t) = 6(x7t)17 (xvt) € Rga
D(x,t) =0, t<0,
where §(x,t) is the Dirac delta and I is the identity (4x4)-matrix.

Obviously, the Laplace transform 75(3:, p) of D(z,t) satisfies the trans-
formed equation

The explicit form of D(x,p) and its asymptotic behavior as |z| — 0
and as || — oo can be found in [11].

Let A = (a¥,a4)T, where a = (a1, as,a3)T, be a smooth function
with compact support in 95 x R, which is equal to zero for t < 0. We
define the single-layer thermoelastic potential VA of density A by
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VA(z,t) = /D(x —y,t —7)A(y,T)ds, dr, (x,t) € R,
r
In [10] it was proved that for any x > 0 and | € R, the single-layer po-

tential can be extended by continuity to densities A € H[_:I/l27l+17m(I‘)

and the vector-valued function U = VA € Hf;},K(Gi) satisfies
(LU)(x,t) =0, (x,t) € G*.

The limiting values (traces) of (VA)(x,t), as (x,t) — T from inside
G*, coincide, and we write

(15) (VA (z,t) = (VA (a,1) = VA)(,1), (2,t) €T}

therefore, we may define a boundary operator V for densities A €
H£1/2,l+1,z,K(F) by means of (15).

Lemma 7. (i) For any k > 0 and |l € R, the operator
—1 —1
V: HEl/Q,l—i—l,l,n(r) - HEl/Q,l,l,m(F)

. . S . . . -1
18 continuous and injective, its range is dense in Hfl/z k@), and
its inverse, extended by continuity from its range, defines a continuous
and injective mapping

_ . £71 Lfl
v H1/2,l,l,n(r) - H71/2,171,172,H(F)
whose range is dense in Hf/;flfl,um(r).

(i) If A € HEI;ZHLM(F) and U = VA € Hf;;,n(Gi), then there
hold the jump formulas

YVTU=~y"U=VA, TVA-T VA=A

Let

nma(y)o

TI: Ty an(y)at
0 )

0 0 0 9/on(y)
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where T, is the boundary operator defined by (5) with n = (nq,n2)T
and 0y = 0/0yq, o = 1,2. We construct the (4x4)-matrix kernel

P(a,y,t) = [T'D"(z - y.t)]

and define the double-layer potential of density B = (8%, 34)T,8 =
(B1, B2, 33)T, which is smooth, has compact support in 95 x R, and is
equal to zero for t < 0, by

WB)(z,t) = /P(x, y,t —1)B(y,7)dsy dr, (z,t) € R3.
r

In [10] it was proved that for any x > 0 and [ € R, the double-layer

potential can be extended by continuity to densities B € Hf/;l’lﬁ(lj),

and that the vector-valued function U = WB € Hf;i37l_37ﬁ(Gi)
satisfies

(LU)(z,t) =0, (z,t) € GE.

We introduce the operators W* generated by the limiting values
(traces) of the double-layer potential by

WEB)(z,t) = (v U)(x,t), (x,t) €T.

Since, as shown in [10], 7TW*B = 7T~ W™ B, we can define a boundary
operator F for densities B € Hf/;tu,n(f‘) by

FB=T"W'B=T W B.
Also [10], WE =VTT.

Lemma 8. (i) For any k > 0 and | € R, the operators

—1 —1
WE  H g o110 (T) = Hijg (D),

—1 —1
F: Hf/Q,l+2,l+2,n(F) - HEl/Q,l—l,l—Q,m(F)

are continuous and z'nljective, their ranges are dense, respectively, in
-1

Hf/Q,H,K(F) and ’HEI/M?U?Q’H(F), and their inverses, extended by
continuity from their ranges, define continuous and injective mappings

— -1 -1
(Wi) i Hf/Q,l,l,n(F) - ch/Q,l—Q,l—Q,m(F)v

— -1 -1
Fh Hfl/Q,l—l,l—Q,n(F) - Hlﬁ/Q,l—Q,l—Q,fc(F)v
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3 -1
whose ranges are dense in Hf/Q_l_Q_l_Q L(D).

(i) If B € HEpy 0140, (D) and U = WB € HE ) (GF), then
there hold the jump formulas

VU -y U=-B, T WB=T W B=FB.

6. Boundlary Integral Equations and Existence Theorems.
Let U € Hf;m(Gi) be the (unique) solutions of (TM®) with boundary
data

—1
® = { fi2, f1,41, 934, 91,23} € HEivear.n(T),

F =~*U = (p*)71®, and G = T*F = (n*)~'®. We consider three
representations for U(z,t) in terms of layer potentials. First, we seek
U(z,t) in the form

(16) Uz, t) = (VA (@, 1), (a,t) € G

This leads to the systems of boundary integral equations

(17) pTVA= .

Theorem 2. (i) For any k > 0 and ! € R, systems (17) have unique
solutions

A=V (pH)'F,
and the resolving operators define continuous mappings

(18) V)t HrLrl;xed,l,n(F) — HEI/2,I71,I72,K(F>'

(i) If A e H[—:I/lQ,l—Ll—Q,n(F) are the solutions of (17), then U given
by (16) belong to Hf;;’n(Gi) and are the solutions of (TM*) forl > 0.

Proof. The continuity of the mappings (18) follows from the
properties of the operators V! and (p*)~! listed in Lemmas 7 and 6,
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respectively. From (10) it follows that U = VA € Hfl_j,,{(Gi). Finally,
by Theorem 1, U(z,t) is the solution of (TM*) for [ > 0. o

Representing the solutions of (TM¥) in the form

(19) U(x,t) = WB)(z,t), (z,t) € GF,

we arrive at the systems of boundary integral equations

(20) ntFB = .

Theorem 3. (i) For any k > 0 and | € R, systems (20) have unique
solutions

B=F"'(n*)"e,
and the resolving operators define continuous mappings
F i) Hrﬁ;)(led,l,n(r) — Hf/;l,lq,lq,m(r)
(i) If B € Hf/;l_u_l,n(f‘) are the solutions of (20), then U given by
(19) belong to Hf;},K(Gi) and are the solutions of (TM*) for 1 > 0.

The proof of this assertion follows from Lemmas 6 and 8, (10), and
Theorem 1.

Le@gl and 9S, be two open arcs of 95 such that 85, M08y = @
and 851 UAS, = 8S. Once again, we write I'; = 95; x (0,00),1=1,2.
The last representation for U is

(21) Uz, t) = (VA)(z,t) + WB)(z,1), (1) € G,

with densities A and B such that supp .4 C f‘l and supp B C f‘g. This
yields the systems

(22) pT(VA+WEB) = @,

or, equivalently,
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(23) " (T*VA+ FB) = @.

Let F' € Hﬁl;(led,l’n(F). From Lemma 6 it follows that F' = (p*)~1® ¢
—1 —1

g D) and G = THF = (n*)7'® € HE ) (D). We

make the notation F}, = mF € Hf/;l’u,ﬁ(rl) and Gy = TG €

HEI/I2,l,171,n(f‘2)> and introduce the pair {Fi, G2} € Hf/;l’u,ﬁ(fl) X

-1

H61/2,l,171,n(f‘2)'

Theorem 4. (i) For any k > 0 and | € R, systems (22) and (23)
have unique solutions

(24) A=) — (eh) T HF, Gay € HE 1p )1 4on(D),
(25)  B=[(nf) " — (miy) HEFL, Ga} € HE 1y 1410 (D),

which satisfy the estimate

(26)  [I[Alll=1/2,0-1,1—2,00 + I1Bll1/2,=1,1- 1,00 < ll|®[[mixed,t,x.r-

(i) If A € HE )y 1y o (T1) and B € HE,, ;| (T2) are the
solutions of (22) and (23), then U given by (21) belong to Hf;;’n(Gi)
and are the solutions of (TMT) for 1 > 0.

Proof. Consider the case of (TM™); the exterior problem (TM™) is
treated analogously.

It is clear that
Ta(eiy) " H{F1, Go} = Tra(eny) ™ H{F1, Go} = Go;
therefore, supp A C f‘l. For a similar reason, supp B C I:‘g. From (24),
(5), Lemmas 4 and 5, and the inclusion {Fj,G2} € Hf/;l’u,ﬁ(fl) X
H[_:I/lQM_LH(Fg) it follows that A € Hf;;27l_17l_27K(F1) and B €
Hf/;fl_u_m(rl), and that (26) holds. We now prove (22), which in
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the case of the interior problem (TM™) may be written in the equivalent
form

(27) VA+WTB=F.

Replacing (24) and (25) in (27) and recalling that W = VT,
V=1 =T+ -7, and m5(7)"! = €],, we obtain the sequence of
equalities

VA+WIB=V (I — (e15) 'efh]G + T [(r1p) 'y — I]F)
=VITT =T )F+V (T (r) 'mhF — (1) 'ehG)
=F+V(T ()" = (en) ") {F, G2} = F.

To prove uniqueness, let the densities A € ﬁf;;zz—u—z,ﬁ(rl) and
B e ﬁf/;l,l_u_lﬁ(f‘g) be the solutions of VA + WTB = 0, and
consider the function V(z,t) = (VA)(z,t) + (WB)(z,t), (z,t) € G™.
Obviously, V is the solution of (T'M ™) with boundary data 717~V =
T (VA+WTB) =0 and 727 vV = 7Tt (VA + WTB) = 0. From
Corollary 2 it follows that V(x,t) = 0, (z,t) € G~, and the jump
formulas for the layer potentials now yield A =0 and 5 = 0.

Statement (ii) follows from Lemmas 7 and 8 and Theorem 1. o
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