JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 6, Number 2, Spring 1994

ON PANTOGRAPH
INTEGRO-DIFFERENTIAL EQUATIONS

ARIEH ISERLES AND YUNKANG LIU

ABSTRACT. The paper discusses the initial-value prob-
lem for the pantograph integro-differential equation, including
as special cases the retarded functional-differential equation
studied by Ockendon and Tayler [17], Kato and MacLeod
[11] and the neutral differential equation studied by Kuang
and Feldstein [12]. The main subjects of this paper are well-
posedness of the initial-value problem, monotonicity and os-
cillation of the solution, unboundedness of the solution, and
asymptotic stability of the solution, subject to different con-
ditions.

1. Introduction. Let a be a complex constant and u(g) and
v(q) complex-valued functions of bounded variation on [0,1]. The
initial-value problem for pantograph integro-differential equations to
be studied in this paper is of the form

Y (1) = ay(t) + / y(at) du(q)

(1.1) Y

+ / )@ £50. 30)
0

where the integrals being considered are of Riemann-Stieltjes type,
although most results of this paper still hold if p(g) and v(q) are
replaced by complex-valued measures on [0,1]. The term pantograph
comes from Ockendon and Tayler [17] and Iserles [7].

The pantograph integro-differential equation includes many inter-
esting equations studied before. In the case du(q) = bd(q — p)dq,
dv(q) = 0, where p € (0,1) and 6(+) is a Dirac function, problem (1.1)
can be written as

(1.2) y'(t) = ay(t) + by(pt), t>0, y(0)=yo,
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which has been studied by Ockendon and Tayler [17], Kato and McLeod
[11], etc. In the case du(q) = Y20, bid(g—q:) dg, dv(q) = S0, ¢id(q—
p;) dg, where ¢;,p; € (0,1), (1.1) can be written as

M K
13) Y (1) = ay(t)+ > biy(ait) + Y i/ (pit),
: i=1 =1

t> 07 y(O) =%

formerly studied by Feldstein and Jackiewicz [3], Kuang and Feldstein
[12], and in more general form, by Derfel [2] and Iserles and Liu [8].

The aim of this paper is not only to generalize some results of Kato
and MacLeod [11] and of Kuang and Feldstein [12] to problem (1.1),
but also in some cases to improve their results by using different
approaches. In Section 2 we study the well-posedness of the initial-value
problem (1.1). In Section 3 we study the monotonicity and oscillation
of the solution in the real case. In Section 4 we study as a preliminary to
the next two sections an integral equation and an integro-differential
equation. In Section 5 we study the unboundedness of the solution
in the case Rea > 0 by using the Ahlfors theorem and some other
methods. In Section 6 we study the asymptotic stability of the zero
solution in the case Rea < 0.

2. Uniqueness and existence of the solution. Let

1 1
uk:/ q" du(q), Vk:/ q" dv(q),
0 0
1 1
u2=/ q"|du(q)l, VZ=/ q¢"|dv(q)|.
0 0

In particular, p* := pf and v* := 1§ are the variations of p(g) and v(q)
on [0, 1], respectively, whereas uj and v} are the variation of

q q
/ ™ du(r) and / ™ dv (1),
0 0
respectively. Throughout the paper, we use the uniform-norm, i.e.,
= t
1 lliae) = max ()]

for a function f(t) € Cla,b].
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Theorem 1. If v} < 1 for some N € Z%, then, in function space
CN+10, 00),

(1) the solution of problem (1.1) exists if and only if the algebraic
linear system

(2.1) (1—vp)¥Ynt1 — (@ + pn)yn =0, n=0,... N—1

s solvable;

(2) all solutions of problem (1.1) are analytic and can be expressed
in the form

(2.2) y(t) = >
n=0

where {y, }N_, are solutions of the algebraic linear system (2.1) and

a—+
ynnyH He > N

and

(3) the solution of problem (1.1) is unique if and only if v, # 1 for
all 0 < n < N — 1. Furthermore, the uniqueness of solution implies
that

2 {HZ(HTJZ) )

Proof. We commence by proving the theorem in the case N = 0.
Since v* < 1 implies || < 1 for all & > 0, it is easy to verify that
the function on the right-hand side of (2.3) is a C'[0, 00) solution of
problem (1.1). To prove the uniqueness of this solution, it is enough to
prove that the homogeneous problem of (1.1), i.e., yo = 0, has only the
trivial solution. Suppose that y(¢) is a solution of this homogeneous
problem. It follows from equation (1.1) that, for any fixed T' > 0

1Y llo,zy < (lal + w)yllio,ry + v 11y 1o, 7y-
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Hence

+ p*
o lal
Iy llomy <

yllo.17-

Noting that y(0) = 0, we derive from the preceding inequality and the
equation

that
la| + p*
1—v*

1ylljo,m7 < Tlyllo,r-

Hence, [|yl|jo,z,) = 0 for 0 < Ty < (1 — v*)/(|al + p*), which implies
that y = 0 for ¢ € [0,Tp]. By simple inductive argument, we see that
y(t) = 0 for t € [nTy, (n + 1)Tp] and all n > 0. Hence, y(t) = 0 for
all ¢ > 0. In the case N > 1, it is easy to see that a function y(¢) is a
solution of problem (1.1) if and only if ¥, = y™(0), n = 1,2,...,N,
satisfy the algebraic linear system (2.1) and yn (t) =y~ (t) € C*[0, 00)
obeys the equation

yn(t) = ayn(t) + /0 yn (qt)g" du(q) + /O Y (qt) g™ dv(q),
yn(0) = yn-

Invoking the result of N = 0, we see that the theorem holds for N > 1.
O

Remark 1. The condition Zfil leip;*| < 1 for the existence and
uniqueness of a C'1[0, 00) solution of problem (1.3), given originally by
Kuang and Feldstein [12], can be modified into Zfil leil < 1.

Now we give examples to show the necessity of the condition vy, < 1.

Example 1. Suppose that a = 0, du(q) = 0, dv(q) = ¢d(q¢ — p) dg,
where c is constant satisfying |c[p™ > 1, p € (0,1). Then there is a
one-to-one correspondence between the solutions y(t) € CN 1[0, 00) of
problem (1.1) and the functions in the space {f(t) € C[p,1] : f(1) =
cp™ f(p)}. For details, see Nussbaum [16] or Iserles and Liu [8].
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Example 2. Assume that a = 0, du(g) = 0 and v(q) satisfies

1
/ Vv dv(q) > 1
0

and

1
(2.4) limsup/ q"dv(q) < 1.
0

n—oo

According to the intermediate value theorem, there exists a A > N

such that .
/ ¢ dv(q) = 1.
0

Hence, the homogeneous problem

1
() = / y(qt) dv(q), y(0) =0

has a nontrivial solution y(t) = t**1 € CV*1[0, 00). Furthermore, if A
is not an integer, then this solution is not analytic. Consider the case
v(q) = bq”, where 8 > 0, (b—1)8 > N. If (b— ¢)3 is not an integer,
then there exists a nonanalytic solution y(t) = t®¢~DA+L ¢ CN+1[0, 00).

It is also easy to see that, subject to the existence condition in
Theorem 1, the solution y(t) is an entire function which satisfies

N L L e S lal
|y(t)\§25\yn|t +m|yN\t exp Wt , tecC.

n=0
In the remainder of this paper, we only discuss analytic solutions of
the form (2.2) and assume that p(q) and v(q) are continuous at ¢ = 1
and that the system (2.1) is solvable. We denote by N a nonnegative
integer such that vy < 1. The continuity of u(q) and v(q) at ¢ =1
implies that
(2.5) lim p; = lim v =0,
n—oo n—oo
which plays an important role in the subsequent discussion. It also
guarantees the existence of the integer N and the inequality (2.4). For
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simplicity, we exclude the trivial case of the solution being a polynomial
of ¢, which happens if there exists an integer n such that a + p, = 0,
1—vp #0,0ra+pp, =0,1-v, =0, Ynt1 = 0.

Remark 2. There is but a slight loss of generality in assuming that
v(q) is continuous at ¢ = 1. This is because (1.1) can be rewritten as

1

O SR

{UH#KU—MG—DMU
1 1
+»j£ y(qt)dul(q)4-/€ y(qt)dbq(q>},

t> 07 y(o) =Y%o

provided that v(1) — v(1—) # 1, where

_fule), O0<g<1 _fvl@), 0=g<1
m ={piily, G217 ma = {00 U5

are continuous at ¢ = 1.

3. Monotonicity and oscillation of the solution. In this section
we restrict our attention to the case of a being a real constant and p(q)
and v(q) being real functions of bounded variation. We assume that
v # 1 for k > 0. This implies that the solution of the initial-value
problem (1.1) is unique and is of the form (2.3).

Since u(q) and v(q) are real functions of bounded variation, they can
be decomposed into the sums

1(q) = p4(q) + p—(q), v(q) = v4(q) +v-(q),

where 14 (¢) and v (q) are monotonic increasing functions and p—(q)
and v_(q) are monotonic decreasing functions. Recall from Widder [19]
that the function f(t) is said to be absolutely monotonically increasing
(decreasing) if d*f(t)/dt* > 0 (< 0) for all integers k > 0 and all
t > 0, and eventually absolutely monotonically increasing (decreasing)
if there exists T' > 0 such that d*f(t)/dt* > 0 (< 0) for all integers
k > 0 and all t > T. The following theorem is easy to derive directly
from (2.3).



PANTOGRAPH INTEGRO-DIFFERENTIAL EQUATIONS 219

Theorem 2. Suppose that yg # 0.

(1) Ifa > 0, then the solution of problem (1.1) is eventually absolutely
monotone; and

(2) If fol du_(q) > —a, fol dvy (q) < 1j then the solution of problem
(1.1) is absolutely monotone.

In part 2 of the above theorem, if the condition fol du—_(q) > —a is

replaced by fol dpi—(q) > —a, then the solution satisfies d* f(¢)/dt* > 0
(< 0) for all integers k > 0 and all ¢ > 0, a property stronger than
absolute monotonicity. Moreover, it is easy to derive directly from
(2.3) the estimate

a+ [ du_(q)

a+ [y dpy(q) t)
1— fol dv_(q) ’

|y0|eXP( 1
1- fo dV+(Q)

t) < (o)l <ol exp (

t > 0.

Theorem 3. Suppose that u(q) is monotonic decreasing and that
there exists qo,q1 € (0,1) such that du(q) = 0 for ¢ & [qo0,q1],
vy = fol g tdvyi(q) <1 and v, := fol g tdv(q)| < co. Ifa =0, then
every nontrivial solution of the problem (1.1) oscillates unboundedly.

Proof. Suppose that a nontrivial solution y(¢) is nonoscillatory. Thus,
y(t) has at most finite number of zeros for ¢ > 0. By the linearity of
the problem, we can assume without loss of generality that the solution
is eventually positive, i.e., there exists to > 0 such that y(¢) > 0 for
t > tg. Let t* = ty/qo. We deduce from

%{y(t)—/oly(qt)q‘ldV(Q)} =/(h y(qt)du(q) <0, t=17,

q0
that

1 1
y(lt)—/0 y(qt)q " dv(q) Sy(t*)—/o y(qt*)g tdv(q), t>t".

Hence

1 1
y(t)—/o y(qt)q‘ldV+(q)§y(t*)—/O y(qgt*)g tdv(q), t>t%
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consequently,

1 1
y(t)—/t*/ty(qt)qldw(Q) Sy(t*)—/o y(qt*)g " dv(q)

t*/t
+ / y(gt)g " dvi(q), t>1".
0
We derive from the preceding inequality that

< (1+v* >t
y() < (L +viy +vy) max Iy(T)|+V+tgrS1§>§ty(T), >

Therefore

1 *
y(t) < Tt max
1—vy 0<T<t*

y(r)l, t=>t,

which leads to a contradiction, since, according to Theorem 4 of Section
5, the solution is unbounded. Hence, every nontrivial solution oscillates
unboundedly. o

Kuang and Feldstein [12] proved this theorem in the special case
(1.3). Here we used a slightly different but more intuitive approach.

4. Related integral and integro-differential equations. Let
T,Ty and T} be linear operators of the form

1
Ty(t) = /O y(qt)K(q) dv(q),

1
Tiy(t) = /0 y(@)Ki(q)dviq), i=0,1,

where K(q), Ko(q) and Ki(q) are continuous fucntions on [0,1] and
v(q), vo(q) and v1(q) are functions of bounded variation on [0, 1]. Let

X = / K (g) dv()),

1
xi:/ Ki(q)dv(q), i=0,1.
0
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Consider the integral equation
(4.1) y(t) —Ty(t) = f(t), t=0,

where f(t) € C[0, ).

Lemma 1. If X < 1, then equation (4.1) has a unique solution in
C[0, 00), which is of the form

(42) y(t) = ST (0)

The proof of this lemma is straightforward.

Lemma 2. If X <1, limy_,g foh |K(q) dv(q)] =0 and lim; o f(t) =
0, then the solution y(t) of equation (4.1) satisfies lim;_ . y(t) = 0.

Proof. Note that [|T'[|jo4) < X; therefore, it follows from (4.2) that

Ol < I

(0, forallt>0.

Hence the solution y(¢) is uniformly bounded. Let

M= sup [y(t)l, ¢ =limsuply(t).

0<z<oco t—o0

We shall prove that ¢ > 0 leads to a contradiction. Let 6 = (1—X)/(2+
X + M) > 0. By our assumption, there exist t* > 0 and h € (0, 1) such

that |f(£)] < 8, |y(t)] < ¢ + & for all t > t*, and [)'|K(q) dv(q)| < 6.
For all ¢ > t*/h, we deduce from equation (4.1) that

h 1
w(t)] < |F(t)] + M / K (q) du(a)] + (64 6) / 1K (g) di()
SO+Mo+(p+0)X=0¢—9

which contradicts the definition of ¢. Hence, ¢ = 0. a
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Consider the initial-value problem for an integro-differential equation
of the form

(43) Yt =ay(t)+ > T"(To+T)y(t), t>0, y(0)=ry.

n=0

Lemma 3. If X < 1, then the problem (4.3) has a unique solution
y(t) € C[0, 00).

Proof. Tt is trivial to verify that the function

o =i [T (e 250 )

n=1 -k=0

is a solution of (4.3), where
1
n= [ PK@i),
0

1
Vi,k=/ ¢"Ki(q)dvi(q), i=0,1.
0

The uniqueness of solution can be proved in a similar way as we did in
the case N = 0 of Theorem 1. o

Lemma 4. If Rea > 0 and X +v/Rea < 1, where

1
1= [ TR ) + K 0) dn o) < .

then the solution y(t) of problem (4.3) satisfies

lim y(t)e * = y*

t—oo

for some (possibly zero) constant y*.

Proof. From the variation of constants formula, we have

(4.4)  y(t) = ey(0) + / "IN TN (T + Ty )y(7) dr

0 n=0
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Noting that

—(ZT|
Y

t
e 7 <o qnqT) dT max |y(7)e
‘/0 y(q1 - qnqT) )Te[O,t]| (1)

D —
~ Rea(l—gq

where ¢ € [0,1),41,...,¢n € [0,1], we obtain

1t
‘/o /0 e Ty(qr - qngT)(Ko(g) dvo(q) + Ki(q) dvi(q)) dr

Rea oo ly(T)e 7|

Hence,

‘ /Ot e=aT i T"(Ty + Ty )y(r) dr

n=0

= 7;)/0 /[0,1]n+1 le” " "y(q1 - 4naq7)(Ko(q) dvo(q)
+ Ki1(q) dvi(q)) dv(qr) - - - dv(qn) d7|
7
ST;)@/[O,W (K (q1) - K(qn) dv(qr) - -

d —arT
v(gn)| Jnax, ly(T)e 7|

,y —aT
< —_— .
= Rea(l— X) el ly(m)e=]

From (4.4) and the preceding estimate, we obtain

_ Y _
t at < at .
ly@e™ ™ < lyol + oo (=) A ly(T)e™ 7|
Hence,
_ Rea(l —Xx)
e | < ——— " 2 el ¢ >0,
e ™| < ot >

which means that y(t)e~*" is uniformly bounded. Denote this bound
by M. Again, from (4.4), we obtain for t5 > ¢; > 0 that

to 0
y(ta)e 2 — y(ty)e ™ = / e 7 Z T (To + Ty )y(T) dr.
t1 n=0
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Noting that
Mech a(l—q)t1

ta
—ar cee gy dr < _
/ﬁ1 |e y(ql q qT)' T > Rea(l — q)

where ¢ € [0,1), ¢1,... ,¢n € [0,1], we obtain similarly that

[y(t2)e™ "= —y(t1)e™ "
M 1 e—Rea(l—q)t
<
_Rea(l—X)/O 1—¢q
For any given € > 0, it is evident that there exist h € (0,1) and T > 0
such that

|Ko(q) dvo(q) + K1(q) dvi(q)|.

1
1 Rea(l —X)
—| K d K d _—
| T Kol d(a) + Kl ()] < 2 G
and Rea(l )
“Rea(1-h)T ea(l —X
e < 2N~ E.
Hence we have for t5 > t; > T that
ly(t2)e™ "2 —y(tr)e™ "
1 Me—Rea(l-h)T h 1
< K d K d
< e [ @ dne)+ K@) dn o)
M o[t
— — K d K d
* o [ T o) deo(a) K (a) o)
<,
which means that lim; o, y(t)e™% exists. O

Lemma 5. If X < 1 and Rea+ (Xo + X1)/(1 —X) < 0, then the
solution y(t) of problem (4.3) is uniformly bounded by |yo|.

Proof. The case Rea = 0 is trivial. Consider the case Rea < 0. For
any fixed positive constant L, we derive from formula (4.4) that

Xo + X1 t .,
lw(t)] < le**yol + = Ivllpo.c) / QRealt—) g
0

< (Iyol = llyll,z)e™* + Iylljo,cy,  t € [0, L].
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Hence, [|ylljo,z] < [yo|- The arbitrariness of L implies that the solution
is uniformly bounded by |yo|. O

Lemma 6. If x <1, Rea+ (Xo + X1)/(1 — Xx) <0, and

h
lim/ |Ki(q)dvi(q)]=0, i=0,1,
h—0 0

then the solution y(t) of problem (4.3) satisfies lim;—,o y(t) = 0.
Proof. Tt follows from Lemma 5 that the solution y(¢) of problem

(4.3) is uniformly bounded by |y(0)|. Hence, ¢ = limsup,_, . |f(?)]
exists. We shall prove that ¢ > 0 leads to a contradiction. Let

2y(0)|(Xo + X1 + 1) + Xo + X1 }1
[Real|(1—X)

Xo + X1
{1‘ Rea|<1—x>}¢’>0'

0= {1 + |y(0)] +

By our assumption, there exists ty > 0 such that
()| <o +6, t>to,
h € (0,1) such that

h
/ |Ki(q) dvi(q)] <6, i=0,1,
0

integer m > 0 such that X™ < § and t; > to/h™"! such that

eRe a(t—to/h™*1) <46, t>t.

From
m—1

Z Tn(T() + T1)y(7')

n=0

< ly(0)|(Xo + X1)

) >O7
< T—x T

we obtain

to /R m—1
‘ / e®t=7) Z T T+ Ty)y(r)dr
0

n=0

- Ol +x1)

6, t>t.
[Real(1 —X) '
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From

m—1

> / ly(qr - angm) K(q1) - K(gn)
n=0 [0,h]+1

(Ko(q) dvo(q) + K1(q) dvi(q)) dv(qr) - - - dv(gn))|

m—1 h
<3 o |< /W K@ @) [ Kola) do(a) + Kila) dul<q>>
< 21|y_(0>z‘5, >0

and

m—1
>/ ylar -+ anam) K (a1) - K (gn)
n—0 [0,1]»=1—[0,h]"+1

(Ko(q) dvo(q) + Ki(q) dvi(q)) dv(qr) - -~ dv(gn)|

< M(¢+ §), T>to/hm!
1—-X
we obtain
t m—1
/ e N T (T + Ty )y(r) dr
to/hmtt n=0
2ly(O)0 + (Xo +X1)(6+6)
. t> .
[Real(1 — x)
Hence,
t m—1
/ et ST (Ty + Ty )y(r) dr
0 n=0
ly(0)|(Xo + X1 +2)6 + (Xo + X1)(d + )
< , t>1;.
[Rea|(1—X)
Moreover,
> 0)[(xo + X
S 7@+ ()| < MO ) )‘1(_°X Uy, >0,

n=m
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implies

[y(O)[(xo+x1)

, t>0.
Rea|(1—X)

t oo
/ TN T Ty + Ty )y(r) dr| <
0

n=m

Exploiting the above bounds, we obtain from formula (4.4) that

2|y(0)[(Xo + X1 + 1)6 + (Xo + X1) (¢ + 6)
[Real(1—x)

(@) < [y(0)[0 +
:¢_57 t>t17

which contradicts the definition of ¢. Hence, ¢ = 0. i

5. Unboundedness of solutions in the case Rea > 0. In
this section we first use a very old result from the theory of complex
functions to derive the unboundedness of solutions in some particular
cases.

The order of an entire function

OEDIER

n=0

plays an important part in the first half of this section. Recall that
the order py can be evaluated through the following formula (see
Titchmarch [18])

. nlnn
P S nn — In lan|

According to Ahlfors theorem [5], an entire function f of order p; has
at most [2ps] finite asymptotes at co. Thus, p; < 1/2 means that f
has no finite asymptotes at all. In other words, given any continuous
curve ¥(s), s € [0,1), in the complex plane such that v(s) — oo as
s — 1, it is true that limsup,_;_ |f(7(s))| = oco. It should be noted
that the same result holds for all the derivatives f(*) since they have
the same order as f.

Theorem 4. If a =0 and du(q) = 0 for ¢ > qo, where qo € (0,1),
then the solutions of problem (1.1) and all of their derivatives are
unbounded.
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Proof. From |u| < g§u*, we obtain
z:mmﬂ< N)(n—1+N)Ingy+ (n— N)In z*.
From |v| < v}y <1, k> N, we obtain
(5.1)

1 —wgl| < —=(n—N)In(1l —vy).

Hence, the order of the solution y(t) is zero. It follows from Ahlfors
theorem that the solution is unbounded. u]

Theorem 5. Ifa =0 and u(q) = Z;’;l a;q% , where Rea; > 0 for
all j > 1, the series Z;’;l a; and E;’;l aja?- converge absolutely, and
Z?‘;l ajo; = 0, then the solutions of the initial-value problem (1.1) and
all of their deriwatives are unbounded.

Proof. Noting that

o0
a;; a5
Hk ;kJraj Zkk+a =

we have for k > 1,

o0
el < K72 Jajel],

Jj=1
n—1

Zln|uk|<(n N) 1n2|a]a | —2In(n—1)!+2In(N-1)I, n> N.
k=N j=1

Together with (5.1), we see that the order of the solution is p, < 1/3.
It follows from Ahlfors theorem that the solution is unbounded. O

Example 3. If u(q) = ¢ — ¢*/2, then p, = 1/3.
Suppose next that Z]oil ajaj # 0. From

k
M E:kk+% >0,
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we obtain
n—1

> I = —In(n — 1)1+ O(n).

k=N

Hence, p, = 1/2. The Ahlfors theorem is no longer of use in this case.

Example 4. Consider the case that a = 0, u(7) = ap7? /7, v(1) =0,
where Rey > 0, ap # 0. The corresponding solution of problem (1.1)
with yg = 1 is

(5.2) y(t) = oF1(—;v; aot),

where ¢ F is the hypergeometric function. From the following formulas
(see Abramowitz and Stegun [1, pp. 362, 364])

(2/2)"
I'(v+1)

J(2) = <%>1/2{ cos <z - %mr - %w) + eIsz(|z|1)},

|arg(z)] <,

Ju(2) = oF1 (= +1;-2%/4),

and

where J,(z) is a Bessel function, we obtain

OFl(_; /67 Z)
=T (B)n /2 (=2) /2702 {cos(2(—2) V2 = ((B-1) /2)m —7/4)
+ o7y, Jarg((—2)2)] <
If ap < 0, then the solution (5.2) oscillates unboundedly if v < 1/2,
oscillates boundedly if v = 1/2, and tends to zero as ¢t — oo if
~ > 1/2. This implies that the solution (5.2) displays entirely different

asymptotic properties as the parameter v changes, though its order
remains constant.

Theorem 6. Ifa > 0 and

1
(53) | =it + vl < o
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then the solution y(t) of problem (1.1) satisfies

(5.4) lim y(m)( te % =a™" Ny}kv,

t—oo

for all m € Z*, where

[ee]
1+Hk/a
YN = YN H 1— o

Proof. The convergence of the product [y y(1 + pi/a)/(1 — vi)
follows from the inequality

a(l — vy

For any given € > 0, there exist an integer M > N and a real number
T > 0 such that

n+m 1 N—
1+ ui/a e
- . N| < ) >M>
‘ 1—v, N 2 "
M—-1
t" €
Z Yntm — @ Ny}k\/') nl <§a t>T

From the preceding estimates and the expression

M—-1

* — * "
y(m) (t)—a™" NyNe Z (yn-i-m_am N?JN)E
n=0

oS} n+m—1
- L+pu/a (at)”
m—N *
+a Z (yN H I Yn )=

n=M k=N
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obtain
ly™ (et —am Nyl <e, t>T,

which implies (5.4). i

It is easy to see from (5.4) that the solution y(¢) of problem (1.1)
increases (in modulus) exponentially if and only if y3 # 0 and pr # —a
for all k > N. If yy = 0 or i, = —a for some k > N, then the solution
is a polynomial, as we can see from Theorem 1.

Example 5. Fox, Mayers, Ockendon and Tayler [4] presented
some interesting numerical results obtained by the method of deferred
correction for the problem (1.2) with a = 0.95, b = —1, p = 0.99 and
yo = 1. Their results show that the numerical solution seemingly tends
to zero (less than 5 x 107° in modulus) for ¢ € (85,125), but increases
rapidly to positive infinity soon after ¢, > 145. This is in conformity
with the estimate (5.4), since yg ~ 2.1 x 10781, which is a surprisingly
small number compared with e~12%% ~ 2,68 x 10752

Theorem 7. IfRea > 0 and (5.3) holds, then there exists a (possibly
zero) constant y* such that the solution y(t) of problem (1.1) satisfies

(5.5) lim y(™(t)e™ " = a™y*

t—oo

for allm € Z+.

Proof. Let y(t) be a solution of problem (1.1), and denote y,(t) =
y™(t), n > 0. We have

1 1
s WO =an®+ [ oo+ [ e i)

t>0, n=>0.

According to our assumption and because of the identity

1 n

lim p) = lim v} = lim

|d(p(q) + av(q))| = 0,
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there exists an integer M > 0 such that v}, <1 and

1 ! q"
cy— [ 1| 1
Ym ¥ Rea J, l—q‘ (1(q) +av(q))] <

for all m > M. Applying Lemma 1 to equation (5.6) in the case
n=m > M, we see that y,,(t) satisfies

(5.7) Y (1) = aym(t) + Y T"(aT + Ty (1),
n=0

where

1 1
Ty(t):/o y(qt)g™ dv(q), le(t):/ y(qt)q™ du(q).

0

Applying Lemma 4 to equation (5.7), we see that there exists a (possibly
zero) constant x,,, such that

lim 3™ (t)e™ ™ = z,,,.
t—o0

For 0 < n < m, we obtain from

m—n—1
1

y ()= D Gyt

k=0
1 ¢ .
that
(5.8)
1 (TL) —at 3 1 ‘ m—n—1 7a(t7‘r)y(m) —arT
Jim gt (e = lim = 0(t—r) e (T)e™ " dr
T ® 1 —
— m—n GTd
(m—n—l)!/o T € 4
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The integer m > M being arbitrary, we deduce that lim;_, ., ™ (t)e~*
exists for all n > 0. Let y* = zo. It is easy to see from (5.8) that (5.5)
holds for all m € Z+. u]

Comparing (5.5) with (5.4), we conjecture that the identity

can be extended from a > 0 to Rea > 0. A special case of this
conjecture will be published in the “problems and solutions” section
of STAM Review [13].

Example 6. Consider the case where a # 0, u(t) = ao7?/7,
v(r) = 0, where Rey > 0, ap # 0. The corresponding solution of
problem (1.1) with yo =1 is

(5.9) y(t) = 1F1(y + ao/a;v; at),

where 1 F} is the confluent hypergeometric function. From Abramowitz
and Stegun [1, p. 508], we have

e:l:m'oczfa ezzafﬂ

510 P05 = PO Ty + g 0+ O

where the upper sign being taken if —7/2 < arg(zz) < 37/2, the lower
sign if —37/2 < arg(z) < —w/2. If Rea > 0, we obtain from (5.10)
that the solution (5.9) satisfies

—at __ F(’Y) a ap/a —1
YOO = ey @ (14 06 7)

Hence, y(t)e ™ — oo as t — oo if Re(ap/a) > 0, y(t)e=* —
['(y)/T(y + ag/a) as t — oo if Re(ag/a) = 0, and y(t)e * — 0 as
t — o0 if Re (ap/a) < 0. This shows that condition (5.3) in Theorem 6
and Theorem 7 cannot be removed.
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6. Asymptotic stability in the case Rea < 0.

Theorem 8. IfRea <0, p* < |a|, and

h h
(6.1) lim / (dn(a)| = lim / du(g)] =0,

then the zero solution of the initial-value problem (1.1) is asymptotically
stable.

Proof. Let y(t) be a solution of the initial-value problem (1.1) and
denote ¥, (t) = y™(t), n > 0. We observe that y,(t) satisfies equation
(5.6). According to our assumption and because of the identity (2.5),
there exists an integer M > 0 such that v}, < 1 and

lalvi + 1

Rea +
1—-vy

<0.

Applying Lemma 1 to equation (5.6) in the case n = M, we see that
ynm (L) satisfies (5.7) with m = M. Applying Lemma 6 to this equation,
we see that lim;_,o yar(t) = 0. From equation (5.6), we have

1 1
() == [ e du(a) + 1.(0),
0
t>0, n=0,1,...,M—1,

(6.2)

)= =2 (300 [ smistataavta))

For n = M — 1, observing that
1 1

‘— —/ qudu(q)‘ <1
aJo

and that lim;—. far—1(t) = 0, we derive from Lemma 2 that lim;
ym—1(t) = 0. Continuing the above procedure for descending n, we
finally obtain lim;_, y(¢t) = 0. Hence, the zero solution is asymptoti-
cally stable. O
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Next we discuss the necessity of the condition (6.1) made in Theorem
8. The purpose of this condition is to exclude the case where the
functions p(q) or v(q) have a jump at ¢ = 0. If this is the case, we
can replace du(q) and dv(q) by du*(q) +b6(0) dg and dv*(q) + ¢4(0) dg,
respectively, where p*(¢) and v*(gq) are continuous at ¢ = 0. Then (1.1)
can be written as
(6.3)

1

() = ay(t) + / y(qt) dii* (q) + / ' (at), dv* (q) + by(0) + e’ (0),

Assume that yo 20, c+8# 1, a+a #0and b(1 — 8) + cla+ a) #0,
where o = fol du*(q), B = fol dv*(q). Substituting ¢ = 0 into the
preceding equation yields

+a+b
oy = 22T
y'(0) 1_5_0110

Let
b(1 = ) + cla + o)

) =90+ g g

we see that z(t) satisfies

1 1
20 =ast)+ [ saduta)+ [ Zanavia), t>0.

(. W1=B) +e(a+a)
0= (1+ L g

Note that lim;_, 2z(t) = 0 implies

i y(t) = - b(S; ffJ_C(Z - ?)) Yo 7 0.

Hence, the zero solution is stable but not asymptotically stable.

Example 7. Consider the case where a # 0, u(r) = aor?/7,
v(r) = 0, where Rey > 0, ap # 0. The corresponding solution of
problem (1.1) with yo = 1 is given by (5.9). Applying Theorem 8
to this case, we see that the zero solution is asymptotically stable if
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Rea < 0 and Revy > |ag/al. However, we can obtain a better result
from (5.10), namely, that the zero solution is asymptotically stable if
Rea < 0 and Rey > Re(—ap/a).
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