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AN ANALYTIC SEMIGROUP SETTING
FOR A CLASS OF VOLTERRA EQUATIONS

PH. CLEMENT7 W. DESCH AND K.W. HOMAN

ABSTRACT. We provide a semigroup setting for the scalar
Volterra integrodifferential equation of convolution type

t
L - spu(s)ds = f@), >0,

with a completely monotonic kernel a : (0,00) — R. Using
the analyticity of the semigroup and interpolation methods
we analyze regularity of solutions.

1. Introduction. The aim of this paper is to provide a semigroup
setting for the scalar Volterra integrodifferential equation of convolution
type

(1) dt
u(t) =up(t), t<0,

where the kernel a : (0, 00) — R is assumed to be completely monotonic
and such that fol a(t)dt < oo and a(0+) = +oo, and where the
functions wug : (—o0,0] — R and f : [0,00) — R are given.

There is a classical way to treat problem (1): Let b: (0,00) — R be
the function resolvent of the first kind of a, which means that b satisfies

(2) /075 a(t —s)b(s)ds=1, t>0,

see [9, p. 158]. The function b is completely monotonic and satisfies

fol b(t)dt < oo and b(04+) = +oo. If ug is identically zero and if
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f is locally integrable, then problem (1) admits a unique solution
u:R — R and

u(t) = /0 b(t—s)f(s)ds t>0,

0, t<o.

A typical example of the kernel is

tfa
t = —m—-—- t
a(t) TO—a)’ >0,

with 0 < @ < 1, in which case the lefthand side of (1) corresponds to
the fractional derivative of order « of u and
toc—l
b(t) =
W= 1y

To our knowledge there is no general theory concerning problem (1)
with given initial data ug defined on (—o0,0].

In this paper we treat existence and regularity of solutions to (1)
within the framework of analytic semigroups and interpolation spaces.
This sheds a new light on results obtained by more direct methods. In
particular it opens access to a powerful analytic machinery:

There is a well-established theory of stochastic perturbation of ana-
lytic semigroups, as for example in [5], which will be useful when the
forcing term f in (1) is replaced by a stochastic process.

Some concepts, like Kolmogorov equations, depend on a state space
formulation of the underlying process.

We expect that our method can be extended from the scalar case to
more ambitious Hilbert space valued problems.

Frequently, the price for embedding integral or delay equations in a
semigroup framework is some loss of regularity. Our method, as the
example of fractional derivatives shows, yields regularity results which
are close to optimal.

Our approach consists of rewriting (1) as an ordinary differential
equation in an appropriate infinite dimensional Hilbert space, using
the complete monotonicity of the kernel and Bernstein’s theorem. The
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semigroup approach based on the complete monotonicity of the kernel
has been initiated in [8], has been used in the context of viscoelasticity
in [6], and has been generalized to a larger class of kernels in [14].
In contrast to other semigroup approaches for Volterra equations, as
for example in [11, 9], this one leads to a quasi-contractive, analytic
semigroup.

Heuristically the approach can be explained as follows. Let v be the
unique nonnegative Borel measure on [0, c0) such that

a(t) = / e " u(dr), t>0,
[0,00)

see Bernstein’s theorem [17, p. 161]. We define the functions ¢ :
[0,00) % [0,00) — R and %) : [0,00) — R by respectively

¢
Y(t, k) = / eiﬁ(tfs)u(s) ds, t>0, k>0,
(3) ey
Yo(kK) :z/ e ug(—s)ds, k>0,
0
where u is the solution to (1). Note that ¢ satisfies

9 it k) = ult) — kit R), £ 0, k>0,

(4) ot
¥(0,K) =¢o(k), k>0.
Then we have for ¢ > 0

F(t) = % / a(t — s)u(s) ds

— 00

¢
= % (/ e r(t=s) Z/(d/@))u(s) ds
—o0 [0,00)

(o
= — e "8y (s) ds> v(dr)
dt [0,00) —o0

d

=i [, P v

0
= /[0100) % Y(t, k) v(dk)

= / (u(t) — kY (t, K)) v(dK).
[0,00)
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Hence, 1 satisfies (4) with side-constraint
(5) |t = wote) i) = 10), £ >0
[0,00)

A novelty with respect to [8] and [6] is that in our situation the solution
u to problem (1) does not belong to the state space of v, but it can
be computed from the state space by means of an unbounded linear
functional.

The paper is organized as follows: Section 2 contains some of the
notations used throughout this paper. Section 3 states the main
results. In Section 4 we set up a state space H and a linear operator
A: D(A) C H— H and prove that A generates an analytic semigroup
on H. Section 5 treats the homogeneous case of (1) when wq is so
good that the solution to the abstract problem (4)—(5) remains in
D(A). Section 6 provides necessary tools from interpolation spaces.
Using these tools we return to the homogeneous case with significantly
weaker assumptions on ug in Section 7. Section 8 is devoted to the
inhomogeneous case of (1) when ug is identically zero.

2. Notations. In this paper we write CT = {\ € C; R(\) > 0} and
Ci ={\eC; R(\) >0}.

A function x — (k) defined on some domain is denoted by (k). In
particular x denotes the function k — k.

The function 1 is defined by 1(k) := 1 for all «.

The Laplace transform of a function f is denoted by f.

We use the notation Cy[0,T] and C§[0,T], where a > 0, for functions
which are continuous respectively a-Holder continuous on [0,7], and
which are zero at zero.

3. Statement of the results. Throughout this paper we assume
that the kernel a satisfies the following hypothesis:

Hypothesis 3.1. The kernel a : (0,00) — R is completely mono-
tonic and such that fol a(t) dt < oo and a(0+) = +o0.
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Definition 3.2. A solution to problem (1) is a function v : R — R
such that

(1) v is Borel measurable;
(ii) ffoo a(t — s)|u(s)|ds < oo for t > 0;
(iii) The function v : [0, 00) — R defined by
v(t) = ffoo a(t — s)u(s)ds for t > 0 is absolutely continuous on
[0,T] for every T > 0;

(iv) u satisfies (1) almost everywhere.
Proposition 3.3. Problem (1) admits at most one solution.

Proof. Without loss of generality we assume that uy and f are
identically zero. Let u be a solution to (1). Since v is absolutely
continuous, v(0) = 0, and (d/dt)v(t) = 0 for ¢t > 0, almost everywhere,
we have that v is identically zero. It is a consequence of Titchmarsh’s
theorem, see [18, p. 166], that u(t) = 0 for ¢ > 0 almost everywhere.
O

The idea of this paper is to rewrite the homogeneous case of (1) with
f identically zero in an abstract setting

d
7 Y(t) = Ap(t), t>0,
¥(0) = v,

Therefore we take an arbitrary constant S > 0 that will be fixed
throughout the paper. We define the complex Hilbert space H by

(7)

H :=<¢:[0,00) — C (equivalence class) ; ¢ is Borel measurable

(6)

an K 2/4) rviar 0
a /[o,oo)'“”( )2(k + B) vldr) < }

endowed with the inner product

(o, ) == /[ AR (5 6)vid), o€ H.
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We remark that H is independent of 8, and that for different (s
the corresponding norms on H are equivalent. We define the linear
functional J : D(J) C H — C by

D(J) :={p € H; there exists (a unique) u € C
such that ul — kp(k) € H}
J(p) =u, ¢ D)

We choose the letter u, because later it will appear that u(t) := J(¢(¢ ))
for ¢t > 0 is the solution to (1) with f identically zero, where #(t) is
the solution to (6). Using J we define the linear operator A : D(A) C
H — H by

Theorem 3.4. The linear operator A : D(A) € H — H is
the infinitesimal generator of a strongly continuous, positive, analytic
semigroup {S(t)}s>0 on H satisfying ||S(t)|| o) < eBUY for t >0,

Hypothesis 3.5. The function ug : (—00,0] — R is such that
(i) uo is Borel measurable;
(i) There exist My >0 and w > 0 such that |ug(t)| < Mye** for
t <0;
(iii) There exist Mo > 0 and & > 0 such that |ug(0) — ug(t)] < Malt|
for —6 <t <0;

(iv) uo(0) a(+00) + [;~ (= (d/dt)a(t)) (uo(0) — uo(—t)) dt = 0.

Remark 3.6. The integral in Hypothesis 3.5 (iv) exists by Hypothesis
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3.5(ii) and (iii). Indeed, using Lemma 4.1 (ix), (iv), and (i), we have

/O‘” ‘ <_ % a(t)) (u0(0) - UO(—t))‘ dt

<M/6t( d (t))dH-QM /OO d (t) dt
- —a ——a
=2, dt Vs dt

5
< — Msda(d) +M2/ a(t) dt — 2Mya(400) +2Mia(d) < oo.
——— 0 —_———
>0 >0

Remark 3.7. Hypothesis 3.5 does not assume any smoothness of ug
except at zero.

Remark 3.8. If ug satisfies Hypothesis 3.5(i), (ii) and (iii), then

. /_:O a(t—s)u(s)ds = up(0) a(+00)
+/0°O<_ % a(t)) (u0(0) — uo(~1)) dt.

see [3] for a proof. Therefore, Hypothesis 3.5(iv) can be reformulated

as
d-

o / a(t — s)u(s)ds = 0.

t=0+J —o0

In addition, it follows from the proof of Lemma 5.1 that vy given by
(3) belongs to D(A) if and only if Hypothesis 3.5(iv) is satisfied.

Theorem 3.9. Let ug satisfy Hypothesis 3.5. Then problem (1) with
f identically zero admits a unique solution u. Moreover, u is continuous
on [0,00), real analytic on (0,00), and

J(S(t)ho) t>0,
ug(t), t <0,

(10) ) = {

where g is given by (3).
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Hypothesis 3.10. The kernel a : (0,00) — R is such that there
erist 0 < n <6 <1 with

() [t 12001/ (a(t))?) (alt) + t(d/dt)a(t)) dt < oo;
(i) [7°¢20-3(1/(a())?) (a(t) + t(d/dt)a(t)) dt < co.

Remark 3.11. The following conditions imply that Hypothesis 3.10
holds:

(i) [Tt (1/a(t)) dt < oo;
(i) [ 2973 (1/a(t)) dt < oo.

Remark 3.12. Hypothesis 3.10(i) is equivalent to the fact that the
restriction J|p(4) may be extended continuously to a linear bounded
functional from the interpolation space D4 (7,2) into C with the same
1 as in Hypothesis 3.10, see Proposition 6.5.

Remark 3.13. Hypothesis 3.10(ii) is equivalent to the fact that the
function m € H defined by

1 1
(11) m(K) == 548 nt D k € ]0,00),

belongs to the interpolation space D (6,2) with the same 6 as in
Hypothesis 3.10, see Proposition 6.6.

Remark 3.14. Since D(J) = D(A) @ span{n}, see Lemma 8.1,
it follows that if 7 belongs to D4(6,2) for some 0 < 6 < 1, then
D(J) € Da(a,2) for every 0 < o < 6.

Theorem 3.15. Let ug satisfy Hypothesis 3.5 (i), (ii) and (iii). Let a
satisfy Hypothesis 3.10. Then problem (1) with f identically zero admits
a unique solution u. Moreover, u belongs to C?~"[0, c0), is real analytic
on (0,00), and is given by (10). If in addition Hypothesis 3.5(iv) holds,
then u belongs to C1="[0, c0).

Remark 3.16. Let u be the solution to (1) with f identically zero under
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the conditions stated in Theorem 3.15. Then the following holds:

(S(t)o) (k) = /000 e "u(t—s)ds, t>0,k>0.

Theorem 3.17. Let a satisfy Hypothesis 3.10 with 0 < n < 0 < 1.
Let f belong to LP[0,T] for every T > 0 where 1 < p < co. Then
problem (1) with ug identically zero admits a unique solution u and

(12)  w(t)=1{"7 (/O (BI = A)S(t— s)f(s)wds) t>0,
0 t<0,

where the integral is a Bochner integral in Da(n,2) and 7 is given by
(11). Moreover, the following holds:

(i) If p =1, then u belongs to L]0, T] for every 1 < ¢ <

1—=(0—mn)
and T > 0;
(i) If 1 <p < 1/(0 —n), then u belongs to L9[0,T] for every
1§q§1_(9’%n)p and T > 0;
(iii) If p=1/(0 — n), then u belongs to LI[0,T] for every 1 < q < oo
and T > 0;

(iv) If 1/(60 — n) < p < 00, then u belongs to C’g_n_(l/p) [0, 00).

More regularity results for problem (1) can be obtained using the ma-
chinery of analytic semigroups. An example is the following theorem,
for a proof of which we refer to [3].

Theorem 3.18. Let a satisfy Hypothesis 3.10 with 0 < n < 6 < 1.
Let f belong to C{[0,00) where 0 < v < 1 is such that v # 1 — (0 —n).
Then problem (1) with ug identically zero admits a unique solution u.
Moreover, u is given by (12) and belongs to C’g+97"[0, 00).

Example 3.19. Let the kernel a : (0,00) — R be given by
a(t) =e “gi_o(t), t>0,
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with w > 0 and 0 < a < 1, where the function g, : (0,00) — R with
p > 0 is defined by

(13) 9p(t) == ()

By straightforward calculation Hypothesis 3.10(i) holds if and only if
n > (1—a)/2, and Hypothesis 3.10(ii) holds if and only if § < (1+«)/2.
Since 0 < a < 1 we can choose 0 < 7 < 6 < 1 such that (1 —a)/2 <
n <0< (l+a)/2. Let w= 0 and let f belong to LP[0,T] for every
T > 0 where 1 < p < co. Since we have that for 0 < p <1

t
/ Gp(t —5)gi—p(s)ds=1, t>0,
0

it is easy to verify that v : R — R given by

t
u(t) = /0 go(t —8)f(s)ds t>0,
0 t<0,
is the unique solution to (1) with wg identically zero. Moreover, it
follows from Proposition A.1 that
(i) If p = 1, then u belongs to L2[0,T] for every 1 < ¢ < 1/(1 — )
and T > 0;
(ii) If 1 < p < 1/a, then u belongs to L?[0, T] for every
1<q¢<p/(1—ap)and T > 0;
(iii) If p = (1/a), then u belongs to L7[0,T] for every 1 < ¢ < oo
and T' > 0;

_1
(iv) If (1/a) < p < o0, then u belongs to C’Oa 710, 00).

4. The semigroup setting. We recall that the complex Hilbert
space H, the linear functional J : D(J) € H — C, and the linear
operator A : D(A) C H — H are defined by respectively (7), (8) and
(9). The main result of this section is Theorem 3.4. Before we are in
a position to prove this theorem we need some preliminaries. We start
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with listing properties of the kernel a and the measure v, which we
shall use throughout the paper.

Lemma 4.1.

T
(i) / a(t)dt < oo for every T > 0;
0

d'ﬂ
(i) (-1)"—a(t) = / e "'k"v(dk) fort >0 and n=0,1,2,...;

dtr [0.00)
dn
(iii) (—1)"dt—n a(0+) = / K" v(dk) = 400 for n=0,1,2
[0,00)

(iv) 0 < tlim a(t) < oo;

— 00

mn

(v) Tim (—1)" 2

Jim dt—na(t):Ofornzl,Z...;

(vi) If X € C\{0} is such that A=p + iw with ;1 >0 and w € R,

R 1 K4+ p—iw
en () /[Om) ) /M e T o V{dR) < 0

(vii) / v(dk) < oo for T > 0;
(0,77

(viii) /[6’00)(1/#;) v(dr) < oo for § > 0;

(ix) ltllrélta(t) = 0;

(x) limt? 4 a(t) = 0;

tlo  dt
() g = [ ) Jor x>0
" K+c . d .
(xii) /[0700) CESE v(dr) = a(\) + (A — c)a a(A) for A >0

and ¢ € R;
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I I R L VN
(e /[o,@ 0 map () = (1 (A—ﬁ)2) AT

Proof. For property (ii) and the first equality in property (iii) we
refer to [13, p. 90]. The second equality in property (iii) follows from

T
a(t) = a(T) +/t - %a(s) ds < a(T) — (T —t) %a(t), 0<t<T,

which implies that if (—d/dt)a(0+) < oo, then a(0+) < oo, contradict-
ing the assumption that a(04) = +o00. Property (v) follows from

a(T):a(t)—i—/t %a(s)dsga(t)—i—(T—t)%a(T), 0<t<T,

which implies that if limy_,oc —(d/dt)a(T) > 0, then limp_,o a(T) < 0,
contradicting Property (iv). By straightforward calculation it follows
that property (vi) holds for A € C*. Properties (vii) and (viii) follow
from respectively

T+ 06
d
/[O,T] v(dr) < /[O,T] Py v(drk)

1 1 B+6
d = u(dr) < 2220
sy [ g, [ v <5
1 B+6 1
/[6,00) P v(dr) < 5 0oy R B v(dk).

For A € C such that A = iw with w # 0, property (vi) follows from
Lebesgue’s dominated convergence theorem for

1 1
lim ——v(dk) = / — v(dk),
110 Ji0,00) K+ p + 1w [0,00) K T W
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using Lemma 4.1(vii) and (viii) and

[ o< [ o [ it
————v(dk) < ————v(dk ———v(dk
[0,00) [+ 1w (0,1] VK2 + w? [L,00) VK2 + w?
< 1 v(dk) —|—/ L v(dk) < o0.
] (1

|w| ,o0) K

Property (ix), and analogously Property (x), follows from

ta(t) = /[O 1) = /[O )(mte“t+ﬁt6”t)%v(dn)

+ 5

for t > 0 and Lebesgue’s dominated convergence theorem. Property
(xv) is a consequence of the fact that ¢ — %th is a positive, monoton-
ically increasing function for k > 0. The properties which have not
been mentioned follow by straightforward calculation. o

The next two lemmas give properties of the Hilbert space H. The
first lemma can be proved using the Cauchy-Schwarz inequality and
Lemma 4.1(vi).

Lemma 4.2. The Hilbert space H is continuously embedded in
LY([0,00), dv) with ||l Lx((0,00),a0) < Va(B) ol for o € H.

Lemma 4.3. If ¢ belongs to H, then tip(s)
K+ A

for X € C& and H@gp H < ll If in addition X # 0, then

belongs to H

Y and ;_(;2\ belong to H and || #

1
| K

Moreover,
+AI| < |Mllwll

%(d(g —|—iw)) for A= p+iw with p > g and w € R.

Proof. We only prove the last estimate. The rest follows by straight-
forward calculation and Lemma 4.1(xii). Let A € C* be such that
A = p+iw with o > (8/4) and w € R. Then we have using
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Lemma 4.1(vi).

Jie

2

K+ A

(k+ B)v(dr) < /[o,oo) #ﬁé—aﬁ v(dk)

k+ (B4
34/[0700) G107 (dr)

—an@(? +w). o
The following lemma implies that the linear functional J : D(J) C

H — C is well defined. The proof of the lemma is straightforwarci
using the assumption that a(0+) = +o0o and Lemma 4(iii).

Lemma 4.4. For every ¢ € H there exists at most one constant
u € C such that ul — kp(k) belongs to H.

It is a consequence of Lemma 4.2 that the linear operator A : D(A) C
H — H is well-defined. Furthermore, we have the next proposition.

Proposition 4.5. The linear operator A— (8/4)I : D(A) C H — H
is dissipative in (H,{-,)).

Proof. Let ¢ belong to D(A). Using the definition of D(A),
Lemma 4.1(vi), and Lemma 4.2, we have

R(AY, ¥) =R (J(¥) = £ (k))Y (k) (k + B) v(dK)

R [ S B [
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K 2
< [ Sl =] v

}2

>0
81w /[ )] i) = Ba(3) )

< AVaB) 7@l vl - Ba(B)]T (%)
= -8 (VA lIw) - 1172 + £ [l < & u)?

>0

This implies that §R< (A — (ﬁ/4)[)w, w> < 0, which shows the dissipa-
tivity of A — B1/4. u]

It follows from the next lemma that the linear operator AT — A :
D(A) — H is onto for A € CF\{0}.

Lemma 4.6. Let A € C{\{0} and let ¢ belong to H. Let u € C be
given by

_ 1 rp(r)
(14) u = VIR /[o,oo) Y v(dk).
Let ¢ : [0,00) — C be defined by
Y(k) = %, k € [0, 00).

Then u is well-defined, ¢ belongs to D(A), J(¢) = u, and (A — A)y =
. Moreover, if X\ = p+iw with p > (8/4) and w € R, then

11 B
lul < QW @] 8?(0‘((1 +iw)) [l

Proof. The constant u is well-defined by Lemmas 4.3 and 4.2.

1
vle) and belong to H by Lemma 4.3, it follows that
E+ A K+ A

1 belongs to H. Furthermore, using the definition of 1 we have that

Since
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ul — kY(k) = M) — ¢ belongs to H and hence, ¥ belongs to D(J) with
J(¢) = u. By straightforward calculation it follows that ¢ belongs to
D(A) and that (A — A)y) = ¢. Finally, if A = g+ iw with p > (8/4)
and w € R, then we have using the Cauchy-Schwarz inequality and
Lemma 4.3,

o(k)

‘u| < W |d()\)| [0,00) K+ A (H+6) V(dﬁ)
< v o | et
— AL a()] e+ A
1 1 B .
SZW EeN éR(“(Z""““)) llell- o

The following proposition characterizes the resolvent of A.

Proposition 4.7. If A\ € CI\{0}, then the linear operator \XI — A :
D(A) — H is bijective and

p(k) +u

I—A) o=
(A ) P

, p€H,

where u is given by (14). Moreover, J((A —A)~1¢) = u. If in addition
A= p+iw with > g and w € R, then 0 € p(AI — A) and

R (a((6/4) + m))) 1

M — At < <1 +4 A —.

Proof. To show that A\l — A : D(A) — H is one-to-one for A €
CJ\{0}, let v» € D(A) be such that (A — A)yp = 0. This implies
that ¢ = JSQ_/}E\, so that by definition of A, Lemma 4.1(vi), and some
K

straightforward calculation

0= [ () = () i) = J@AGN).
[0,00)
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Therefore, J(¢) = 0 and hence, 1) = 0.

Since the proposition is a consequence of Lemma 4.6, we only have
to prove that the linear operator (A — A)~! : H — H is bounded for

A = p+iw with p > g and w € R. Let ¢ belong to H and let ©w € C
be given by (14). Using Lemmas 4.3 and 4.6 we have

p(r)
s [28] e 5
< 57 el +2 57 rarr /R (374 + ) Do

2\/3% a((B/4) —Hw))

B 9‘%(((5/4)—1—2@)) 1
‘<”4 a(V] )w”*””'

We are now in a position to prove Theorem 3.4.

Proof. 1t is a consequence of Proposition 4.5 and Lemma 4.6 that
the linear operator A — g[ : D(A) C H — H is m~dissipative. Since
H is a reflexive space, D(A) is dense in H, see [12, p. 16]. From
the Lumer-Phillips theorem, see [12, p. 14], it follows that A — g[

is the infinitesimal generator of a strongly continuous semigroup of
contractions on H. Now we show that this semigroup is analytic. It is

sufficient to show that there exists K > 0 such that for every w # 0,
. K

H(zwl— (A- ZI) ||L(H) < Wl see [4, p. 123]. Let w # 0. By
applying Proposition 4.7 with A = (£8/4) + iw we have

| (il — (A~ (/6/4)1))_1“/:(H)

Ao

L(H)

(d(ﬁ/él —|—zw)) 1
§<1+4 a((5/4) + )| >;<5/4>+m|
§(1+4-1)i— >

w| - fw]’
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Finally it follows that A is the infinitesimal generator of a strongly
continuous, analytic semigroup {S(t)}:>0 on H satisfying ||S(¢)|| z(m) <
eB/Nt for t > 0, see [12, pp. 76, 80]. The positivity of the resolvent
implies the positivity of the semigroup. |

The following lemma is a consequence of Lemma 4.6 and will be used
throughout the rest of the paper.

Lemma 4.8. The restriction J|pay : D(A) — C is bounded with
respect to the graph norm of A.

Proof. Let 9 belong to D(A). We define the function ¢ € H by
¢ = (I — A)yp. By Lemma 4.6 we have

1 KO0 o
1) = 5357 Sy w5

Using the Cauchy-Schwarz inequality, Lemma 4.1(vi), and the norm
(BT — A) - || on D(A), which is equivalent to the graph norm of A, it
follows that

W) < ﬁAl(ﬁ) </[o7oo) ﬁ V(dﬁ)>1/2</[o,oo) w(ﬁﬂ%y(dﬂ))m
w5 Vad el

= 5va00) 1B = A)|. o

<

=@
= Q®

Q>

In Section 6 we need the adjoint operator A* of A. The next lemma
gives a characterization of A*.

Lemma 4.9. The adjoint operator A* : D(A*) C H — H 1is given
by

D(A*) = {U e D(J); /[o,oo) (J(o) = (k+ B)o(k)) v(dr) = 0},

(A0)w) = J(0) 15

(15)

—ko(k), o€ D(A"),k>0.



SEMIGROUP SETTING FOR VOLTERRA EQUATIONS 257

Proof. Let o €
belongs to D(A*)
<(ﬁl - A)¢7‘7> = <

(16) (p,0) ={(BI — A) "o, 7)

for all ¢ € H. Let ¢ € H be arbitrary and let u € C be given by (14).
Using Proposition 4.7, (16) holds if and only if

H. By definition of the adjoint operator A*, o
= D(BI — A*) if there exists 7 € H such that
¥, 7) for all ¢ € D(A), or equivalently, such that

/ (k) o(k) (k + B) v(dr) = / (o(k) 4+ u) 7(k) v(dk)
[0,00) 0,00)
if and only if
- TN e 5yt
/[o,oo><0(”) ,Hﬁ)@( )(k + B) v(dk)

B 6611(6) (/[o,oo) my(dﬁ)) /[0700) ﬁ Pt v

if and only if

(oo 55 g </m7oo> ) ”““‘”) ) ="

Since ¢ € H is arbitrary, this holds if and only if

(17) T=(s+p)o(k) - K P

where, using Lemma 4.1(vi), K € C is such that

1
ﬁA(ﬁ) 0,00)
ﬁA—(ﬁ) /[0700) ((K-Fﬂ)U(K) — K) v(dr) + K,

/[7 7(k) v(drK)

or equivalently, where K € C satisfies

(18) /[0 ) (K = (k+ B)o(k)) v(dk) = 0.
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From (17) and Lemma 4.3 it follows that 7 belongs to H if and only
if ko (k) — K1 belongs to H. We conclude that o belongs to D(A*) if
and only if there exists K € C such that ko(k) — K1 belongs to H and
(18) holds, that is, o belongs to D(J) and satisfies

/ (J(o) = (k+ B)o(k)) v(dr) = 0.
[0,00)

K

+5

and

Finally, (17) implies that (81 — A*)o = (k. + B)o (k) — J(o)
hence, (15) holds. O

=

Since the linear operator A — (8/4)I : D(A) € H — H is m-
dissipative in (H, (-,-)), it is well-known that the linear operator A* —
(B/4)I : D(A*) — H is m~dissipative in (H, (-, -)) as well. Furthermore,
since 0 € p(AI — A) for A € C with R(\) > (8/4) by Proposition 4.7,
we also have 0 € p(AI — A*) and (A] — A*)™! = ((AI — A)_l)* for
A € C with R(A) > (8/4). See [12, pp. 38, 41].

The following proposition characterizes the resolvent of A*.

Proposition 4.10. If A\ > 0, then (\[ — A*)™' : H — H is given by

1 K
Y S X
(M — A") T= )\(T—i—pli ), TEH,

where

1 k+
p= YIEY /[O,oo) K_i_)\’T(Iﬁ}) v(dr).

Moreover, J((A — A*)~1 1) = p.

Proof. Let A > 0 and let 7 belong to H. Let o : [0,00) — C be
defined by

a(m)::L T—i—pi , k>0
K+ A K+ 0

Using Lemma 4.3, the constant p is well-defined by the inner product of

and 7(k). By Lemma 4.3, o belongs to H. It is a consequence of

K+ A
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the definition of o and Lemma 4.3 that p1 — ko (k) = Ao — T —&-p%

belongs to H. Hence, o belongs to D(J) with J(o) = p. By
straightforward calculation it follows that o belongs to D(A*) and
(M — Ao =7.

5. The homogeneous case I. The goal of this section is to prove
Theorem 3.9. To this end we consider the homogeneous problem (1)
with f identically zero and ug satisfying Hypothesis 3.5. We first study
the following homogeneous abstract Cauchy problem in H:

(19) V() = Ay(t), >0,
¥(0) = o,

where 1) : [0,00) — R is given by (3). By straightforward calculation
using Hypothesis 3.5(ii) and Lemma 4.1(xii) it follows that ¢y is well-
defined and belongs to H. Furthermore, we have the next lemma.

Lemma 5.1. The function vy belongs to D(A) and J(¢) = up(0).

Proof. Let uy,us : (—00,0] — R and 1,15 : [0,00) — R be defined
by respectively uy (t) := ug(0)e** and ua(t) := ug(t) —uo(0)e*! for t <0
and

(k) ::/ e "u;(—s)ds, k>0, j=1,2.
0

It is easily observed that u; and g satisfy Hypothesis 3.5 (i), (ii), and
(iil), and hence, that ¢ and 15 are well-defined. Note that ug = w1 +us
and Yy = Y1 + 9. It follows from straightforward calculation that

0
P1(k) = UOT() for k > 0, so that 1; belongs to H by Lemma 4.3, and
K+ w

11 belongs to D(J) with J(1) = up(0) using Lemma 4.1(xii). Now

we show that 9 belongs to D(J) with J(¢3) = 0. Since uy satisfies

Hypothesis 3.5(ii) and (iii), let M] > 0 and M4 > 0 be such that

lug(t)] < Mje“t for t < 0 and |ua(t)| = |ua(0) — ua(t)| < Mj|t| for
!

M
—§ <t < 0. This implies that |[¢a(k)] < +1 for k > 0 and hence, by
K+ w

Lemma 4.3 15 belongs to H. Using Fubini’s theorem and Lemma 4.1(ii)
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we observe that

/ 10— i () (4 8) w(dr)
[0,00)

- / () 25+ BR2) v(dr)
[0,00)

< / ( [T tuesnas)( / T )] de ) (4 6% ()
//|u2—s||uz )( pTE (s+t)+ﬁj—;a(s+t))dsdt.

We split the last integral into four parts:

NN TR

We show that each integral at the righthand side is finite using Fubini’s
theorem, Lemma 4(i), (iv), (v), and (ix), and Hypothesis 3.5 (ii) and
(iii). We start with the first integral:

//IU2 s)|lua(— )I( (s+t)+65—;a(s+t))dsdt

< (Mh)? /505(/;015(— 5; a(s + )—l—ﬁ;—;a(s—l-t))dt)ds
—(Mé)Q/jOs(é(—j—;a(s—ké)+5%a(3+5)>
<0
S als+) =~ Bals +6) 5 a(s) + Bals) ) s

<0
< (M})? < sa(6) + /6a(s)ds—|—55/0§a(s) ds) < 0
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The second integral is finite, since

//IU2 s)| [uz(— )I( T (S+t)+65—;a(s+t))dsdt

< (M7)? /6(/”( 5; (S+t)—|—ﬁj—;a(s—|—t))dt)ds

= (M})? ( Ba(+o00) — %a(%) + ﬁa(%))

Finiteness of the third integral, and analogously of the fourth, follows
from

/so/ [ug(—s)] [uz(— )( (S+t)+ﬂj—;a(s+t)>dsdt

<M1M2/_Os(/t: (—j—;a(s—kt)—i—ﬂﬁa(s—i—t)) dt) ds
(

— MM} <5( %a 25)-@(25)) — a(26) + a(5) + ﬂéa(é)) < 0.

<0
It follows that 1o belongs to D(J) and J (o) = J (1) + J(2) = ug(0).
Finally, we show that ¢y belongs to D(A), using the fact that v({0}) =
a(+400), Fubini’s theorem justified by Remark 3.6, Lemma 4.1(ii), and
Hypothesis 3.5(iv):

/ (T(o) — rabo(x)) v(dw)
[0,00)

_ /[0700) (1 o (0) — K /O e uo(—s)ds) v(dr)

= u(0) a(+00) + /(0700) (/Ooofie_“s (uo(0) — ug(—s)) ds) v(dr)
= up(0) a(+00) + /0OO (— % a(s)) (uo(0) — ug(—s)) ds = 0.

From semigroup theory we have the next proposition.
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Proposition 5.2. Problem (19) admits a unique strict solution 1 :
[0,00) — H in the sense that 1) is continuous on [0,00) with respect to
the graph norm of A, continuously differentiable on [0, 00) with respect
to the norm of H, and satisfies (19). Moreover, 1 is real analytic on
(0, 00) with respect to the graph norm of A and ¥ (t) = S(t)yo fort > 0.

Finally we prove Theorem 3.9.

Proof. From Proposition 5.2 and Lemmas 4.8 and 5.1 it is clear that
u given by (10) is continuous on [0,00) and real analytic on (0, 00),
hence also Borel measurable. Using Hypothesis 3.5(ii), the continuity
of u, and Lemma 4.1(i), we observe that for ¢ > 0

t 0 t
/ a(t — s)|u(s)|ds = / a(t—s)\uo(s)\ds—i—/o a(t — s)|u(s)|ds

—00 — 00

t t
SMl/ ewsa(t—s)ds—kmax{\u(sﬂ;Ogsgt}/ a(t —s)ds
0

— 00

t
< Mye*ta(w) + max {|u(s)|; 0 < s < t}/ a(s)ds < .
0

This implies that u satisfies Definition 3.2(ii). To show that u satisfies
Definition 3.2(iii) and (iv) we observe that for ¢ > 0

(20) [ ; a(t — s)u(s) ds = [ ; ( /[0700) e~ r(t=9) V(d/i))u(s)ds.

Definition 3.2(ii) implies that we can apply Fubini’s theorem to the
righthand side of (20) to obtain for t > 0

(21) L ; ( /[O’OO) e r(t=s) V(dm))u(s) ds
_ /[O,OO) ( /_ ; =R (t=)y(s) ds> v(dr).

We define ¢(t) := S(t)1 for t > 0 where 1)y is given by (3). Since
¥(t) is an element of H, (1(t))(x) is defined only up to equality almost
everywhere, for every ¢ > 0. For further computation we need a Borel
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set N C [0, 00) of measure zero and a version 9(t, k) of (1(t))(x) that
is differentiable and satisfies

£ 0(tR) = TWO) ~ (ER), >0, 5 € 0,0\N,
P(0,k) = Yo(k), K €[0,00)\N.

(22)

Since the semigroup {S(t)}+>0 is analytic, it can be proved, see [15, p.
72] and [7], that there exist a function 1 : [0,00) X [0,00) — R and a
Borel set N C [0,00) of measure zero such that for # € [0,00)\N the
function ¢ — (¢, k) is continuous on [0, 00), analytic on (0,0c0), and

P(t, k) = (¥(t))(k) for t > 0. Moreover,(22) holds and hence, we have
using (10)

(b, ) = e "o () + / 9 1(p(s)) ds

t
:/ e "t=y(s)ds, t>0,

— 0o

as well as

0ltr) = o) + [ (I0() = wip(s.r)) ds. ¢0,

Therefore we have for ¢t > 0

(23) t
/[O’w)<LO€_R<t—s)u(S)ds) v(dk) = [Om)y(t,n)y(d@

- [ _wwva [ ([ ) o) s ) i),

[0,00

To show that we can apply Fubini’s theorem in (23) it is sufficient to
show that the function s — f[o,oo) (J((s))—kY(s, k) v(dk) is bounded
on [0,t] for every t > 0. Using Lemma 4.2 and the fact that ¢ is
continuous on [0, 00) with respect to the graph norm of A, denoted by
Il - ||.a, this follows from

| 19w — s n)vdn) = [ v )] vide)
(0,00)

[0100)

<Va(B) [¥(s)lla < va(B) max{[[p(s)]a; 0 < s <t}.
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Thus we have for ¢ > 0
(24)

wivad+ [ ([ () i, ) is) ()

[0,00) [0,00)

- [t vian+ / t ( /[Om) (T0006)) =)0 () ) s

Combining (20), (21), (23), and (24), and recalling that 1(s) belongs
to D(A) for s > 0 it follows that

/ a(t — s)u(s)ds = Yo(k) v(dk), t>0.

—o0 [0,00)

This shows that u satisfies Definition 3.2(iii) and (iv), since the function
v is constant. |

Extrapolation and interpolation spaces. The main results of
this section are Propositions 6.5 and 6.6. Before we are in a position
to state the former we need some preliminaries.

The extrapolation space H_; generated by A is defined as the com-
pletion of H with respect to the norm ||-||—1 defined by ||¢||-1 := ||(BI—
A)~ || for ¢ € H. The semigroup {S(¢)}+>0 extends continuously to a
strongly continuous, positive, analytic semigroup {S_1(¢)}+>0 on H_;.
Moreover, there exists a unique continuous extension A_q : D(A_;) =
H CH | — H_; of Asuch that A_; is the infinitesimal generator of
{5_1(t) }+>0- See [2, pp. 18-20] and [1, p. 262].

The following lemma concerns the dual space (H_1)" of the extrapo-
lation space H_;. For a proof we refer to [1, p. 270].

Lemma 6.1. (H_y) = D(A*) and the corresponding norms are
equivalent.

Now we introduce interpolation spaces, which are useful tools to
handle questions of regularity. See [1, 10]. The real interpolation
space (H,D(A))q,2 with 0 < o < 1 is denoted by Da(«,2), see [10,
p. 46].
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The next corollary concerns the dual space (H_y, H); , of the inter-
polation space (H_1, H), > with 0 < n < 1. For a proof we refer to [16,
pp. 25, 69] and Lemma 6.1.

Corollary 6.2. If0 < n <1, then
(H_1,H)y 0 = Da-(1—=1,2) = Dgr—a-(1—1,2)

and the corresponding norms are equivalent.

Definition 6.3. The function £ : [0,00) — R is defined by

§(k) = CEE

K € [0, 00).

Note that £ belongs to H as a consequence of Lemma 4.3.

Proposition 6.4. If0 < n < 1, then & belongs to Dgr_a~(1 —n,2)
if and only if Hypothesis 3.10(i) holds.

Proof. Let 0 < n < 1. By definition of the interpolation space
Dgr—4+(1—n,2), see [10, p. 47], £ belongs to Dgr_a+(1 —n,2) if
(25) / 201 |[(BT — A*) (¢ — (BT — A*)) " '¢|]* dt < oo
for ¢ > 0 sufficiently large. This holds if and only if

/Oo 720 (BI — A*) (] — A*)7L¢|? dt < oo.

(&

Using Proposition 4.10 with p € C such that

1 k+ 0
P L e S

- 1 t B ,
 ta(t) /[0700) —ﬂ(li-f—t /<c+5> (dr)

\

~

[ ] =
=

7 N\
—_

=+ |
| Q> o+
==
N—
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it follows by straightforward calculation that for ¢ > 0

(BI— A*)(tI — A*) ' =¢— (t = B)(t] — A*) ¢
1 K
=6 ﬂ)ﬁ+t<§+pﬁ+ﬂ>
(B) K

a(t) (e+pB)(s+1t)

Hence, using Lemma 4.1(xiii) we have that for ¢ > 0

Q>

g
t

1(BT — A)(t] — A")~H¢]f?

g aa (D MDA | (d/dya)
(26) @@ ( - Baw)?
5 a(B)—al(t)
+h t2<d<t>>2<t—ﬂ>2>'

By Lemma 4.1(xvi), (xv), and (xiv), and by the fact that

t2(a(t))?

—

1 1 C
2 -

<T——==<

t—B " c—ft

for ¢ > ¢ whenever ¢ > (3, we observe that for ¢ > (8

1 1 ™
/ 172 dt < o0

Combined with (26) this implies that (25) holds if and only if

<, a(t) + Hd/dba(t)
/c ! GO

with ¢ > 3, which is equivalent to Hypothesis 3.10(i). O

<0

Proposition 6.5. Let 0 < n < 1. The restriction J|pay may be
extended continuously to a linear bounded functional from D 4(n,2) into
C if and only if Hypothesis 3.10(i) holds.



SEMIGROUP SETTING FOR VOLTERRA EQUATIONS 267

Proof. By Proposition 6.4 it is sufficient to prove that J|p 4y may
be extended continuously to a linear bounded functional from D 4 (7, 2)
into C if and only if ¢ belongs to Dgr_a-(1 — n,2). We shall use
the fact that J|p, = Jo (B1 — A)~! o (BI — A). We first prove
the ‘if’ part of the proposition. Let us assume that & belongs to
Dgr_a+(1 — n,2). Corollary 6.2 implies that there exists a linear
bounded functional T' € (H_y, H); , such that T'(¢) = (¢, &) for p € H.
Using Proposition 4.7 we therefore have for ¢ € H

(70 (81— A1) (9)| = ]# /[O m0(5) i)

Ba(B) ) K+
1 1

) 1Tl sy, 1l (s,

@

Hence, J o (31 — A)~": (H,| - [l(z_,.m),.) — C is a linear bounded
functional. As H is dense in (H_i,H);, 2, see [10, p. 23], there
exists a continuous extension of J o (31 — A)~! that we denote by
E : (H_1,H),2 — C. The linear operator 51 — A : D(A) — H is
bounded, where D(A) is equipped with the graph norm of A. Moreover,
the linear operator 81 —A_q : H — H_; is bounded, see [1, pp. 262, 2].
Furthermore, we have the continuous embeddings D(A) — H — H_j,
see [1, pp. 256, 262]. It is a consequence of interpolation theory that
BI —A_1 : Ds(n,2) — (H-1,H), 2 is a linear bounded operator, see
[10, p. 19]. Therefore Eo(8I—A_1) : D(n,2) — C is a linear bounded
functional and for ¢ € D(A) we have

(Eo(BI—A_1))(v) = E((BI - A)p)
= (Jo (BI = A)7)((BT = A)y) = J(v).

This shows that E o (8] — A_1)|p,(s,2) is a continuous extension of
JIp(ay-

We now prove the ‘only if’ part of the proposition. Let us assume
that J|p(a) extends continuously to a linear bounded functional from
Da(n,2) into C. For our convenience we denote this extension by
J : Da(n,2) — C. Since the linear operators (31 — A)~! : H — D(A)
and (B — A_1)™' : Hy — H are bounded, see Proposition 4.7
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respectively [1, pp. 262, 2], and the embeddings H — (H_1,H),2 —
H_; are continuous, see [10, p. 16], we have that (3] — A_;)~! :
(H-1,H)y2 — Da(n,2) is a linear bounded operator, see [10, p. 19].
Hence, Jo (81 — A_y)™' : (H_1,H),2> — C is a linear bounded
functional. Using Proposition 4.7 we therefore have for ¢ € H

<p§|_|/000 K—i_ﬁ dn)

= pa(B)|(J o (BI = A1)~ 1) (p)|
< 6d(6)HJO (BI - A71)_1H(H_17H);’2H<PH(H_1,H),7,2-

This shows that ¢ +— (p,&) is a linear bounded functional on
(H, || - l(z_,,m), ) As H is dense in (H_y, H), 2, this functional ex-
tends continuously to a linear bounded functional 7' € (H_1, H);, , that
satisfies T' () = (¢, ) for ¢ € H. It is a result of Corollary 6. 2 that 13
belongs to Dgy—a-(1 —1n,2).

Proposition 6.6. Let 0 < 0 < 1. The function m € H given by (11)
belongs to D4(0,2) if and only if Hypothesis 3.10(ii) holds.

Proof. It is sufficient to prove Remark 3.13 for the function
7:= (1/e+05). Let 0 < 6 < 1. By definition of the interpolation
space D4(0,2), see [10, p. 49], 7 belongs to D4(0,2) if

(28) / POV AT = A) |2 dt < oo

(&

for ¢ > 0 sufficiently large. Using Proposition 4.7 with u € C such that

1 m?(n)y .
w= t)/[ (dr)

0700) K/‘i_t

(
1 K 1
ta(t) /[0700) k+trk+0 v(dr)
1
(

1 t 3
t) /[0700) t—ﬂ(/{-i-t B n+ﬂ)y(dﬁ)
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we have for t > 0

A(tI—A)flﬁ-:—ﬁ-_|_t(t[_A)*17~T:_7~T+t7T(ﬁ)+u
K+t
1
=ut ~ (k).
K+t K+t

Hence, by straightforward calculation using 4.1(xii) and (xiii) we have
fort >0

(29)
lAGT=A)~ 7|

- o) (-~

L1 at)+i(d/doat) (d/dt)&(t))
(B) (t=p)*  (t=B)*(a(t))? (t—p)2(a(t)? )

By (27) and Lemma 4.1(xiv) and (xv) we observe that for ¢ >

> 20-1 1 c 2 20-3
/C t (t—ﬂ)thS p—" ) t dt < 0o
and

N

Combined with (29) this implies that (28) holds if and only if

01 A(0) Hd/d0at)
[ N s IO R

with ¢ > 3, which is equivalent to Hypothesis 3.10(ii). mi

Note that Propositions 6.5 and 6.6 imply Remarks 3.12 and 3.13,
respectively. It is easily observed that Remark 3.11 follows by using
Lemma 4.1(xiv).

7. The homogeneous case II. With the results of Section 6 we
are now in a position to prove Theorem 3.15.
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Proof. Let the functions uy,us : (—00,0] — R and 1,19 : [0,00) —
R be defined by respectively uy(t) := ug(t) — veP* and ua(t) := veb*
for t <0 and

o0
Y;i(K) ::/ e "uj(—s)ds, £>0,j=1,2,
0

~ ugp(0) a(+00) 1 o d
= ww ( dt“@ (10(0) — uo(—t)) .
Note that wg = wui; 4+ ue and ¥y = Y1 + ¥o. It is easily seen
that uy and wus satisfy Hypothesis 3.5(i), (ii) and (iii). Furthermore,
it follows from straightforward calculation using the definition of ~
and Lemma 4.1(iv) and (ix) that u; also satisfies Hypothesis 3.5(iv).
Therefore Theorem 3.9 implies that the function %; : R — R defined

" (S(t)in)
N o J(S(t)yp1) t>0,
h() = {ul(t) <0,

is the unique solution to (1) with f identically zero and ug replaced
by w1, and @ is continuous on [0,00) and real analytic on (0, 0).
Since 11 belongs to D(A), which can be proved in the same way
as Lemma 5.1. Proposition A.2(ii) implies that ¢ — S(t)¥1 belongs
to C1=1([0,00); Da(n,2)). As J : Da(n,2) — C is continuous by
Remark 3.12, this implies that i; belongs to C*=7[0, co).

Recalling that the function b : (0,00) — R is the integral resolvent
of the first kind of a, see (2), and extending us to us : R — R by
us(t) := el for t € R, it follows from Proposition B.1 that the
function s : R — R defined by

us(t) — Ba(B) / bt — s)us(s)ds ¢ >0,
ﬂg(t) = ) 0

’LLg(t t S O,

is the unique solution to (1) with f identically zero and ug replaced by
ug. We shall prove that @s(t) = J(S(¢)12) for t > 0. Note that the
righthand side is well-defined, since

_ Oo—ms—ﬁsd:
Yo (k) 'y/o e e s Fym—I—ﬁ
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where m € H is given by (11). By semigroup theory we have
(sI — A~ = [[Te*S(t)dt for s > (3/4, see [10, p. 40]. Moreover,
Jo T e *tS(t)m dt exists as a Bochner integral in D4(n,2) for s > 3/4,
since 7 belongs to D(6,2) by Remark 3.13 and [|S(f)|lz(pa(n,2)) <
eB/Ht for t+ > 0 by interpolation theory. Using the continuity of
J : Da(n,2) — C, Proposition 4.7, and the fact that the Laplace
transform of a convolution is the product of the individual Laplace

transforms, in particular a(s)b(s) = 1/s and s (s) =

for s > 0,

we have for s > f3

/Oooe“J(S(t)wg) dt

sa(s) 0,00) K+ 8
1 K
=750 Sy r 9t )
1 1 R R
= i) =B (sa(s) — Ba(B))

This shows that the Laplace transforms of 4y and ¢t — J(S(t)y2) are
equal on (B,00). It is a consequence of the inversion theorem for
Laplace transforms that s(t) = J(S(¢)12) for ¢ > 0. As w, and thus
a2, belongs to D 4(6,2) with D4(0,2) embedded in D4(n,2), see [10,
p. 16], and as J : Da(n,2) — C is continuous, it is clear that s
is real analytic on (0,00). Moreover, s belongs to C?~"[0,00) as a
consequence of Proposition A.2(iii).

It follows that the function v : R — R defined by w := 1 + w9 is
the unique solution to (1) with f identically zero, and u belongs to
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C9710, 00), is real analytic on (0,00), and satisfies (10). O
Finally we prove the equality in Remark 3.16.

Proof. By semigroup theory we have (s — A)~! = fooo e~ stS(t) dt for
s > (B/4), see [10, p. 40]. Using Proposition 4.7 and the continuity of
J :Da(n,2) — C by Remark 3.12, we have for s > (3/4) and x > 0

| e sou ) it = (s = a) o)) = LLIEE,

where p € C satisfies

p=J((sI - A)Yy) = /Ooo =L J(S(E)o) dt = a(s).

As the Laplace transform of a convolution is the product of the
individual Laplace transforms, it follows that for s > 3/4 and k > 0

/0 e (S (o) (k) di
o), ls)

K+ s Kk+s

[ed] t
:/ e st (e“tdjo(li) —|—/ e "=y (o) da> dt
0 0
o] o] t
= / e st (e“t/ e " ug(—0o)do +/ e "=y (o) da) dt
0 0 0
= / e st (/ e " u(t — o) do) dt.
0 0

The remark is a consequence of the inversion theorem for Laplace
transforms. o

8. The inhomogeneous case. The goal of this section is to prove
Theorem 3.17. To this end we consider the inhomogeneous problem
(1) with wg identically zero and f locally integrable. Analogous to
Section 5 we first want to consider (4), with v identically zero, as
an abstract Cauchy problem in an appropriate space. Therefore we
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define the linear operator A : D(J) — H by At := J(¥)1 — r)(k) for
¥ € D(J) and the linear functional I : D(J) — C by

1(4) = /[ W)~ w() ), € D)

Note that fl\D(A) = A, that I is well-defined by Lemma 4.2, and that
if ¢ belongs to D(J), then ¢ belongs to D(A) if and only if I(¢)) = 0.
Recalling that 7 is given by (11) the next lemma is easily seen.

1
) Ba(B)’
Arm = B and I(w) = 1. Moreover, if v € D(J), then p — I(¢)w
belongs to D(A).

Lemma 8.1. The function © belongs to D(J), J(mw)=

Heuristically the semigroup approach continues as follows. Since for
t > 0, 9(t,-) satisfies (5) with u(t) = J(¥(t,-)), that is, I(¢(t,-)) = f(¢)
where f is not identically zero, ¥(t,-) does not belong to D(A). Using
Lemma 8.1 we rewrite (4) into

%W, )= (t, ) = A((t,) = f(O)) + f(B)Ax
(

~1(¥(t) = f(O)m) + Bf()m
= A_(t,) + F(6) (BT — A_y)m

for t > 0 and ¥(0,-) = 0. In view of the semigroup setting we therefore
study the following inhomogeneous abstract Cauchy problem in H_q:

0 D p(t) = Aa(t) + ST~ An)r, 10,

From semigroup theory we have the next proposition.

Proposition 8.2. Problem (30) admits a um'que mald solution 1 :
[0,00) — H_1 in the sense that ¥ (t) fo Vf(s)(BI—A_q)mds
for t > 0 where the integral is a Bochner mtegml in H_1. Moreover,
Y s continuous on [0,00) with respect to the norm of H_1 and (t) =
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(BI—A_ fo (t—s)f(s)wds fort > 0 where the integral is a Bochner
integral in H.

The following proposition gives conditions under which the mild
solution to (30) has values in D4(n,2) with 0 <n < 1.

Proposition 8.3. Let a satisfy Hypothesis 3.10 with 0 <n < 6 < 1.
Let f belong to LP[0,T] for every T > 0 where 1 < p < co. Then the

mild solution v to (30) is given by 1 (t) fo (BI-A)S(t—s)f(s)mds for
t > 0 where the integral is a Bochner integral in D(n,2). Moreover,
the following holds:

(i) If p =1, then 1 belongs to L1([0,T]; Da(n,2)) for every

1
1§q<17cde>O;

—(0—n)

i) Ifl<p< then 1 belongs to L1([0,T]; Da(n,2)) for every

1

9_ M
p

1<g<—2

=T 0-np
1

I

(i) If p = 53—

1<g<o0and T > 0;

and T > 0;

then 1 belongs to L4([0,T]; Da(n,2)) for every

1
(iv) If—77 < p < o0, then 9 belongs to CO " (1/p)([0,T];DA(77,2))

for every T > 0.

Proof. Properties (i)—(iv) follow by applying Proposition A.2(iv)—(vii).
We only have to prove that fg(ﬁ[ — A)S(t — s)f(s)mds exists as a

Bochner integral in D4(n,2) for 0 < ¢ < T whenever 7 < p < o0.

Note that 7w belongs to D4(6,2) by Remark 3.13 and that D(6,2) is
embedded in D4(n,2). Let T > 0 and gy <P <00 Let 1 <p' < o0
-n

1 1
be such that — + — = 1; hence, (—1+6 —n)p’ > —1. Combining semi-

p
group and interpolation theory it follows that there exists C' > 0 such
that ||(ﬂI_A)S(t)‘|£(DA(9,2),DA(1772)) < CtilJrein for 0 <t < T, see
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[10, p. 51]. Using the Holder inequality we have for 0 <t < T

[ 16T = (6= 956l

< Ollllpaos / (t— 5)~H0 | (3)] ds

t , 1/p’ t 1/p
< C|7T|DA(9’2)(/0 g(=1+0—mp ds) (/0 |f(s)|pds) <o0o. O

The next two lemmas concern the Laplace transform of the mild
solution ¥ to (30).

Lemma 8.4. Let a satisfy Hypothesis 3.10 with 0 < n < 6 < 1.
Let f belong to LP[0,T] for every T > 0 where 1 < p < co. Then the
Laplace transform 1) : (8,00) — Da(n,2) of the mild solution v to (30)
1s well-defined and

d(s) = f(s)(s] = A) " (BI = Ay)m, s> 5.

Proof. To prove that v is well-defined on (B8,00) we show that
Jo~ e *(t) dt exists as a Bochner integral in Da(n,2) for s > f.
Combining Semigroup and interpolation theory it follows that there
exists C' > 0 such that

1(BI = A)SW) | £(Da(8,2), Da(n2)) < CePt 1071 ¢ >0,

see [10, p. 51]. Using that the function t + e’'t® with a > —1 has
Laplace transform s — (I'(a+1)/(s — 3)**!) on (3,00) and that the
Laplace transform of a convolution is the product of the individual
Laplace transforms, we find that for s > (3

/o le™ ()| Da(n.2) dt

/ (/ (8 — A)S t—a)f(a)ﬂDA(,,g)da)dt
< Clllouoa [ ([ - )‘1+9‘"|f(0)|d0)dt

= Clrllpaa) % 7l(s) <
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By semigroup theory we have (sI — A_ fo e stS_4(t)dt for
s > (8/4), see [10, p. 40]. Using Fublnl s theorem by the above, we
therefore have for s > 8

i(s) = /OOO est</t(m —A)S(t— U)f(a)wda) dt

0

- /OO e fo )(/:o e s (BT — A)S(t — a)wdt) do

( e~ f(o )(/OOO e—St(ﬁI—A)S(t)wdt)
f(

) [ s - A
— f&)(sI—AL) MBI - A o

Lemma 8.5. Let a satisfy Hypothesis 3.10 with 0 < n < 6 < 1.
Let f belong to LP[0,T] for every T > 0 where 1 < p < oo. Then

J((s)) = S%(S) f(s) for s> 3.

Proof. Let s > (3. Let m, € D(A) be defined by m, := n(nl —
A)7ir for n = 1,2,.... Tt is a consequence of semigroup and in-
terpolation theory that lim, .. |7 — 7[[p,6,2) = 0, which implies
limy, oo [|(B] — A)mp — (BT — A_1)7||(1r_, 1), = 0 and hence,

i [[(s1—A) 7 (BT~ A)my — (I~ A_) ™ (BT~ A1) py(o.2) = 0.

As D4 (0,2) is continuously embedded in Dy4(n,2), see [10, p. 16], this
implies that

lim [(sI—A)~ " (BI—A)m, — (sI—A_1) " (BI—A_1)7||p,(n2) =O.
Since J : Dy(n,2) — C is continuous by Remark 3.12, it follows that

(31) lim J((sI—A) " (BI—-A)m,) = J((sI—A_1) " (BI—A_y)m).

n—oo
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To calculate the lefthand side of (31) we observe that Proposition 4.7
T (F) + Pn

implies that m, (k) = T

fork >0and n=1,2,... with

P #m) /[o,o@ ZWT(IZ vide) =3 - 8 (ﬁal(m - na1<n>>

By Proposition 4.7 and straightforward calculation it follows that

1 K 1
~ sa(s) a(n) /[O,oo) K+8Kk+n v(dr)
1 n 1 1
sa(s) n—s a(n)n—s’

It is a consequence of Lebesgue’s dominated convergence theorem that
lim,, . d(n) = 0. Furthermore, the monotone convergence theorem
combined with Lemma 4.1(iii) implies that lim, . nd(n) = +oo.
Therefore lim,, o (n — s)a(n) = 400 and hence,

1 1 1
lim J((sI — A)7H(BI = A)my) = lim_ sa(s) ni s a(n)n—s
1
- sa(s)’

Combined with (31) this shows that J((sI — A_;) (3] — A_y)7) =

1
sa(s)’

Using Lemma 8.4 this proves that

T(h(s)) = f(5)J ((sT = A-x) MBI = A_p)m) =

Now we are in a position to prove Theorem 3.17.
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Proof. From Proposition 8.3 and the continuity of J : D4(n,2) — C
by Remark 3.12 it is clear that u given by (12) satisfies the regularity
properties stated in the theorem and hence, u is Borel measurable.
Moreover, u satisfies Definition 3.2(ii) by the fact that u(¢) = 0 for
t < 0, that u belongs to L'[0,T] for every T > 0, and that a is
continuous, see [9, p. 38]. To show that u satisfies Definition 3.2(iii) and
(iv) we calculate the function v. Since J : D4(n,2) — C is continuous
and ;7 e~*!1p(t) dt exists for s > 3 in D 4(n,2) by Lemma 8.4, we have
for s > (8 using Lemma 8.5

f(s),

N < - 1

i) = [ eI = T0) = 7
that is, a(s)i(s) = (1/s)f(s). As the function ¢t — fo s)ds has
Laplace transform s — 1/sf(s) and the Laplace transform of a convo-
lution is the product of the individual Laplace transforms the 1nversion
theorem for Laplace transforms implies that v(¢ fo a(t—s)u(s)ds =

fo s)ds for t > 0. It follows that u satlsﬁes Definition 3. 2(111) and
(iv). o
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APPENDIX

A. For f,g (0 oo) — R we let f#*g:(0,00) — R denote the
function (f =* fo f(t —s)g(s)ds for t > 0. Recall that the
function g, : (O oo) — R with p > O is given by (13).

For a proof of each of the following two propositions we refer to [3].

Proposition A.1. Let 0 < p<1land 1l <p < oco. Let f belong to
L?[0,T] for some T > 0. Then the following holds:

1
(i) If p=1, then g, * f belongs to L[0,T] for every 1 < ¢ < 1
p
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and there exists ¢ > 0 depending on p and q such that

(32) g * fllapp,ry < cllfllzepo,m);

1
(i) If 1<p< ;, then g, * fbelongs to L2[0,T] for every 1 < g <

p
I—pp
(32) holds;

and there ezists ¢ > 0 depending on p, p, and q such that

(iil) If p = %, then g, * f belongs to L0, T] for every 1 < q < oo
and there exists ¢ > 0 depending on p and q such that (32) holds;
(iv) If % < p < o0, then g, * f belongs to C’gi%[O,T] and
there exists ¢ > 0 depending on p and p such that

_1 _1
19 * fllLejor) + 177 #[gp * flpms < TP7% || fllLojo,mys

p

where

g+ Fys = Sup{l(gp*f)(t)—(gpl*f)(s); o< s <t§T}.

(t—s)"»

Proposition A.2. Let (X, (-,-)) be a real or complex Banach space.
Let A: D(A) C X — X be a linear operator that is the infinitesimal
generator of an analytic semigroup {S(t)}i>0. Let 1 < p < oo,
0<a<l 1<r<oo, and let | belong to LP([0,T]; Da(a,r)) for
every T > 0. Then the following holds:

(i) If = belongs to Da(a,r), then t — S(t)x belongs to C*([0,T]; X)
for every T > 0;

(i) If = belongs to D(A), then t — S(t)x belongs to Ct=* ([0, T);
Da(a,r)) for every T > 0;

(iii) Let 0 < < a. If z belongs to D4(a,r), then t — S(t)x belongs
to C*7([0,T); Da(y,7)) for every T > 0;
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(iv) Let 0 <y < a. If p=1, then t — fot AS(t—s)f(s)ds belongs to

L9([0,T]; Da(y,1)) for every 1 < g < and T > 0;

o
1—(a=7)
1
(V) Let 0<y<a. Ifl<p< a— thentHngS(t—s)f(s)ds

p

belongs to L1([0,T); Da(~y,r)) for every 1 < ¢ < ————
(10,T}s Da3,7)) s

and
T > 0;

(vi) Let 0 <y < a. Ifp= %_’y, then t — fot AS(t—s)f(s)ds
belongs to L1([0,T]; Da(v,r)) for every 1 < g < oo and T > 0;

1
(vil) Let 0 < v < av. If —— < p < 00, then t — fOtAS(t—s)f(s) ds
a—7
1
belongs to C, TP (0,T); Da(y, 7)) for every T > 0.
B. For a proof of the next proposition we refer to [3].

Proposition B.1. Let ug : R — R be given by ug(t) := ve for
t € R where v € R. Then problem (1) with f identically zero admits a
unique solution and

u(t) = ug(t) — ﬂ&(ﬂ)/o b(t—s)up(s)ds t>0,
(1) t<0,

where b : (0,00) — R is the integral resolvent of the first kind of a, see

(2)-
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