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ABSTRACT HYPERBOLIC VOLTERRA
INTEGRODIFFERENTIAL EQUATIONS

YUHUA LIN AND NAOKI TANAKA

ABSTRACT. This paper is devoted to the study of
the problem of global solvability for the abstract hyperbolic
Volterra integrodifferential equation

u’(t):A(t)u(t)-l—fOt g(t,s,u(s))ds+f(t) fort>0
(VIE) S(t)u(t) € D fort >0
uw(0) = ¢

in a general Banach space X. The result obtained here is ap-
plicable to semilinear hyperbolic integrodifferential equations
with the so-called third kind boundary conditions in a space
of continuous functions.

0. Introduction. The main object of this paper is the study of
global solvability for the semilinear hyperbolic Volterra integrodiffer-
ential equation

u'(t) = Atyul(t) + [y g(t,s,u(s))ds + f(t) fort >0
(VIE) S(t)u(t) € D fort >0
u(0) = ¢

in a general Banach space X. Here {A(t) : t > 0} is a given family
of bounded linear operators on Y to X, where Y is another Banach
space continuously imbedded in X, D is a closed linear subspace in Y,
{S(t) : t > 0} is a given family of isomorphisms of X onto X, g(t, s, w)
is an X-valued function of (¢,s) € A :={(¢,s) : 0 < s <t < oo} and
weY,and f e C[0,0): X).
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This is the abstract version of the semilinear hyperbolic Volterra
integrodifferential equation

t
up(t, ) = a(t, T)ug.(t, x) +/ b(t, s, z,u(s,x),us (s, ), ups (s, z)) ds
0
with the so-called third kind boundary condition

Uz (¢,0) — a(t)u(t,0) = uy (¢, 1) + B(t)u(t,1) = 0.

It should be noted here that the inclusion S(t)u(t) € D appearing in
(VIE) is used to represent such boundary conditions. (See the final
part of Section 3.)

To handle equations involving differential operators with time-depen-
dent and nondense domains, we employ a family {S(t) : ¢ > 0} of
isomorphisms of X onto X and generalize the notion of Hille-Yosida
operators to the time-dependent case, where we mean by a Hille- Yosida
operator that it satisfies the assumptions of the Hille-Yosida theorem
characterizing the infinitesimal generators of semigroups of class (Cp)
except for the density of their domains. It should be noted that the
study of inhomogeneous abstract Cauchy problems for Hille-Yosida
operators was initiated by Da Prato and Sinestrari [1] and their results
have been extended to the case of quasi-linear evolution equations by
Tanaka [11] and that the study of time-dependent initial value problems
by using such a family {S(¢) : ¢ > 0} is found in the paper [6] by Kato.

In Section 2 we study the problem of existence of local solutions
to (VIE). The result obtained here is a generalization of the recent
result by Nagel and Sinestrari [10] concerning the problem (VIE) with
S(t) = I, the identity operator on X, for a Hille-Yosida operator,
see also [9]. Our proof is different from theirs and based on the
“generalized variation of constants” formula, see Theorem 1.4. This
formula together with some properties of integral term appearing in
(VIE), see Lemma 1.5, will enable us to study the problem of existence
of local solutions by the usual contraction arguments.

Section 3 contains the study of global solvability for (VIE). In [5]
Hrusa discussed by the energy method the problem of the global
existence of solutions of semilinear integrodifferential equations in the
L? framework. We are interested in the operator-theoretical approach
to the problem of this kind. This is a motivation of our work in this
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section, and a similar investigation to ours was carried out by Heard [3,
4] in the special case of S(t) = I. Finally we give an application of our
abstract theory to the concrete semilinear integrodifferential equations
with the third kind boundary conditions.

In the rest of this section we list the notation used in this paper. We
denote by B(Y, X) the set of all bounded linear operators on Y to X
with the associated operator norm || - ||y, x. We use subscript . to refer
to the strong operator topology in B(Y, X); namely C,([a,b] : B(Y, X))
is the space of all strongly continuous operator functions on Y to X,
while C([a,b] : B(Y, X)) is the space of all norm-continuous functions.
We write for simplicity Mp(7) = sup{||B(t)|| : t € [0,7]} if B(-) €
C«([0,7] : B(X)). The symbol {A(t) : t € [0,To]} € S;(X, M,w) means
that (w,00) C p(A(t)) for t € [0,Tp], and

<MA—w)™ forA>w

k
[T - A
j=1

and every finite sequence {tj}é?zl with 0 <t <ty <--- <t <Tp and
k=1,2,.... Products containing {¢;} will always be “time-ordered,”
namely a factor with a larger ¢; stands to the left of ones with smaller
t;. We say that this condition is the stability condition and the pair
{M,w} is the stability index.

1. Basic hypotheses and preliminaries. Throughout this paper,
let X be a Banach space with norm || - ||, Y another Banach space
with norm || - ||y which is continuously imbedded in X and D a closed
linear subspace in Y. We begin by setting up basic hypotheses on the
operators A(t), S(t) and g(¢, s,w) appearing in the equation (VIE).

The family {A(¢) : ¢t > 0} in B(Y, X) satisfies conditions (a;) through
(a3) below.

(a1) For each 7 > 0 there is a constant c4(7) > 1 such that

(1.1) lylly < ca(m)(lyll +[1A@®)yl)  for (t,y) € [0,7] x Y.

Since A(t) € B(Y,X) and D is closed in Y, it follows from condition
(a1) that for each t > 0, A(t)|p is a closed linear operator in X. Here
A(t)|p is the restriction of an operator A(t) to D.
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(az) For each 7 > 0 there are constants M(7) > 1 and w(7) > 0 such
that
{At)|p : t € [0, 7]} € Sg(X, M(7),w(T)).
(a3) A(-) € CL([0,00) : B(Y, X).

The family {S(¢) : t > 0} of isomorphisms of X onto X satisfies the
following conditions.

(s1) S(-) € CZ([0,00) : B(X)).
(s2) There is a family {B(t) : ¢ > 0} in B(X) such that

(1.2) S(HA)SE) = At)+ B(t) fort>0

and that B(:) € C1([0,00) : B(X)).

The X-valued function g(t,s,w) defined for (¢,s) € A and w € Y
satisfies two conditions below:

(g1) For each w € Y, ¢(t,s,w) is continuous in X on A. For each
7,7 > 0 there exists Ly(7,r) > 0 such that

(1'3) ||g(t,s,w) - g(tvsvz)H < Lg(Tv T)Hw - ZHY
for (t,s) € A(1) :={(t,s): 0<s<t<7}and w,z € By(r) :={w €
Yo fwlly <}

(g2) For each (s,w) € [0,00) x Y, g(t,s,w) is differentiable in ¢ with
(t,s) € A. For each w € Y, (9/0t)g(t, s, w) is continuous in X on A.
For each 7,7 > 0 there exists Ly(7,7) > 0 such that

(1.4) 10/0t)g(t, s,w) — (8/0t)g(t,s,2)|| < Ly(r,7)llw - =|ly

for (¢,s) € A(1) and w, z € By (r).
We shall investigate some properties of the family {S(t) : ¢ > 0}.

Lemma 1.1. The following assertions hold.

(i) S(-)~t € CL([0,00) : B(X)) and (d/dt)S(t)"tx = —S(t)710S(t) x
S(t)™ 'z forx € X and t > 0. Here and subsequently 0S(t)x denotes
the derivative of S(t)z.

(i) SE)(Y) =Y fort>0.
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(iii) Both S(-) and S(-)~! belong to C.([0,0) : B(Y)).

Proof. Assertion (i) is an elementary fact. Relation (1.2) implies
{r € X : S#)~ 'z € Y} =Y, and so (ii) is true. We note that
S(t),S(t)~r € B(Y) by the closed graph theorem. To prove (iii), let
y €Y and to > 0. We have by (1.1)

15(t)y = S(to)ylly < calto +1)([IS(E)y — S(to)yll
T IA@)S(t)y — Alto)S(to)y]
+1(Alt0) — AW)S (o))

for t € [0,%0 + 1]. By (1.2) we have A(t)S(t)y = S(t)A(t)y — B(t)S(t)y
for ¢t > 0, which shows that A(¢)S(t)y is continuous in ¢ > 0. Assertion
(iii) follows from this fact, (a3) and (s;). Similarly we have S(-)~! €
C.([0,00) : B(Y)). O

Lemma 1.2. We define a family {A(t) : t > 0} by
A(t) = A(t)|p + B(t) + 9S(t)S(t) !
fort > 0. Then the following assertions hold.

(A1) For eacht > 0, A(t) is a closed linear operator in X with domain
D.

(A2) For each T > 0 we have

lylly < ca(m)lyll+ IA@yl)  for (t,y) € [0,7] x D,
where c(7) = ca(7)(1 + sup{||B(t) + 0S(t)S(t)~| : t € [0,7]}).

(A3) For each 7 > 0, {A(t) : t € [0,7]} € Sy(X, M(7),3(7)), where
B(1) = w(r) + M () sup{||B(t) + dS(t)S(t)~ 1| : t € [0, 7]}.

(Ad) A(-) € CL([0,00) : B(D, X)).

Proof. (Al) and (A4) are obvious. (A2) follows from (1.1) by
an easy computation. To prove (A3), let 7 > 0. The fact that
(B(1),00) C p(A(t)) for t € [0, 7] is proved by the identity

(M —A1)™" = (M -At)|p)~

9 ' i((B(t)JraS(t)S(t)’l)(M—A(ﬂ|D)71)”

n=0
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for A > B(7) and ¢t € [0,7]. It is known [11, Lemma 1.1] that there is
a family {| |, : ¢t € [0,7]} of norms on X such that
() [zl < Jzfe < [z]s < M(7)|[z]| for z € X and (¢, s) € A7),

(n2) |(M — A(t)|p) x|t < (A —w(7)) x| for z € X,t € [0,7] and
A > w(T).

The stability condition is shown as follows. Let {t;}¥_, be a finite
sequence such that 0 =ty <t <--- <t <7 and A > §(7). By (n;)
and (ng) we have

(B(t) +0S()S(t)" ) (M — A(t)|p) "l
< M(7)[[(B(t) +2S(t)S(t) ") (M — A(t)|p) "=l
< M(T)||B(t) +08(t)S() (A = w(7) " |zl

for z € X and t € [0,7]. By this fact we estimate (1.5) to give
(1.6) (AT = A(®) " ale < (A= B(7)) " arle

for x € X and t € [0,7]. Set a; := |Hi:1()\l — A(t;)) x|y, for
I = 0,1,...,k. By (1.6) we have a; < (A — B(r)) M TI'Z1 (M —
A(t) Yzl < (A= B(1))"taj_1 for I =1,2,... k. Here we have used
property (nj). Solving this inequality we find ap < (A — B(7)) *ao.
The stability condition is proved by using (n;) again. O

The following is a direct consequence of [11, Theorem 1.5].

Theorem 1.3. Let {A(t) : t > 0} be the family defined as in Lemma
1.2. Then the limit U(t,s)z = limy o Ux(t, s)z exists for x € D and
(t.5) € A Here Un(t,s) = 10 s (T = MAGX) ™ for (t,5) € A,
and D denotes the closure of D in X. The family {U(t,s) : (¢,s) € A}
satisfies the following properties:

(e1) U(t,s) : D — D for (t,s) € A;

(e2) U(t,t)x = x and U(t,r)U(r,s)z = U(t,s)r for x+ € D and
(t,7),(r,s) € A;

(e3) the mapping (t,s) — U(t, s)x is continuous on A for any x € D;
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(eq) for each T > 0, |[U(t, s)z|| < M (1) exp(B()(t—s))||z|| for = € D
and (t,s) € A(T).

We say that the family {U(¢,s) : (t,s) € A} is the evolution operator
on D generated by {A(t) : t > 0}.

Our argument in this paper is based on the following.

Theorem 1.4. Let {A(t) : t > 0} be the family defined as in Lemma
12. Let 7 >0, s € [0,7) and h € C'([s,7] : X). If the compatibility
condition x € D and A(s)x + h(s) € D is satisfied, then the problem

(CPi(s.2). ) {10 = A1) ore €7

u(s) =z

has a unique solution u € C([s,7] : D)N CY([s, 7] : X) given by

(1.7) u(t) :M(t,s)x+lgf%1/s Ur(t, r)h(r) dr

for s <t < 1. Moreover, the solution u satisfies the equation

A(t)u(t) + h(t) = U(t, s)(A(s)z + h(s))

1.8 t
(18) +lim / U (t, ) (DA )u(r) + B (1)) dr

for s <t < 1. Here {U(t,s) : (t,s) € A} is the evolution operator on
D generated by {A(t) : t > 0}.

Proof. We define a family {A(t) : t € [0,7]} by

ﬁ(t) _ (.A(t) h(s\/t))

0 0

for t € [0,7]. We note that {A(t) : ¢ € [0,7]} is stable by [11, Lemma

1.6] and that
s (arn((2)-(3)
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It follows from [11, Theorem 1.8] that the limit U(Z,s) (D) =
limy o Uy (t,s) (“f) exists in (g) because of the compatibility condition,
where Uy (t,7) = Hg:/ (I = AA(A) 7 for (,7) € A(7), and that
the mapping t — U(t, s) (”1”) is continuously differentiable in (ﬁ) and
(d/dt)U(t, s) (1) = A®U(t, s) (7) for t € [s,7]. According to the device
due to Kato [8, Subsection 1.3], the solution u of (CP;(s,x), h) is given
by the first component of U(t, s)(7); hence (1.7) holds since we find by
(11, (1.15)],

Uit ) = (uxg’ ORI s 0, A1/ + 1)) dr)

for t € [s,7]. The desired identity (1.8) is obtained by substituting
Ut,s)(5) = (“(f)) into the equality given by [11] that

Awyite.)(}) =t (@00t 04 (7)
+ / (1) OA () <~D dr)

fors<t<r. O

Lemma 1.5. Let tyg > 0 and T € (tg,00). For each w € C(J :Y),
where J = [to,T) or [to, T], we define F: C(J:Y)— X by

(1.9) (Fw)(t) = S(t)/ g(t,s,8(s) tw(s)) ds

to
fort € J. Then the following assertions hold.
(F1) For each T, r > 0 there exists Lp(1,7) > 0 such that

(1.10)  [[(Fw)(®) = (F2)®)|l < Lr(r,7) | |w(o) = 2(0)ly do

to
forw,z € C(J: By(r)) andt € JN|0,7].
(F2) For each T, r > 0 there exists Mp(r,r) > 0 such that
[(Fw)(@)[| < (¢t —to)Mp(T,7)

(1.11) forwe C(J:By(r)) and teJnlo,7).
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(F3) For eachw € C(J : Y), we have (Fw)(-) € C'(J : X). For each
T, 7> 0 there exists Lp(T,7) > 0 such that

(1.12) /1t [(d/do)(Fw)(o) — (d/do)(Fz)(o)]|| do

< Lp(rr) [ |lw(o) = 2(o)lly do

forw,z € C(J: By(r)) andt € JN|0,T].
(F4) For each 7, r > 0 there exists Mp(r,7) > 0 such that

I(d/dt) (Fw)(#)|| < Mp(7, )

(1.13)
forweC(J:By(r)) and te JNJ0,7].

Proof. By (iii) of Lemma 1.1 we have ¢(7) := sup{||S(t) ||y : t €
[0,7]} < oo for each 7 > 0. To prove (1.10), let w,z € C(J : By (r)).
We have by (1.3)

[(Fw)(t) = (F2) @)
< Ms(T)Lg(T,C(T)T)/t 1S(s)™ w(s) = S(s) "2 (s) ||y ds

for ¢ € JN[0, 7]; hence (1.10) holds with Lp (7, r)=Mg (1)L, (7, c(T)r)c(T).
We note here that for each 7, r > 0 there exist M,(r,7) > 0 and
Mgy(7,7) > 0 such that

||g(ta S, U)) || S MQ(Ta T)

(1.14) for (t,s) € A(t) and w € By(r),

10/0t)g(t, s, w)l| < My(r,7)

(1.15) for (t,s) € A(T) and w € By (r).

This fact follows readily from conditions (g;) and (g2). Equation
(1.11) follows immediately from (1.14). For w € C(J : Y) we have
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(Fw)(-) € CY(J : X) and

(116)  (d/dt)(Fuw)(t / o(t,5,S(s) " "w(s)) ds
<g t.t,S(t)  w(t))
—I—/ (3/3t)g(t,s,5(s)1w(s))ds)

to

for t € J. Similarly to the argument above, we have (1.12) by (1.3)
and (1.4). The desired inequality (1.13) follows easily from (1.14) and
(1.15). o

2. Local solvability. This section is devoted to the local solvability
for (VIE). We begin by showing the existence and uniqueness of
solutions of the problem

u'(t) = A(t)u(t) for t > tg
(VIE; o, uo) + Jiy 9085, 0() ds + o0

S(t)u(t) € D for t > ¢

u(t()) = Ug,

where (tg,ug) € [0,00) x Y and fy € C([tg,00) : X). Let J be an
interval of the form [to, to+7) or [to, to+7] with 7 such that 0 < 7 < 0.
A function u in the class C'(J : Y)NC*(J : X) is said to be a solution to
(VIE; to,uo) on J if u(to) = uo, S(t)u(t) € D for t € J, and u satisfies
u'(t) = )+ ft (t,s,u(s))ds + fo(t) for t € J. Such a solution
to (VIE to, uo) is called a local solutwn to (VIE;tg, ugp).

Proposition 2.1 The following assertions hold.
(i) The (VIE;to,up) has at most one solution on any closed interval
[to, T
(ii) The (VIE;to,uo) has a local solution if the compatibility condition
ug €Y, S(to)ﬂo € D and 8S(t0)uo + S(to)(A(t())uO + fo(to)) e D is
satisfied.
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Remark. If u is a solution to (VIE;tg,ug) on [tg,T] then

(d/dt)S(t)u(t) = 0S(t)u(t)+S(t) (A(t)u(t)—i—/75 g(t, s, u(s)) ds+fo(t)>

for t € [to,T]. Since S(t)u(t) € D for t € [to,T], the righthand side
belongs to the set D; hence 95 (tg)ug + S(to)(A(to)uo + fo(to)) € D.

Proof. Let u be a solution to (VIE;tg, ug) on [tg,T], and set w(t) =
S(t)u(t) for t € [to,T]. Clearly w(:) € C([to,T] : D) N C([to,T] : X
by (iii) of Lemma 1.1, and we have by (1.2)

{ w'(t) = A(t)w(t) + (Fw)(t) + S(t) fo(t) for ¢ € [to, T
’w(to) = S(to)’do,

where {A(t) : t > 0} is the family defined as in Lemma 1.2 and F' is
defined by (1.9). Since S(tg)ug € D and A(tg)S(to)uo + S(to) folto) =
w'(tg) € D; namely the compatibility condition is satisfied, we have by
Theorem 1.4

(2.1)

w(t) =U(t,to)S (to)uo + 1,\1?01 /to Ur(t,0)((Fw)(o) + S(o) folo)) do

and
At w(t) = U(t, to)(A(to)S(to)uo + S(to) folto))
(2.2) + 1/\1?8 ) Un(t, o) (0A(o)w(o)

+ (d/do)((Fw)(o) + S(0) fo())) do
— (Fw)(t) = 5(t) fo(t)

for t € [to,T]. Here {U(t,s) : (t,s) € A} is the evolution operator
on D generated by {A(t) : t > 0}. To prove (i), let v be another
solution to (VIE; tg, ug) on [to, T], and set z(t) = S(t)v(¢) for t € [to, T].
We represent the difference between w and z by (2.1) and (2.2), and
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estimate it by (A3) of Lemma 1.2, (1.10) and (1.12). This yields

Jtt) — =(0ll < tim [ D)1~ BT~ 1o
to

. (LF(T, Ry) lw(s) — z(s)|ly ds> do

S N(T)Lp(T, Ro)(T — to) [ |lw(s) — 2(s)[ly ds

to

to

and

LA (w(t) — 2(8)| < (N(T)(Moa(T) + Lp(T, Ro))
+ Ly(T, Ro)) / (o) = 2(o)lly do

for t € [to, T], where we set Ro = sup{||w(t)|ly V ||z(¢)|ly : t € [to, T]}.
Here and subsequently we use the notation

N(r) = M(1) exp(B(1)7),
Maa(r) = sup{[|0A®)y - y € D, [lylly <1,¢ €[0,7]}.

Adding these inequalities, and using (A2) we obtain the inequality of
Gronwall type; hence w = z on [tg,T]. By the injectivity of S(t) we
have u = v on [to, T

We shall prove assertion (ii) by the Picard-Banach fixed point the-
orem. To do so, let Ty > to be fixed and choose R > 0 so that
IS(to)uolly < R. We now set ro = R — ||S(to)uolly, and define a
set F by

E = {we C([to,T] : D) : |w(t) — S(to)uolly < ro for t € [to, T]}.

Here T € (to,Tp] is yet to be determined. Clearly, F is a complete
metric space with metric d defined by d(w, z) = sup{||w(t) — z(¢)||y :
t € [to,T]}. Let w € E. By (F3) of Lemma 1.5, (Fw)(-) €
C*([to,T] : X). Condition (s;) implies S(t) fo(t) € C*([to, T] : X), since
f() S Cl([to,()o) : X) By (12) we have .A(io)S(to)’U,() + S(to)fo(to) =
S(to)A(to)Uo + 6S(to)U,O + S(to)fo(to) € D. From Theorem 1.4 we
deduce that the problem

{ @' (t) = A@)(t) + (Fw)(t) + S(t) fo(t) for t € [to, T]
’lI}(to) = S(to)UQ
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has a unique solution w € C([to,T] : D) N C([to,T] : X). This fact
enables us to define a mapping ¥ from E into C([tg, T] : D) by Yw = .
Since (Pw)(+) is a solution of (CP;(tg, S(to)uo), (Fw)(-)+S(-) fo(*)), we
have by (1.7)

([ (Pw)(t) = S(to)uo|l < sup{[|Ld(t,t0)S(to)uo—S(to)uoll : t € [to, T]}

+ | N(To)[[(Fw)(o)+5(0) folo)]| do

to

for t € [ty,T]. We note that w(t) € By (R) for t € [to,T]. By (1.11),
the last term on the righthand side is bounded by

(T'—to)N(To)((To—to) Mr(To, R)+Ms(To) sup{|| fo(t)|| : t € [to, To]})
for t € [to, T]. We have by (1.8)

[A®)((Fw)(t) — S(to)uo)||
< sup{|[|(U(t, to) — I)(A(to)S(to)uo + S(to) fo(to))| : t € [to, T]}
+ [[(A(to) — A(t))S(to)uoll + [[S(to) fo(to) — S(&) fo(D)l

+) N(To)[[0A(0)(Yw)(o) + (d/do)((Fw)(o) + S(o) fo(0))|| do

+ [ (Fw)@)]l

for ¢ € [to,T]. By (1.13) the fourth term is estimated by

N(To)MaA(To)/t [(w)(o) = S(to)uolly do

+ (T — to) N(To)(Maoa(To)R + Mp(Tp, R)
+ sup{|[(d/dt)S(t) fo(t)]| : t € [to, Tol})-

By (1.11) the last term is dominated by (T —tg) Mg (T, R). Combining
these estimates and using (A2) we obtain the inequality

[(Ww)(t) = S(to)uolly <e(T)+ C/t 1(Tw) (o) = S(to)uolly do

for t € [to, T], where C' is a positive constant and {e(T)} is a positive
sequence with limyp),, €(T) = 0. Here we have used property (eg) of
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Theorem 1.3. We therefore find a T' € (g, Tp] such that ¥(E) C E. To
show that ¥ is a contraction on F, let w, z € E. Similarly to the proof
of (i), we find by using (1.10) and (1.12) with (7,r) = (Tp, R)

[(Ww) ()= (¥2)(#)]| < N(To)LF(To,R)(To—to)/t [w(o)—2(0)|ly do

and
LA (Tw)(t) — (T2)(0)]
< N(Ty) / (Mo (o) | (¥w) () — (¥2)(0)ly

to

+ Lr(To, R)|w(o) — 2(0)|ly) do

+ / Lr(To, R)l|w(o) — 2(0)|ly do

to

for t € [to,T]. Adding two inequalities, and using property (A2) we
have

1(Tw)(t) = (T2)(t)ly < c(To)(T — to)d(Tw, Vz)
+ C(T(), R)(T — to)d(w, Z)

for ¢ € [to, T], where we set ¢(Tp) = ca(To)N(To)Mpa(Tp) and

C(To, R) = C_A(T’())(]\/v(T‘O)LF(T’O7 R)(To — to)
+ N(To)Lr(To, R) + Lr(To, R));

hence

c(To, R)(T — o)
e S Ty

This shows that ¥ is a contraction on E for a smaller T' € (to, To].
By the fixed point theorem there is a w € C([to,T] : D) satisfying
the differential equation w'(t) = A(t)w(t) + (Fw)(t) + S(t)fo(t) for
t € [to,T], with initial condition w(ty) = S(top)ug. By using some
properties of {S(¢) : ¢ > 0} of Lemma 1.1 we see that the desired
solution u is given by u(t) = S(t) " tw(t) for t € [to, T). O

d(w, z).

The main theorem in this section is provided by
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Theorem 2.2. If ¢ €Y, S(0)¢p € D and 95(0)¢ + S(0)(A(0)¢ +
f(0)) € D, then there are a tymax € (0,00] and a unique solution u to
(VIE) on [0, tmax) satisfying either

(i) tmax = 00, or

(i) tmax < 00 and limsup,,  [Ju(t)|y = oo.

max

Proof. By (ii) of Proposition 2.1, we define
tmax = sup{T > 0 : the (VIE) has a solution on [0, 77}

Clearly, tmax € (0,00]. Assertion (i) of Proposition 2.1 and the
definition of ¢,,,x together imply that there is a unique solution u of
(VIE) on [0, tmax)- If tmax = 0o then the proof is complete.

Now, assume tpax < 00. We have only to show limsup,, |lu(t)|ly =
oo. If this is false, then there is an 79 > 0 such that ||u(t)||y < 7o for
t € [0, tmax). If we set w(t) = S(t)u(t) for ¢ € [0, tmax), then we have
(2.3) lw(®)lly < B :=sup{[[SE)[ly : t € [0, tmax]}ro,

. for t € [0, tmax)-

As in the proof of (i) of Proposition 2.1, we have
w(t) =U(t, s)S(s)u(s)

2.4 t
24 st [ st (Eo)(0) + S(0)0)) dor
and
A)w(t) = U(t, s)(A(s)S(s)u(s) + S(s)f(s))
(2.5) —H}HI&/S Un(t,0)(0A(0)w(o)

+ (d/do)((Fow)(o) + S(0) f(0))) do
— (Fow)(t) = S(8) f(¢)

(
for 0 < s <t < tmax. Here {U(t,s) : (t,s) € A} is the evolu-
D (t

(t,
tion operator on D generated by {A(t) : t > 0}, and (Fow)(t) =
fo (t,0,5(c) tw(o))do for t € [0,tmax). B

Hw() wd)|| < @t s) —U(E, 5))S(s)u(s)l|

5)
n ( / + / £>N(tmax)(||(F0w)(U)|+||S(U)f(0)||)d‘7

v (2.4) we have
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for 0 < s < t, £ < tmax. Since S(s)u(s) € D, the first term on the
righthand side tends to zero as t,¢ | tmax. Noting (2.3) we deduce from
(1.11) that the last term is bounded by

2(tma»x - S)N(tmax)(MF (tmaX7 R)tmax
+ Mg (tmax) SUP{”f(t)” 1t e [OvtmaX]})-

Taking the limsup as ¢, | tymayx in (2.6), and letting s T tyax we have

(2.7) lim [Jw(t) — w(#)|| = 0.

4,0 T tmax

We represent the difference between A(t)w(t) and A(t)w(t) by (2.5),
and estimate it by (1.13). This yields

IA#) (w(t) — w(d))l]
< Ut s) = UL, 5))(A(s)S(s)u(s) + S(s) f ()]
+ 2(tmax — 8) N (tmax) (Mo A (tmax) R
+ M (tmax, R) + C(tmax))
+ [[(Fow) (t) = (Fow) (D)
+ S (@) = SEFDI + (A — AD)w()|

for 0 < s < t,1 < tmax, where we set C(tmax) = sup{||(d/dt)S(t) f(t)]| :
t € [0, tmax]}- The third term on the righthand side is equal to

H(S(t) ~S() /Ot o(t, 0, u(0)) do + S(F) /; o(t,0,u(0)) do

)

which is estimated by [t — |(Mas (tmax)tmax + M (tmax)) Mg (tmax, 70)-
Here we have used (1.14). The last term is dominated by Mg .4 (tmax) R|t—
t|. From these estimates it follows that

ltirt}Tltsup A) (w(t) — w(?))]

< 2(tmax - S)N(tmax)(MaA(tmaX)R
+ Mp(tmax; R) + Ctmax))

for 0 < s < tmax. The righthand side tends to zero as s T tmax, and so
this fact combined with (2.7) implies that the limit w, = limy,,,, w(t)

max
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exists in Y and w, € D since D is a closed linear subspace in Y. If
we set Uy = S(tmax) 1w, and define the value of u at tyay by . then
u € C([0,tmax] : Y). We note that u, € Y, S(tmax)u« = w. € D and
0S5 (tmax ) Ux + S (tmax ) (A(tmax ) Us + f (tmax)) = limgqe,,. (S(E)u(t)) € D,
where f(t) := fot""“‘ g(t,o,u(o))do + f(t) for t € [tmax,00). Since
f is continuously differentiable on [tmay, 00), we deduce from (i) of
Proposition 2.1 that the problem

() = A@ya(t) + [; glt,s,u(s))ds+ f(t) fort > tma
S(t)a(t) € D for ¢ > tmax

a(tmax) = Ux

has a solution @& on [tmax, tmax + 9] for some § > 0. The solution u on
[0, tmax) can be extended to the larger interval [0, tyax + d] by defining
u = U on [tmax, tmax + 0]. This is a contradiction to the definition of

tmax- O

3. Global solvability and its application. In this section we
shall give a sufficient condition for the global solvability for (VIE).

Theorem 3.1. For each ¢ € Y, S(0)p € D and 95(0)¢ +
S(0)(A(0)p+ f(0)) € D, the (VIE) has a global solution if the following
condition is satisfied.

For each T > 0 there are constants K () > 0 and L(7) > 0 such that
(3.1) lg(t, s, w)ll + [(0/0t)g(t, s, w)|| < K(7)[wlly + L(7)

for (t,s) € A(t) andw €Y.

Proof. By Theorem 2.2 there is a tmax € (0, 00] and a unique solution
u to (VIE) on [0, tmax) satisfying either (i) or (ii) of Theorem 2.2.
Assume to the contrary that tmax < co. If we set w(t) = S(t)u(t) for
t € [0, tmax) then w is a solution of (CP;(0,5(0)¢), (Gw)(-)), where G
is defined by

(Guw)(t) = S(t) < /Ot g(t,s,5(s) " w(s)) ds + f(t)>
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for t € [0,¢max). Using (1.16) we find by (3.1)

(3.2) H(Gw)(t)||+/0 1(d/ds)(Guw)(s)]| ds < c1 +02/0 [w(s)ly ds

for t € [0, tmax), Where ¢; are positive constants. By Theorem 1.4 we
have

[ < N(tmax)[15(0)o | +/O N(tmax) [ (Gw)(s) | ds

and

A w @) < N(tmax)[|A(0)S(0)¢ + S(0) £ (0)]]

+ / N (tama) (Mo ) [10(5) |y
+ [[(d/ds)(Guw)(s)]) ds + [[(Guw)(®)]

for t € [0, tmax). The claim that |w(t)|]y is bounded on [0, tmax) follows
easily from the inequality of Gronwall type obtained by combining
these inequalities and (3.2), and using property (A2). This contradicts
assertion (ii) of Theorem 2.2. O

Finally we shall give an application of our abstract results to the
following semilinear integrodifferential equation with the third kind
boundary condition:

(3.3)
gt (t, ) =a(t, x)uge (¢, )
—l—fotb(t, S, x,u(8, ), Uz (8, @), U (8, x)) ds
for (¢, z) €0, 00)x [0, 1],
ug (t,0) — a(t)u(t,0)
= ug(t, 1) + B(t)u(t
w(0,z) = ¢(z), w(0,z)

1

0 for ¢ € [0, 00),
)

)=
V(z for z € [0, 1].

Here a is of class C! satisfying a(t, z) > ag > 0 for (¢,z) € [0,00) %[0, 1],
and « and 3 are of class C2. The function b from A x [0,1]]x RxRxR
to R satisfies the following properties:
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(b1) b is continuous on A x [0,1] x R x R x R. For each 7,7 > 0
there exists Ly(7,7) > 0 such that

|b(t,5,$,€1,771,0’1) - b(t757x7527772,02)|
< Ly(7,7)(|&1 — &2| + [m — m2| + o1 — 02])

for (t75) € A(T)a S [Oa 1] and |€Z| + ‘771‘ + |Uz| <r.

(bg) For each (s,z,§,m,0) € [0,00) x [0,1] x R x R x R, b is
differentiable in ¢t > s, and (9/0t)b(t,s,x,&,m,0) is continuous on
A x[0,1] x RxR x R.

For each 7,7 > 0 there exists Ly(7,7) > 0 such that

|(a/at)b(t7 8737751777170—1) - (a/at)b(t7 S, 1'752,7’]2, 02)'

< Lo(7,r) (1€ — &2l + |m — m2| + |o1 — 02])

for (t,s) € A7), x € [0, 1] and [&] + [nm:] + |ou| <.

We are interested in getting a solution of (3.3) such that u, uy, us
and uy, are continuous on [0, 00) x [0, 1] and that (3.3) holds pointwise
in [0,00) x [0,1].

Theorem 3.2. Assume that ¢ € C?[0,1] and ¢ € C*0, 1] satisfy the
compatibility condition

©'(0) = a(0)p(0) = ¢'(1) + B(0)¢(1) =0,
(3.4) ¥'(0) = a(0)¥(0) — a’(0)(0)

=¢'(1) +80)v(1) + 5/ (0)p(1) =
Then there ezist a tymax € (0,00] and a unique solution u of (3.3) in
the class C([0, tmax) : C?[0,1]) N CL([0, tmax) : CH0,1]) N C?([0, tmax) :
C[0,1]). Moreover, (3.3) has a unique global solution if the following
additional condition is satisfied.

For each T > 0, there are constants K (1) > 0 and L(7) > 0 such that

(3.5) |b(t,s,x,&,m,0)|+((0/0t)b(t, s, x,&,n,0)|
< K(7)([§] + [n| + |o]) + L(7)

for all (t,s) € A(r), z € 10,1] and &, n, 0 € R.
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Proof. Let X = C'[0,1] x C[0,1] and Y = C?[0,1] x C[0,1]. Clearly
Y is continuously imbedded in X, where the norms || - || and || - ||y are

defined by
u
v

) u
H( ) = |lullczo,1) V l[vllcrjo,)  for ( ) cy
v y .

respectively. We now define a family {A(t) : ¢ > 0} in B(Y, X) and an
X-valued function g by

(0 ()= Caear ) (1) o (0) e
and
(00 (1)) 0= (ot i) o (1) €7

respectively. It is seen that (3.3) is reduced to the abstract inte-
grodifferential equation (VIE), by choosing the closed linear subspace
D = {(u,v) € C?[0,1] x C*[0,1] : «/(0) = u/(1) = 0} in Y and a family
{S(t) :t > 0} in B(X) defined by

o (2o (437 ) (1) e () o

where s(t,z) = —a(t)z + (a(t) + B(t))z?/2 for (t,z) € [0,00) x [0,1].

We shall prove that the family {A(¢) : t > 0} defined as above satisfies
conditions (a;) through (a3). An easy computation shows that (1.1)
holds with c4(7) = 1V (1/ag). To prove condition (ag), we use two
families {Ag(¢) : ¢ > 0} and {By(t) : ¢ > 0} of linear operators in
X = C[0,1] x C[0,1] defined by

(Ao(t)@)(x)=< af)tjx) _ c?(t,x)) (zégg)m

u
= ooV olerosy tor () € X

D(Ao(t)) = {o € C'[0,1] x C*[0,1] :
1(0) + v2(0) = vy (1) + va(1) = 0}
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and

(Bo(t)?)(z) = — ( 0 B a(t,a:)) ¢z (t, x)q(t, 2) " 'o(2)

a(t,z) 1
4 = .
q( 7x) ( a(t,l’) _1)
Similarly to the proof of [2, Theorem 2.1], we have (0,

00)
and ||[(M — Ag(t))7Y|x < 1 for A > 0. Clearly, By(t) € B(X
and w(7) := sup{||Bo(t)||x : ¢t € [0, 7]} < 0o; hence

for o € X, where

C p(Ao(1))
) for t > 0,
(3.6) {Ao(t) + Bo(t) : t € [0, 7]} € Sy(X, 1, w(T))

for each 7 > 0. We now turn to the check of condition (ag). We first
show that (w(7),00) C p(A(t)|p) for t € [0,7]. To do so, let A > w(7)
and (f]) € X. We want to solve the equation (A — A(t)|p)(}) = (5),

n
namely
Au—v=E¢,
(3.7) { A — a(t, Yuge =1,
uz(0) = uz (1) = 0.

We note that if (A — A(t)|p) (%) = (f}), then

38 att) (%) = O = Cott) + Bofo) e ().

v n
Indeed, if (%) is a solution of (3.7) then we have

() (s o) () = (5)

(3.9) { :
U, (0) = u, (1) = 0.

Since

0t (e o) = (VO3 _ ) ot
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it follows easily that (“’1) = q(t,-)(") is a solution of

(7 = (aoft) + Bo(0)) (1) =ate) (&)

Ui

On the basis of (3.8), we now put (?) = q(t,-) "' (A] — (Ao(t) +
Bo(t)))_lq(t,-)(%). It is then seen that (?) € C'[0,1] x C'[0,1] and
(3.9) holds with u, replaced by z. Defining u = (v—i—f)/)\ we have u, = z
and see that (1) € D is a solution of (3.7). To prove the uniqueness of
solutions of (3.7), set (g) = (8) in (3.7). We have by (3.8), (%) = (8)
because of the injectivity of ¢(¢, -), and then u = 0 by the first equation

n (3.7). The proof of uniqueness is thus complete. Next7 let A > w(7)
and {t; } ", a finite sequence with 0 =ty < ¢; < --- <t < 7. For
(n) € X we define

(1) - TT07 4w () (= 01— aeoior (1))

=1

u

for 1 <1 < k, where we set ( ) = (f}) By (3.8) we find

v

>»oyo

-1
oty ((C9)7) = 07 = Caote) + Bate)) ate) (1307,

l
A
l -1 (ulil)m
< 0= ot (20 |
< O wfr) ™ explLy ()t~ 1))

for 1 <1 < k. Here we have used the notation

= o (49

and we have by (3.6)

kd

and the fact

o (1)
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for t,£ € [0,7] and (2) € X. This is proved by using the fact that
there existAs Lyr) >0 SIAlCh that ||(q(¢,-) — q(f,-))q(f,-)_l(g)Hx <
L,(7)|t — t||\(g)”x for ¢,t € [0,7] and (g) € X and the inequality
1+r < e for r > 0. Solving the above inequality we have qf\ <
(A —w(7))"Lexp(Ly(7)(t; — to))qY, which implies

(3.10)  (I1(eV)sllco, V 1v4llcro.)
< (M)A = ()" (llco. V Inllcp,)

for 0 <1 < k. By the definition of {u}} we have Au} — v} =u\~* for
1 <1 < k; hence uf = Zle(l/)\)k_”lvﬁ\ + (1/))k¢. We estimate it
by (3.10). This yields

luXlleo < ((eq(r)/w(r) + DA = w (1) (€l o V 1l co)-
Combining this and (3.10) we find
{A@t)|p : t € [0,7]} € Se(X, M(7),w(T)),

where M (1) = ¢4(7)+(cq(7)/w(7))+1, and so condition (as) is satisfied.
Condition (a3) is clearly verified.

The family {S(t) : ¢t > 0} in B(X) satisfies condition (s1). Condition
(s2) is checked by taking a family {B(t) : t > 0} in B(X) defined by

(o0 2))

- : )
T\ —a(t, 2) (80 (t, 2)u(x) + 28, (t, 2)u' () — s4(t, v)%u(z))

for () € X. One can easily check conditions (g1) and (g2) by virtue of

(by) and (bg); By (3.4) we have S(0)(7) € D and S(0)A(0)(%) +
05(0) (i) € D; namely the compatibility condition is satisfied. It
follows from Theorem 2.2 that there are a tyax € (0,00] and a unique

solution (7:) on [0,tmax) of the Volterra integrodifferential equation

(VIE) with initial data ¢(z) := (ig), and it is therefore proved that
the first component u is a unique solution of (3.3). If the function b
satisfies (3.5) then (3.1) is easily verified, and so (3.3) has a unique

global solution by Theorem 3.1. o
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