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CONSTRAINED WILLMORE TORI IN THE 4-SPHERE

CHRISTOPH BOHLE

Abstract

We prove that a constrained Willmore immersion of a 2-torus
into the conformal 4-sphere S* is of “finite type”, that is, has
a spectral curve of finite genus, or of “holomorphic type” which
means that it is super conformal or Euclidean minimal with pla-
nar ends in R* & §4\{co} for some point oo € S* at infinity.
This implies that all constrained Willmore tori in $* can be con-
structed rather explicitly by methods of complex algebraic ge-
ometry. The proof uses quaternionic holomorphic geometry in
combination with integrable systems methods similar to those of
Hitchin’s approach [19] to the study of harmonic tori in S3.

1. Introduction

A conformal immersion of a Riemann surface is called a constrained
Willmore surface if it is a critical point of the Willmore functional
W= [y [I|2dA (with I denoting the trace free second fundamental
form) under compactly supported infinitesimal conformal variations,
see [23, 27, 8, 5]. The notion of constrained Willmore surfaces gen-
eralizes that of Willmore surfaces which are the critical points of W
under all compactly supported variations. Because both the functional
and the constraint of the above variational problem are conformally in-
variant, the property of being constrained Willmore depends only on
the conformal class of the metric on the target space. This suggests
an investigation within a Md&bius geometric framework like the quater-
nionic projective model of the conformal 4-sphere used throughout the
paper.

The space form geometries of dimension 3 and 4 occur in our set-
ting as subgeometries of 4—dimensional Mobius geometry and provide
several classes of examples of constrained Willmore surfaces, including
constant mean curvature (CMC) surfaces in 3—dimensional space forms
and minimal surfaces in 4-dimensional space forms. See [5] for an intro-
duction to constrained Willmore surfaces including a derivation of the
Fuler-Lagrange equation for compact constrained Willmore surfaces.
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A prototype for our main theorem is the following result on harmonic
maps, the solutions to another variational problem on Riemann surfaces.

Prototype Result. Let f: T? — S? be a harmonic map from a
2-torus T? to the 2-sphere S with its standard metric. Then either

e deg(f) =0 and f is of “finite type”, i.e., has a spectral curve of
finite genus, or
o deg(f) #0 and f is conformal.

That deg(f) # 0 implies “holomorphic type” follows from a more
general result by Eells and Wood [11]. That deg(f) = 0 implies “finite
type” has been proven by Pinkall and Sterling [24] and Hitchin [19].
In contrast to the conformal case when f itself is (anti—)holomorphic,
parametrizing a harmonic map f of finite type involves holomorphic
functions on a higher dimensional torus, the Jacobian of the spectral
curve, an auxiliary compact Riemann surface attached to f.

The main theorem of the paper shows that the same dichotomy of
“finite type” versus “holomorphic type” can be observed in case of con-
strained Willmore tori f: 72 — S in the conformal 4-sphere S*.

Main Theorem. Let f: T? — S* be a constrained Willmore immer-
sion that is not Euclidean minimal with planar ends in R* = §*\{oo}
for some point at infinity co € S*. Then either

o deg(Lys) =0 and f is of “finite type”, i.e., has a spectral curve of
finite genus, or
o deg(Lys) #0 and f is super conformal,

where deg(Ly) is the degree of the normal bundle Ly of f seen as a
complex line bundle.

Euclidean minimal tori with planar ends play a special role here since
they can have both topologically trivial and non—trivial normal bundle.
Constrained Willmore tori in the conformal 3-sphere S3 occur in our
setting as the special case of constrained Willmore immersions into S*
that take values in a totally umbilic 3—sphere and, in particular, have
trivial normal bundle.

The main theorem implies that every constrained Willmore torus
f: T? — S* can be parametrized quite explicitly by methods of complex
algebraic geometry. If f is of “holomorphic type”, that is, if f is super
conformal or Euclidean minimal with planar ends, then f or its differ-
ential is given in terms of meromorphic functions on the torus itself: a
super conformal torus is the twistor projection CP? — HP' of an elliptic
curve in CP? and for a Euclidean minimal tori with planar ends there is
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a point co € S* such that the differential of f: T?\{py,...,pn} — R* =
S*\ {00} is the real part of a meromorphic 1-form with 2"¢order poles
and no residues at the ends pq,...,p,. It should be noted that both super
conformal and Euclidean minimal tori with planar ends are Willmore
and, by the quaternionic Pliicker formula [13], have Willmore energy
W = 4mn for some integer n > 2.

If f is of “finite type”, the algebraic geometry needed to parame-
trize the immersion is more involved: the immersion is then not given
by holomorphic data on the torus itself, but can be interpreted as a
periodic orbit of an algebraically completely integrable system whose
phase space contains as an energy level the (generalized) Jacobian of a
Riemann surface of finite genus, the spectral curve. This makes avail-
able the methods of “algebraic geometric” or “finite gap” integration
from integrable systems theory and implies the existence of explicit
parametrizations in terms of theta functions as in the special case of
CMC tori in space forms [1]. The algebraic geometric reconstruction of
general conformally immersed tori with finite spectral genus from their
spectral data will be addressed in a forthcoming paper.

Our main theorem generalizes the following previous results:

e CMC tori in 3—dimensional space forms are finite type (Pinkall,
Sterling 1989, [24]).

e Constrained Willmore in S3 are of finite type (Schmidt 2002, [25]).

e Willmore tori in S* with topologically non-trivial normal bun-
dle are super conformal or Euclidean minimal with planar ends
(Leschke, Pedit, Pinkall 2003, [20]).

The fact that CMC tori are of finite type is closely related to the
above prototype result on harmonic tori in S2, because CMC surfaces
are characterized by the harmonicity of their Gauss map N: T? —
52, In the early nineties this prototype result had been generalized
to harmonic maps from 72 into various other symmetric target spaces
[19, 12, 6] which led to the conjecture that Willmore tori as well should
be of finite type, because they are characterized by the harmonicity of
their conformal Gauss map or mean curvature sphere congruence. This
conjecture remained open for more than a decade until Martin Schmidt,
on the last of over 200 pages of [25], gave a proof that constrained
Willmore tori in S? are of finite type.

We investigate constrained Willmore tori by integrable systems meth-
ods similar to those in Hitchin’s study [19] of harmonic tori in S®. These
provide a uniform, geometric approach to proving and generalizing the
previous results mentioned above. The proof roughly consists of the
following steps:
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e Reformulation of the Kuler-Lagrange equation describing con-
strained Willmore surface as a zero—curvature equation with spec-
tral parameter. This zero—curvature formulation arises in the form
of an associated family V# of flat connections on a trivial complex
rank 4 bundle which depends on a spectral parameter p € C,.

e Investigation of the holonomy representations H*: I' — SL4(C)
that arise for the associated family V# of flat connections of con-
strained Willmore tori.

e Proof of the existence of a polynomial Killing field in case the
holonomy H* is non—trivial. This implies that a constrained Will-
more torus with non—trivial holonomy representation has a spec-
tral curve of finite genus and hence is of “finite type”.

e Proof that a constrained Willmore torus f is of “holomorphic
type” if the family of holonomy representations H* of V# is trivial.

In order to make the strategy of [19] work for constrained Willmore
tori in S* we apply quaternionic holomorphic geometry [13], in par-
ticular the geometric approach [3] to the spectral curve based on the
Darboux transformation for conformal immersions into S*. The main
application of quaternionic methods is in the investigation of which ho-
lonomy representations H*: T' — SL4(C) are possible for the associated
family V# of constrained Willmore tori. Understanding the possible
holonomies is one of the major difficulties in adapting Hitchin’s method
to the study of constrained Willmore tori. The reason is that, compared
to the SLy(C)-holonomies arising in the study of harmonic tori in S, in
case of holomorphic families of SL4(C)-representations one has to cope
with a variety of degenerate cases of collapsing eigenvalues.

This difficulty can be handled by applying two analytic results of
quaternionic holomorphic geometry: the quaternionic Plicker formula
[13] and the 1-dimensionality [4] of the spaces of holomorphic sections
with monodromy corresponding to generic points of the spectral curve of
a conformally immersed torus f: 72 — S* with topologically trivial nor-
mal bundle. The spectral curve as an invariant of conformally immersed
tori was first introduced, for immersions into 3—space, by Taimanov [26]
and Grinevich, Schmidt [14]. It is defined as the Riemann surface nor-
malizing the Floquet—multipliers of a periodic differential operator at-
tached to the immersion f. Geometrically this Riemann surface can be
interpreted [3] as a space parameterizing generic Darboux transforms
of f. In the following, the spectral curve will be referred to as the mul-
tiplier spectral curve X, of f in order to distinguish it from another
Riemann surface that arises in our investigation of constrained Willmore
tori.

In Section 2 of the paper we review the quaternionic projective ap-
proach to conformal surface theory in S* and introduce the associated
family V# of flat connections of constrained Willmore immersions into
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S* = HP!'. This holomorphic family V# of flat connections allows to
study spectral curves of constrained Willmore tori by investigating a
holomorphic family of ordinary differential operators instead of the holo-
morphic family of elliptic partial differential operators needed to define
the spectral curve of a general conformal immersion f: T2 — S* with
trivial normal bundle.

In Section 3 we determine the types of holonomy representations H*
that are possible for the associated family V# of constrained Willmore
immersions f: T? — S It turns out that there are two essentially
different cases: either all holonomies H*, i € C, have 1 as an eigenvalue
of multiplicity 4 or, for generic ; € C,, the holonomy H* has non—
trivial, simple eigenvalues. The latter occurs only if the normal bundle
is trivial and allows to build a Riemann surface parametrizing the non—
trivial eigenlines of the holonomy. In the following we call this Riemann
surface the holonomy spectral curve Xpo of f.

In Section 4 we investigate the asymptotics of parallel sections for
# — 0 and co. This will be essential for proving the main theorem
of the paper. The asymptotics shows that the holonomy spectral curve
Yhol, Whenever defined, essentially coincides with the multiplier spectral
curve Y- In particular, Darboux transforms corresponding to points
of the spectral curve are again constrained Willmore and Willmore if f
itself is Willmore.

In Section 5, the main theorem is proven by separately discussing all
possible cases of holonomy representations that occur for constrained
Willmore tori. For constrained Willmore tori with non—trivial holo-
nomy we prove the existence of a polynomial Killing field which implies
that ¥, and hence X,,,: can be compactified by adding points at
infinity. The proof of the theorem is completed by showing that con-
strained Willmore tori with trivial holonomy are either super conformal
or Euclidean minimal with planar ends.

In Section 6 we discuss a special class of constrained Willmore tori
which is related to harmonic maps into S? and for which the holonomies
of the constrained Willmore associated family reduce to SL(2, C)-repre-
sentations. This class includes CMC tori in R? and S®, Hamiltonian sta-
tionary Lagrangian tori in C? 2 H, and Lagrangian tori with conformal
Maslov form in C? 2 H. In case the harmonic map N: T? — S? related
to such constrained Willmore torus f: 7?2 — S* is non-conformal, the
above prototype result implies that the map N admits a spectral curve
of finite genus. We show that this harmonic map spectral curve of N
coincides with the spectral curve of the constrained Willmore immer-
sion f.

Acknowledgments. The author thanks Franz Pedit and Ulrich Pinkall
for helpful discussions.
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2. Constrained Willmore Tori in S* and Their Associated
Family

A characteristic property of constrained Willmore surfaces in S* =
HP! is the existence of an associated family of flat connections depend-
ing on a spectral parameter. This associated family of constrained Will-
more surfaces is an essential ingredient in the proof of the main theorem.
It is a direct generalization of the associated family [13, 20] of Willmore
surface in S%. We show that parallel section of the associated family
VH# of flat connections of a constrained Willmore immersion f give rise
to Darboux transforms of f that are again constrained Willmore.

2.1. Mobius geometry of surfaces in the 4—sphere. Throughout
the paper we model 4-dimensional M&bius geometry as the geometry of
the quaternionic projective line HP!, see [7] for a detailed introduction
to the quaternionic approach to surface theory. In particular, we identify
maps f: M — S* from a Riemann surface M into the conformal 4-
sphere with line subbundles L C V of a trivial quaternionic rank 2
vector bundle V over M equipped with a trivial connection V. A map
[ is a conformal immersion if and only if its derivative 6 = 7V, €
Q' Hom(L,V/L), where 7: V — V/L denotes the canonical projection,
is nowhere vanishing and admits J € T'(End(L)) and J € I'(End(V/L))
with J2 = —Id and J2 = —Id such that

(2.1) %0 = 0J = J6

with * denoting the complex structure of T*M, see Section 4.2 of [7]
for details.

A fundamental object of surfaces theory in the conformal 4-sphere
S4 is the mean curvature sphere congruence (or conformal Gauss map)
of a conformal immersion f. It is the unique congruence S of oriented
2-spheres in S* that pointwise touches f with the right orientation
such that the mean curvature of each sphere S(p), with respect to any
compatible space form geometry, coincides with the mean curvature of
the immersion f at the point f(p) of contact.

In the quaternionic language, an oriented 2—sphere congruence is rep-
resented by a complex structure on V, that is, a section S € I'(End(V'))
satisfying S? = — Id, with the 2-sphere at a point p € M corresponding
to the eigenlines of S,. Such a complex structure S on V gives rise
to a decomposition V = 0 + 0+A + Q of the trivial connection V,
where 9 and 0 are S—complex linear holomorphic and anti-holomorphic
structures and

A= 1(SVS+xVS) and Q= L(SVS —xV09).
The so called Hopf fields A and @ of S are tensor fields A €

I'(KEnd_(V)) and Q € T'(K End_(V)), where End_(V) denotes the
bundle of endomorphisms of V' that anti-commute with S and where
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we use the convention that a 1-form w taking values in a quaternionic
vector bundle (or its endomorphism bundle) equipped with a complex
structure S is called of type K or K if *w = Sw or *w = —Sw.

The mean curvature sphere congruence is characterized as the unique
section S € I'(End(V)) with S? = —1Id that satisfies

(2.2) SL=1L, #=586=35, and Q=0

see Section 5.2 of [7]. The first two conditions express that, for every
p € M, the sphere S, touches the immersion f at f(p) with the right
orientation. This is equivalent to the property that S induces the com-
plex structures J and J from (2.1) on the bundles L and V/L. The third
condition singles out the mean curvature sphere congruence among all
congruences of touching spheres. Given the first two conditions, the
third one is equivalent to im(A) C L.

The Hopf fields A and @ of the mean curvature sphere congruence
S measure the local “defect” of the 2—sphere congruence S from being
constant, that is, the defect of the immersion from being totally umbilic.
A conformal immersion f is totally umbilic if both A and @ vanish
identically. In case only one of the Hopf fields vanishes identically the
immersion is called super conformal and is the twistor projection of a
holomorphic curve in CP3, see Chapter 8 of [7].

The Mobius invariant quantity measuring the global “defect” of S
from being constant is the Willmore functional W which, for a conformal
immersion f of a compact surface M, can be expressed in terms of the
Hopf fields by the formula

(2.3)
W:2/ <A/\*A>—27Tdeg(J_f):2/ < QAN*Q > +2mdeg(Ly),
M M

where <> denotes 1/4 of the real trace and deg(L) is the degree of
the normal bundle of the immersion f.

2.2. Euler—Lagrange equation of constrained Willmore sur-
faces. The following proposition shows how the Fuler—Lagrange equa-
tion describing compact constrained Willmore surfaces can be expressed
in terms of the Hopf fields A and @ of the mean curvature sphere con-
gruence S.

Proposition 2.1. A conformal immersion f: M — S* of a compact
Riemann surface M is constrained Willmore if and only if there exists
a 1-form n € QY(R) such that

(2.4) dv (2¢A+n) =0,
where R = {B € End(V) | im(B) C L C ker(B)}.

A proof of the Euler-Lagrange equation for constrained Willmore im-
mersions of compact surfaces can be found in [5]. The form 7 in (2.4) is
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the Lagrange multiplier of the underlying constrained variational prob-
lem. The vanishing of 1 corresponds to the case of Willmore surfaces
which are characterized by d¥V+A = 0, see Chapter 6 of [7].

Equation (2.4) is equivalent to

(2.5) dv (2+Q + 1) =0,
because dV*Q = dV*A. Every 1-form n € Q'(R) with (2.4) satisfies
nel(KR4), ie.,
(2.6) xn = Sn =nS.
In fact, equation (2.4) implies § A (2%¥A +n) = 0 and hence xn = Sn,
because *xA = SA. Similarly, equation (2.5) implies *n = nS. Using
V =V + A+ Q, where V = 9 + 0 is the S—commuting part of V, we
obtain the decomposition
27) dVp+2SdVA+ AN+ AQ=dY(2«A+1n) =0

+ —

of (2.4) into S—commuting and anti-commuting parts, as usual denoted
by +. This implies dVn = 0 which is equivalent to né € I'(K? End (L))
= I'(K?) being a holomorphic quadratic differential. In particular, if n
does not vanish identically it vanishes at isolated points only. Moreover,
by (2.7) and the analogous decomposed version of (2.5), if n # 0 and
one of the Hopf fields A and @ vanishes on some open set U, then both
A and @ have to vanish on U, that is, on U the immersion is totally
umbilic.

2.3. Uniqueness and non—uniqueness of the Lagrange multi-
plier n. For discussing the uniqueness of the Lagrange multiplier » in
the Euler-Lagrange equation (2.4) of constrained Willmore surfaces we
need the following quaternionic characterization of isothermic surfaces,
see e.g. [18, 2]: a conformal immersion f: M — S* is isothermic if
there is a non-trivial 1-form w € QYR) with d¥w = 0, where as
above R = {B € End(V) | im(B) C L C ker(B)} as in Section 2.2.
As above one can prove that every closed 1-form w € Q(R) satisfies
w e T'(KR4), that is,

(2.8) *w = Sw = wS,

and that the quadratic differential wé € T'(K2Endy (L)) = I'(K?) is
holomorphic. With this definition of isothermic surfaces, the following
lemma is evident.

Lemma 2.2. The Lagrange—multiplier n occurring in the Fuler—La-
grange equation (2.4) of constrained Willmore surfaces is either unique
or the surface is isothermic. In the latter case, the form n is unique up
to adding a closed form w € QY(R).
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For isothermic surfaces that are not totally umbilic, the space of
closed forms in Q!(R) is real 1-dimensional, see e.g. [2]. Examples of
constrained Willmore surfaces for which the Lagrange—multiplier 7 is not
unique are CMC surfaces in 3—dimensional space forms, cf. Sections 6.6
and 6.7. In fact, CMC tori with respect to 3—dimensional space form
subgeometries are the only possible examples of constrained Willmore
tori in the conformal 3-sphere with non—unique Lagrange multiplier 7,
cf. [8].

Examples of constrained Willmore tori whose Lagrange multiplier n
is unique (namely n = 0) are super conformal tori, see the discussion
following equation (2.7). Examples of constrained Willmore tori in the
3-sphere which are non—isothermic (and hence not CMC with respect
to any space form subgeometry) can be obtained from Pinkall’s Hopf
torus construction [22]: a Hopf torus, the preimage of a closed curve in
52 under the Hopf fibration S2 — S2, is never isothermic unless it is
the Clifford torus. It is Willmore if the curve in S? is elastic [22] and
it is constrained Willmore if the underlying curve is generalized elastic
[5].

2.4. Associated family V# of flat connections of constrained
Willmore surfaces in the 4—sphere. For a constrained Willmore
immersion f: M — S* with Lagrange multiplier n € Q!(R) we denote
by Ao and @, the 1-forms defined by 2xA, = 2xA + n and 2xQ, =
2% + n. Like the Hopf fields A and @ they satisfy

VS = 2xQ, — 2% Ao,
im(As) C L and L C ker(Qo),
xAo = SA, and x Qo = Q,S.
However, in contrast to the Hopf fields, the forms A, and @, do not
anti—commute with S if  does not vanish identically.

The fundamental tool in our study of constrained Willmore tori is
the associated family
1—14S 14148
2
of complex connections on the complex rank 4 bundle (V,7) which ra-
tionally depends on the spectral parameter p € C,, where (V, i) denotes
V seen as a complex vector bundle by restricting the scalar field to
C = Spang{l,i}. In the following we call a 1-form w to be of type
(1,0) or (0,1) if *w = wi or *w = —wi. Setting A0 = %Ao and

ASP’” = #Ao, formula (2.9) simplifies to

V=V + (- AN 4 (= 1A,

(2.9) V=V 4+ (u—1) Ao+ (pt = 1) A,

Lemma 2.3. The connection V* is flat for every spectral parameter
we C,.
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Proof. The curvature of V* is

RY = (u—1)dv A8 + (ut = 1)a¥ APV
= 1) = 1) (AL A ADD 4 A0D A ALY

From dY * A, = 0 we obtain dvAgl’O) = dVAgO’l) = %alvAO = A, NA; so

that RV" = 0, because (u—1)(u~! — 1)(A<(,1’0) AADD 4 A0 /\Agl’o)) =
(2 —p—p Y (A A A). q.e.d.

This associated family V# of flat connections has the symmetry
(2.10) VVE = j=lyghj for all p € C,

with j denoting the complex anti-linear endomorphism of (V) given
by right-multiplication with the quaternion j. For every u € S C C,,
the connection V# is therefore quaternionic.

Another holomorphic family of flat complex connections is given by

Vi =V (= 1) + (= 1)t

with le’o) = QO# and ng’l) = QO# Both families are in fact
gauge equivalent:

(211) VA= ((p+1) —i(u—1)8) o VFo ((u+1) —i(p—1)S) "

for all u € C,.

As a consequence we obtain that in case of super conformal Willmore
surfaces the connection V* is trivial for every p € C,, because either
A=0orQ=0.

The family V# of connections arises naturally by dualizing the asso-
ciated family

(2.12) (VE* =V + (= D(ADHED) + (=t = 1)(A5)OD

of the dual constrained Willmore surface L C V* seen as connection on
the complex bundle (V*, —4): the immersion f* has the mean curvature
sphere S+ = S* with Hopf fields At = —Q* and Q+ = —A*. The form
2% AL = 2« A+ + nt with ' := —n* is closed which shows that f*
is again constrained Willmore. The complex bundle (V*, —i) carries
the usual complex structure of the complex dual (V,i)* to (Vi) when
applying the canonical identification between quaternionic and complex
dual space, that is, the identification between o € V* and its complex
part ac € (V,4)*. The sign in (V*, —i) reflects the fact that V* is made
into a quaternionic right vector bundle by a) := \a for o € V* and
A e H.
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2.5. Darboux transforms. The following lemma is essential for the
next sections as it provides a link between the associated family V# of
flat connections and quaternionic holomorphic geometry. Recall that a
conformal immersion f: M — S* = HP! induces a unique quaternionic
holomorphic structure [13] on the bundle V/L with the property that
all parallel sections of the trivial connection on the bundle V project
to holomorphic sections: the complex structure on V/L is .J from (2.1)
while the holomorphic structure D: T'(V/L) — T'(KV/L) is defined by
Dn = (xV)", where w: V. — V/L is the canonical projection and ()"
denotes the K—part with respect to J, see [3] for details. The projection

(2.13) Ypel(V) — ¢:=mpel(V/L)

induces a 1-1-correspondence between sections of V with V¢ € Q'(L)
and holomorphic sections of V/L; the section ) with V¢ € Q'(L) and
¢ := m is called the prolongation of the holomorphic section 7. Ex-
istence and uniqueness of the prolongation ¢ for a given holomorphic
section 1 immediately follows from the fact that § = 7V, is nowhere
vanishing. Flatness of V implies that Vi € T'(K L) for every ¢ € T'(V)
with V¢ € QY(L).

Lemma 2.4. Let f: M — S* be a constrained Willmore immersion
and denote by V* its associated family of flat connections. Then every
(local) V" —parallel section of V' is the prolongation of a (local) holomor-
phic section of V/L.

Proof. The lemma is an immediate consequence of the fact that A,
takes values in L, because every V#—parallel section ¥ of V satisfies

Vi = (1- A8y + (1 - APy e QD). o,

A map f¥: M — S%is called a Darbouz transform [3] of a conformal
immersion f: M — S* = HP! if the corresponding line subbundle L# C
V is locally of the form Lf = ¢H for 9 the prolongation of a nowhere
vanishing holomorphic section of V/L. In case f is constrained Willmore
we call ff a V*-Darbouz transform if there is y € C, such that the
corresponding bundle is locally of the form L = H for ¢ a V*parallel
section whose projection to V/L is nowhere vanishing.

Theorem 2.5. Let f: M — S* be a constrained Willmore immersion
of a Riemann surface M. Every V*-Darbouz transform f: M — S*
of f is again constrained Willmore when restricted to the open subset
of M over which it is immersed. In case f is Willmore and f* is a
VH-Darbouz transform (for V* taken with n = 0), then f* is again
Willmore where immersed.

Proof. The proof uses notation and several results from [2]. If f*
is a Darboux transform of f, the corresponding line bundles satisfy
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V = L& L and locally L* admits a nowhere vanishing section 1 with

V¢ € QY(L). In case 1 is V#—parallel for u € C\{0,1}, by definition of

VH# we have

(2.14) Vipb+«Vip = (2x Ao)p = (2x A+ n)

with b € C defined by

N I

11—y S 1—pt

The endomorphisms B, C' € T'(End(L#)) in equation (74) of [2] then

satisfy (B + C)Y = b and B + C' is parallel, because b is constant.

This shows that equation (75) of [2] is satisfied for D := C so that f* is

again constrained Willmore. In particular, if f is Willmore and 1 = 0,

then C' = 0 and hence D = 0 which proves that f* is also Willmore.
q.e.d.

(2.15) +i.

2.6. Global Darboux transforms of conformal tori in the 4—
sphere. In case the underlying surface M is a torus T2 = C/I', global
Darboux transforms of f are obtained from prolongations of holomor-

phic sections with monodromy of V/L: these are sections ¢ € I'(V) of

the pullback V of V to the universal covering C of T2 which transform
by

(2.16) Y = Yh,, ~el

for some multiplier h € Hom(I',H*) and have derivative Vi with val-
ues in the pullback L of L. Multiplying 1 by a quaternionic constant
A € H, yields the same Darboux transform while the multiplier h gets
conjugated A~'h\. Because the group I' of deck transformations of the
torus is abelian it is therefore sufficient to consider prolongations of
holomorphic section with complex multiplier A~ € Hom(T", C,).

For a constrained Willmore torus f: 72 — $* = HP!, one can obtain
global V#-Darboux transforms from holomorphic sections with mon-
odromy of V/L whose prolongation ¢ € T'(V) is V*parallel for some
1 € C,. Every VF-parallel section 1 € T'(V) satisfying (2.16) for some
h € Hom(T", C,) gives rise to a V#-parallel (complex) line subbundle of
V' and vice versa. Such line subbundles correspond to 1-dimensional in-
variant subspaces of the holonomy representation, i.e., to simultaneous
eigenlines of H}'(v) for all ¥ € T'. These will be studied in the following
section.

3. Holonomy of Constrained Willmore Tori

The characterization of constrained Willmore tori in S* in terms of
the associated family V* of flat connections puts us in a situation that is
quite familiar in integrable systems theory. What one usually does when
encountering a family of flat connections over the torus is to investigate
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its holonomy representations and, in particular, the eigenlines of the
holonomy. In general, investigating the holonomies of a family of flat
connections on a complex rank 4 bundle over the torus 72 = C/T is more
involved than in case of rank 2 bundles (like for harmonic tori in S? or
S3, see [19] or Section 6.4 below) because one has to deal with various
possible configurations of collapsing eigenvalues. In the present section
we show that for the associated family V# of constrained Willmore tori
only few of these configurations do actually occur.

3.1. Main result of the section. Before stating the main result of the
section we collect the relevant properties of the holonomy representation
for a family V# of flat connections on a surface M:

e Because all V# are flat, for a fixed p € M and fixed p € C,, the
holonomy H}'(v) € GL¢(V,) depends only on the homotopy class
of closed curves based at the point p. The holonomy is thus a
representation v € I' — H} (v) € GL¢(V}) of the group T of deck
transformations.

e For fixed p € M and v € T, the holonomies H}'(y) depend holo-
morphically on the spectral parameter p € C,.

e The holonomies for different points on the torus are conjugated;
the eigenvalues of H}(y) are therefore independent of p € M, only
the eigenlines change when changing p € M.

In case the underlying surface is a torus T2 = C/I', the group I' of
Deck transformations is abelian and the holonomies H} (v1) and Hp (72)
commute for all 71, vo € I'. For fixed p € T? and u € C,, the eigenspaces
of the holonomy HJ' () for one ; € T are thus invariant subspaces of
all other holonomies Hj(72), 72 € I'. In particular, simple eigenspaces
are eigenspaces of all holonomies. More generally, every eigenspace of
HY (1) for one 1 € T contains a simultaneous eigenline of H}'(y2) for
all 49 € T'. The restriction of the holonomy representation Hp () to
such a simultaneous eigenline is a multiplier A € Hom(I", C,) which is
the monodromy of the V#parallel sections 1) € I'(V) whose value Py
at p is contained in the eigenline (cf. Section 2.6).

Proposition 3.1. Let f: T? — S* be a constrained Willmore torus.
The holonomy representations of the associated family V* of f belong
to one of the following three cases:

1. there is v € ' such that, away from isolated u € C,, the holo-
nomy Hp (v) has 4 distinct eigenvalues which are non—constant as
functions of u,

I1. all holonomies Hp () have a 2-dimensional common eigenspace
with eigenvalue 1 and there is v € I' such that, away from isolated
u € C,, the holonomy H)(v) has 2 simple eigenvalues which are
non—constant as functions of u, or
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1. all HY (), v € T have 1 as an eigenvalue of multiplicity 4. More
precisely, either
(a) all holonomies are trivial, i.e., Hy(vy) =1d or
(b) generic holonomies are non—semisimple with two 2 x 2 Jordan—
blocks.

If the immersion f has topologically non—trivial normal bundle, it be-
longs to Case III.

The proposition will be proven in Sections 3.3 and 3.5. The cases
of immersions with trivial and non-trivial normal bundle are treated
separately, because the situation in both cases is quite different and
so is the analysis needed in the proof. In the quaternionic model, the
normal bundle of an immersion is the bundle Hom_ (L, V/L), where “—”
denotes the homomorphisms anti-commuting with J and J. The degree
of the normal bundle for an immersion of a compact surface is

deg(Ly) = deg(Hom_(L,V/L)) = 2deg(V/L) + deg(K),

where the last equality holds because the differential § of f is a nowhere
vanishing section of K Hom, (L, V/L). In particular, the normal bundle
of an immersed torus is trivial if and only if the induced quaternionic
holomorphic line bundle V/L has degree zero.

All cases described in Proposition 3.1 do actually occur:

e examples for Case I are Willmore tori with 7 = 0 that are neither
super conformal nor Euclidean minimal with planar ends for some
point oo at infinity (see Corollary 5.2),

e examples for Case I are CMC tori in R? (see Section 6),

e examples for Case IIa are super conformal tori (see Section 2.4),
and

e examples for Case I1Ib are Euclidean minimal tori with planar ends
for which the surfaces in the minimal surface associated family
have translational periods (see [20]).

3.2. Non—trivial eigenvalues of H*. For fixed v € I', away from
isolated spectral parameters p € C, the eigenvalues of the holonomy
H*"(~) are locally given by holomorphic functions pu — A(u): to see this
note that

{A ) € CaxCu [ f(A ) =0p  with (A p) = det(A—H*(7))

is a 1-dimensional analytic subset of C, x C, whose non—empty inter-
section with C, x {u} for u € C, consists of up to 4 points. Denote by
X the Riemann surface normalizing this analytic set and by p: X — C,
its projection to the p—coordinate. The holomorphic function w is then
a branched covering whose number of sheets is between 1 and 4 and co-
incides with the generic number of different eigenvalues of H#(\). Away
from the branch points of u, the different sheets of the analytic set are
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therefore locally graphs of holomorphic functions g — A(u) describing
the eigenvalues of H*(7).

If one of the local holomorphic functions p — A(u) that describe the
eigenvalues of the holonomy H*(~) for some « € T is constant, that is, if
there is A\ € C that is eigenvalue of H#(v) for all p in an open subset of
Cy, then A is eigenvalue for all ;1 € C, and the following lemma implies
that A = 1.

Lemma 3.2. If A € C, is an eigenvalue of H*(v) for all p, then
A = 1. The multiplicity of A = 1 as simultaneous eigenvalue of H*(7)
for all p € C, is even.

Proof. The first statement follows from the fact that H*(y) = Id
for p = 1. The second statement is a consequence of the quaternionic
symmetry (2.10) of V# for u € S'. It implies that, for u € S*, the
multiplicity of 1 as an eigenvalue of H} () is even. The same holds for
all u € C,, because the minimal kernel dimension of the holomorphic
family u — H}(v) —Id of endomorphisms is generic and attained away
from isolated points, see Proposition 3.3 below. q.e.d.

We denote by non—trivial eigenvalues the eigenvalues that are not
equal to 1 and therefore locally given by non—constant functions g +—
A(p). In the proof of Proposition 3.1 we will see that non—trivial eigen-
values are generically simple, i.e., have algebraic multiplicity 1. The
corresponding eigenlines are in the following called non—trivial eigen-
lines.

In the investigations of the present paper we will frequently apply
this proposition a proof of which can be found in [4] (see Proposition 3.1
there):

Proposition 3.3. For a family of Fredholm operators that holomor-
phically depends on a parameter in a connected complex manifold X,
the minimal kernel dimension is generic and attained away from an an-
alytic subset Y C X. In case X is 1-dimensional, Y is a set of isolated
points and the holomorphic vector bundle defined by the kernels over
X\Y holomorphically extends through the isolated points Y with higher
dimensional kernel. If the index of the operators is zero, the set of x for
which they are non—invertible is locally given as the vanishing locus of
one holomorphic function.

3.3. Proof of Proposition 3.1 in the non—trivial normal bun-
dle case. The proof in case of non—trivial normal bundle is analogous to
that of Lemma 3.1 in [20]. We show that 1 is an eigenvalue of multiplic-
ity 4 for all holonomies of V¥. Because the degree of the quaternionic
holomorphic line bundle V*/L+ = L' induced by the dual constrained
Willmore torus f* is deg(V*/L‘) = —deg(V/L) and the holonomy
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representation of (V+)*, by (2.11) and (2.12), is equivalent to the dual
representation of the holonomy of V*, we assume without loss of gen-
erality (if necessary by passing to the dual surface f+) that the degree
of the normal bundle and therefore of V/L is negative.

If the multiplicity of 1 as an eigenvalue was not 4 for all holonomies, by
Lemma 3.2, there had to be a non—constant holomorphic map h: U —
Hom(T',C,) defined on an open subset U C C, such that, for every
p € U, there is a non-trivial V#-parallel section ¢* € T'(V) with
HH ()t = PR for all v € T. Projecting the " to V/L yields a
family of holomorphic sections with monodromy all of whose multipli-
ers are different and which are therefore linearly independent. But the
existence of such an infinite dimensional space of holomorphic sections
with monodromy of V/L contradicts the quaternionic Plicker formula
with monodromy according to which

W(V/L) =z —ndeg(V/L)

in case there exists an n—dimensional linear system with monodromy,
see Appendix of [3].

The quaternionic symmetry (2.10) of V# for x4 € S' implies that
in the non—semisimple case all Jordan blocks are 2 x 2 (because they
are 2 x 2 for u € S! so that the holomorphic family H*(y) — Id of
endomorphisms squares to zero for all u € S! and hence everywhere).

q.e.d.

3.4. The multiplier spectral curve. The proof of Proposition 3.1 in
the trivial normal bundle case requires ideas from quaternionic holomor-
phic geometry related to the spectral curve of a conformally immersed
torus f: T? — S* with trivial normal bundle. The spectral curve of
f, in the following also called the multiplier spectral curve Xz, is the
Riemann surface normalizing its spectrum, the complex analytic set that
consists of all complex multipliers

h € Hom(I',C,) =2 C, x C,

for which there exists a non-trivial holomorphic section with mon-
odromy h of the quaternionic holomorphic line bundle V/L, cf. [3, 4].
The idea of defining a spectral curve for conformal immersions is due to
Taimanov [26], Grinevich, and Schmidt [14] who give a slightly different
(but equivalent, cf. [2]) definition of the spectral curve for immersions
f:T? — R3 which is based on the Euclidean concept of Weierstrass
representation.

In order to justify the definition of X,,,;; one has to verify that the
possible multipliers form a 1-dimensional complex analytic set. In [4]
this is proven by asymptotic analysis of a holomorphic family of el-
liptic operators. In addition it is shown that X,,,; has one or two
ends (depending on whether its genus is infinite or finite) and one or



CONSTRAINED WILLMORE TORI IN THE 4-SPHERE 87

two connected components each of which contains an end. Moreover,
the minimal vanishing order of the functions describing the spectrum
is one at generic points which implies that, away from isolated points
0 € Y, the space of holomorphic sections with monodromy h° of
V/L is complex 1-dimensional.

Because the kernels of a holomorphic 1-parameter family of elliptic
operators form a holomorphic vector bundle which holomorphically ex-
tends through the isolated points with higher dimensional kernel, see
Proposition 3.3, we obtain [4] a unique line subbundle £ of the trivial

bundle ¥, X I'(V/L) equipped with the C*—topology each fiber L,
of which is contained in (and generically coincides with) the space of
holomorphic sections with monodromy h° of V/L. This defines [3] a
map
F:T? % Y — CP3 (p,0) =97 (p)C,

where 17 denotes the prolongation of a non—trivial element of L£,. For
a fixed point p € T? on the torus, the map o € X, — F(p,0) is
holomorphic. For fixed o € X,,,+ in the spectral curve, the twistor
projection of p — F(p,0) to HP' is a singular Darbouz transform of
f, that is, a Darboux transform defined away from the finitely many
points p at which ¢ is contained in L.

The set of possible multipliers is invariant under complex conju-
gation, because multiplying a holomorphic section with monodromy
h € Hom(T",C,) by the quaternion j yields a holomorphic section with
monodromy h. By lifting the map h + h to the normalization ¥,,,,;; we
obtain an anti-holomorphic involution p: ¥, — Y Which has no
fixed points because

F(p,p(0)) = F(p,0)j.
Let ¢? be a nowhere vanishing local holomorphic section of the bundle

L — Yt 1.6, 7 is a family of holomorphic sections in F(T%) which
holomorphically depends on ¢ and satisfies
for all v € I'. Taking the derivative a% with respect to an arbitrary
chart x of X, vields
* 0p? 0p? 10 o Ohg
g il G

so that ¢? and %L; span a 2-dimensional linear system with non—

o

semisimple monodromy of V/L (if at a point of the spectral curve %L;
vanishes for all v € T one has to take higher derivatives). The fol-
lowing lemma shows that this linear system is generically the unique
2-dimensional linear system with monodromy of V/L for which h? is
the only eigenvalue of the monodromy (like ¢? generically spans the
space of holomorphic sections with monodromy h? of V/L).
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Lemma 3.4. For a generic point 0 € X 0 the multiplier spectral
curve of an immersed torus f: T? — S* with trivial normal bundle,
there is a unique 2—dimensional linear systems with monodromy of V//L
for which h? is the only eigenvalue of the monodromy.

Proof. Firstly, we prove that every connected component of X,
contains a point o that admits a unique 2—dimensional linear system
with monodromy whose only eigenvalue is h?°. Secondly, using Propo-
sition 3.3 we deduce that generic points ¢ € X, admit a unique
2—dimensional linear system with monodromy whose only eigenvalue is
he.

Step 1: Let o9 € X, be a point corresponding to a regular point
of the spectrum, the analytic set of possible multipliers of holomorphic
sections with monodromy. The spectrum is then locally given as the
vanishing locus of a holomorphic function that vanishes to first order
at h?°. Because the minimal vanishing order of holomorphic functions
describing the spectrum is greater or equal to the dimension of the space
of holomorphic sections with monodromy, the space of holomorphic sec-
tions with monodromy h°° is 1-dimensional. We can assume that og is
chosen such that non—trivial holomorphic sections with monodromy hA°°
have no zeros, because every component of X,,,;+ by Lemma 4.9 of [4]
contains such a regular point. Denote by V the quaternionic connection
of V/L rendering this space of holomorphic sections parallel. Then av
makes K'V/L into a quaternionic holomorphic line bundle of degree 0.
Because V is flat, it maps holomorphic sections with monodromy of V/L
to holomorphic sections with monodromy of K'V/L so that the spectrum
of V/L is included in the spectrum of K'V/L. This shows that both spec-
tra coincide, because the spectrum of a quaternionic holomorphic line
bundle of degree 0 over a torus is a 1-dimensional analytic set that is
either irreducible or has two irreducible components interchanged under
complex conjugation, see [4]. In particular, there is a local holomorphic
function describing the spectrum of K'V/L that vanishes to first order
at h?° so that the space of holomorphic sections with monodromy h°°
of KV/L is also 1-dimensional. This implies the uniqueness of the 2—
dimensional linear system with monodromy of V/L for which the only
eigenvalue of the monodromy is h?°: let ¢1, @2 be holomorphic sections

of V/L and t € Hom(T", C) such that

Y1 = p1h3° and Y o2 = pah’ + p1t AP
for all v € I'. Then ¢; is unique up to scaling, because it is a holo-
morphic section with monodromy h°°, and (o is unique up to scaling
and adding a multiple of @1, because Vs is a holomorphic section with
monodromy h?° of KV/L.

Step 2: Analogous to Section 2.3 of [4], the 2-dimensional lin-
ear systems with non-semisimple monodromy of V/L correspond to
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2—dimensional spaces of solutions to
(%) D, =0 and Do + (p1m)” =0,

where w, n € Hom(I',C) = Harm(C/I',C), n # 0, and D1 = Dy +
(p1w)”: given a solution @1, @9 € T'(V/L) to (x) with ¢1 # 0, g2 # 0,
and 7 # 0, then

(¢1,82) = (o1, 2)el (é f177>

span a 2—dimensional linear system with monodromy of V/L for which

h with h, = ¥ is the only eigenvalue of the monodromy. Clearly,
non-trivial solutions to (x) can only exist if h belongs to the spectrum.
Denote by ¥ the “logarithmic spectral curve”, the normalization of the
space of w for which A belongs to the spectrum. We consider now the
holomorphic family

D 1y _ D1
1\ o2 D2 + (1m)"

of elliptic operators parametrized over ¥ x (Harm(C/T",C)\{0}) = ¥ x
(C%\{0}). The fact that for every h in the spectrum there exists at least
one 2—dimensional linear system with non—semisimple monodromy and
eigenvalue h implies that for every w € X there exists at least a line
worth of n € (Harm(C/T", C)\{0}) for which D, has a 2-dimensional
kernel. On the other hand, we have proven above the existence of a
multiplier & that admits a unique 2-dimensional linear system with
monodromy, i.e., there exists w € 3 admitting a unique (up to scale)
n for which ker(D,,,) is 2-dimensional. Proposition 3.3 now implies
that the set of w,n for which D, ; has a 2-dimensional kernel is a non—
empty 2-dimensional analytic set in % x (C2\{0}) which projects to
a 1-dimensional analytic subset of ¥ x CP'. To complete the proof
we have to show that, apart from components of the form {w} x CP!,
the normalization of this 1-dimensional analytic set is a graph over
3. Assume this was not the case. Then, the normalization has one
component X that is neither of the form {w} x CP! nor a part of the
graph over X that corresponds to the “generic” 2-dimensional linear
system whose monodromy has only one eigenvalue (as described before
the statement of the lemma).

The projection to & would map this additional component X onto
a connected component of 3 (for every Riemann surface Y, the image
of a connected component of the normalization of a 1-dimensional an-
alytic set in Y x CP' under the projection to Y is either a point or a
connected component of Y, because if the projection is not constant,
by compactness of CP! it is a finitely sheeted branched covering). But
this is impossible, because every connected component of ¥ contains
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a regular point at which the corresponding holomorphic sections with
monodromy of V/L are nowhere vanishing so that, as seen in Step 1,
there is a unique 2—dimensional linear system with monodromy belong-
ing to the respective eigenvalue. q.e.d.

3.5. Proof of Proposition 3.1 in the trivial normal bundle case.
We fix v € T" for which H#(~y) generically has the maximal number of
different eigenvalues so that the branched covering p: X — C, has
the maximal number of sheets, where X as in Section 3.2 denotes the
Riemann surface normalizing the 1-dimensional analytic subset of C, x
C. given by f(A, u) =0 with f(A, u) = det(A — H#(y)). Recall that the
number of sheets is 4 in case all eigenvalues of H*(v) are distinct and
1, 2, or 3 if the discriminant of the characteristic polynomial of H} ()
vanishes identically for all 4 € T".

In case the number of sheets is 4 we are in Case I of the above list:
away from isolated parameters p the holonomy H}'() has then 4 dif-
ferent eigenvalues which, by Lemma 3.2, are non—constant as functions
of u.

If the number of sheets is 1 we are in Case III of the above list: for
every u € C, the only eigenvalue of the SL(4,C)-holonomy is then a
fourth root of unity and hence equal to 1, because V#=! is trivial. As
in the non—trivial normal bundle case, the statement about the non—
semisimple holonomy is an immediate consequence of the quaternionic
symmetry (2.10) of V# for u € S*.

If the number of sheets is 3 we are in Case II of the above list:
away from a discrete set of points, the dimension of the generalized
eigenspaces ker((A — HH(v))?) is constant on connected components of
33, cf. Proposition 3.3. The Riemann surface ¥ is thus the disconnected
sum of one sheet that corresponds to a double eigenvalue of H*(~y) and
a hyper—elliptic surface that parametrizes its simple eigenvalues. The
quaternionic symmetry (2.10) implies that for generic u € S* the ho-
lonomy H*(v) has 2 simple eigenvalues which are complex conjugate
and one real eigenvalue of geometric multiplicity 2. The corresponding
eigenspaces are invariant under all holonomies H*(%), 4 € I'. In par-
ticular, because there is no holonomy with 4 different eigenvalues, for
all 4 € I' the restriction of H#(%) to the 2-dimensional eigenspace of
HH(~) is a multiple of identity. As explained in Section 3.4, there is
only a discrete set of complex multipliers A € Hom(I", C,) for which the
space of holomorphic sections with monodromy h of V/L has dimension
greater or equal 2. Because V#—parallel sections that correspond to si-
multaneous eigenlines of the holonomy project to holomorphic sections
with monodromy of V/L, see Lemma 2.4, we obtain that the double
eigenvalues of H#(%), 4 € T" are locally constant as function of y and
hence, by Lemma 3.2, equal to 1. The same lemma shows that the
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simple eigenvalues are non—constant as functions of p so that we are in
Case II of the list.

To complete the proof of the proposition it remains to show that the
branched covering p: > — C, cannot be 2-sheeted. It is impossible
that the Riemann surface ¥ is the disconnected sum of two sheets that
correspond to a simple and a triple eigenvalue, respectively, because this
would contradict the quaternionic symmetry (2.10) for u € S. Thus, if
> is a 2-sheeted branched covering, by Proposition 3.3 the generalized
eigenspaces of the holonomies H* () define a rank 2 bundle over .

In case all holonomies H*(%), 7 € [ are diagonalizable, every vector
in this rank 2 bundle is an eigenvector of H*(%) for all 4 € T, be-
cause otherwise there would be 4 € I for which H*(%) has four distinct
eigenvalues so that we were in Case 1. Hence, every fiber of this rank 2
bundle gives rise to a 2—dimensional space of holomorphic section with
monodromy of V/L. But this is impossible, because the eigenvalues of
HH(~y) are non—constant as function of x while higher dimensional spaces
of holomorphic section with monodromy h of V/L can only exists for
isolated h € Hom(I', C,), see Section 3.4.

We can therefore chose 4 € T" for which H*(v) generically has two
double eigenvalues with geometric multiplicity 1 and algebraic multi-
plicity 2. All holonomies H#(%), 4 € T' then leave the rank 2 bundle
defined by the generalized eigenspaces of H#(~) invariant and all their
restrictions to this rank 2 bundle have a double eigenvalue. In other
words, taking projections to V/L of the V#—parallel sections which cor-
respond to the rank 2 bundle, a generic point ¢ € X gives rise to a
2-dimensional linear system with monodromy of V/L for which h? is
the only eigenvalue.

By Lemma 3.4, for generic o such linear system is unique so that if y*
denotes a holomorphic family of V#—parallel sections with monodromy

of V', the sections %i: are also V#—parallel (because generically the pro-

jections to V/L of y* and 88% span the unique 2—-dimensional linear sys-
tem with monodromy belonging to the corresponding multiplier, see the
discussion before the statement of Lemma 3.4). Taking the derivative
of V#y# = (0 with respect to p then yields AQ’O)W — ,Lz_2AgO’1)¢“ =0
so that A.y* = 0. Hence, all ¥* are constant sections of V and all
holonomies are trivial so that the number of sheets of y: ¥ — C, is 1.
This completes the proof, because it shows that the number of sheets
of u: ¥ — C, can never be 2. g.e.d.

3.6. The holonomy spectral curve. We show that a constrained
Willmore torus that belongs to Case I or II of Proposition 3.1 gives rise
to a Riemann surface parametrizing the non—trivial eigenlines of the
holonomies Hp (), v € T
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Lemma 3.5. Let A(u) be a family of complex n X n—matrices de-
pending holomorphically on a parameter p € U in a connected open set
U C C. If the eigenvalues of A(u) that are non—constant as functions of
w are generically simple, there exists a unique (up to isomorphism) Rie-
mann surface ¥ with holomorphic maps p: ¥ — U and £: ¥ — CP*1
such that p is a branched covering and

a) for every o € X, the line £(o) is an eigenline of A(u(o)) and

b) for generic uy € U, the £(0y),...,E(07) with {01, ...,0} = p~{u1}
are mutually distinct and coincide with the eigenlines of A(p1) that
belong to non—constant eigenvalues.

In particular, the map p: 3% — U is a branched covering whose number
of sheets equals the number of eigenlines that belong to mon—constant
etgenvalues.

Proof. Denote by g(\, u) = det(A — A(p)) the characteristic polyno-
mial of A(p). After dividing by linear factors (A — A;) belonging to
eigenvalues that are constant in p we obtain a function g(A, ) whose
discriminant, as a polynomial in A, does not vanish identically. We de-
fine ¥ as the Riemann surface normalizing the 1-dimensional analytic
set

{(A,n) €CxU|g(A p) =0}
The projection p: 3 — U is then a branched covering and X is the
unique Riemann surface equipped with holomorphic functions p and A
such that, for generic pu; € U, the non—constant eigenvalues of A(uq)
are given by A(o;), j = 1, ...,7 with {0y, ..., o5} = p~=H{u1 }.

The family of matrices A(0)Id —A(u(o)) depends holomorphically
on ¢ € X and generically, away from a set of isolated points, has a
1-dimensional kernel which is an eigenline of A(u(o)). Because ¥ is
complex 1-dimensional, the line bundle £(o) = ker(A(o) — A(u(0)))
defined over generic points extends holomorphically through the isolated
points with a higher dimensional kernel, cf. Proposition 3.3.

By construction, ¥ with p and & satisfies a) and b) in the statement
of the lemma. The uniqueness of ¥ with p and &£ follows from the above
uniqueness property of ¥ with u and A, because the eigenline map &
of A(u) allows to recover the holomorphic function A describing the
eigenvalues. q.e.d.

For constrained Willmore tori belonging to Case I or II of Proposi-
tion 3.1, the preceding lemma allows to define a Riemann surface, in the
following called the holonomy spectral curve ¥y, that parametrizes the
non-trivial eigenlines of the holonomies H*(y): we define ¥ as the 2
or 4—sheeted branched covering of C, obtained from Lemma 3.5 applied
to A(u) = H}' () with fixed p € T? and ~ € T for which Hj () has the
maximal number of non—trivial eigenvalues. Because the holonomies for
different v € I' commute, the uniqueness part of Lemma 3.5 shows that
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Yhot s independent of the choice of y. Moreover, the Riemann surface
Yot does not depend on the choice of p, because changing the point p on
the torus amounts to conjugate the holonomy (but the Riemann surface
> in the proof of Lemma 3.5 is defined purely in terms of eigenvalues
of A(p)). What does depend on the point p € T? of the torus is the
eigenline curve &,: Xp, — CP3.

For every point o € Xy, the line £,(0) is invariant under the ho-

lonomy representation v € T' +— Hj () (7). This defines a holomor-
phic map h: Xy, — Hom(I',C,) whose image is contained in the set
of multipliers of holomorphic sections with monodromy of V/L. This
map lifts to a holomorphic map ¢: Xpo — 2w Which turns out to
be injective and almost surjective, see Theorem 4.5. By definition,
the eigenline curve £ is related to the map F' defined in Section 3.4
by &,(0) = F(u(o),p) for all 0 € Xpy. The map F' can therefore be
seen as a generalization of the holonomy eigenline curve £ of the con-
strained Willmore associated family V# to arbitrary conformal immer-
sions f: T? — S* with trivial normal bundle.

The map ¢: Xy — Y interchanges the fixed point free, anti—
holomorphic involutions on Y, and X,,,¢: under ¢, the involution p
on X, induced by the symmetry (2.10) via

Ep(o) = EaJ

corresponds to the involution p on ¥,,,;;. This fixed points free involu-
tion p on X, covers the involution p — 1/ of the p—plane.

4. The Asymptotics of V#—parallel Sections

The proof of the main theorem in Section 5 requires some control over
the asymptotic behavior of V#—parallel sections for y — 0 or co. This
is provided by Proposition 4.1 of the present section. As an immediate
application of Proposition 4.1 we show that the holonomy spectral curve
essentially coincides with the multiplier spectral curve in case they are
both defined, that is, for constrained Willmore tori belonging to Cases I
and II of Proposition 3.1.

4.1. Main result of the section. Because of the symmetry (2.10) it
is sufficient to understand the asymptotic behavior of parallel sections
for 4 — oo. We approach this problem by investigating the sections
¥ € T(V) of the pullback V of V' to the universal covering C of T2 = C/T'
that satisfy

(4.1) Ve QL) and  (Ay)MY =0,

where L denotes the pullback of L to the universal covering. Equa-
tion (4.1) is an asymptotic version of V#¢* = 0 for u — oo; examples
of solutions to (4.1) are the prolongations of holomorphic sections that
are suitable limits of V#—parallel sections for y — co.
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The following proposition summarizes Lemmas 4.3 and 4.4 below.

Proposition 4.1. Let f: T? — S* be a constrained Willmore torus.
If f is neither super conformal nor Euclidean minimal with planar ends
and n = 0, then the complex dimension of the space of solutions to (4.1)
15 at most two.

For the rest of the section we assume that f is not super conformal
and, in particular, A, does not vanish identically. Because A, takes
values in L, its rank is then at most one. Away from its isolated zeros
the rank of A, is one and the kernel bundle I = ker(A,) smoothly
extends through the isolated zeroes to a line bundle over T2. To see
this note that, because d7 is a holomorphic quadratic differential, either
n #Z 0 so that n and hence A, have no zeroes at all, or n = 0 so that
A, = A itself is holomorphic, see Proposition 22 of [7].

Denote by U the open set of points where A, does not vanish or,
equivalently, where V = L @ L. The set U is non—empty: otherwise,
by Lemma 22 of [7], the Hopf field A had to vanish identically which
is impossible because then n = 0 (see the discussion following (2.7)) so
that A, =0. If [ = ker(A,) is constant the subset U is dense, because
it is the complement of the set of points where the immersion f goes
through L.

Let ¢ be a solution to (4.1) defined on U. Using dVA, =24, A Ao,
differentiation of x A, = —A.i yields

— X Ao A Vl/) == _2Ao VAN Ao’l/}'i + Ao A v’l/]'l
Because V) takes values in L and (A,)|;, = A, this implies
Ao N (=SVY + Vipi — 2A.41) = 0.

On the open set U where A, has no zeros, every form o € I'(K L) with
A, A« = 0 has to vanish identically. Since Vi) € T'(KL), on U every
solution ¢ to (4.1) satisfies

(4.2) (V) O = A,

4.2. The case that A, # 0 and L = ker(A,) is non—constant. If
L= ker(A,) is non—constant, the corresponding map into the 4-sphere
is called a 2-step Bdcklund transformation of L (see e.g. [2] for a detailed
discussion of Bécklund transformations).

Lemma 4.2. Let f: M — S* be a constrained Willmore immersion
with A, # 0 for which L = ker(A,) is non—constant. The corresponding
map f into S* is then conformal and, on the open set U where V =
L& L, it is constrained Willmore and admits a 1-form 7 with im(7) C
L C ker(7) such that the form 2xQ, = 2xQ + 7 is closed and satisfies
2*@0 = 2% A,.
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The last formula shows L = im(Q,) which, in the language of (2],
implies that L is a 2-step backward Bécklund transformation of L.

Proof. For every ¢ € T'(L) we have *A,p = 0 and therefore
0 =dY (xAop) = d¥ (xAy) p — %Ay A V.
=0
Hence fv is a (possibly branched) conformal immersion, because Ao Ad =
0 with § = Ty LV\ ;, denoting the derivative of f. With respect to the

splitting L @ L on U, the connection V and the mean curvature sphere
S of L can be written as

vt o J B
(4.3) V-(a 7) and S—<0 j)’
where J and J are complex structures on L and L with *6 = §.J = J§

and where B € I'(Hom(L, L)) with JB 4+ BJ = 0. The derivative of S
is

0 VJ+ 6B
The mean curvature sphere condition @7, = 0 now becomes that vig—
B6 is left K (and right K) with respect to J. Moreover, because
(Ao);, = 0 and (Q,)| = 0, the identity V.S = 2+Q, — 2xA, implies
(4.4)
_(-VEI+Bs 0 (0 VB+6J—J
2% A, = ( 0 0> and 2xQ, = (O 74 6B > .

From A, A d = 0 we obtain %6 = —VJS (because VLJ — BJ is right-K)
and the mean curvature sphere of L is

L ©F ox
VS:<VJ Bd VB+J J5>

< -J 0
(4.5) S_<B —j>’
where J is the complex structure on L with %6 = —4.J and where B €
I'(Hom(L, L)) with JB + BJ = 0. Now
v = ~-VEJ+4B 0
" \VB+Js-0J -VJ-DB)

and the condition im(/l) C L that S is the mean curvature sphere of L
becomes that —V*.J 4 4B is left K (and right K) with respect to .J.
The Hopf field @ of L is given by
SR _vyL 5B
(4.6) 24Q = 5(VS +5+VS) = ( VIS ron 8) .
The condition that S is mean curvature sphere of L is equivalent to
(VEJ)" = B6é with ()" denoting the K—part with respect to J. Similarly,



96 C. BOHLE

that S is mean curvature sphere of L is equivalent to (V.J)"” = 6 B. This
implies

(4.7) B§ =0B.

By (4.4), (4.6) and (4.7), the 1-form 7 := 2xA, — 2+() satisfies im(7}) C
L C ker(1}) and 2xQ, = 2xQ + 1 is closed because

(4.8) 25%Qo = 2% Ao.
This shows that, on U, L is constrained Willmore. q.e.d.

Lemma 4.3. Let f: T? — S* be a constrained Willmore immer-
sion with A # 0, Q # 0 for which L = ker(A,) is non—constant.
Then, the space of solutions to (4.1) defined on the universal cover-
ing of T? is at most (complex) 2-dimensional. In case f is Willmore
with n = 0 but neither super conformal nor Euclidean minimal with pla-
nar ends, the space of solutions to (4.1) is O—-dimensional if AQ = 0
and 1-dimensional if AQ % 0.

Examples of Willmore immersions with AQ = 0 are Willmore surfaces
contained in a totally umbilic 3-sphere S2, minimal surfaces in the 4-
sphere equipped with its standard metric, or minimal surfaces in 4-
dimensional hyperbolic space, see Chapter 10 of [7]. In case of Willmore
surfaces with AQ # 0, the unique solution to (4.1) corresponds to a 4—
step Willmore Bécklund transformation.

Proof. We first prove that, on the open set U where L & L, a local
solution 1 to (4.1) satisfies S = —1)i where S is the mean curvature
sphere of L, see (4.5). Writing o) = (11, 12) with respect to L @ L, the
equation *A.1) = —Asi implies Jiy; = ¢1i. By (4.5) we thus have
St +pi € T(L). Using (4.8) we obtain

(4.9) V(SY + i) = (2¢Qo — 2% Ao )1h + SV + Vi
= (2% Ay — 2% A)Y + SV + Vipi = =2+ Aop + BV € QY(L),

where the last identity holds because, by (4.2), we have 2 x A1) —
«V1p + Vipi = 0. Because L is non—constant, this implies St + ¥i = 0
or, equivalently, St = —i.

If f is Willmore with n = 0, equation (4.4) implies B = 0 because S
anti-commutes with A = A, and therefore, by (4.7), B = 0. Plugging
this and Sv¢ + i = 0 into (4.9) yields Ay = 0, that is, ¢ is a section
of the complex line bundle {v € ker(A) | Sv = —wi}. The space of
solutions to (4.1) is thus at most 1-dimensional, because for any two
solutions v, ¢ there is a non—empty open set U’ C U and a complex
function g on U’ such that ¢y = ¢g. Hence, Vi) = Vg + ¢dg and,
taking the projection 7 to V/L, we have (r¢)dg = 0 which shows that
g is constant (because the holomorphic section 7y of V/L vanishes at
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isolated points only) and v and ¢ are linearly dependent on T2 because
they are linearly dependent on the open subset U’ C U.

If n =0 and AQ = 0, then every section 1 solving (4.1) has to vanish
identically: because @ # 0, the 2-step (forward) Béacklund transforma-
tions L = ker(A) is at the same time a 2-step (backward) Bécklund
transformations, that is, L = L = im(Q). Hence ker(4) = L by
Theorem 8 of [7]. Because f is immersed, a section ¢ € I'(L) with
V4 € Q'(L) has to vanish identically. This proves the statement about
the Willmore case with n = 0.

The rest of the proof deals with the case that n Z 0. Assume that,
on U, there are two (complex) linearly independent solutions ¢ and ¢
to (4.1). Then, on an open and dense subset U’ C U both section are
pointwise linearly independent: if there were not, there had to be an
open set U and a complex function g on U such that ) = pg. But this
is impossible, because, by the same argument as above, g then had to
be constant and prolongations of holomorphic sections that are linearly
dependent on an open set are linearly dependent everywhere. We now
prove that on the set U there cannot be more solutions to (4.1) than
the complex 2-dimensional space spanned by ¥ and . Assume zﬁ was
another solution. Then, on the open set U’ where v, ¢ pointwise span
the subbundle {v € V | Sv = —wi}, there would be complex valued
function g1, g such that ¢ = gy + pg2. The functions g; and go are
holomorphic, because, by (4.2), all solutions to (4.1) are holomorphic
with respect to the complex holomorphic structure (V—Ao)(o’l). Taking
the projection of Vi) = Vipgy + Vga +1dgr + ¢dge to V/L shows that
if one of the functions g1 and g5 is constant, the other has to be constant
as well. To prove the claim we have to show that ¢g; and go are both
constant. Assume that this was not the case, i.e., that both functions are
non-constant. The projection of Vi) to V/L then yields (7)) = (7¢)h
with A the meromorphic function defined by hdg; = —dgs. This would
force h to be constant and 1 and ¢ to be linearly dependent, because the
quotient of two holomorphic sections of the quaternionic holomorphic
line bundle V/L with non—trivial Hopf field @ # 0 has to be constant
if it is complex holomorphic (recall that, by the discussion following
(2.7), the Hopf field @ cannot vanish on any open subset of U because
n #Z 0 and A is nowhere vanishing on U). Hence, both ¢g; and g2 have
to be constant and the space of local solutions to (4.1) defined on the
open set U’ is 2-dimensional, because on U’ every solution 1; is linearly
dependent to ¥ and .

Because prolongations of holomorphic sections are uniquely deter-
mined by their values on an open set this implies that the space of
global solutions to (4.1) defined on the universal covering of T? is at
most (complex) 2-dimensional. q.e.d.
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4.3. The case that A, # 0 and L = ker(4,) is constant. The
following lemma is the analogue to Lemma 4.3 in the case that L =
ker(A,) is constant. It should be noted that every constrained Willmore
torus in S* for which L = ker(A,) is constant belongs to Case II or IIT of
Proposition 3.1, because a constant section of ker(A,) is V#—parallel for
every i € C,. A detailed discussion of constrained Willmore surfaces
with constant I = ker(A,) is given in Section 6.

Lemma 4.4. For a constrained Willmore torus f: T? — S* with the
property that n Z 0 and L = ker(A,) is constant, the space of solutions
to (4.1) is (complex) 2-dimensional.

The case that 7 = 0 and L = ker(A,) is constant which is excluded
from the lemma corresponds to minimal surfaces with planar ends in
the Euclidean space R* = S%\{co} defined by oo = L = ker(A), see
Section 6.3.

Proof. As in the proof of Lemma 4.2, on the open set U where V' =
L & L the connection V and the mean curvature sphere S of L take the
form

vioo J B
(4.10) V= < 5 V) and S = <0 j) ,
where J and J are complex structures on L and L with *6 = §.J = J§

and where B € I'(Hom(L, L)) with JB 4+ BJ = 0. The derivative of S
is

VLlJ —B§ VB
(4.11) VS = < 0 vj+5B>
and, by V.S = 2xQ, — 2xA,, the form A, is given by
oL
(4.12) 2% Ay = < v ‘(])+B5 8).

Let ¥ = (11,12) be a solution to (4.1) defined on U. Then J¢; = i
and therefore (VX)) = VEapyi— IV, Hence, taking the (0, 1)-part
of Vi = V1), yields
(V) O = $(VEgy + IV i) = STV ).
On the other hand, on U, equation (4.1) implies (4.2) so that by (4.12)
(Vo) OV = 3J(VEDr — 5 JBoY.

Together, the last two equations imply that solutions to (4.1) with 1)1 #
0 can only exist if B = 0 which is impossible because, by (4.12), B =0
is equivalent to A, anti-commuting with S which again is equivalent to
n = 0. q.e.d.
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4.4. Relation between holonomy and multiplier spectral curve.
As an application of Proposition 4.1 we show now that the holonomy
spectral curve X, essentially coincides with the multiplier spectral
curve Y,,,¢ provided they are both defined. This is the case for con-
strained Willmore tori belonging to Case I or II of Proposition 3.1.

Theorem 4.5. Let f: T? — S* be a constrained Willmore torus
for which both Yo and X are defined. Then the holomorphic map
L Xhol = Lmault 1S an injective immersion whose image s Xy with
finitely many points removed. The multipliers of the removed points
or their conjugates belong to holomorphic sections whose prolongations
solve (4.1). In particular, all but finitely many points in X give rise
to (possibly singular) Darboux transforms which are again constrained
Willmore where they are immersed. In case f is Willmore, all Darboux
transforms belonging to points of X are again Willmore.

As suggested by the theorem, we will in the following not distinguish
between Y, and its image ¢(Xp,) under ¢: Xpop — Xpuie- Theorem 5.1
below shows that Xt \ 2o consists of at most four points.

Corollary 4.6. If f: T? — S* is a Willmore torus with n = 0 and
AQ =0, then Xpo = X in case they are both defined.

Proof. This follows from Lemma 4.3 according to which the space of
solutions to (4.1) is O-dimensional if AQ = 0. q.e.d.

Proof of Theorem 4.5. If the map ¢: Xpop = Zinuie 1S not injective, there
is a non—empty open subset of X,,,;; all points of which have several
preimages. In particular, there is ¢ € ¥,,,;; that has two preimages
belonging to different parameters p; and ps € C, and for which the
space of holomorphic section with monodromy h? is 1-dimensional, see
Section 3.4. The prolongation 1 of such a holomorphic section satisfies

Vi = (1= ) (Aet)) M + (1= i) (Aop) OV
for I =1 and 2. Because p; # po this implies A,y = 0 which yields

0 =dY (xAo1h) = —x Ay A Vb,

Because Vi takes values in KL and (A,)|; = A, is right K and does

not vanish on the non-empty open set U where V = L @ L, this forces
1) to be constant on U and hence everywhere. But this contradicts the
assumption that the multiplier A% is non—trivial so that the map ¢ is
injective and in particular unbranched.

The image ¢(Xp0) is an open subset of X,,,;. If Xy i not con-
nected it has two connected components which get interchanged by p
and, because ¢ is compatible with the involutions p the image ¢(X}4)
intersects both components. In order to prove the lemma we show that
the boundary of ¢(3p,;) in X, consist of points whose multipliers or
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their conjugates belong to global solutions to (4.1). Assume there is a
sequence of points o, € ((Xpe) converging to o9 € Xy \t(Xhot)- The
corresponding sequence of parameters u, € C, cannot be contained in
a bounded subset of C,: otherwise we could assume by passing to a
subsequence that pu,, converges to some pg € C,. But then V#2%» = ()
would imply V#04°° = (0 which contradicts the assumption that oq is
not contained in ¢(Xp); here 17 denotes the prolongation of a local
holomorphic section defined near og of the line bundle £ from Sec-
tion 3.4, that is, every ¥ is the prolongation of a holomorphic section
1) with monodromy h? of V/L and o — m1)? depends holomorphically
on o.

Hence p,, is not contained in a bounded subset of C, and, by passing
to a subsequence and possibly applying the anti-holomorphic involu-
tions p of ¥po and X4, We can assume that u, converges to oo.
Because

Vo7 = (1= ) (A7)0 4 (1= g ) (Aoyp7) Y

for all n, while V¢)?» — V9?0 and A9 — A for n — oo, we
obtain
(A7) = 0.

This shows that for every point o in the boundary of ¢(Xp,;) the mul-
tiplier A% or A% = h*(®) admits a holomorphic section of V/L whose
prolongation solves (4.1). By Proposition 4.1, there are at most two
multipliers belonging to solutions to (4.1), because holomorphic sec-
tions of V/L with different monodromies are linearly independent over
C. The boundary of ¢(Xp) thus consists of finitely many points and
hence coincides with its complement 3,1t \t(Zno1)-

By Theorem 2.5, the (possibly singular) Darboux transforms corre-
sponding to points of Yy, are constrained Willmore or Willmore, re-
spectively. In the Willmore case, by continuity this holds for all points
of Xuit- g.e.d.

The fact that the spectral curve X,,,;; of a constrained Willmore torus
belonging to Case I or II has finite genus can be immediately deduced
from Theorem 4.5 (in Section 5 we more generally prove the existence of
a polynomial Killing field): in the infinite genus case the spectral curve
Yt of a conformal torus in % has only one end (cf. Section 3.4) which
in particular is fixed under the anti-holomorphic involution p. But for
a constrained Willmore torus of Case I or II, Theorem 4.5 implies that
the ends of X, are also ends of X, and hence interchanged under
p (because p tends to 0 or co at the ends of Xy, and p covers the
involution p+— 1/).

4.5. Constant Darboux transforms belonging to points of the
spectral curve. For conformally immersed tori f: T2 — S4 with trivial
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normal bundle, the normalization map h: X,,,;; — Hom(T', C,) of the
spectrum has a special multiple point at the trivial multiplier h =1 €
Hom(I",C,). This singularity is characteristic for spectral curves of
quaternionic holomorphic line bundles of degree 0 that are induced by
immersed tori. Among the points desingularizing this singularity one is
especially interested in the points corresponding to constant Darboux
transforms of f. In the following we investigate the number of such
points in case of constrained Willmore tori in S*. For general conformal
immersions f: T2 — S* very little is known about this number.

Lemma 4.7. Let f: T?> — S* be a constrained Willmore immersion
of a torus which belongs to Case I or II of Proposition 3.1.

o If L = ker(As) is non—constant, the only points in X that
correspond to constant Darboux transforms are the 2 or 4 points
p({1}) € St

o If L = ker(A,) is constant, then p~'({1}) C T consists of 2
points corresponding to constant Darbouz transforms. Moreover,
every constant Darbouz transform that corresponds to a point in
S\t~ ({1}) is contained in L = ker(A,).

Proof. Because V#=! is trivial, the points in the fiber p=1({1}) C
Yot correspond to constant Darboux transforms. The set p~1({1}) is
invariant under the fixed point free involution p and therefore consists of
2 or 4 points. For immersions whose holonomy representation belongs
to Case II, for example if L = ker(A,) is constant, ¥, is a 2-fold
branched covering of C, and p~'({1}) consists of 2 points. In case the
Darboux transform corresponding to a point ¥\~ ({1}) is constant
it has to be contained in L = ker(A,) which is only possible if L is
constant.

A Darboux transform corresponding to a point in X,,,:\Xpe is never
constant unless L = ker(A,) is constant: such Darboux transform has
to be contained in L, because by Theorem 4.5 it solves (4.1) and, on
a non—empty open set U, (4.2) so that L is constant on U and hence
everywhere. (In the following section we will see that X, \Xpo = 0 if
L is constant.) q.e.d.

For some special cases, using results from the following two sections
enables us to give more precise information about the number of points
in X, that correspond to constant Darboux transforms:

a) All non-super conformal minimal tori in the 4-sphere S* with its
standard metric belong to Case I and the fiber ;1 ~!({1}) consists of 4
points corresponding to constant Darboux transforms: the fact that
they belong to Case I follows from Corollary 5.2. The fiber u=1({1})
consists of 4 points, because for all u € S* the holonomy of V* is
contained in SU(4) so that p: ¥p, — C, is unbranched over the unit
circle.
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If im(Q,) is constant and the immersion is neither super conformal
nor Euclidean minimal with planar ends, by Proposition 6.8 its holo-
nomy belongs to Case II and, by Lemma 6.7, the two points g1 ({1}) C
Yot correspond to constant Darboux transforms contained in im(Q,).
If ker(Ao) is non—constant, no other points in X,,,,;; correspond to con-
stant Darboux transforms. If ker(A,) is as well constant, there is at most
one other pair of points corresponding to constant Darboux transforms
in ¥, (following from the fact that a constant Darboux transform
has to be contained in ker(A,) and that parallel sections for different u
of the connections V# on V/L defined in (6.6) are linearly independent
over C).

b) For CMC tori in R?, the Lagrange multiplier  can be chosen such
that ker(A,) = im(Qs), see Section 6.6. This shows that, apart
from the 2 points p~1({1}) there are no other points in ¥,,,;; that
correspond to constant Darboux transforms.

¢) In case of CMC tori in $% with mean curvature HS® = cot(a/2),
formula (6.13) shows that for the right choice of n (namely p = £+1/2
in Section 6.7), the 4 points p=*({1}) and p=1({e’}) are the only
points corresponding to constant Darboux transforms in im(Q,) and
ker(A,) respectively.

5. The Main Theorem and its Proof

We prove the main theorem of the paper by separately dealing with all
possible cases of holonomy representations that occur for the associated
family of constrained Willmore tori. For Cases I and II of Proposi-
tion 3.1 we prove the existence of a polynomial Killing field £, a family
of sections of Endc (V) which is polynomial in p and, for all u € C,,
satisfies V#¢(u,.) = 0. Because £ commutes with all holonomies, its
existence implies that X, and hence X,,,; can be compactified by
adding points at infinity. For Case IIla of Proposition 3.1 we prove the
existence of a polynomial family of V#—parallel sections of the complex
rank 4-bundle (V1) itself and for Case IIIb the existence of a nil-potent
polynomial Killing field £. Investigating the asymptotics of such polyno-
mial families of sections reveals that Cases IIla and IIIb correspond to
immersions that are super conformal or Euclidean minimal with planar
ends.

5.1. Main theorem of the paper. The following is a more detailed
formulation of the main theorem stated in the introduction. Its proof
will be given in Sections 5.2 to 5.4.

Theorem 5.1. Let f: T? — S* be a constrained Willmore immersion

from a torus into the conformal 4—sphere S*. Then one of the following
holds:
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1. The holonomy spectral curve ¥, can be compactified to a 4—fold
branched covering of CP* by adding points over =0 and p = co.

The two ends of the spectral curve ¥, correspond to branch

points of p over =0 and p = oo. The complement X\ Ehol
of the holonomy spectral curve inside the multiplier spectral curve
consists of at most four points.

1I. The holonomy and multiplier spectral curves coincide ¥t = 2hol
and can be compactified to a 2-fold branched covering of CP' by
adding one point over p =0 and one over p = Q.

1II. The immersion f is super conformal or minimal with planar ends
in the Euclidean space R* = S*\{oco} defined by some point oo €
S* at infinity. More precisely:

o f belongs to Case Illa in Proposition 3.1 if and only if it is
super conformal or f: T2\{p1,...,pn} — R* = SN\ {co} is an
algebraic Fuclidean minimal immersion with planar ends (with
algebraic meaning that the closed form xdf has mo periods so
that f is the real part of a meromorphic null immersion from
T2 into C*).

o f belongs to Case IIIb in Proposition 3.1 if and only if f is a
non—algebraic Euclidean minimal immersion with planar ends
(that is, *df has periods).

If the normal bundle L of the immersion f is topologically trivial and
f is not Fuclidean minimal with planar ends, it belongs to the “finite
type” Cases I and II. If the normal bundle Ly is non-trivial, then f is
of “holomorphic type” and belongs to Case III.

It should be noted that for an isothermic constrained Willmore torus
f:T? — S* which belongs to Case I or II in Theorem 5.1, changing
the form 1 € Q!(R) in the Euler-Lagrange equation (2.4) changes Y,
which amounts to changing the meromorphic function g on the mul-
tiplier spectral curve 3,,,;;. For different choices of 7, the holonomy
curve might then change between Cases I and II of the theorem. This
happens for example in case of minimal tori in S, see Section 6.7.

Corollary 5.2. Let f: T? — S* be a Willmore torus with n = 0 that
1s not Fuclidean minimal with planar ends. Then:

o f belongs to Case I if and only if deg(Ly) =0 and
o [ belongs to Case IIl and is super conformal if and only if

deg(Ly) # 0.

Proof. For immersions belonging to Case II or III, one can check as
in the proof of Lemma 5.8 below that the fiber V., over yu = oo of the
holomorphic vector bundle V constructed in Lemma 5.6 is a space of
solutions to (4.1) of dimension greater or equal 2. By Lemma 4.3, such
bundle V cannot exist for a Willmore torus f with n = 0 that is neither
super conformal nor Euclidean minimal. q.e.d.
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Corollary 5.3. If the holonomy spectral curve 3y, of a constrained
Willmore torus that belongs to Case I or II in Theorem 5.1 coincides
with Yo, the spectral curve X = ot 48 irreducible, that is, has a
single connected component.

Proof. Since Y01 = Yy has only two ends, cf. Section 3.4, it can be
compactified by glueing in a single point over u = 0 and oo, respectively.
Because the branch order of the meromorphic function p at the two
added points is then 3 in Case I and 1 in Case I, the total space of the
branched covering p: Yo — C, is connected. q.e.d.

Irreducibility of the spectral curve automatically holds

e in Case II, because then always Y01 = 2y, and
e for Willmore immersions f belonging to Case I which n = 0 and
AQ = 0, see Corollary 4.6.

The condition AQ = 0 is satisfied e.g. for all Willmore tori in the con-
formal 3-sphere S3, for minimal tori in the 4-sphere with its standard
metric, or for minimal tori in hyperbolic 4-space, see Chapter 10 of [7].

Corollary 5.4. Let f: T? — S* be a constrained Willmore torus
whose Willmore functional is bounded by W < 8w. Then:

o f belongs to Case I if and only if L = ker(A,) is non-constant
and
e f belongs to Case II if and only if L = ker(A,) is constant.

In the latter case im(Qo) is also constant and ker(As) # im(Q,).

Proof. A constrained Willmore torus f with W < 87 cannot belong
to Case III of Theorem 5.1, because super conformal and Euclidean
minimal immersions with planar ends have Willmore energy W > 8.
Moreover, f has trivial normal bundle and the quaternionic Pliicker
formula [13] implies that the space H°(V/L) of holomorphic sections
with trivial monodromy is quaternionic 2—-dimensional. All holomorphic
sections of V/L with trivial monodromy are thus projections of constant
sections of V. This shows that f belongs to Case II if and only if ker(A,)
is constant, because V# with p € C,\{1} has parallel sections with
trivial monodromy if and only if ker(A,) is constant.

The fact that im(Q,) is also constant in case ker(A,) is constant fol-
lows by passing to the dual constrained Willmore surface f1 because,
by (2.11) and (2.12), the immersion f belongs to Case II if and only
if its dual immersion f* belongs to Case II. Lemma 6.11 implies that
ker(A,) # im(Q,), because otherwise f had to be CMC in R? or Eu-
clidean minimal with planar ends which is impossible if W < 8.

q.e.d.

5.2. Hitchin trick. In the following we construct, for each case in the
holonomy list of Proposition 3.1, a family of sections of either (Vi) or
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Endc(V) that is polynomial in the spectral parameter p and has the
property that the evaluation at every u € C, is V#—parallel. To do this
we use the following idea from [19]: although V* has poles at u = 0
and p = oo, the holomorphic families of elliptic operators

8/’1‘ — (V”)(LO) — V(LO) + (/’[/ _ 1)A(()170)
o = (vu)(ovl) —vOn 4 (M_l _ 1)A<(>0’1)

obtained by taking the (1,0)— and (0, 1)—parts of the associated family
VH# of flat connections extend to p = 0 or = 00, respectively. Because
elliptic operators on compact manifolds are Fredholm, Proposition 3.3
applies to the holomorphic families 0* and 0". We use this to show for
each of the cases in Proposition 3.1 that the family of spaces of V#—
parallel sections of either (V,i) or Endc(V) gives rise to a holomorphic
vector bundles over CP! whose fiber over generic points p € C, C CP*
coincides with the space of V#—parallel sections. A polynomial family
of parallel sections can then be obtained as a meromorphic section with
a single pole at p = oo of this holomorphic vector bundle over CP'.

(5.1)

5.3. Case by case study. A polynomial Killing field [12, 6] for the
constrained Willmore associated family V# is a polynomial family

d
() =D &)
=0

of sections of Endc (V) with coefficients & € T'(Endc(V)) whose value
at every u € C, is V¥—parallel, that is, satisfies

(5.2) VHEE(p, ) =0
which is equivalent to the Lax—type equation

Ve = [(1— A8 + (1 - A g].

Lemma 5.5. A constrained Willmore torus that belongs to Case I
of Proposition 3.1 admits a polynomial Killing field & which, for generic
u, has four different eigenvalues.

Proof. In Case I of Proposition 3.1, away from isolated spectral pa-
rameters p € C, the space of V#—parallel sections of the bundle Endc (V)
is 4—dimensional, because parallel endomorphisms are parametrized by
the elements of one fiber Endc(V),, p € T? = C/T that commute
with all Hy(y), v € T. In order to prove the existence of the poly-
nomial Killing field £ we construct a holomorphic rank 4 subbundle U
of the trivial bundle CP' x I'(Endc(V)) whose fiber U, over generic
pu € C, C CP! coincides with the space of V#-parallel sections. Fol-
lowing the idea explained in Section 5.2, we define the bundle U as the
kernel bundle of the families of operators (5.1) acting on sections of
Endc (V). To make sure that the kernels of (5.1) define a bundle with
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the given properties, by Proposition 3.3 it remains to check that there
is at least one p € C, for which the kernel of 0" (or, which is equivalent

by (2.10), the kernel of 9* = j~! §'/" Jj) is 4-dimensional and hence
coincides with the space of V#—parallel sections.

Assume this was not the case, i.e., for all g the dimension of the
space of 0" ~holomorphic sections of Endc(V) is strictly greater than
four. For generic p € C,, the complex rank 4 bundle (V)i) is a di-
rect sum V = Ep, @ ... @ Ep, of VF-parallel complex line subbundles
whose parallel sections have different multipliers h1,..., h4. In particular
Endc (V) = &g Eth}:l 1. The fact that the space of 8"~holomorphic
sections of Endc(V) is strictly greater than the 4-dimensional space of
VH—parallel sections thus implies that for some k # [ there exists a non—
trivial holomorphic homomorphism between the complex holomorphic
line bundles Ej, and Ej, of degree 0. In other words, there are k # [
such that the bundles Fj, and E}, are holomorphically equivalent and
represent the same point in the Jacobi variety of T2 = C/T’, the space
of holomorphic equivalence classes of topologically trivial holomorphic
line bundles over T2

Our above assumption therefore means that we are in the follow-
ing situation: at the four preimages under u: X, — C, of a generic
o € C,, the map h: ¥p, — Hom(I',C,) takes four different values
corresponding to four different gauge equivalence classes of flat complex
line bundles, but the induced map into the Jacobian takes the same
value on at least two of the four points over pg. This assumption is
equivalent to U # () with

U = {oe€¥|forall ¢ sufficiently close to o there exists 0" # o’
with p(o’) = u(c”) such that h” and h”"

give rise to isomorphic holomorphic line bundles},

where ¥ = Yp5\{c € Zpo | p(o) is singular value of u} denotes the
subset of ¥p, on which p: Xp, — C, becomes an unbranched 4—fold
covering.

If U = (), the minimal kernel dimension of 8" (and ") acting on
I'(Endc(V)) is four and Proposition 3.3 implies the existence of a holo-
morphic rank 4 subbundle I/ of the trivial bundle CP! x T'(Endc(V))
whose fiber over a generic u € C, C CP' coincides with the space of
VH—parallel endomorphisms. A polynomial Killing field £ can then be
obtained as a global meromorphic section of I/ with a single pole at
= 00.

In order to prove the lemma it therefore remains to prove that the
assumption U # () leads to a contradiction. We do this in two steps. In
both steps we use that the projection from Hom(T', C,) to the Jacobian
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of T? = C/T has the coordinate representation
(5.3)
Hom(T, C,) — C/T’ h(y) = exp(ay +by) + b modI,

where I is the lattice IV = {¢ € C | —&y + ¢y € 2miZ for all y €
I'}. To see this, note that the gauge equivalence class of flat complex
line bundles with holonomy h(y) = exp(ay + b¥) over T? = C/T is
represented by V = d — adz — bdz with d the trivial connection on the
trivial bundle; this representation is unique up to the action (a,b)
(a — &b+ c) of c € T” on C2. The induced holomorphic structure is
0= V" = 0y—bdz with 0y the trivial holomorphic structure. Since up
to holomorphic equivalence every holomorphic structure on the trivial
bundle is of this form with b unique up to b+ b+c, ¢ € I/, the quotient
C/T" is a model for the Jacobian of T2.

Step 1: We show that U # () implies U = ¥’. For this we use that U
is open and closed and hence the union of connected components of ¥':
that U is open is clear from its definition; its closedness follows from the
fact that, by the identity theorem for holomorphic functions, the set U
is the complement of the open set

{o €¥'| forall o’ # o sufficiently close to o and all ¢” # o
with p(0’) = u(0”), the flat line bundles corresponding to

R and " are not holomorphically isomorphic}.

In the case that Y is connected this immediately shows that U # 0
implies U = Y. It therefore remains to deal with the case that X' is
not connected.

In order to show that U # () implies U = X/ also if ¥’ is not connected,
we apply results from [4] about the asymptotic behavior of h: ¥,,1; —
Hom(T",C,). In the disconnected case ¥ has two connected components,
because X+ has either one or two components, cf. Section 3.4, and the
number of components of ¥/ and X,,,;; coincide (X' and X, differ by a
discrete set while Xy, and 3, differ by a finite set, cf. Theorem 4.5).
By Theorem 4.1 of [4], if ¥,,,;; has two components its genus is finite
and each of its components is a compact surface with one point removed.
In particular, u: X, — C, has a finite number of branch points so that
¥ and X, differ by a finite number of points and Y’ contains both
ends of X,,,:- The necessary information about the asymptotics of the
monodromy map h at the ends of X,,,;; is provided by Lemma 5.2 of [4]:
it shows that one of the two ends of ¥,,,;; can be parametrized x — o(x)
by = € D, in a punctured disc D, = {z € C, | |z| < €} such that

(5-4) 170 () = exp((ag + 2~ )y + b(x)7)
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for all x € D, and v € T" with b(z) holomorphic in z = 0. The other
end can be parametrized by x € D, such that

(5.5) 179 () = exp(a(z)y + (b +271)7)

for all x € D, and v € T with a(x) holomorphic at x = 0.

If now U # () and U # ¥/, then U coincides with one of the two con-
nected components of ¥’. In particular, it contains one of the ends
of Y- Moreover, the restriction of p: Ypyy — Ci to U is a 2—
sheeted covering (by definition it is at least 2-sheeted and since the
anti-holomorphic involution p interchanges the components of ¥’ it can-
not have more sheets). The first kind of end cannot be contained in U:
by (5.3), the composition h: Ly — C/I” of the map h: Sy —
Hom(T, C,) with the projection to the Jacobian of T2 extends holomor-
phically though the first kind of end (because the function b(x) in (5.4)
is holomorphic at z = 0) and is hence well defined on the compactifi-
cation 1 of the connected component ¥1 of 3,4 containing this end.
If U was contained in the connected component ¥, then ﬁ‘g , would
(by definition of U) descend to the py—plane and define a holomorphic
map CP' — C/I. But this is impossible, because such a map had to
be constant so that kA would be constant near one of the ends which
could only happen if the quaternionic holomorphic line bundle V/L had
vanishing Willmore energy, cf. Theorem 5.5 of [4].

To see that the second kind of end cannot be contained in U, denote
by x — o(x), © € D, the above coordinate at the end. The map
x € Dy +— p(o(x)) then restricts to a 2—fold covering of a punctured
neighborhood of 1 = 0 or u = co. (To see that the ends of 3,,,;; cannot
correspond to single sheets of u, note that when o approaches one of
them the multiplier h goes to infinity of Hom(I',C,) = T2 x R2. This
cannot happen on a single sheet of u, because, firstly, the product of the
four values of h over a generic point pu € C, is the trivial representation
1 € Hom(I",C,), secondly, h is continuous at those ends of ¥, that
correspond to points in X, \Xher, and, thirdly, one of the ends of
Ymuit 18 located at p = 0 and the other one at p = oo, because both
ends are interchanged under p which covers p — 1/fi.) This allows to
introduce another coordinate y centered at the end such that p = 2
or u = y~2 respectively. By definition of U the multipliers h°®) and
ho(=¥) are then holomorphically equivalent. Using (5.3) and (5.5), we
therefore obtain that

1 1
— = +c for some ¢ € I”,

z(y)  z(—y)

where y — z(y) denotes the coordinate change. But this is impossible,
because x(0) = 0 and 2/(0) # 0 so that the residues at y = 0 of both
sides of this equation have opposite signs.
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Step 2: We show now that the assumption U # () (which by Step 1
implies U = ¥') leads to a contradiction. For this we have to deal with
two different cases: either for all ¢ € p~'(S') the multipliers A and
h*(?) are holomorphically equivalent or for all o € p~*(S") at which p
is unbranched there exists oo with o1 # 09 # p(01) and u(o1) = p(o2)
such that k%' and k%2 as well as h?(°1) and h*(?2) are holomorphically
equivalent.

To prove that the first case is impossible we write the multiplier h°
at o € p=1(Sh) as

h? () = exp(ay + by)

with a, b € C unique up to the action of ¢ € T by (a,b) — (a—¢,b+c).
The multiplier of p(c) is then h*(®)(y) = exp(by + @7). Because h®
and h?(?) give rise to isomorphic holomorphic line bundles, by (5.3) we
obtain that @ = b+ ¢ for some ¢ € I". But this implies h*()(y) =
exp((a — &)y + (b + ¢)7) so that h7 = h*() for all o € = 1(S') which is
impossible because in Case I all four multipliers over a generic p € C,
are different.

To see that the second case is impossible, we chose two non—constant
continuous curves o1(t) and oa(t) in p=1(St) C Tpo with p(oy(t)) =
(o2 (t)) for all t and (o1 (0)) = pu(02(0)) = 1 such that h7® and h72(®)
are holomorphically equivalent. By (5.3) there are unique continuous
complex functions a;(t), az(t) and b(t) with a1(0) = a2(0) = b(0) such
that

R0(9) = explar(t)y + b(t)y) and h*0(y) = explaa(tyy + b(t))

for all t. Because h*@1(") and h*(@2() are also holomorphically equiv-
alent there is a constant ¢ € I such that as(t) = a1(t) + ¢. Evaluating
at t = 0 implies ¢ = 0. As a consequence, h?*®) = p72() for all ¢ which
is impossible. q.e.d.

In Cases II and III of Proposition 3.1, the space of V#—parallel sec-
tions with trivial monodromy for p € C, is at least a (complex) 2—
dimensional subspace of the finite dimensional space H = {¢ € I'(V) |
Vi € QY(L)} of prolongations of holomorphic sections with trivial mon-
odromy of V/L.

Lemma 5.6. For a constrained Willmore torus that belongs to Case
II or III of Proposition 3.1, there is a holomorphic vector subbundle V
of the trivial bundle CP' x H whose fiber V. over generic i € C, C CP!
coincides with the space of VF—parallel sections with trivial monodromy.
The bundle V has rank 2 in Case II and I1Ib and rank 4 in Case Illa.

Proof. We prove the existence of V by applying Proposition 3.3 to
the operators (5.1) acting on the finite dimensional space H. For doing
this it remains to check that, over generic u € C,, the space of 9"~
holomorphic sections (or, which is equivalent by (2.10), the space of
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O"—anti-holomorphic sections) contained in H coincides with the space
of V#—parallel sections.

This is immediately clear in Case IIla of Proposition 3.1 because, for
every pu € C,, the connection V* is then trivial and so is the induced
holomorphic structure & = (V#)O1 Therefore, all §"~holomorphic
sections are VF-—parallel and V is a holomorphic bundle of rank 4. In
Case 11, for generic p € C,, the trivial bundle V' over the torus has a
splitting V' = E; ® E}, ® Ej, into V#-—parallel subbundles with the prop-
erty that the connection induced by V* on the rank 2 bundle FEj is trivial
while parallel sections of the line bundles Ej,, [ = 1,2 have nontrivial
monodromy h; € Hom(I', C,). As above, every 0" -holomorphic section
of the trivial subbundle E; is V#-parallel. Every 0"~holomorphic sec-
tion of Ej, is of the form 1 f;, where vy is a V#-parallel section of £
and f; is a holomorphic complex function with monodromy hl_l. But
such a section 1, f; is never contained in H: if the quotient of two holo-
morphic sections of V/L is complex, it is constant unless the Hopf field
@ is trivial (which is impossible, because a torus of Case II cannot be
super conformal). Thus, in Case II, the holomorphic subbundle V of
the trivial bundle CP! x # has rank 2.

Proving the existence of V in Case I1Ib of Proposition 3.1 is slightly
more involved: for generic u € S' C C, there is a V#-parallel section
1 with trivial monodromy and a parallel section ¢ together with ¢t €
Hom(T', C) such that v*p = @+ ¢, for all y € T'. Every 9"~holomorphic
section 1 is then of the form ¢ = ¢(f1+j f2)+@(g1+jg2) where f1, f2, g1
and go are complex holomorphic functions. Such a section has trivial
monodromy if and only if g, g2 are constant and v* f1 = f1 — g1 ¢, and
¥*fa = fo— g2ty for all ¥ € . By the same argument as in Case II, the
section 1 is in A if and only if f; and f» are constant and ¢, = go = 0.
This shows that in Case IIIb the bundle V has rank 2. g.e.d.

Lemma 5.7. A constrained Willmore torus that belongs to Case II
of Proposition 3.1 admits a polynomial Killing field & which, for generic
W, has a 2-dimensional kernel and two different non—trivial eigenvalues.

Proof. The existence of £ is proven by similar arguments as in Case 1.
For generic pu € C,, the trivial bundle V" has a splitting V' = E1 ® E},, ®
E}, into VF#-parallel subbundles. The space of V#—parallel sections of
Endc (V) is now 6-dimensional, because Ej is a trivial subbundle. Us-
ing Proposition 3.3 we construct a subbundle ¢ of the trivial bundle
CP! x I'(Endc(V)) whose fiber U, over generic p1 coincides with the
space of V#—parallel sections. For this we have to check that generically
the space of 9"~holomorphic sections of Endc (V) (or, equivalently, that
of 9M—anti-holomorphic sections) is also 6-dimensional. Assuming that
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this was not the case would force the multipliers 14 and R to be holo-
morphically equivalent for every p which is impossible because, as in
Case 1, this would imply b} = hf for all u € St

A global meromorphic section £ of the holomorphic rank 6 bundle U
with a single pole at ;1 = oo is a polynomial Killing field. For the re-
construction of Xy, from ¢ it is preferable to have a polynomial Killing
field ¢ that, for every p, vanishes on the trivial V#-parallel subbun-
dle F1. We construct such ¢ by using the holomorphic rank 2 bundle V
defined in Lemma 5.6 as well as the corresponding bundle V* that be-
longs to the dual constrained Willmore immersion f+. The latter is the
holomorphic rank 2 subbundle of H*+ = {a € I'(V*) | Va € QY(L1)}
whose fiber over generic y € C, is the space of (V+)#—parallel sections.
The existence of V1 follows from Lemma 5.6 because, by (2.11), the
connections (V+)* on the bundle (V*, —i) are gauge equivalent to the
connections (VI)* = V + (1 — 1)(QH)M + (u=1 — 1)(QH)OY dual
to V# so that all its holonomies have 1 as an eigenvalue of geometric
multiplicity 2. Let 1, ¥2 be two linearly independent meromorphic
sections of V and o', o? two linearly independent meromorphic sections
of the holomorphic bundle V! that is image of V1 under the gauge
transformation of (2.11).

For generic u € C,, the sections 91 (i, .), ¥2(p, .) of (V, i) are pointwise
linearly independent and span the rank 2 subbundle £y = ker(H} (y) —
Id) C (V,i) where v € T'\{0}. Similarly, for generic yu, the sections
at(p,.), &®(p,.) of (V*, —i) are pointwise linearly independent and span
the rank 2 subbundle ker((H} (7))* — Id) = im(Hp () — Id)* for v €
I'\{0}, where we use the identification of Section 2.4 between (V*, —i)
and the complex dual space of (V,4). The meromorphic family of 2 x 2—
matrices g (1) =< af(u,.), ¥i(p,.) > (with of denoting the complex
part of the of) is therefore invertible for generic p and

(s p) == E(p,p) = D & p) (k1) - 91" (1) - (2, p)
kl

defines a polynomial Killing field that, for every p, vanishes on the
trivial subbundle Ej. q.e.d.

Lemma 5.8. If a constrained Willmore torus belongs to Case Illa
of Proposition 3.1 it is super conformal or Fuclidean minimal with pla-
nar ends and n = 0.

Proof. In Case Illa of Proposition 3.1, the bundle V constructed in
Lemma 5.6 has rank 4. Because a local holomorphic section * of
V defined in a neighborhood U of p = oo satisfies V#y* = 0 for all
u € U NC,, the fiber Vo, over p = oo is a 4-dimensional space of
solutions to (4.1). Thus, by Proposition 4.1, an immersion f belonging
to Case IIIa has to be super conformal or Euclidean minimal with planar
ends and 7 = 0. q.e.d.
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Lemma 5.9. If a constrained Willmore torus belongs to Case IIIb
of Proposition 3.1 it is Fuclidean minimal with planar ends and n = 0.

Proof. Firstly, we prove the existence of a nilpotent polynomial Killing
field £ for the associated family V# of a constrained Willmore torus that
belongs to Case IIIb. We do this by using the holomorphic rank 2 bun-
dle V defined in Lemma 5.6 as well as the corresponding bundle V- that
belongs to the dual constrained Willmore immersion f+ (which exists
because, by (2.11), the connections (V) on the bundle (V*, —i) also
have non-semisimple holonomy): we define £ by

£(p,p) = ¥(p, p)ac(p, p),

where 1 is a non—trivial meromorphic section of V and a¢ the complex
part of a non—trivial meromorphic section « of the holomorphic bundle
V- that is image of V' under the gauge transformation of (2.11). The
Killing field £ is polynomial in y if ¢ and « are chosen holomorphic on
C with a single pole at yu = oo.

The polynomial Killing field £ thus constructed is nilpotent: for
generic u € C,, at every point p € T? the elements of V, C I'(V)
span the rank 2 subbundle im(R,(y)) = ker(Rh(y)) C (V,i) with
RE(y) = HY () — Id denoting the nilpotent part of the non-semisimple
holonomy around a non-trivial cycle v € T'\{0}. Similarly, the ele-
ments of (V1),, € T'(V*) generically span the subbundle im((R}(v))*) =
ker((R5(7y))*) of (V*,—i) which, under the identification of Section 2.4
between (V*, —i) and the complex dual space to (V,i), coincides with
the subbundle im(R4 (7))* = ker(Rp (7))*.

We show now that the existence of £ leads to a contradiction unless
f is Euclidean minimal with planar ends and = 0. Because £ does
not vanish identically, on the non—empty open set U on which V =
L@ L with L = ker(A,), see Section 4, it takes the form & = Z?:o %
with highest coefficient £ € T'y(Ende(V)) that is not identically zero.
Comparing coefficients in V#¢ = 0 implies that ¢¢ € T'y(Endc(V))
satisfies

(5.6) (AN ¢ =0 and Vel = —[ANO @D 4 A0 e,

Assume now that I = ker(A,) is non—constant. The bundles L and
L can then be trivialized by nowhere vanishing sections ¢ € T'(L) and
Y € T(L) with Jip = ¢i and Jop = )i, where J is the complex structure
on L occurring in the mean curvature sphere S of L, see (4.5). With
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respect to the frame 1, 17, 1, ¥j on U we then have

(5.7)
0 adz 0 0 11 12 13 Suis

o [0 0 00 a_ |10 &1 0 O
A = 0 0 0 0 and therefore £% = 0 fa &35 Eau
0 0 00 0 &2 &43 Su

where the form of €2 follows from the first part of (5.6) because a doesn’t
vanish on U. The fact that £ is nilpotent implies that &;; vanishes
identically.

As in the proof of Lemma 5.8, the elements in the fiber V,, over oo
of the rank 2 bundle V are solutions to (4.1). Because an immersion
that belongs to Case IIIb is not super conformal and L is assumed to
be non-constant so that the immersion is not Euclidean minimal with
n = 0, by Proposition 4.1 the space of solutions to (4.1) is at most 2—
dimensional and therefore coincides with V., C I'(V'). By construction
of &, its highest order coefficient ¢¢ vanishes on the elements in V., and
pointwise takes values in the span of the sections in V...

As we have seen in the proof of Lemma 4.3, there is a dense open
subset of U on which the solutions to (4.1) span the —i—eigenspace of
S. This eigenspace is the complex span of ¥ and ¢ — &%b with b given
by Bt = 1)jb for B as in (4.5). The function b is nowhere vanishing,
because B vanishes at a point p € U if and only if 7 vanishes at p
(because, by (4.4), (Ao)), commutes with .S, iff B, = 0 which, by (4.7),
is equivalent to Bp = 0) but n has no zeros at all since on a torus the
holomorphic quadratic differential 67 has none (if it had one, n had to
vanish identically which is impossible by Lemma 4.3, because in the
Willmore case with n = 0 the space of solutions to (4.1) is at most
1-dimensional unless the immersion is Euclidean minimal).

That &7 vanishes on the sections of V,, and therefore on the span of
S thus implies

0 &2 00
o 0 0o
=10 & 0 0

0 &2 0 0

In particular, because £%)j = 0, the second part of (5.6) yields
—¢1 595 = (Vehyhj = — (A8, V15 + (A0, €4,
where ¢ denotes the derivative § = FLV‘ j of L with 77, the projection

to L = V/L. Because the right hand side of this equation takes values
in L we obtain £33 = &9 = 0 and, because &% takes values in the —i—
eigenbundle of S, &2 = 0. This is impossible as it contradicts the
assumption that €% does not vanish identically on U.
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The assumption that L = ker(A,) is non—constant thus leads to a con-
tradiction so that L = ker(A,) has to be constant. Proposition 6.8 below
shows that a constrained Willmore torus which is not super conformal
and has constant I = ker(A,) belongs to Case III if and only if it is
Euclidean minimal with planar ends. (Alternatively, one could directly
prove, by similar arguments as in case of non-constant L = ker(A4,),
that if L = ker(A,) is constant the polynomial Killing field constructed
above can only exists if n = 0 and the immersion is Euclidean minimal
with planar ends.) q.e.d.

5.4. Proof of the main theorem. For a constrained Willmore torus
that belongs to Case I or II of Proposition 3.1, Lemmas 5.5 and 5.7
imply the existence of a polynomial Killing field £. This gives rise to
a Riemann surface parametrizing the non—trivial eigenlines of &, see
Lemma 3.5. Because for every p € C, the polynomial Killing field
¢ commutes with all holonomies of V¥, the eigenlines of ¢ are also
eigenlines of the holonomies and the uniqueness part of Lemma 3.5
implies that the Riemann surface constructed using & coincides with
the holonomy spectral curve Yp,. The fact that £ is polynomial in y
implies that Xj, has finite genus and can be compactified by adding
points over p =0 and p = oo.

By Theorem 4.5, the holonomy spectral curve Yy, is a subset of the
multiplier spectral curve X,,,; and Xpo C X consists of finitely
many points. Hence ¥,,,;; also has finite genus and therefore two ends,
see Section 3.4. In particular, two of the points needed to compactify
Yhot correspond to the two ends of X, while the other added points
are contained in the complement X,,,;+\¥p0 of the holonomy spectral
curve inside the multiplier spectral curve. Because the two ends X,
are interchanged under the anti-holomorphic involution p, one of them
corresponds to a point over u = 0 and the other one to a point over
u = oo. To see that both ends of X,,,;; are branch points of u, note
that when o tends to one of the ends the corresponding multipliers go
to infinity in Hom(T',C?) = T2 x R? which cannot happen on a single
sheet of the covering p: Xy, — C, only, because the holonomies H#(7)
itself can be represented as SL(4, C)-matrices.

For immersions belonging to Case II of Proposition 3.1, this shows
that the two points corresponding to the ends of X, are the only
points needed to compactify 3., because pu: Xpy — Cy is a 2—fold
branched covering. In particular, ¥, then coincides with X,,,;;. In
Case I, the map p: Xpo; — C, is a 4—fold branched covering and, because
u is branched at the two ends of X5+, the complement X1\ Xpo of
the holonomy spectral curve inside the multiplier curve consists of at
most four points.

As we have seen in Section 2.4, all super conformal tori belong to
Case IlIla of Proposition 3.1. Euclidean minimal tori with planar ends
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belong to Case III, because the holonomy of V# for € S is of Jordan
type with eigenvalue 1 and off-diagonal part related to the translational
periods of xdf, see [20].

Conversely, Lemma 5.8 shows that a constrained Willmore torus that
belongs to Case IIla of Proposition 3.1 is either super conformal or Eu-
clidean minimal with planar ends and Lemma 5.9 shows that Case I1Ib
is only possible for Euclidean minimal tori with planar ends.

The fact that all constrained Willmore tori with non—trivial normal
bundle Ly belong to Case III follows from Proposition 3.1. A con-
strained Willmore torus with trivial normal bundle L that is not Eu-
clidean minimal with planar ends belongs to Case I or II, because oth-
erwise it had to be super conformal which is impossible, because super
conformal tori have non-trivial normal bundle, see (2.3). q.e.d.

6. The Harmonic Case

We discuss a special class of constrained Willmore surfaces related to
harmonic maps to S2. It includes CMC surfaces in R3 and $3, Hamilton-
ian stationary Lagrangian surfaces in C? = H, and Lagrangian surfaces
with conformal Maslov form in C? = H. Constrained Willmore tori
of this class belong to Cases II or III of Theorem 5.1. More precisely,
they belong to Case II if and only if the appendant harmonic map to
52 is non—conformal. Then, the harmonic map itself admits a spectral
curve [24, 19] which is shown to coincide with the constrained Willmore
spectral curve studied above.

6.1. Main theorem of the section. The following theorem will be
proven in Section 6.5.

Theorem 6.1. If a conformal immersion f: M — S* of a Riemann
surface M admits a point oo € S* at infinity for which one factor of the
(Euclidean) Gauss map

M — Grt(2,4) = % x §2

of f seen as an immersion into R* = S*\{co} is harmonic, then f is
constrained Willmore. If M = T? is a torus there is a Lagrange multi-
plier n such that f belongs to Case II or III of Theorem 5.1, depending
on whether the harmonic factor is non—conformal or conformal. In the
non—conformal case, the harmonic map spectral curve coincides with the
constrained Willmore spectral curve.

As pointed out by Fran Burstall [9], the property that the Gauss
map of an immersion into R* has a harmonic factor is equivalent to
holomorphicity or anti—-holomorphicity of its mean curvature vector, see
Section 6.2. The first part of Theorem 6.1 has been generalized by
Burstall [9] who proved that every immersion into a 4-dimensional space
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form with (anti—)holomorphic mean curvature vector is constrained Will-
more.

It should be noted that, conversely, every constrained Willmore torus
f: T? — S* that belongs to Case III of Theorem 5.1 (and hence is su-
per conformal or Euclidean minimal with planar ends) admits a point
oo € S* at infinity for which the Gauss map of f seen as an immer-
sion into R* = S$%\{oo} has a conformal factor, see Section 6.2. Tt
is also worth noting that (following from Corollary 5.4 together with
Lemma 6.3) every constrained Willmore torus that belongs to Case II
and has Willmore functional W < 87 admits a point co € S* for which
a factor of the Euclidean Gauss map is harmonic and non—conformal.

6.2. Surfaces in Euclidean 4-space R* = H. The immersions stud-
ied in this section come with a distinguished point co € S* at infinity
in the conformal 4-sphere. In the following we therefore work with a
fixed trivialization V = H? and identify R* = H with HP!\{co} via
x € H +— [(x,1)]. The relation between the (Mo6bius geometric) mean
curvature sphere congruence of an immersion f: M — H = HP*\{oo}
and its (Euclidean) Gauss map is as follows (see Chapter 7 of [7] for
details): the Gauss map of a conformal immersion f: M — H is repre-
sented by the left and right normal vectors N, R: M — S? C ImH of
f which are defined by

xdf = Ndf = —df R.
The mean curvature vector H = %tr(l[) can be expressed in terms of N
and R by
(6.1)
1 1
dN' = 5(dN — N*dN) = —dfH and dR = 5(dR — R+xdR) = —Hdf
where H = HN = RH. The mean curvature sphere of the immersion

L= <{> H is then

(6.2) S = Ad (é {) (g _0R>

and the Hopf fields of f take the form
(6.3)

B 1 f\/0 o0 B 1 f\/ dN" 0
2*A_Ad<0 1) <w dR”> and 2*Q_Ad<0 1> <w+dH 0

with dN” = 1(dN + N+dN), dR" = 1(dR + RxdR) and w = 1(—dH —
RxdH + HxdN").

An immersion f: M — R* = S*\{oc} is Euclidean minimal if and
only if its left and right normal vectors N and R with respect to oo
are both anti-holomorphic, that is, if dN' = 0 and dR’' = 0, see (6.1).
An immersion f: M — S* is super conformal, i.e., satisfies A = 0 or
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@ = 0, if and only if with respect to one and therefore every point oo
at infinity its left normal N is holomorphic dN” = 0 or its right normal
R is holomorphic dR"” = 0, see (6.3) and Lemma 22 of [7].

The following lemma gives a quaternionic characterization of har-
monic maps into S2.

Lemma 6.2. A map N: M — S? C Im(H) into the 2-sphere is har-
monic if and only if the 1-form dN' = %(dN — NxdN) or, equivalently,
dN" = 3(dN + NxdN) is closed.

Proof. A map N: M — S? is harmonic if the 2-form
dxdN = d(NdN' — NdN")

= dN' AdN' + Nd(dN') — dN" A dN" — Nd(dN"),

is normal to S2. Both dN’ A dN’ and dN” A dN" are normal and one
can easily check that d(dN') and d(dN") are tangential. The tangential
part of the form d«dN is therefore Nd(dN') — Nd(dN") = 2Nd(dN'") =
—2Nd(dN") which proves the statement. q.e.d.

Using Lemma 6.2 we show now that the Gauss map of an immer-
sion f: M — R* = H into Euclidean 4-space has a harmonic fac-
tor if and only if its mean curvature vector H is (anti-)holomorphic.
More precisely, f has a harmonic left normal N if and only if its mean
curvature vector is a holomorphic section of the normal bundle, that
is, *V+H = NV+H with V+ denoting the normal connection of f.
Analogously, harmonicity of the right normal R is equivalent to anti—
holomorphicity of #, that is, to *V+H = —NV=H. We only prove the
second statement: by (6.1), R is harmonic if and only if *dH = dHN
or, equivalently, *dH = —NdH. Using again (6.1), HN = RH implies
dHN — RdH = dR"H — HdN" which shows that *dH = —NdH is
equivalent to *V+H = —NV+H. By # = NH this is equivalent to
*VEH = —NV+H.

6.3. Mobius geometric characterization of the harmonic case.
The following lemma gives a characterization in terms of the Hopf fields
A and Q of the property that there is a Euclidean subgeometry in which
the Euclidean Gauss map has a harmonic factor.

Lemma 6.3. Let f: M — H = HP'\{co} be a conformal immersion.
Then:

a) The right normal vector R: M — S? of f with respect to the point
oo at infinity is harmonic if and only if f is constrained Willmore
and admits a 1-form n € QY(R) such that 2xA, = 2+xA + 1 is
closed and vanishes on the line corresponding to oo.



118 C. BOHLE

b) The left normal vector N: M — S? of f with respect to oo is
harmonic if and only if f is constrained Willmore and admits n
such that the form 2xQ, = 2xQ + n is closed and takes values in
the line described by oo.

Proof. Tt is sufficient to prove a), because b) follows by passing to the
dual immersion f*. By Proposition 15 of [7], the differential of 2+ A is
in Q2(R), i.e., vanishes on L and takes values in L, so that

v _ 1 f 0 0\ (fdw —fdwf
(6.4) d¥(2¢A) = Ad <0 V) aw o) = Vaw  “dwf )
Using (6.3) this implies w A df + d(dR") = 0 and, by Lemma 6.2, the
right normal vector R is harmonic if and only if xw = wN.

Every 1-form n € Q'(R) can be written as
(6.5)

n=Ad <(1) {) <2] 8) and dVn = Ad <(1) {) <c?77 8) € *(R)

if and only if ¥ = —R7 = nN. In particular, the form 2% A + 7 is closed
if and only if 7 = —R7 = AN and dw + di = 0.
This proves the lemma: the form 2xA + 7 vanishes on co = [(1,0)]

if and only if 77 = —w and, because w always satisfies *w = —Rw, the
form 2xA 4 7 is closed if and only if *w = wN which, as we have seen
above, is equivalent to R being harmonic. q.e.d.

For a Willmore immersion f: M — S* with = 0 that is not su-
per conformal, the following are equivalent (see Section 11.2 of [7] for
details):

o [ =ker(A,) = ker(A) is constant,

o L =im(Q,) = im(A) is constant, and

e f is Euclidean minimal with planar ends in R* = §*\{oco} for some

oo € §4.

In particular, we then have co = L = L. This immediately follows
from the fact that, firstly, L and L are invariant under S if n = 0 and,
secondly, if there is a point co contained in all mean curvature spheres
the immersion is Euclidean minimal with planar ends in R* = §4\{co}
and vice versa.

6.4. Willmore bundles of rank 1 and the harmonic map spec-
tral curve. We review the quaternionic approach to the spectral curve
of harmonic maps from tori to S? as developed in Sections 6.1 to 6.3
of [13]. This allows a short proof of the prototype result mentioned in
the introduction.

A flat connection V on a quaternionic vector bundle W with complex
structure J over a Riemann surface M is a Willmore connection if the
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Hopf field A = %(JVJ + *V.J) satisfies dV (2xA) = 0, or equivalently, if
for every parameter p € C, the complex connection

(6.6) VH =V + (u—1)AD 4 (=t —1)40D

on the complex bundle (W, 1) is flat.

The Hopf fields A and @ = %(JVJ — xVJ) of a Willmore con-
nection V are holomorphic sections A € H(K End_(W)) and Q €
H°(End_(W)K), see [13]. In case W is a quaternionic line bundle,
the complex line bundle End, (W) is canonically trivial and AQ €
HY(K?) = H°(K?End, (W)) is a holomorphic quadratic differential.
In particular, if M = T? is a torus the holomorphic quadratic differen-
tial AQ is either nowhere vanishing or vanishes identically.

Lemma 6.4. Let V be a trivial connection on a trivial quaternionic
line bundle W with complex structure J over a Riemann surface M and
define N: M — S? by Jy = N for 1 a non-trivial parallel section.
Then V is a Willmore connection if and only if N is harmonic. In case
V is Willmore and M = T? is a torus, either

e AQ is nowhere vanishing and N is non—conformal with deg(N) =
0 or

e AQ =0 and N is holomorphic or anti—-holomorphic depending on
whether A =0 or Q = 0. In particular deg(N) # 0 unless N is
constant.

Proof. That V is Willmore if and only if IV is harmonic follows from
(2%A)Yp = —pdN' and Lemma 6.2. If M = T2, the holomorphic qua-
dratic differential AQ) either has no zeros at all or vanishes identically.
Because Ay = w%NdN’ and Qv = w%NdN” , the latter is equiva-
lent to N being conformal. The statement about the degree deg(N)
of N in the non—conformal case holds, because A and () are then
nowhere vanishing holomorphic sections of the bundles K End_ (W) and
End_(W)K, respectively, and deg(End_(W)) = 2deg(W) = 2deg(N).
In the conformal case the statement about the degree follows from
deg(N) = deg(W) = & [, AN*A — Q A *Q. q.e.d.

The following lemma implies the existence of the harmonic map spec-
tral curve for non—conformal harmonic maps N: T2 — S2.

Lemma 6.5. Let W be a quaternionic line bundle with complex struc-
ture J and Willmore connection ¥ over a torus T?. In case V has non—
trivial Hopf fields A # 0 and QQ # 0, there are only finitely many spectral
parameters p € C, for which all holonomies of the flat connection V#
in (6.6) have eigenvalue 1.

Proof. Assume the statement was not true. Because the space H(W)
of V”-holomorphic sections with trivial monodromy is finite dimen-
sional, there are then fig, ..., tn € Ci and ¥y, ..., %, € H(W) with
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VHiap,, = 0 for [ = 0,...,n such that v, ,...,4,, are linearly indepen-
dent over C while v, ...,%,, are linearly dependent. Because @ #
0, it is impossible that a holomorphic section of W is contained in
the +i eigenspaces of J so that both (A, )0, ..., (A, )1 and
(A?/)m)(o’l), weey (Azbun)(ovl) are also linearly independent over C. More-
over, there are \; € C such that ¢, = >_;" o ¥, A\ and, using Vi, =
(1= 1) (A ) + (1 = i) (At )01, we obtain

n

D (A PO (= po) i+ Y (Adh) D (7t = pg N =0

=0 =0

which is a contradiction, because pug # p; for all I = 1,...,n and \; # 0
for some I. g.e.d.

The harmonic map spectral curve of a non—conformal harmonic map
N:T? — S? is the hyper—elliptic Riemann surface p: Lparm — Ca
parametrizing the holonomy eigenlines of the associated family (6.6) of
the corresponding trivial Willmore connection. For the spectral curve
to be well defined one has to make sure that Lemma 3.5 can be ap-
plied to the holonomies of V# around non—trivial loops, i.e., that for
generic 1 the holonomies have two different eigenvalues. If this was not
the case, all holonomies had a double eigenvalue which had to be 1 be-
cause V* is a family of SL(2,C)-connections and V=1 is trivial. But
this is impossible by Lemma 6.5. The same lemma shows that the har-
monic map spectral curve Xj,q,n has finite genus, because the number of
branch points of the projection p: 3p4mm — Cy is finite: the holonomies
corresponding to branch points have +1 as double eigenvalues so that
every branch point gives rise to a V”-~holomorphic section with trivial
monodromy defined on a 4-fold cover of T2.

6.5. Proof of Theorem 6.1. The first part of Theorem 6.1 immedi-
ately follows from Lemma 6.3. In Section 6.2 we have seen that an
immersion f: M — H with conformal left or right normal N or R is
super conformal or Euclidean minimal with planar ends. Thus, an im-
mersions f: T? — S% of a torus whose left or right normal with respect
to some point oo € S§* is conformal belongs to Case III of Theorem 5.1.
It therefore remains to show that f belongs to Case II of Theorem 5.1
if there is oo € S4 for which one of the Euclidean normals is harmonic
but non—conformal. This is proven by Proposition 6.8 below.

Firstly, we show that if a constrained Willmore immersion f: T2 —
S4 = HP' is neither super conformal nor Euclidean minimal with planar
ends and has constant L = im(Q,), the quaternionic holomorphic line
bundle W = V/L carries a Willmore connection V which is induced
by oo = L = im(Q,) and compatible D = V” with the holomorphic
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structure D on V/L. (Passing to the dual constrained Willmore immer-
sion f+ shows that, if L = ker(A,) is constant, the same is true for the
holomorphic line bundle L=! = V*/L*.)

For an arbitrary conformal immersion f: M — HP!, the canonical
projection 7 to V/L projects v = (1,0) € V = H? to a holomorphic sec-
tion ¢ = w(v) € H°(V/L) that vanishes on the discrete set Z of points
at which f goes through oo = [(1,0)]. Away from Z, the complex struc-
ture J € I'(End(V/L)) satisfies Jo = oN, where N is the left normal
of f: M\Z — H = HP"\{oo}. The point oo induces a compatible con-
nection V defined over M\Z by setting Vo = 0. This connection is
Willmore if and only if N is harmonic. By Lemma 6.3 this is equivalent
to f being constrained Willmore with im(Q,) = oo for some Lagrange
multiplier 7.

The following lemma shows that if M = T2 is a torus and N is non—
conformal, the set Z is empty and the Willmore connection V is globally
defined.

Lemma 6.6. Let f: T? — S* = HP! be a conformal immersion and
denote N and R the left and right normals of f seen as an immersion
into H = HP'\{co} for a point co € HP! at infinity. In case N or R
is harmonic, it smoothly extends through the points of T? at which f
goes through oo to a harmonic map T? — S?. If this harmonic map is
non—conformal, its degree is zero and f does not go through oo.

In case N or R is conformal and non—constant, its extension 72 — 5?2
has non—zero degree and f can go through oo. In the anti—-holomorphic
case when f is minimal with planar ends in R* = S§%\{oo} it goes
through oo at the ends of the surface. The degree of the extended left
and right normals is then deg(N) = d/2 — e and deg(R) = —e — d/2,
where d = deg(Ls) denotes the degree of the normal bundle and e the
number of ends.

Proof. 1t is sufficient to prove the statement in the case that IV is
harmonic (the case that R is harmonic immediately follows by passing
to the dual surface). As above, let ¢ = m(v) be the holomorphic section
of V/L obtained by projection of v = (1,0). The left normal vector N
of f: T?\Z — H = HP*\{co} then satisfies Jp = ¢ N and therefore, by
Lemma A.1, continuously extends through the set Z of points at which
f goes through co = [(1,0)]. Because N is continuous on 72 and, by
assumption, harmonic on 72\ Z, it is a continuous solution to an elliptic
equation and therefore smooth on all of 7?2, see e.g. [15]. In particular,
the second part of Lemma A.1 implies that d N,/ = 0 for all p € Z.

It remains to check that Z = () if N is non—conformal. For this we
equip the trivial bundle £ = M x H with a Willmore connection by set-
ting V¢ = 0 and Jy = N for ¢»(p) = (p,1). Since N is non—conformal,
Lemma 6.4 implies that AQ is nowhere vanishing and deg(N) = 0. In
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particular, Qi = ¢%N dN" implies the set Z is empty, because dN, = 0
for all p € Z but @ is nowhere vanishing. q.e.d.

The following lemma shows that, if im(Q),) is constant, the SL(2, C)-
connections in the associated family (6.6) of the induced Willmore con-
nection on V/L are gauge equivalent to an invariant subbundle of the

SL(4,C)-—connections in the constrained Willmore associated family
(2.9) on V.

Lemma 6.7. Let f: M — S* be a constrained Willmore immersion
with constant im(Q,). For every spectral parameter p € C,, the pro-
longation of a parallel section of the connection (6.6) in the associated
family of the Willmore connection on V/L induced by oo = im(Q,) is
parallel with respect to the connection (2.9) on V.

Proof. As above, denote by ¢ the holomorphic section of V/L defined
by projection m(v) of v = (1,0) with co = [(1,0)] = im(Qo). The
prolongation ¢ of a holomorphic section ¥ = pg of V/L is then

v=o)or (i)

with x defined by dg + df x = 0.
A section ¢ = pg of V/L is VF—parallel with respect to the connection
(6.6) if

-1 -1
dg + w](;’o)(NdN/g)“T + 70D (NaN'g) £ — =0,

where 771(\}’0) (v) = (v — Nvi) and 771(3’1)(1)) = 1(v+ Nvi). Now dN’ =

—df H yields NdN' = df RH and, because dg + df x = 0, the function x
is given by

pt -1
—

-1
(6.7) X = wg’l)(RHg)“T + 7O (RHg)

By (6.3) and (6.5), the fact that @, takes values in the line corre-
sponding to co implies

va—aa(l ) (1 0)

- 1 f 0 0
Therefore 2xA, = Ad <0 1> (—dH dR”) and

1, (1 f 0 0
(6.8) Ao =5 Ad <0 1> <—RdH RdR”> ‘
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The derivative of the prolongation 1 of a holomorphic section ¢ = ©g
with respect to the connection (2.9) on V is

(6.9) V' = ({) dx + <{> <7r§§’1)(—Rng + RAR" == . 1.

-1 _ 1
O (—RdHg + RdR”X)“T) .

In case that v is parallel with respect to the connection (6.6), using

RHdg = —RHdfx = RAR'x = RdRx — RdR"x, differentiation of (6.7)

yields

(6.10)

pmt -1
2

-1
dx = 7"V (RdHg — RAR"x)2—— . + 70 (RdHg — RAR"Y)

_1_1
2

0D (RdRy) L= 5 100 (Rapy k.

5
For proving that the prolongation 1 is a parallel section of V with
respect to (2.9) if the section ¢ of V/L is parallel with respect to (6.6),

it therefore remains to check that the second line of (6.10) vanishes. By
(6.7)

—1
+ (dRHg)“T + (dRHg)

—1., pt—1
RdRx = 7"V (dRH g)E—— > OV (dRrHg)E 5
we have
-1 —1pt-1
a0V (RdRy) == = 70V (arEgE— =
2 2 2
-1 —1p -1
7O (RdRy)E — = = 70O (dRH g~ 5 K 5
so that indeed, by “7_1”7;_ = 1(2—p—p~1), the second line of (6.10)
vanishes. q.e.d.

Proposition 6.8. Let f: T? — S* be a constrained Willmore torus
which is neither super conformal nor FEuclidean minimal with planar
ends and has the property that L = ker(A,) or L = im(Q.) is a constant
point oo € S%. Then the immersion f belongs to Case II of Theorem 5.1
and the harmonic map spectral curve of the harmonic left or right nor-
mal of f: T? — R* = S"\{oo} coincides with the constrained Willmore
spectral curve of f.

Proof. Passing to the dual immersion f* interchanges the property
that ker(A,) is constant with the property that im(Q,) is constant.
Moreover, f and f belong to the same case in the list of Theorem 5.1,
because the holonomy representations of the associated family (V+)*
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belonging to the dual constrained Willmore immersion f+ are equivalent
to the dual representations of the holonomy representations of V#, see
(2.11).

Assuming that ker(A,) is constant we obtain that we are not in Case I
of Theorem 5.1, because a constant kernel ker(A,) gives rise to a complex
2—-dimensional space of sections with trivial monodromy of V' which are
parallel for all V#.

On the other hand, assuming that im(Q),) is constant shows that we
are in Case I of Theorem 5.1: because the immersion f is neither super
conformal nor Euclidean minimal with planar ends, its left normal with
respect to oo = im(Q,) is harmonic and non—conformal (see Lemma 6.3
and Section 6.2). Lemma 6.6 then implies that f does not go through
oo = im(Q,) so that oo induces a compatible Willmore connection on
the bundle V/L. By Lemma 6.5, for generic u € C, the holonomy
of the associated family (6.6) of this Willmore connection has non—
trivial eigenvalues. Together with Lemma 6.7 this shows that we are in
Case 11, that is, over generic p the holonomy of the constrained Willmore
associated family (2.9) has two non—trivial eigenvalues in addition to the
two trivial eigenvalues.

In particular, all three spectral curves arising in our situation are
canonically isomorphic

Ehar’m = Ehol = Emult'

The second equality always holds for constrained Willmore tori of
Case II. The first equality holds, because by Lemma 6.7 the Riemann
surfaces Yparm and X, describing the non—trivial eigenlines of the
SL(2,C)— and SL(4, C)-holonomies, respectively, can be defined as nor-
malizations of the same algebraic sets which describe the non—trivial
eigenvalues of the holonomies (cf. the proof of Lemma 3.5). q.e.d.

6.6. CMC surfaces in Euclidean 3-space R3. The left and right
normal vectors of a conformal immersion f: M — ImH = R? coincide
and xdf = Ndf = —dfN.

Lemma 6.9. A conformal immersion f: M — ImH = R> has con-
stant mean curvature if and only if its Gauss map N: M — S? is har-
monic.

Proof. By Lemma 6.2, harmonicity of N is equivalent to closedness
of dN' which, by (6.1), is equivalent to H being constant (note that H
for surfaces in R? is the real function H = —% tr < df,dN >). q.e.d.

Because CMC immersions are constrained Willmore and isothermic,
the form 7 for which dv(2+«A + 1) = 0 is not unique: for all p € R, the
forms 2x AL = 2xA + 1o + pw and 2xQ5 = 2xQ + 1y + pw are closed,
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where by (6.3)

1 0 0 —aqft N0 0
2*A—Ad<0 1> (%H*dN” dN”) andw.-Ad(O 1> (dN” O>

and ng := —%H*w. Because

1 f 0 0
P _
26do = Ad <0 1) <pdN” dN”> and

1 f\[dN" 0
P —
2*@0 - Ad <0 1) <pdN// O> 9

the 2-step forward and backward Backlund transforms for different pa-
rameters p are

L, = ker(Af) = <fpp_ 1> and f/p =im(Q¥) = (1 :fﬁ)

and the only parameter for which one of these Bécklund transforms is
constant is p = 0 when Lo = Ly = oo.

6.7. CMC surfaces in the 3-sphere S equipped with its stan-
dard metric. Let f: M — S C H be a conformal immersion with
xdf = Ndf = —df R. The imaginary 1-forms

(6.11) a= fdf and B=dff !

satisfy xa = Ra = —aR and 8 = NS = —3N. Their Maurer—Cartan
equations are

do+aNha=0 and dg=pBANp.

Denote by n the positive oriented normal vector of f as a surface in
53, that is, f, n is a positive orthonormal basis of the normal bundle
of f seen as an immersion into H. Because the complex structure on
the normal bundle is given by left multiplication by N and right multi-
plication by R we have n = Nf = fR. The second fundamental form
of f as an immersion into H is T = — < df,df > f— < df,dn > n
and its mean curvature vector is H = %tr]l = Hn — f, where HS?
denotes the scalar mean curvature of f as an immersion into S®. Hence
H = HN = RH satisfies

(6.12) H=(HS -R)yf ' =Y H-N).

A straightforward computation (using (6.11) together with (6.1) and
(6.12)) shows

(6.13)  drxa+H aAa=0 and  d«B+HSBAB=0.

Lemma 6.10. A conformal immersion f: M — S3 C H with =df =
Ndf = —dfR has constant mean curvature in S® if and only if N: M —
S2 is harmonic or, equivalently, R: M — S? is harmonic.
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Proof. By Lemma 6.2, the map R is harmonic if and only if the form
dR’ is closed. Because dR' = —(H s? _ R)f~1df, this is equivalent to

0=d(dR) = —dH5 Ao — Hda + dxa = —dH"’ N a

so that f is CMC in S® if and only if R is harmonic. The proof for N
is analogous. q.e.d.

As for CMC surfaces in R3, the form 1 with d¥ (2xA +7) = 0 is not
unique: for all p € R, the forms 2xA5 = 2xA + 19 + pw and 2xQf5 =
2%Q + no + pw are closed, where

(1 f 0 0
A =Ad <0 1) (%(1 ~ HSR)dR"f~! dR”) ’

B 1 A\/0 0
“’"Ad<o 1> (dH o>

and ng := %HSBSw, because by

(6.14) dH = —dRf™ — (HS" — R)f'dff ' =
— (—Hdf +dR")f™' = Hdf f 7' = —dR"f !

and N = fRf~! which implies dN = Ad(f)(dR + 2aR) and therefore
dN" = Ad(f)(dR"), the form w = —1(dH+R«dH+HNdN") occurring

in (6.3) is w = 3(1 — H°R)dR"f~. Thus
1 f 0 0
p—
2% AP = Ad <0 1> <(,0— %)dH dR”> and

(1 f dN" 0
v =g 7) (i, Sy )

and the 2-step forward and backward Béacklund transforms for different
p are

i +l)f> P <(p— l)f>

L, =ker(2+A%) = (p+3 H and L, =im(2xQ%) = 2 H,
P ( ) ( (,0 _ %) 14 ( Q ) (p+ %)

because dH = —dR"f~' = —f~'dN". In particularly, for p = 0 and

p = £1/2 we obtain

(6.15) Lo=1Lo= <_1f> H

. 1 - 0
(616) L1/2 = <0> H and L1/2 = <1> H
(617) L—l/Z = <§)> H and E—1/2 = <é> H.

The parameters p = :l:% are the only parameters for which the 2—step
Béacklund transforms Ep and ﬁp are constant.
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Minimal surfaces in S are examples of isothermic surfaces that, for
different choices of n € Q'(R) in the Euler-Lagrange equation (2.4),
belong to different cases of Theorem 5.1: for p = 0 their holonomy
spectral curve belongs to Case I, see Corollary 5.2, while for p = :l:% it
belongs to Case II, because then ker(A4%) and im(Q¥%) are constant, see

Proposition 6.8.

6.8. Mobius geometric characterization of CMC surfaces in
R3 and S3. As we have seen in Sections 6.6 and 6.7, CMC surfaces
in R? and S? are examples of constrained Willmore surfaces for which
the 1-form n € QY(R) in (2.4) can be chosen such that both ker(A,)
and im(Q,) are constant. The following characterization of constrained
Willmore surfaces with this property is readily verified by combining
equations (6.3), (6.5) and (6.1).

Lemma 6.11. Let f: M — S* = HP! be a constrained Willmore

immersion. Then:

a) The immersion f admits n € Q1 (R) such that ker(A,) = im(Qo) =
oo if and only if f: M — H = HP'\{co} has the property that H
is constant, that is, f is CMC in a 3—dimensional plane in H of
minimal in Fuclidean 4—space H.

b) The immersion f admits n € QY(R) thus that ker(A,) = 0 and
im(Q,) = oo if and only if f: M — H = HP'\{oco} satisfies
Hf 4+ R = ¢ for some constant ¢ € H. Similarly, ker(As) = o0
and im(Q.) = 0 is equivalent to fH + N = ¢ for ¢ € H. The
constant ¢ € H is real if and only if the surface is contained in a
concentric 3—sphere in H. In particular, f is then CMC in that
S—sphere.

This lemma directly implies the following characterization of CMC
surfaces in R and S3.

Corollary 6.12. A constrained Willmore immersion f: M — S* =
HP' is CMC with respect to a 3-dimensional Euclidean or spherical
subgeometry if and only if it is contained in a totally umbilic 3—sphere
and admits a 1-form n € QY (R) satisfying (2.4) for which the 2-step
Bicklund transformation L = ker(A,) is constant. The Euclidean case
is then characterized by the fact that the point L is contained in the
totally umbilic 3—sphere.

Proof. We have already seen in Lemma 6.11 that CMC surfaces in R3
and S® have the given properties. To prove the converse, assume that
f is contained in a totally umbilic 3—sphere. This can be represented as
the null lines of an indefinite quaternionic hermitian form < . >, see
e.g. Section 10.1 of [7]. Then Q, = —A% with % denoting the adjoint
with respect to < . >. In particular, for surfaces contained in a totally



128 C. BOHLE

umbilic 3—sphere, ker(A,) being constant is equivalent to im(Q,) being
constant and the corollary follows from Lemma 6.11. q.e.d.

The following lemma gives another characterization of CMC surfaces
in R3 or S3.

Lemma 6.13. A conformal immersion f: M — S* admits a point
oo € S* at infinity such that both the left and right normal vectors N
and R of f seen as an immersion into R* = S*\{oc} are harmonic if
and only if f: M — R* = S0\{oo} is CMC in a 3-plane or a round
3-sphere in R* or minimal in Euclidean 4-space R*.

Proof. By Lemma 6.2 and (6.1), harmonicity of N and R is equiva-
lent to xdH = —RdH = dHN which again is equivalent to the mean
curvature vector H of f being a parallel section of the normal bundle of
f. Tt is well know that a surface in H = R* with parallel mean curvature
vector is either Euclidean minimal or CMC in a 3—plane or 3—sphere.

q.e.d.

6.9. Hamiltonian stationary Lagrangian tori and Lagrangian
tori with conformal Maslov form in C2. We discuss two classes
of examples of constrained Willmore surfaces which are related to har-
monic maps to S? but in general not CMC in R3 or S3.

We identify C? with H via (z1,22) + 21 + jzo and equip it with
the standard symplectic form w defined by w(x,y) =< =i,y >, where
< x,y >= Re(zy) is the usual Euclidean product on H = R%. An
immersion f: M — H is Lagrangian with respect to w if and only if
its tangent and normal bundles TyM and Ly M are related via L,
M = (TyM)i or, equivalently, if its right normal vector is of the form
R = jexp(iB) for a R/2nZ-valued function f called the Lagrangian
angle.

It is shown in [16] that f is Hamiltonian stationary Lagrangian (i.e.,
a Lagrangian immersion that is stationary for the area functional un-
der all Hamiltonian variations) if and only if § is harmonic. Because
2dR’ = jexp(if)idf +ixdS3, harmonicity of 3 is equivalent to harmonic-
ity of R, see Lemma 6.2. In particular, by Lemma 6.3, Hamiltonian
stationary Lagrangian surfaces are constrained Willmore and admit a
form 7 such that im(Q,) = oo for 2+Q), = 2xQ + n. The above formula
for dR' together with (6.1) immediately implies that the special case of
Lagrangian surfaces that are minimal is characterized by the property
that R is constant, that is, such surfaces are complex holomorphic with
respect to the complex structure given by right multiplication with —R.

While Lagrangian minimal surfaces can never be compact, there are
compact Hamiltonian stationary Lagrangian surfaces. All Hamiltonian
stationary Lagrangian tori are explicitly described in [17]. They are
examples of constrained Willmore tori with trivial normal bundle and
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spectral genus g = 0 (the latter, because R is a harmonic map into S2
which takes values in a great circle).

It is shown in [10] that Lagrangian surfaces with conformal Maslov
form are characterized by the property that the left normal vector N
is harmonic while the right normal vector R takes values in the great
circle perpendicular to ¢. All Lagrangian tori with conformal Maslov
form are explicitly described in [10]. They are examples of constrained
Willmore tori with trivial normal bundle and spectral genus g < 1 (the
latter, because the harmonic map N into S? is equivariant).

Appendix A.
The following lemma is needed in the proof of Lemma 6.6.

Lemma A.1. Let ¢ € H°(L) be a holomorphic section of a quater-
nionic holomorphic line bundle L and denote by N the C°—map with
values in S? that is defined away from the zeros of v by Jo = @N. This
map N continuously extends through the zeros of ¢. Moreover, in case
N is C' at a zero p of ¢ the Hopf field Q of L has to vanish at that
point p.

Proof of Lemma A.1. Let z = x + iy be a chart centered at a zero p of
. Then locally there is a nowhere vanishing section 1 such that

o =9P((z+yR)"A +O(n+1)),

where J¢ = R and A, € H\{0}, cf. [21]. In particular, p = ¢(z +
yR)"\ for a continuous function A\ with A(p) # 0. Now N = A"1R\
implies that N continuously extends through the zero p. Moreover,

away from p the Hopf field is given by Q¢ = @3 NdN", hence

QY = ¢i(z + Ry)"(x — Ry) "ANdAN" "L,

Because the left hand side is well defined and continuous at p while
(z/Z)™ is bounded but not continuous at zero, the form dN” has to
vanish at p in case it is continuous. This implies that @), = 0.

q.e.d.
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