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CONJECTURE
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Abstract

Based on large N Chern-Simons/topological string duality, in
a series of papers [36, 21, 19], Labastida, Marifio, Ooguri, and
Vafa conjectured certain remarkable new algebraic structure of
link invariants and the existence of infinite series of new integer
invariants. In this paper, we provide a proof of this conjecture.
Moreover, we also show these new integer invariants vanish at
large genera.

1. Introduction

1.1. Overview. For decades, we have witnessed the great development
of string theory and its powerful impact on the development of math-
ematics. There have been a lot of marvelous results revealed by string
theory, which deeply relate different aspects of mathematics. All these
mysterious relations are connected by a core idea in string theory called
“duality.” It was found that string theory on Calabi-Yau manifolds
provided new insight in geometry of these spaces. The existence of a
topological sector of string theory leads to a simplified model in string
theory, the topological string theory.

A major problem in topological string theory is how to compute
Gromov-Witten invariants. There are two major methods widely used:
mirror symmetry in physics and localization in mathematics. Both
methods are effective when genus is low but have trouble in dealing
with higher genera due to the rapidly growing complexity during com-
putation. However, when the target manifold is Calabi-Yau threefold,
large N Chern-Simons/topological string duality opens a new gate to a
complete solution of computing Gromov-Witten invariants at all genera.

The study of large N Chern-Simons/topological string duality was
originated in physics by an idea that gauge theory should have a string
theory explanation. In 1992, Witten [46] related topological string
theory of T*M of a three-dimensional manifold M to Chern-Simons
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gauge theory on M. In 1998, Gopakumar and Vafa [11] conjectured
that, at large NN, the open topological A-model of N D-branes on
T*S?% is dual to closed topological string theory on resolved conifold
O(-1) @ O(—1) — PL. Later, Ooguri and Vafa [36] presented a picture
of how to describe Chern-Simons invariants of a knot by open topologi-
cal string theory on resolved conifold paired with Lagrangian associated
with the knot.

Though large N Chern-Simons/topological string duality still remains
open, there has been a lot of progress in this direction demonstrating
the power of this idea. Even for the simplest knot, the unknot, the
Marino-Vafa formula [32, 25] gives a beautiful closed formula for Hodge
integrals up to three Chern classes of Hodge bundle. Furthermore, using
topological vertex theory [1, 26, 27], one is able to compute Gromov-
Witten invariants of any toric Calabi-Yau threefold by reducing the
computation to a gluing algorithm of topological vertex. This thus leads
to a closed formula of topological string partition function, a generating
function of Gromov-Witten invariants, in all genera for any toric Calabi-
Yau threefolds.

On the other hand, after Jones’s famous work on polynomial knot
invariants, there had been a series of polynomial invariants discovered
(for example, [15, 9]), the generalization of which was provided by quan-
tum group theory [42] in mathematics and by the Chern-Simons path
integral with the gauge group SU(N) [45] in physics.

Based on the large N Chern-Simons/topological string duality, Ooguri
and Vafa [36] reformulated knot invariants in terms of new integral in-
variants capturing the spectrum of M2 branes ending on M5 branes
embedded in the resolved conifold. Later, Labastida, Marino, and Vafa
[21, 19] refined the analysis of [36] and conjectured the precise inte-
grality structure for open Gromov-Witten invariants. This conjecture
predicts a remarkable new algebraic structure for the generating series
of general link invariants and the integrality of the infinite family of
new topological invariants. In string theory, this is a striking exam-
ple that two important physical theories, topological string theory and
Chern-Simons theory, exactly agree up to all orders. In mathematics
this conjecture has interesting applications in understanding the basic
structure of link invariants and three manifold invariants, as well as the
integrality structure of open Gromov-Witten invariants. Recently, X.S.
Lin and H. Zheng [29] verified the LMOV conjecture in several lower
degree cases for some torus links.

In this paper, we give a complete proof of the Labastida-Marifio-
Ooguri-Vafa conjecture for any link (we will briefly call it the LMOV
conjecture). First, let us describe the conjecture and the main ideas of
the proof. The details can be found in Sections 5 and 6.
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1.2. Labastida-Marino-Ooguri-Vafa conjecture. Let £ be a link
with L components and P be the set of all partitions. The Chern-
Simons partition function of £ is given by

(1.1) Zos(L; q,t) = Y WL gt H 540 (T
AepL
for any arbitrarily chosen sequence of variables

% = (a2, 29,...,).

In (1.1), W4(£) is the quantum group invariants of £ labeled by a
sequence of partitions A = (A',... AY) € PL which correspond to
the irreducible representations of quantized universal enveloping algebra
Uy(sI(N,C)), and sga(x®) is the Schur function.
Free energy is defined to be
=log Zcs -

Using the plethystic exponential, one can obtain

(1.2) F= ZZ qu t) HsAa ,

d=1 10
where
(@) = (@)%, @5)%...).
Based on the duality between Chern-Simons gauge theory and topo-
logical string theory, Labastida, Marino, Ooguri, and Vafa conjectured

that f; have the following highly nontrivial structures.
For any A, B € P, define the following function:

()

(1.3) Mag(q Z xa(€, H —n3/2 _ gi/2)

Conjecture (LMOV). For any 4 € PL,
(i). There exists Py(q,t) for VB € P, such that:

L
| a=1

|B[=[Ax

Furthermore, P3(q,t) has the following expansion:

(15) P Z Z B 0. Q — q1/2)2g—2tQ .
9=0Qez/2

(i). Ns

are integers.
B;g,Q g
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For the meaning of notations, the definition of quantum group invari-
ants of links, and more details, please refer to Section 3.
This conjecture contains two parts:

e The existence of the special algebraic structure (1.5).
e The integrality of the new invariants Nz 0.Q"

If one looks at the right-hand side of (1.5), one will find it very
interesting that the pole of f; in (q_l/2 — q1/2) is actually at most
of order 1 for any link and any labeling partitions. However, by the
calculation of quantum group invariants of links, the pole order of f;
might be going to co when the degrees of labeling partitions go higher
and higher. This miracle cancellation implies a very special algebraic
structure of quantum group invariants of links and thus the Chern-
Simons partition function. In Section 3.4.2, we include an example in
the simplest setting showing that this cancellation has shed new light
on the quantum group invariants of links.

1.3. Main ideas of the proof. In our proof of the LMOV conjecture,
there are three new techniques.

e When dealing with the existence of the conjectured algebraic struc-
ture, one will encounter the problem of how to control the pole
order of (q_l/ 2_ g/ 2). We consider the framed partition function
Z(L; q,t,7) of Chern-Simons invariants of links which satisfies the
following cut-and-join equation:

0Z(L; q,t,7)
or
”iZ(z‘y‘pa O i )Z(aqm)
=5 i A aAa 5 o 1,8 T).
2 a=1i,5>1 japl 8p] 7 8 Z+.7

Here p& = p,(z®) are regarded as independent variables.
However, a deeper understanding of this conjecture relies on the
following log cut-and-join equation:

OF(L; q,t,7)

or
= ZZ(JP or + (2 + J)pi'p§ oF + ijp;: oF 8F>
5 i+ a a e a i+

a=114,j5>1 96 a 7 a z—i—] ]apz 8]%

This observation is based on the duality of Chern-Simons theory
and open Gromov-Witten theory. The log cut-and-join equation is
anon-linear ODE system and the non-linear part reflects the essen-
tial recursion structure of Chern-Simons partition function. The
miracle cancellation of lower-order terms of ¢~ /2 — ¢'/2 occurring
in free energy can be indicated in the formulation of generating
series of open Gromov-Witten invariants on the geometric side.
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A powerful tool to control the pole order of (¢~'/2 — ¢'/?)
through the log cut-and-join equation is developed in this paper
as what we called cut-and-join analysis. An important feature of
the cut-and-join equation shows that the differential equation at
partition (d) can only have terms obtained from joining (please
refer to section 5 for detailed description) while at (1¢) non-linear
terms vanish and there are no joining terms. This special feature
combined with the degree analysis will squeeze out the desired
degree of (q~V/2 — ¢1/?).

e We found a rational function ring which characterizes the algebraic
structure of the Chern-Simons partition function and hence the
(open) topological string partition function by duality.

A similar ring characterizing closed topological string parti-
tion function first appears in the second author’s work on the
Gopakumar-Vafa conjecture [37, 38]. The original observation
in the closed case comes from the structure of the R-matrix in
quantum group theory and the gluing algorithm in the topological
vertex theory.

However, the integrality in the case of open topological string
theory is more subtle than the integrality of Gopakumar-Vafa in-
variants in the closed case. This is due to the fact that the reformu-
lation of Gromov-Witten invariants as Gopakumar-Vafa invariants
in the closed case is weighted by the power of curve classes, while
in the open case the generating function is weighted by the label-
ing irreducible representation of U, (sl(NN,C)). This subtlety had
already been explained in [21].

To overcome this subtlety, one observation is that quantum
group invariants look Schur-function-like. This had already been
demonstrated in the topological vertex theory (also see [30]). We
refine the ring in the closed case and get the new ring fR(y; q,t)
(cf. Section 6.1). Correspondingly, we consider a new generating
series of Ng o, Ty as defined in (6.1).

e To prove T; € R(y; ¢,t), we combine with the multi-cover contri-
bution and p-adic argument therein. Once we can prove that T
lies in R, due to the pole structure of the ring R, the vanishing of

N B.9.0 has to occur at large genera, we actually proved
s 1 1 1
S Nyola V2 a0 e Zl(qE - g2)% ).
9=0Qez/2

The paper is organized as follows. In Section 2, we introduce some
basic notation about partition and generalize this concept to simplify
our calculation in the following sections. Quantum group invariants of
links and main results are introduced in Section 3. In Section 4, we
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review some knowledge of Hecke algebra used in this paper. In Sections
5 and 6, we give the proof of Theorems 1 and 2 which answer the LMOV
conjecture. In the last section, we discuss some problems related to
LMOYV conjecture for our future research.

Acknowledgments. The authors would like to thank Professors S.-T.
Yau, F. Li, and Z.-P. Xin for valuable discussions, Professor M. Marino
for pointing out some misleading parts. K. L. is supported by NSF
grant.

Before he passed away, Professor Xiao-Song Lin had been very inter-
ested in the LMOYV conjecture and had been working on it. We would
like to dedicate this paper to his memory.

2. Preliminary

2.1. Partition and symmetric function. A partition X is a finite
sequence of positive integers (A1, Ag, -+ ) such that

AL = A >

The total number of parts in A is called the length of A and denoted by
2(X). We use m;(A) to denote the number of times that i occurs in .
The degree of A is defined to be

\A\:ZA,-.

If |A\| = d, we say A is a partition of d. We also use notation A - d. The
automorphism group of A\, Aut A, contains all the permutations that
permute parts of A while still keeping it as a partition. Obviously, the
order of Aut A is given by

| Aut A = [ mi(M)!.

There is another way to rewrite a partition A in the following format:

(1mNgmz() Ly

A traditional way to visualize a partition is to identify a partition as
a Young diagram. The Young diagram of A is a two-dimensional graph
with \; boxes on the j-th row, j =1,2,...,£()). All the boxes are put
to fit the left-top corner of a rectangle. For example:

(5,4,2,2,1) = (12%45) =

For a given partition )\, denote by \! the conjugate partition of A. The
Young diagram of \! is transpose to the Young diagram of \: the number
of boxes on jth column of \! equals to the number of boxes on jth row
of A\, where 1 < j < /(X).
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By convention, we regard a Young diagram with no box as the parti-
tion of 0 and use notation (0). Denote by P the set of all partitions. We
can define an operation “U” on P. Given two partitions A and p, AU pu
is the partition formed by putting all the parts of A and p together to
form a new partition. For example,

(1223) U (15) = (1%2235).
Using a Young diagram, it looks like

7 o -

The following number associated with a partition A is used through-
out this paper:

=] VmN k=) N0y -2+ 1),
- i

It’s easy to see that
(2.1) R) = —K)t.

A power symmetric function of a sequence of variables x = (z1, z2,. . .)
is defined by
pn(x) = Z xy.
i
For a partition A,
o)
p)\(x) = H ij (‘T)
j=1

It is well-known that every irreducible representation of symmetric
group can be labeled by a partition. Let y) be the character of the
irreducible representation corresponding to A. Each conjugate class of
the symmetric group can also be represented by a partition p such that
the permutation in the conjugate class has cycles of length pi1, ..., py()-
Schur function sy is determined by

(2 s = 3 G o)

PRI
where C), is the conjugate class of the symmetric group corresponding
to partition pu.

2.2. Partitionable set and infinite series. The concept of partition
can be generalized to the following partitionable set.

Definition 2.1. A countable set (S,+) is called a partitionable set
if

1). S is totally ordered;

2). S is an Abelian semi-group with summation “+”
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3). the minimum element 0 in S is the zero-element of the semi-group,
ie., for any a € S,

O+a=a=a+0.
For simplicity, we may briefly write S instead of (S, +).

Example 2.2. The following sets are examples of partitionable set:

(1). The set of all nonnegative integers Z>;

(2). The set of all partitions P. The order of P can be defined as
follows: VA, u € P, A > piff |A| > |u|, or |\| = |p| and there
exists a j such that A\; = p; for i < j — 1 and A; > p;. The
summation is taken to be “U” and the zero-element is (0).

(3). P™. The order of P" is defined similarly as (2): VA, B € P", A >
Biff S AT > S B, or 31 JAY = SO, |B| and there
is a j such that A= Bifor i < j—1and A7 > B7. Define

AUB=(A'UB!',... A"UB").
((0),(0),...,(0)) is the zero-element. It’s easy to check that P™ is
a partitionable set.

Let S be a partitionable set. One can define partition with respect
to S in the similar manner as that of Z>(: a finite sequence of non-
increasing non-minimum elements in S. We will call it an S-partition,
(0) the zero S-partition. Denote by P(S) the set of all S-partitions.

For an S-partition A, we can define the automorphism group of A in
a similar way as that in the definition of traditional partition. Given
p € S, denote by mg(A) the number of times that § occurs in the parts
of A; we then have

Aut A = J] mg(n)!.

BesS
Introduce the following quantities associated with A:
{(A)! (-1t
2.3 =7 = 7
(2:3) AT TRut A AT Ty ™

The following Lemma is quite handy when handling the expansion of
generating functions.

Lemma 2.3. Let S be a partitionable set. If f(t) =, 5 ant", then

f( > Aﬁpﬁ($)>= > agaAapal@)ua,

B#£0, BeS AeP(S)

where
o(A) o(A)

pa=[]pr,,  Ax=]]As, -
=1 =1



PROOF OF THE LABASTIDA-MARINO-OOGURI-VAFA CONJECTURE 487

Proof. Note that
n
(o) = =
BES, B0 A€P(S), L(A)=n

Direct calculation completes the proof. g.e.d.

3. Labastida-Marino-Ooguri-Vafa conjecture

3.1. Quantum trace. Let g be a finite-dimensional complex semi-
simple Lie algebra of rank N with Cartan matrix (Cj;). Quantized
universal enveloping algebra Uy(g) is generated by {H;, X4, X_;} to-
gether with the following defining relations:

q'—H¢/2 _ qHz/Q
[Hi Hj) =0, [Hi, Xoj] = 0y Xy, [Xoi, Xog] = 5”W’
(_1)k{ _k; 7 } ,Xi;Cij_kXinL =0, foralli#j,
k=0 qi

where

q —4q ]

{k«'}q - ﬁ 9 {k}q' = H{Z}q7

¢*"¢ i=1

and

{ a } _ {a}g - {a—1}---{a—b+1},
q {b}q! .
The ribbon category structure associated with Ug(g) is given by the
following datum:

1) For any given two U,(g)-modules V' and W, there is an isomor-
phism §
Rv7wi VoW ->WeV
satisfying
Ruev,w = (Ru,w ®idy)(idy @Rv,w),
Ru,vew = (dy @Ry, w)(Ru,v ® idw)
for Uy(g)-modules U, V, W.

Given f € Homy, (o) (U, U), g € Homy, (o) (V; V), one has the
following naturality condition:

(9@ floRuv =Ry po(f®g).

2) There exists an element K, € Ugy(g), called the enhancement of
R, such that

KQp(’U ®@w) = K2p(v) ® KQP(w)
foranyveV,weW.
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3) For any U,(g)-module V, the ribbon structure 6y : V' — V asso-
ciated to V satisfies

+1 _ 541
HV = try RV,V‘
The ribbon structure also satisfies the naturality condition
z-0y =0y -z
for any x € Homy, (o) (V, V).

Definition 3.1. Given z = ), 2; ® y; € Endy, (5)(U ® V), the quan-
tum trace of z is defined by

try(z) = Ztr(yisz)xi € Enqu(g)(U)‘

3.2. Quantum group invariants of links. Quantum group invari-
ants of links can be defined over any complex simple Lie algebra g.
However, in this paper, we only consider the quantum group invari-
ants of links defined over sl(N,C) (in the following context, we will
briefly write sly) due to the current consideration for large N Chern-
Simons/topological string duality.

Roughly speaking, a link is several disconnected S' embedded in S3.
A theorem of J. Alexander asserts that any oriented link is isotopic to
the closure of some braid. A braid group B, is defined by generators

01, - ,0n—1 and the defining relation
{0'7;0']':0']'0'7;, if |i — j] > 2;
0i040; = 050305 , if ’Z—j’zl

Let £ be a link with L components K, a = 1,..., L, represented by
the closure of an element of braid group B,,. We associate each K, an
irreducible representation R, of quantized universal enveloping algebra
U,(sly), labeled by its highest weight A,. Denote the corresponding
module by Vj . The jth strand in the braid will be associated with the
irreducible module V; = V,_, if this strand belongs to the component
K«. The braiding is defined through the following universal R-matriz
of Uy(sly):

is C7'H,®H; _
R=q22u % O TT exp,[(1—q7")Es ® Fy].
positive root 3
Here (Cj;) is the Cartan matrix and

- L (k+1 ak
expy(w) = Y qnF* )
k=0

{k}q!

Define braiding by R = PiaR, where Pio(v ® w) = w ® v.
Now for a given link £ of L components, one chooses a closed braid
representative in braid group B,, whose closure is £. In the case of
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no confusion, we also use £ to denote the chosen braid representative
in B,,. We will associate each crossing by the braiding defined above.
Let U, V be two Uy(sly)-modules labeling two outgoing strands of the
crossing; the braiding Ry y (resp. R;lU) is assigned as in Figure 1.

N /

U 14 U 14
RU,V 7zU,V

Figure 1. Assign crossing by R.

The above assignment will give a representation of B, on U,(g)-
module V] ® - -+ ® V,,,. Namely, for any generator, o; € By, (in the case
of o 1 use R\Zl,Viﬂ instead),

1 2 i i+1 n-1 n

\ A A \ A

hoi) =idy, @ @Ry, v, ® -+ @ idy,, -

define

Therefore, any link £ will provide an isomorphism
h(£) € Endy, (s ) (V1 ® - @ Vip).
For example, the link £ in Figure 2 gives the following homomorphism:

h(L) = (Ry,v ®idy)(idy @Ry,)(Ru,v @idy) .

Figure 2. A braid representative for Hopf link
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Let K5, be the enhancement of R in the sense of [40], where p is the
half-sum of all positive roots of sly. The irreducible representation R,
is labeled by the corresponding partition A®.

Definition 3.2. Given L labeling partitions A', ..., ALY, the quan-
tum group invariant of £ is defined as follows:

Wiar, . any(L) = 0" trvi g 01, (ML)

where

M=

1
— a B
d(L) = — w(Ka) (Ao, Ao +2p) + N g k(Kq, Kg)|AY| - |A7]

1
2 1 a<f

(0%
and 1k(K,,Kg) is the linking number of components IC, and Kg. A
substitution of t = ¢! is used to give a two-variable framing independent
link invariant.

Remark 3.3. In the above formula of d(L£), the second term on the
right-hand side is meant to cancel unimportant terms involved with /N
in the definition.

It will be helpful to extend the definition to allow some labeling par-
tition to be the empty partition (0). In this case, the corresponding
invariants will be regarded as the quantum group invariants of the link
obtained by simply removing the components labeled by (0).

A direct computation shows that after removing the terms of q%,
¢UL) can be simplified as

(3.1) ngzl raow(Ka)/2 35 1 1A% w(Ka)/2

Example 3.4. The following examples are some special cases of
quantum group invariants of links.

(1). If the link involved in the definition is the unknot O,
Wa(O; ¢,t) = try, (idy, )

is equal to the quantum dimension of V4, which will be denoted
by dimg V4.

(2). When all the components of L are associated with the fundamental
representation, i.e., the labeling partition is the unique partition
of 1, the quantum group invariant of £ is related to the HOMFLY
polynomial of the link, Pr(q,t), in the following way:

1 1
t 2 —1t2

Wig,.o)(£L; q,) = ™) ( )PE(‘M) :

1 1
qg 2 —qz
(3). If £ is a disjoint union of L knots, i.e.,

L=K1®K® - @KL,



PROOF OF THE LABASTIDA-MARINO-OOGURI-VAFA CONJECTURE 491

the quantum group invariants of £ are simply the multiplication
of quantum group invariants of K,

L
War, . ay (L5 q,t) = [ [ Wae(Ka; ¢,1).
a=1

3.3. Chern-Simons partition function. For a given link £ of L com-
ponents, we will fix the following notation in this paper. Given A € P,
A= (A A2 ALY = (php2, .. pb) € PR Let o = (at,..., aF)
where x is a series of variables

xa:(‘r%v‘rgv"')'

The following notation will be used throughout the paper:

L(N) L
[n]q =q 2 —qZ, [)‘]q = H[)‘j]lb g = H dpe s
j=1 a=1
L L
Al = (|4, ..., |A%), A= 14, ) =D eu®),
a=1 a=1
~ L L
A= (AN AR, xp () = [ xae(Cuo) . sz(x) = [ sac(a®).
a=1 a=1
Denote
(3.2) 17 = (el ety

The Chern-Simons partition function can be defined to be the fol-
lowing generating function of quantum group invariants of L:

Zes(L) =1+ Z Wx(L; q,t)s 7().
A#0
Define free energy as
(3.3) F=logZ=> Fupz(x).
fi70
Similarly,

L
pa(@) = [ ] pue(a®).
a=1

We rewrite the Chern-Simons partition function as

Zos(L) =1+ Z Zapa(x)
H#0

(3.4) Zi=3" Xf‘;(f‘) Wy
a 12
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By Lemma 2.3, we have

(3.5) Fi= > OnZn .
AeP(PL), |A|l=fePL

3.4. Main results.

3.4.1. Two theorems that answer the LMOYV conjecture. Let

Pj(q,t) be the function defined by (1.4), which can be determined by

the following formula:

o= S foan) TS MG G T 1
5(g,t) = Zﬂ fa(g;t) H Z 3 H qril2 — qril2’
|A|=|B] o=l u =t

Theorem 1. There exist topological invariants N B.g.0 € Q such that
expansion (1.5) holds.

Theorem 2. Given any Be PL . the generating function of Ny
P5(q,t), satisfies

(q—1/2 o ql/z)zPé(q,t) c Z[(q_l/2 - q1/2)2’tj:1/2] .

;9,Q7

It is clear that Theorems 1 and 2 answered the LMOV conjecture.
Moreover, Theorem 2 implies, for fixed g, N B:9.0 vanishes at large
genera.

The method in this paper may apply to the general complex simple
Lie algebra g instead of only considering sl(N,C). We will put this in
our future research. If this is the case, it might require a more general-
ized duality picture in physics which will definitely be very interesting
to consider and reveal much deeper relations between Chern-Simons
gauge theory and geometry of moduli space. The extension to some
other gauge group has already been done in [41], where non-orientable
Riemann surfaces are involved. For the gauge group SO(N) or Sp(N),
a more complete picture appeared in the recent work of [6, 7], and
therein a BPS structure of the colored Kauffman polynomials was also
presented. We would like to see that the techniques developed in our
paper extend to these cases.

The existence of (1.5) has its deep root in the duality between large NV
Chern-Simons/topological string duality. As already mentioned in the
introduction, by the definition of quantum group invariants, Pj(q,t)
might have very high order of pole at ¢ = 1, especially when the degree
of B goes higher and higher. However, the LMOV conjecture claims that
the pole at ¢ = 1 is at most of order 2 for any B e pL. Any term that
has power of ¢~ /2 — ¢*/2 lower than —2 will be canceled! Without the
motivation of Chern-Simons/topological string duality, this mysterious
cancelation is hardly able to be realized from knot-theory point of view.
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3.4.2. An application to knot theory. We now discuss applications
to knot theory, following [21, 19].

Consider associating the fundamental representation to each compo-
nent of the given link £. As discussed above, the quantum group invari-
ant of £ will reduce to the classical HOMFLY polynomial Pz(q,t) of £
except for a universal factor. HOMFLY has the following expansion:

1 1
(3.6) Pr(g,t) =Y pagr1-r(t)(g 2 —q2)H L.
920

The lowest power of ¢~/2 — ¢*/2 is 1 — L, which was proved in [28]
(or one may directly derive it from Lemma 5.1). After a simple algebra
calculation, one will have
—1/2 _ 41/2 _ . B ~
G0 Fo.m= <m> > Bagri-n(t)(g 2 —q2)* Ik
920

Lemma 5.3 states that
p1-n(t) =p3—r(t) =--- =pr-3(t) =0,
which implies that the py(t) are completely determined by the HOMFLY
polynomial of its sub-links for k=1—-L,3—L,...,L — 3.
Now, we only look at p1_r(t) = 0. A direct comparison of the co-

efficients of F' = log Zog immediately leads to the following theorem
proved by Lickorish and Millett [28].

Theorem 3.5 (Lickorish-Millett). Let £ be a link with L components.
Its HOMFLY polynomial

_1 1
Pe(q,t) =Y p5yei-1(t) (q 2 — g2
920

)2g+1—L

satisfies
c Cnfr 1\
prp(t) =t <t 2 —“) Hpoa(t)
a=1

where py* (t) is a HOMFLY polynomial of the ath component of the link
L with ¢q=1.

In [28], Lickorish and Millett obtained the above theorem by skein
analysis. Here as the consequence of the higher-order cancellation phe-
nomenon, one sees how easily it can be achieved. Note that we only
utilize the vanishing of p1_y. If one is ready to carry out the calculation
of more vanishing terms, one can definitely get much more information
about algebraic structure of HOMFLY polynomial. Similarly, a lot of
the deep relation of quantum group invariants can be obtained by the
cancellation of higher order poles.
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3.4.3. Geometric interpretation of the new integer invariants.
The following interpretation is taken from the physics literature and a
string theory point of view [21, 36].

Quantum group invariants of links can be expressed as the vacuum
expectation value of Wilson loops which admit a large N expansion in
physics. It can also be interpreted as a string theory expansion. This
leads to a geometric description of the new integer invariants N By, in
terms of open Gromov-Witten invariants (also see [19] for more details).

The geometric picture of f; is proposed in [21]. One can rewrite the
free energy as

(3.8) F=Y V=TS N2 B ().
i 9=0

The quantities Fy, z(t) can be interpreted in terms of the Gromov-Witten
invariants of Riemann surface with boundaries. It was conjectured in
[36] that for every link £ in S3, one can canonically associate a la-
grangian submanifold C, in the resolved conifold

O(-1) 3 O(-1) = P.

The assignment implies that b;(Cz) = L, the number of components
of L. Let 4o, @« = 1,...,L, be one-cycles representing a basis for
H(Cz, Z). Denote by Mg} o the moduli space of Riemann surfaces
of genus g and h holes embedded in the resolved conifold. There are h,
holes ending on the non-trivial cycles 7, for a = 1,..., L. The product
of symmetric groups

Ehlehzx---thL

acts on the Riemann surfaces by exchanging the h, holes that end on

~Yo- The integer N B.qt 18 then interpreted as

(3.9) N, 0 = XS (H* (Myn)))

where S5 =Sp1 ® -+ ®Spr, and Spa is the Schur functor.

The recent progress in the mathematical definitions of open Gromov-
Witten invariants [18, 23, 24] may be used to put the above definition
on a rigorous setting.

4. Hecke algebra and cabling

4.1. Centralizer algebra and Hecke algebra representation. We
review some facts about centralizer algebra and Hecke algebra represen-
tation and their relation to the representation of braid group.

Denote by V' the fundamental representation of U,(sly). We will
reserve V' to denote the fundamental representation of U,(sly) from
now on. Let

(K Fj, F: 1<i<N-—1}
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be the standard generators of the quantized universal enveloping algebra
Uy(sly). Under a suitable basis {X7,...,Xn} of V, the fundamental
representation is given by the matrices

E; — E;;i1

Fi— B

Kiv+—q 'PE;i;+q"Eij1i + Z Ej;

i#]

where F; ; denotes the N x N matrix with 1 at the (4, j)-position and
0 elsewhere. Direct calculation shows

N+1-2i
(4.1) Kop(Xy)=q 2 X;
and
. q_1/2Xi®Xj7 22,77
q_wR(XZ(X)X]): X; ® X, 1< 7,

X;@0X;+ (V¢ Xi®X;, i>7.
The centralizer algebra of V®™ is defined as the following:
Cn = Endy, (s1,)(VE™") = {z € End(V®") : zy = ya,Vy € Uy(sln)} -
Hecke algebra H,(q) of type A,—1 is the complex algebra with n — 1

generators ¢i, ..., Jn—1, together with the following defining relations:
9i9; = 9i9i » i —jl =2,
9i9i+19i = 9i+19i9i+1 1=1,2,...,n—2,
(i —q¢ Y (g + ¢ =0, i=1,2,...,n—1.

Remark 4.1. Here we use ¢~ /2 instead of ¢ to adapt our notation to

the definition of quantum group invariants of links. Note that when g =
1, the Hecke algebra H,(q) is just the group algebra CX,, of symmetric
group >,. When N is large enough, C, is isomorphic to the Hecke
algebra H,(q). Hn(q) has a canonical decomposition:

(4.2) Holg) = D Halq)

AFn
with each H 4(q) being a matrix algebra.

A very important feature of the homomorphism
h:CB, —C,
is that h factors through H, (q) via
1 1
(4.3) q 2N o gi v g 2N h(0y) .

It is well-known that the irreducible modules S* (Specht module) of
H,(q) are in one-to-one correspondence to the partitions of n.
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Any permutation 7 in symmetric group X, can express as a product

of transpositions
T = 841 Siy *° ’Sil .

If [ is minimal, we say 7 has length ¢(7) = [ and
Ir = GirGiz """ Gy -

It is not difficult to see that g, is well-defined. All of such {g,} form a
basis of H,(q).

Minimal projection & is an element in C, such that GV®" is some
irreducible representation &,. The minimal projections of Hecke al-
gebras are well studied (for example, [14]), which is a Z(g*')-linear

combination {q% gi}-
4.2. Quantum dimension.

4.2.1. Explicit formula. An explicit formula for the quantum dimen-
sion of any irreducible representation of U,(sly) can be computed via
decomposing V®" into permutation modules.

A composition of n is a sequence of non-negative integer

b= (b1, bo,...)

Zbi:n.

We will write it as b = n. The largest j such that b; # 0 is called the
end of b and is denoted by £(b).

Let b be a composition such that £(b) < N. Define M° to be the
subspace of V®" spanned by the vectors

(4.4) X @0 Xj,

such that

such that X; occurs precisely b; times. It is clear that M b is an Hn(q)-
module and is called a permutation module. Moreover, by the explicit
matrix formula of {E;, F;, K;} acting on V under the basis {X;}, we

have
bi—=bit1
2

MY ={X eV®: K{(X)=q"
The following decomposition is very useful:

ver= @ M.

bEn, £()<N

X}.

Let A be a partition and V4 the irreducible representation labeled by
A. The Kostka number K 45 is defined to be the weight of V4 in M?,
ie.,

K45 = dim(V4 N M°) .
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The Schur function has the following formulation through Kostka num-
bers:

N

b,

sa(xy,...,xN) = Z KA[,Ha;jJ.
Jj=1

bE[ A, £(B)<N
By (4.1), Ky, is acting on M" as a scalar va 14 —3(N+1-20)b;  Thys

dim, Vs = try, idy,

N
=" dim(Van M®) [[ gz V-2

bE|A| 7j=1
(4.5) _3A<q 2 s _Tl)
By (2.2),
dim, V4 = Z Mpu(q%,...,q_%>
=l %
) 2 /2
XA t l"]/ — tHd
(4.6) — —
MZI:A du ]li[lq MJ/2_qNJ/2

Here in the last step, we use the substitution ¢t = ¢V

4.2.2. An expansion of the Marino-Vafa formula. Here we give a
quick review of the Marifio-Vafa formula [32, 25] for the convenience of
Knot theorists. For details, please refer [25].

Let Mgm denote the Deligne-Mumford moduli stack of stable curves
of genus ¢g with n marked points. Let 7 : Mg ntl — Mgn be the
universal curve, and let w, be the relative dualizing sheaf. The Hodge
bundle E = 7w, is a rank ¢ vector bundle over M gn- Let s;: M gn —
Hg,n-i—l denote the section of m which corresponds to the ¢th marked
point, and let L; = sjw,. A Hodge integral is an integral of the form

J1 jin ) k1 k
/_ 1/}1 ...1/}%")\1 ...)\gg
Mgn

where 1; = ¢i(Ll;) is the first Chern class of L; and A; = ¢;(E) is the
jth Chern class of the Hodge bundle. Let

AY(u) =wd — Mud™ 4 4 (=1)9)

be the Chern polynomial of EV, the dual of the Hodge bundle.
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Define

VY e T I e )
Coud?) = TRy 0+ I L2000

/ Ag( )Av( T — 1)AV(T) .
Mg»l(u) H (u)(l - Nz¢2)

Note that
) rpi—1
_ V=1 w1 17 Loy (it +a)
Cou(T) = —m[T(T +1)] E (M )
1
. b |
Mo,i(0) Hf(:ﬁ)(l )

The coefficient of the leading term in 7 is

4. o(p)—
(4.8) ‘ Aut m H 1l
The Marino-Vafa formula gives the following identity:

Zpu(w) Z u29—2+é(”)cg,u(7') = log (Z SA(qp)q%HATSA(I')) 7
I A

920

where q= e\/__lu’ q° = (q—l/Q’q—i’)/Z’ o ’q_"+1/27 o )

Let
log (ZSA ¢")sal@ ) ZGMpM
Then
ey
Gu= 3 O [T 3022y
A=y a=l As  dAe
(uz)p (A) © .
=G,(0) + p1r(¢° Z 7) ZQAH Z ZXAa A ) Xae 1Aa) e
p>1 P! Al=p  a=1%_ pa=p A~ dpae
(4.10)
pe. X Ae (Cpa) xaa(Caa) )
© Pae (") K ge -
I’Z:l v |A§:M AQ;A)CHZ%_IJ; e A

The second summand of the above formula gives the non-vanishing lead-
ing term in 7 which is equal to (4.8). Therefore, we have

(4.11) Z @AH Z ZXA@ (Cre) xaa(Cian) WP # 0

AQ
Al=p  a=13 pa=p A® 31
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for Vp > |p| + £(p) —

4.3. Cabling Technique. Given irreducible representations V1, ..., Vyr
to each component of link £, let |A%| = dy, d = (dy,...,dg). The ca-
bling braid of £, £ is obtained by substituting d, parallel strands for
each strand of ICa, a=1,...,L.

Using cabling of the £ gives a way to take trace in the vector space of
tensor product of fundamental representation. To get the original trace,
one has to take certain projection, which is the following lemma from
[29].

Lemma 4.2 ([29], Lemma 3.3). Let V; = &,V®% for some minimal
projection &; and &; = &; if the ith and jth strands belong to the same
knot. Then

trvi@-Vi (R(L)) = tryen (ML) G1® - @ Gy).

where m is the number of strands belonging to L, n = 25:1 doTo, and
T 18 the number of strands belong to K., the ath component of L.

5. Pole structure

5.1. Pole structure of quantum group invariants. By an observa-
tion from the action of R on V ® V', we define

#{G,R)|j<k,ij>ig}

)N((ih...ﬂ'n) =4q 2 X ®--- X,
{X(iy. iy} form a basis of VE™. By (4.3), Vg; € Hn(q), we have
(5.1)

% X’ .. — X( 7’J+17237 )7 Z.] é ZJ+1 ’
IR i) =\ X (- @)X (i ij > i
QA (ijyrigye..) Q)AL ijigea,e), Jj = Yy+1-

Lemma 5.1. Let O be the unknot. Given any A = (AY,... AL) €
PL,
aLs g, t
(52) ;I_I;I}L W (O®L7 q’ H SICa

a=1
where |AY| = do, Ko is the ath component of L, and &, (t), a =
., L, are independent of A.

Proof. Choose 8 € B,, such that £ is the closure of 3, the total
number of crossings of L7 is even, and the last L strands belongs to
distinct L components of L. Let r, be the number of the strands which
belong to Ko. n =), dara is equal to the number of components in
the cabling link £ ;.

Let

(5.3) V=105t datra-1) (h(Lz) -
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Y is both a central element of Endy, (51 (V®@++40)) and a Z[¢*, 3]

matrix under the basis {)Z'(len)}
On the other hand,

GA“ZGA1®"'®6AL

isa Z[ti%] (¢*!)-matrix under the basis {)Z(il,,
we have

)} By Schur’s lemma,

~otn

GA' o y = €- pA‘7
where € € Z[ti%](qil) is an eigenvalue of ). Since Z[q*!, ti%] is a UFD
+£1 441

2]

for transcendental ¢, € must stay in Z[q . By Lemma 4.2,

tryen (851 @ - @ 6T 0 h(L7)) = tryew i) (S 50Y)
= € - trv®(d1+...dL) (GA*)
(5.4) = W1O%h).
The definition of quantum group invariants of £ gives
(5.5) WA*(,C; q, t) = qza ”A“w(lc“)ptza daw(Ka)/2 €- WA*(O@)L; q, t).
When ¢ — 1, L; reduces to an element in symmetric group %, of

| d || cycles. Moreover, when ¢ — 1, the calculation is actually taken
in individual knot component while the linking of different components
have no effect. By Example 3.4(1) and 3.4(3), we have

L
Wx(O% ¢,t) = [] Wae (O ¢,1).-
a=1
This implies

Wallsat)  yp o Wae(Kai 0,)
L WalLigt) o WaeRas ¢ 1)
(5.6) él—r?l WA*(O@)L; ¢t H ql—I)I}[ Waa(O; q,t)

Let us consider the case when K is a knot. A is the partition of d
associated with IC, and ICy is the cabling of K. Each component of Iy
is a copy of K. ¢ — 1, K4 reduces to an element in Yg4.. To calculate
the ), it is then equivalent to discussing d disjoint unions of K. Say IC
has r strands. Consider

a=1

Yo = tryec-1 M(K).

The eigenvalue of ) is then IZ’fUEI,C’f), where Px(q,t) is the HOMFLY
polynomial for K. Denote &k (t) = Px(1,t), we have

_ Wa(K; g,t)

5.7 lim ———=

5.7 =1 Wa(O; ¢,1)

Combined with (5.6), the proof is completed. q.e.d.

— §;C(t)|A‘ )
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5.2. Symmetry of quantum group invariants. Define

L 4p)
_ H H (M /% — g5/

a=1 j=1

Comparing (3.3) and (1.2), we have

Z ZXAﬂM/d fA( >

dlji 3ii/d
— . ﬂ/dZXA ZP ¢t HMAaBa
—Zl ¢“/d ZxBu/d 5(q7,t9)
dli B
= dala) ) - ZXB fi/d)Pg(g%,1%),
di 3#/
and
(55) T = Zx (7/d) Py (g™, 1)
(bﬁ(q) diji 3u/d B

Apply the Md&bius inversion formula,

~ _ ng(ﬁ) M - d ,d
(59) PB(Q7t) zﬁ: ¢ﬁ(Q) d§|/; d Fu/d(q iy )

where p(d) is the Mobius function defined as follows:
(—=1)", if d is a product of r distinct prime numbers;
wld) =1 ¢

otherwise.
To prove the existence of formula (1.5), we need to prove:
e Symmetry of Pz(q,t) = Pg(q ™', 1).
e The lowest degree (q_l/2 — q1/2) in Pj is no less than —2.

Combining (5.8), (3.5), and (3.4), it’s not difficult to find that the
first property on the symmetry of Pz follows from the following lemma.

Lemma 5.2. Wy, (q,t) = (—1)”A||WA»(q_1,t).
Proof. The following irreducible decomposition of U, (slx) modules is
well-known:
=P dsVs,

BFn
where dp = x(C1n))-
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Let d; = Hézl daa. Combined with Lemma 4.2 and the eigenvalue
of ¥ in Lemma 5.1 and (3.1), we have

Wa,..o)(Lp = Y. WiL)dz
|A|=d
L
(5.10) = Z dnga Kaow(Ka)/2 . tza|A@‘w(Ka)/2€g. H dimg Vo ,

|A|=d o=l

Where € ; is the eigenvalue of ) on ®§:1 Ve as defined in the proof
of Lemma 5.1. Here if we change A% to (A%)", we have k(o) = —Faa,
which is equivalent to keeping A% while changing ¢ to ¢~ 1.

Note that W .. g)(L;) is essentially a HOMFLY polynomial of L ;
by Example 3.4. From the expansion of HOMFLY polynomial (3.6) and

Example 3.4 (2), we have
(5.11) Wo,..o)(Lgs a7 t) = ()X 4wy 5 (L5 q.1).

However, one can generalize the definition of quantum group invari-
ants of links in the following way. Note that in the definition of quantum
group invariants, the enhancement of R, Ko,, acts on X; (see (4.1)) as
a scalar q_%(N +1=2)  We can actually generalize this scalar to any z*
where a corresponds the strands belonging to the ath component (cf.
[42]). It’s not difficult to see that (5.10) still holds. The quantum di-
mension of V4a thus becomes sa (2, ..., 2%;) obtained in the same way
as (4.5).

We rewrite the above generalized version of quantum group invariants
of links as W (L; ¢,t; 2), where z = {2%}. (5.11) becomes

(5.12) Wi, o)Ly ¢ ti—2) = ()2 4lWig 1) (L q,t52),
Now, combining (5.12), (5.10), and (5.11), we obtain

L
Z d 1 g X ranreka)/2, tz‘(Aa)t‘w(K“)/zegt (5 —2) H Aoyt (—2%)
At a=1

(5.13)
L
= (_1)Za [Aal z:agA.qZ'iAaw(’Ca)/2 ML \W(/Ca)/%g(q; z) H s (2%).
A a=1
Note the following facts:
(5.14) sar(—2) = (=)W s4(2),
(5.15) dgp=dj.,

where the second formula follows from
(5.16) Xat(Cy) = (=)= x 4 (C).
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Apply (5.14) and (5.15) to (5.13). Let 2 = g 2NF1=20); then using
—z instead of z is equivalent to substituting ¢ by ¢~ while keeping ¢
in the definition of quantum group invariants of links. This can be seen
by comparing
 N-2it1 ) W t M2 /2

2

1 q—ﬂj/2 — ql‘j/2
]:

with

pu(=2%) = (=1)"¥p, (=) .
Therefore, we have
(5.17) en(gt) =ezlat).

By the formula of quantum dimension, it is easy to verify that

(5.18) W3 (O q,t) = (D)W L(OF; ¢, 1),
Combining (5.4), (5.17), and (5.18), the proof of the Lemma is then
completed. q.e.d.

By Lemma 5.2, we have the following expansion about Pj:
Pol0) = 3 30 Ny, qla 2 =gy
920 QeZ/2

for some Ny. We will show Ny < 1.

Let g = e*. The pole order of (¢~/? — ¢'/2) in Py is the same as the
pole order of u.

Let f(u) be a Laurent series in u. Denote deg, f to be the lowest
degree of u in the expansion of w in f.

Combined with (5.8), Ny < 1 follows from the following lemma.

Lemma 5.3. deg, Fj; > {(ji) — 2.

Lemma 5.3 can be proved through the following cut-and-join analysis.
5.3. Cut-and-join analysis.
5.3.1. Cut-and-join operators. Let 7 = (1q,--- ,71), and substitute
W (L5 g, 6:7) = Wi(Ls g,1) - qZam wan /2

in the Chern-Simons partition function; then we have the framed par-
tition function

Z(L; q.t,7) =1+ ) Wi(L; ,t,7) - s 5(x).
A#0
Similarly, we have the framed free energy

F(L; q,t,7) =log Z(L; q,t, 7).
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We also defined the framed version of Z; and Fj; as follows:
Z(L; q,t,7) =1+ > Za(a,t,7) - pl)
A#0
F(L; q,t,7) ZF q,t, T)pa(x) .
H#O

One important fact of these framing series is that they satisfy the cut-
and-join equation which will give a good control of Fj.
Define exponential cut-and-join operator €,

y o 0
(5.19) ¢ = Z <1in+jm (i + J)pipj >

i1 Opij

and log cut-and-join operator £,

. O*F oF OF OF
(5.20) £F = g;l (ijzﬂ i, + (i+J)pipj5— o, + pivig ap]>
Here {p;} are regarded as independent variables. Schur function s4(z)
is then a function of {p;}.
Schur function s 4 is an eigenfunction of exponential cut-and-join with
eigenvalue k4 [8, 12, 49]. Therefore, Z(L; q,t,T) satisfies the exponen-
tial cut-and-join equation

0Z(L; q,t,T) u .
5.21 — L = ¢, Z(L;q,t,T),
(521) LT Le.z(Cia.t7)
or equivalently, we also have the log cut-and-join equation
OF(L; q,t,7) wu
5.22 — = 8. F(L; q,t,T).
(522) LT e (L gt 7)

In the above notation, &, and £, correspond to variables {p;} which
take value of {p;(z®)}.
(5.22) specializes to i will be of the following form:

(5.23) ? =Y ( Z a;zFy + nonlinear terms> )
To 171=1, 67 =) 1

where a7 is some constant and 77 is obtained by cutting or jointing of

.

Recall that given two partitions A and B, we say A is a cutting of B
if one cuts a row of the Young diagram of B into two rows and reforms
it into a new Young diagram which happens to be the Young diagram
of A, and we also say B is a joining of A. For example, (7,3,1) is a
joining of (5, 3,2, 1) where we join 5 and 2 to get 7 boxes. Using a Young
diagram, it looks like

T join cut mE|
] - HE - u .
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In (5.23), cutting and joining happens only for the ath partition.

5.3.2. Degree of u. By (3.5), it is easy to see through induction that
for two links £q and Lo,

(5.24) F(D,---,D)(El ® £2) =0.
For simplicity of writing, we denote this by
Fio. o)(£) = F°(L).

Note that when we put the labeling irreducible representation by the
fundamental ones, quantum group invariants of links reduce to HOM-
FLY polynomials except for a universal factor. Therefore, if we apply
skein relation, the following version of skein relation can be obtained.

Let positive crossing
A
N

used later appear between two different components, K1 and ICo, of the
link. Denote Ik = lk(Kq,K2); then

(5.25) F° A F° )x =t ta(ge —

We want to claim that

(5.26) deg, F°(L) > L —2,

l\?\b—‘

where L is the number of components of L.
First, for a knot IC, a simple computation shows that

deg, Fg(K) = —1.

Using induction, we may assume that claim (5.26) holds for L < k.
When L = k + 1, by (5.25),

(5.27)

des (72 () =1 (D)) =t e () () 281
| dee, (P (X)) <k -1

this will imply that in the procedure of unlinking £, the lowest-degree
term of w in F° are always the same. However, this unlinking will lead
to F° equal to 0 due to (5.24), which is a contradiction! This implies
that if the number of components of £; is greater than the number of
components of Lo, we always have

degu Fo(ﬁl) > degu FO(£2)‘
Therefore, we proved the claim (5.26).
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5.3.3. Induction procedure of cut-and-join analysis. Let G4 be
the minimal projection from H, — Ha, and

B = ZXA(C )64
A

Since the Hecke algebra H,, and the group algebra of symmetric group
C[Sy] have the same branching rules, by taking ¢ — 1 and noting that
C[Sn] = Endg,, (V®™), one decomposes the tensor products P, )@ - - ®
‘B(w(m) and ‘B, into minimal idempotents, which have the same mul-
tiplicity xa(Cy) on &4. This is a direct corollary of taking trace on
a generic element with diagonal entries zi,...,xx in the Cartan sub-
group and comparing symmetric power functions pu(xl, -+ ,xy) and
£(p)
Hi:l Pu, (331, 7$N)'- ) '
Given partitions u' = (p3,...,pp,), i =1,...,L. We define

Za=Zp s, Fp=Fiag
Let £ be the closure of a braid 8 with writhe number 0. Cable the
ith component of 3, 3, by substituting ¢(p*) parallel strands for each

strand of f;. The £(u %) parallel components are colored by partitions
(1Y), - - ,(,uzw)). We take the closure of this new braid and obtain a

new link, denoted by £fjc). We will call it the fi-colored cabling of L.
Let |,u°‘| =dy, «=1,...,L. By (3.4) and Lemma 4.2,

ZXA VT (ML) - S © - © S )
=Tr (h(ﬁ(d17..-7dL)) Pu®--® muL>
=Tr (h(ﬁ(dl,...,dL)) oL, o) gnu?)
=7

£y,
(Gt ) (uw))( i)

Combine (3.5), nad we have the following colored cabling formulas:

5 _ 5 (o)
(5.28) 2t B = 2 ot ottt ) )
> _ 7 (o)
(5.29) F(M17...7ML)(£) = F((‘u%),... ’(“%1)7“_ ’(“%)7___7(%2) (ﬁﬁ ).
Let 7 = (71,0, -+ ,0). Similar to (4.10), we give the following formula:

Ko T]

=D O H Do XAO‘ W oela

N a=1 Ao

S o] Y e g

p>0 |A|=ji a=13" pa=p Aa
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By lemma 5.1, Wz(£) and W 3(O®*) have the same lowest degree in

u. The coefficient of w!/~2 in the expansion of F, i contains at least a
non-zero term with certain positive power in 71 by the non-vanishing
result of (4.11).

We have proved that deg, Fig,..g) > L—2. Assume that if [u*| < d,
deg, F; > £(fi) — 2. By the colored cabling formula (5.29), the general
case can be reduced to that all the colors associated with the knot
components are of type (n) for some n. Without loss of generality, let
((n1),...,(nr)) such that ny = d+ 1 and n; < d for i > 2. If we can
prove

deguF( >L—-2,

(1), (nL))

the proof is completed by induction. Consider the cut-and-join equation
for 71:

aF((d,n,(nz),---,(nL))
87’1
u
= 5(@+ DF (o)) T 2o B’FJ'F((z',j,1>,(n2>,...,(nL>)) T

i+j=d,i>j>1

where 3; ; are some constants and * represents some non-linear terms in
the cut-and-join equation. The crucial observation of these non-linear
terms are that their degrees in u are equal to L — 1. By assumption,
deg,, F((i7j71)7(n2)7”'7(nL)) > L. Comparing the degree in u on both sides

of the equation, we have

> —9_1=1 —
deg, F((d+1)’(n2)’...7(nL)) >(L+1)—-2—-1=L-2,
which completes the induction.
Define
~ F- ~ 7-
Fp=—F Zy=—1_.
" eule) " eale)

Lemma 5.3 directly implies the following:

Corollary 5.4. F are of the following form:

I alt .
Fy(q,t) = Z C[Ln—o({]g + polynomial.

Remark 5.5. Combining the above Corollary, (3.7), and (3.5), we
have

finitely many na

~ t
(5.30) Fo,.o(gt) = @ + polynomial.

[1]?
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5.4. Framing and pole structures. Let §,, = 01 ---0,,-1. {dp;n € Z}
generate the skein of the annulus [43] (for a systematic discussion of ¢,
one may refer to [2]). h(d]') is an central element in H,(q) satisfying
(refer to [29, 3] for the proof)

h(O7) - Ga = q2FAG 4.

Let w4 be the central idempotent labeled by partition A according to

the decomposition (4.2). The eigenvalues of d,, - w4 are either 0 or qﬁ’“
multiplied by an nth root of unity. Let (4 denote the character of the
irreducible representation of #,(q). Then

Ca(h(8n)) = an - q2"a
for some rational number a4. Taking ¢ — 1, h(d,) degenerates to a
permutation of partition type (n), which implies a4 = xa(C(y)). Note
that in this case, only those Young diagrams that have the shape of a
hook will contribute non-zero a4.

Let d = ((d1),...,(dr)). Because of (5.28) and (5.29), we can simply
deal with all the color of one row without loss of generality. Take framing
Ta = —MNg + % and choose a braid group representative of £ such that
the writhe number of £, is n,. Denoting by 7 = (m,...,7L),

Zd*(ﬁ;q,t;?) ZXA 1L, 1) Ze- e (noa)
:tizada”“ﬂ< ZXA q2Z A B GAQ)
— 7 2a da”ﬂTr( Z X i(CPh(0a, ® -+ @ b4,) @5, GA“)

_ t% Za danaTI'<h(£j) . h(@azléda) . mgd)l) ) m )

Here ‘Bg;) means that in the projection we use g%, t% instead of using
q,t. If we denote

L Q= h(Ly 07 By © - @B
we have
A 1 1L _
(5:31) Zi(Lia.ti =) =13 Za g (L Q).
Here $ is the HOMFLY polynomial which is normalized as
1 1
t2 —t73
$H(unknot) = ? 21 .
gz —q 2

With the above normalization, for any given link £, we have

1 - $(£) € Q)% t+2] .
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Substituting ¢ by ¢% in the corresponding component, it leads to the
following:

L
(5.32) [Tde) - Zi;q.t:7) € Q12 %2] .
a=1
On the other hand, given any frame & = (wy,...,wr),
(L q,t;,d) ZXA (L5 g, t,3)

Q(Cﬁ) > = KAQWw,
= xa(C) Y Aﬁq Z5(L; q,t)qz Do Kavwe
i o

Exchanging the order of summation, we have the following convolution
formula:

7 0 £ ? R AW
6:33) Zp(Ls g ) = Y 2L ZXA C)qh Sahantsin

—

v

Return to (5.32). This property holds for arbitrary choice of n,, a =
1,..., L. By the convolution formula, the coefficients of possible other
poles vanish for arbitrary integer n,. ¢ is involved through certain
polynomial relations since k4« are even numbers by direct computation
and summations on the r.h.s of the above convolution formula w.r.t
and A are finite. This implies the coefficients for those possible poles
other than that produced by ﬁ are simply zero. Therefore, (5.32)

a=1l"«

holds for any frame.

Consider Z (L), where each component of L is labeled by a young
diagram of one row. As discussed above, this assumption does not lose
any generality.

Let K be a component of £ labeled by the color (¢). If we multiply

ZJ(E) by [c]2, we call it normalizing ZJ(E) w.r.t IC, denoted by ch)(ﬁ);
if IC is not a component of L, let ch)(ﬁ) = ZAL). N

Similarly, if K is a component of L colored bz (c), we call [c]*FAL)
normalizing F{L) w.r.t K and denote it by F}K)(ﬁ); if € is not a
component of £, define ﬁgc) (L) = ﬁg(ﬁ). Combining with (5.30), if K
is a component of £, one obtains the following fact:

(5.34) FU (q,t) € Q2 #£2] .
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Comparing the definition of above normalized invariants w.r.t X to
(3.5), the computation can be passed to normalized invariants w.r.t K:

)
(5.35) Fey =Y en[[ 25w
Al=d =1

Again, choose a braid representative with the writhe number of the ith
component equal to n; and choose framing 7 = (—n1+d—11, e —nL—l—%).
Combining (5.31), if K is a component of £, we have

(5.36) FV(;’C’ (L;q,4,7) = Fvé’f_)__,g(ﬁ * Q)

which is a polynomial of [1]? and #£3 since Vk, [k]? is a polynomial of

[1]2. As discussed above, arbitrary choice of n; leads to the conclusion

that F}K) (L;q,t) is polynomial of [1]2 and #£3 for the canonical framing.
To summarize, we thus proved the following proposition:

Proposition 5.6. With notations as above, we have

L
(5.37) [Tldal - ZiL5q.t) € QI t*2];

a=1

(5.38) [do]?FAL; q,t) € Q[[1]2,#F2],Var.

For a given d, denote by D the ged{ds,...,dr}, and choose a braid
group element representative for £ such that its ath component has

writhe number n,. For any k|D , we choose 7 = (— nl—l—%,...,—nL—l—%).
ZAL:qt:7) ZXA (L5 q, 1)z Zeran(Tnats)

:tEZad“”“Tr< ZXA C7)q2 Zarans gL 16Aa)

— 3% da”ﬂTr(h(ﬁg- ®§:15£) - ®h— lm(da/k )

(5.39) =i Zadenez,, (h (£J-®§:15:§);qk,tk>.

This implies that Z 7 is a rational function of qi%k and t£3% for any

k\D and hence a rational function of qilDi and 307, Proposition

at)

5.6 implies that the principal part of F +is a possible summation of % (GEE

where k divides each d,, or equlvalently, k‘]D Therefore, the principal

part of F -must be of the form D o 4) For any k|D 7, we have the following
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structure:

da
(L ®§:15dz R
[D 12

H-
~ d/k
(5.40) Ficiq,t) =2

+ polynomial .

do
Note that, in the above formula, HJ/k(EJ' ®é’:15d’;’ :t*) is independent

of the choice of k|D; and can be expressed as HCZ'/D (tPa). HJ'/D (t) is
d d

a function of ¢ which only depends on d/D gand L.
Once again, due to arbitrary choice of n,, we know the above pole
structure of F; holds for any frame.

The above discussion w.r.t the color d for any L is equivalent to
the general coloring according to (5.28) and (5.29), which leads to the
following proposition:

Proposition 5.7. Notation is as above. Assume L is labeled by the
color ji = (p',...,u"). Denote by Dy the greatest common divisor of

{pd, ... ,,u%(“l), .. ,,u;'-, .. ’Mf(uL)}' ﬁ’ﬁ has the following structure:

~ Hyp, (t77)

Fu(g.t) = & + f(q,1),

where f(q,t) € Q[[l]z,ti%].

Remark 5.8. In Proposition 5.7, it is very interesting to interpret
in topological string side that Hy/p_(t) only depends on ji/Dy and L.
The principal term is generated due to summation of counting ratio-
nal curves and independent choice of & in the labeling color & - ji/Dy.
This phenomenon simply tells us that contributions of counting ratio-
nal curves in the labeling color k - ji/Dj are through multiple cover
contributions of fi/Dj.

6. Integrality

6.1. A ring characterizes the partition function. Let d= (di,...,dr),
y=(y',...,y"%). Define

(6.1) Ty=Y s5)Pz(q.t).

- -

B=d

By the calculation in Appendix A, one will get

J w(k) k ok k
(6.2) Ty= q |ZT Z } OaWa(q", t")su(z").
kld AeP(P™),||A|=d/k
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However,

=2 3 (X Mg ) a7

Denote by Q(y) the space of all integer coefficient symmetric functions
in y. Since Schur functions form a basis of )(y) over Z, Nj. .0 € Zwill
follow from

Let v = [1]2. It’s easy to see that [n]g is a monic polynomial of v with
integer coefficients. The following ring is very crucial in characterizing
the algebraic structure of the Chern-Simons partition function, which

will lead to the integrality of N B.0.0"

a(y;v,t
0.0 = { 5D v, ) € 9o, 17 00) = [Jol € 200}
Nk
If we slightly relax the condition in the ring R(y; v,t), we have the
following ring which is convenient in the p-adic argument in the following
subsection.

M(y; q,1) = {% - f € QWG V2, bw) = [[Iml? € Zm} |

Given f(y(’ q)’ ¢ M(y; q,t),if f(y; q,t) is a primitive polynomial in terms

+1/2 4£1/2 and Schur functions of y, we say L (g(;vq)’t) is primitive.

T

of ¢

6.2. Multi-cover contribution and p-adic argument.
Proposition 6.1. T3(y; ¢,t) € R(y; v, 1).

Proof. Recall the definition of quantum group invariants of links. By
the formula of universal R-matrix, it’s easy to see that

Wi(L) € M(y; ¢.1).

Since we have already proven the existence of the pole structure in the
LMOV conjecture, Proposition 6.1 will be naturally satisfied if we can
prove

(6.3) Ty; q,t) € M(y; q,1).
Before diving into the proof of (6.3), let’s do some preparation. For

VA = (Ay, As,...) € P(PY),
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define

w@:<@,wgwgww@,”>
d d
Lemma 6.2. If Oy = 5, d > 1 and ged (c,d) = 1, then for any r|d,
we can find B € P(PL) such that A = B,
Proof. Let ¢ = £(2); then we have

(T () e - 1)

On=""ay = | Aut 2]

Let

m:(&ww&ww&,wi»,

mi M,

so £(A) =mq + --- + m,. Note that

14
ug = .
my, Mg, , Mp

Let n = ged(mq, ma,---, my). We have 2 = ﬁl(”), where

ﬁ:<aww@ww&,wzg.

mi/n M /7
By Corollary A4 , %|um, and ged(e,d) = 1, one has d|n. We can take
% = A, This completes the proof. q.e.d.

Remark 6.3. By the choice of 7 in the above proof, we know |Ay|
is divisible by 7 for any a.

By Lemma 6.2 and (6.2), we know T is of form f(y; q,t)/k, where
feMly; q,t), k‘]J We will show k is in fact 1.

r f(y;qt)

Given s T b(0) where

[y q.t) e M(y: 0.)

b(v)
is primitive, define

rfly; g t)\ r
(64) OI‘dp <gw> = Ordp (3) .

Lemma 6.4. Given A€ P (PL), p any prime number, and fy(y; q,t) €
M(y; q,t), we have

1
Ord, (%w faw (¥ ¢,t) — ];%fm(yp; qp,tp)> >0.
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Proof. Assume Og = 2, where ged(p” - a,b) = 1, p { a. In (6.5),
minus is taken except for one case: p = 2 and r = 0, in which the
calculation is very simple and the same result holds. Therefore, we only
show the general case in which the minus sign is taken. By Lemma 6.2,
one can choose B € P(PF) such that A = BP). Note that fo = fg.

Let s = £(%8) and

%:<awwawwawwa)

S1 Sk

Since £(A®)) = p - £(A), by Theorem A.2,

Ord,, (Ogu - %@m)

1 pr—i-ls > ( prs >]
6.5 =0Ord, ——— —
( ) ppé(m) |:<pr+1317"' 7pr+18k PSS, DSk

>2(r+1)—(14r)
(6.6) >0.
By Theorem A.6,

Ord, [%@m <f9t(p) (y; @ 1) — faly®; qp’tpﬂ

b r+1 (s
= Ord, [m (f%(y; 0.t — fe(y’; & 1) )]
>0.

Apply the above two inequalities to
1
Ord, (991@) faw (Y5 @, 1) — EGmfm(yp; qp,t”)) = Ord,

K@wm - %%) Jaw (U5 ¢,t) + %991 (fg[(p) (Y5 a,t) — fa(y"; qp,tp)} :

The proof is completed. g.e.d.

Applying the above Lemma, we have
1
(6.7) Ordp <@Ql(p) ng(p) (q, t)SQl(p) (Z) — E@Q{Wm(qp, tp)Sgl(Zp)) >0.

Let

<I>J'(y; q,t) = Z OuWa (g, t)su(z) .
AP (P™), [|A]|=d

By Lemma 6.2, one has

{23 || B ||= pd and Ord,(Og) < o} - {m@) 2= J}.
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Therefore, by (6.7),

1
Ordy (2,7(y: 0.t) = - 25("5 7. 7))

1
= Y Ord, <@m<p>Wm<p> (4,t)sqw (2) — ];@me(qp,t‘”)Sm(zp)>
|12t =d
> 0.

We have thus proven the following Lemma.

Lemma 6.5. For any prime number p and d_:
1 p. P 4D
Ord, (<I>pg(y; q,t) — E%(y ;g t )) >0.

For any p|d, by (6.2),

= Z MT OaWa (g, t*)sa(2")
k|d QLEP( PH, |2=d/k
/’[/ n n n
= < T " " t")
+ ( ) . ( pk. qpk tpk)
> ok Caien W4
k|d, ptk
d p(k) k. k ky L k. pk pk
\d, ptk
By Lemma 6.5,
(6.8) Ord, T;> 0.

By the arbitrary choice of p, we prove that T € M(y; g,t), and hence
T; € R(y;v,t).

The proof of Proposition 6.1 is completed. q.e.d.
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6.3. Integrality. By (5.9) and Proposition 5.7 (note that gbﬁ/d(qd, t?) =
¢i(a:1)),

. ") .
= E X5 (f) pi D + polynomial
iP

q Hp)p, (t77) ,
= Z Xg(#)ch,pﬁu/[l)éﬁ]2 + polynomial ,
7

where 01, equals 1 if n =1 and 0 otherwise. It implies that Pj is a ra-
tional function which only has pole at ¢ = 1. In the above computation,
we used a fact of Mobius inversion,

dln

Therefore, for each B )

- 1
Z Z NB;Q,Q(q_l/z _ q1/2)2th c Q[(q—1/2 _ q1/2)2,ti§] )
9=0 QeZ/2

On the other hand, by Proposition 6.1, T'; € R(y; v,t) and Ord, T>
0 for any prime number p. We have

> Nso055W) €Qy).
|B|=d

This implies Né,g 0 €.
Combining the above discussions, we have

o0

Z Z N§;97Q(q_1/2 _ (]1/2)2th e Z[(q_1/2 _ q1/2)2,ti1/2] )
9=0Q€eZ/2

The proof of Theorem 2 is completed.

7. Concluding remarks and future research

In this section, we briefly discuss some interesting problems related
to string duality which may be approached through the techniques de-
veloped in this paper.
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7.1. Duality from a mathematical point of view. Let p = (p',...,p"),
where p® = (p{,pJ, ..., ). Define the generating series of open Gromov-
Witten invariants

Fyalt.T) =Y K7 (r)els®
B

where w is the Kéhler class of the resolved conifold, 7 is the framing
parameter, and

t=el® and elsv = 1@

Consider the following generating function:

00 L
F(p;u,t; ) =Y > w* > 0F Gt 7) [ pjte -
9g=0 [ a=1
It satisfies the log cut-and-join equation

OF(p; u,t; 7) _u

L
= =5 O;SQF(I); u,t; 7).

Therefore, duality between Chern-Simons theory and open Gromov-
Witten theory reduces to verifying the uniqueness of the solution of the
cut-and-join equation.

The cut-and-join equation for the Gromov-Witten side comes from
the degeneracy and gluing procedure, while uniqueness of the cut-and-
join system should in principle be obtained from the verification at some
initial value. However, it seems very difficult to find a suitable initial
value. For example, in the case of topological vertex theory, the cut-and-
join system has singularities when the framing parameter takes value at
0, —1, oo while these points are the possible ones to evaluate at. One
solution might be through studying the Riemann-Hilbert problem on
controlling the monodromy at three singularity points. When the case
goes beyond, the situation will be even more complicated. A universal
method of handling uniqueness is required for the final proof of the
Chern-Simons/topological string duality conjecture.

A new hope might be found in our development of cut-and-join anal-
ysis. In the log cut-and-join equation (5.22), the non-linear terms reveal
the important recursion structure. For the uniqueness of the cut-and-
join equation, it will appear as the vanishing of all non-linear terms. We
will put this in our future research.

7.2. Other related problems. There are many other problems re-
lated to our work on the LMOV conjecture. We briefly list some prob-
lems that we are working on.
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The volume conjecture was proposed by Kashaev in [16] and reformu-
lated by [33]. It relates the volume of hyperbolic 3-manifolds to the lim-
its of quantum invariants. This conjecture was later generalized to com-
plex case [34] and to incomplete hyperbolic structures [13]. The study
of this conjecture is still at a rather primitive stage [35, 17, 48, 10|.

The LMOYV conjecture has shed new light on volume conjecture. The
cut-and-join analysis we developed in this paper combined with rank-
level duality in Chern-Simons theory seems to provide a new way to
prove the existence of the limits of quantum invariants.

There are also other open problems related to the LMOV conjecture.
For example, quantum group invariants satisfy skein relations which
must have some implications on the topological string side, as mentioned
n [19]. One could also rephrase a lot of unanswered questions in knot
theory in terms of open Gromov-Witten theory. We hope that the
relation between knot theory and open Gromov-Witten theory will be
explored much more in detail in the future. This will definitely open
many new avenues for future research.
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Appendix A. Appendix

Here we carry out the calculation in Section 6.1.

Sz 5 (1L k
-y B(i)ﬁ(u)zu(k)Fﬁ/k <qk,tk>

k
=y MRl s g g

k|| i)=d AEP(P™), |Al=fi/k

= D T D Onsx (@) Za(d" )

((a) i (Ag)
- X MY e T g o)

B} ‘. — 3%
k|2 |d|=d IAl=7/k p=1g, s

[l
=
=
~
=z
s
>

— I B S o g, ) sa (o)

Pn(2) = pu(y) - polr; = qi_l) .

Lemma A.1. p is prime, r > 1. Then

r r—1
pra\  (pTla\ _ or
<prb> (pr)‘O med (7).
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Proof. Consider the ratio

(pra) p"b (a—b)p"+k
prb) k=1 k
(prfla) - pr—lb (a—b)pT*1+k
pr—1b k=1 k
B H (a—0bp" +k
- k
ged(k,p)=1,
1<k<p"b
1
=1+p"(a—0) Z z mod (p*").
ged(k,p)=1,
1<k<p"b
Let
1
Ap(n) = Z .
1<k<n,
ged(k,p)=1

Therefore, the proof of the lemma can be completed by showing
ry_ PC
Ap(p'd) = >

for some ¢, d such that ged(d,p) = 1.
If ged(k, p) = 1, there exist oy, By such that

agk + Brp” = 1.

By(n) = > k.

1<k<n,ged(k,p)=1

Let

By the above formula,

Ap(p"d) = bA,(p") mod (p")
=bBy(p") mod (p"),

and
pr prfl
By(p") = k—p Z k
k=1 k=1
P+l P+ 1)
- 9 P 2
P Hp-1)

Here, we have 2r — 1 > r since r > 1. The proof is then completed.
q.e.d.

The following theorem is a simple generalization of the above Lemma.
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Theorem A.2. "  a;, = a, p is prime, r > 1; then

"a "a
< b > - < . b . ) =0 mod (p*")
pralv"' 7pran pr Qy, - ’pr’ (279

Proof. We have

pra pa
prCLl, e 7p7’an pT’—chl, e 7p7"—lan

lill <p"(a - Yo ai)) _klill <pr‘1(c]tgr—_12af;1l ai)>

= r
a
i P’ ax

0 mod (p*).

In the last step, we used the Lemma A.1. The proof is completed. q.e.d.
a
e
a\ _afa— 1
b) b\b—-1)’

Lemma A.3. We have

e
ged(a,b)

Proof. Notice that

ie.,
b a\ a a—1
ged(a,b) \b)  ged(a,b) \b—1)"
However,
a b
=1
ged <gcd<a, D) aed(a b)) ’
0
a a
ged(a,b) |[\b/) ~

This direct leads to the following corollary.

Corollary A4. a=a1+as+ -+ a,. Then

< . >
ai, az, -+, an

Lemma A.5. a,r € N, p is a prime number, then

a

ged(ar, ag, -, an)

T

a —a” =0 mod (p7).



522 K. LIU & P. PENG

Proof. If a is p, since p"~! > r, the claim is true. If ged(a,p) = 1, by
Fermat theorem, a?~! =1 mod (p). We have

a? gt =gt ((k:p +1y e 1)
r—1 1
_ prfl i pT’
@ ;(k‘p) ( ; >
=0 mod (p").

Here in the last step, we used Lemma A.3. q.e.d.

A direct consequence of the above lemma is the following theorem.

Theorem A.6. Given f(y; q,t) € M(y; q,t), we have
Ord, (f(y? o = f qp,t”)pr> >r41.
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