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MOTIVIC AND QUANTUM INVARIANCE
UNDER
STRATIFIED MUKAI FLOPS

BaonuaA Fu & CHIN-LUNG WANG

Abstract

For stratified Mukai flops of type A, i, Dar+1 and Eg g, it is
shown that the fiber product induces isomorphisms on Chow mo-
tives.

In contrast to (standard) Mukai flops, the cup product is gen-
erally not preserved. For A, o, D5 and Eg 1 flops, quantum cor-
rections are found through degeneration/deformation to ordinary
flops.

1. Introduction

1.1. Backgroumd. Two smooth projective varieties (over C) are K
equivalent if there are birational morphisms ¢ : Y — X and ¢/ : YV — X’
such that ¢* Kx = ¢/* K. This basic equivalence relation had caught
considerable attention in recent years through its appearance in minimal
model theory and crepant resolutions, as well as other related fields.

The conjectural behavior of K equivalence has been formulated in
[W]. A canonical correspondence F € A*(X x X') should exist and
gives an isomorphism of Chow motives [X]| = [X']. Under &, X and X'
should have isomorphic B-models (complex moduli with Hodge theory
on it) as well as A-models (quantum cohomology ring up to analytic
continuations over the extended Kéhler moduli space).

Basic examples of K equivalence are flops (with exceptional loci
Z,7',5)

(X, Z) o Lo - (X', 7).

v W
\*(X7 S)/

Among them the ordinary flops had been studied in [LLW1], where
the equivalence of motives and A-models was proved. In that case F
is the graph closure Fy := T f- In general, 3 must contain degenerate
correspondences.
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The typical examples are Mukai flops. They had been extensively
studied in the literature in hyper-K&ahler geometry. Over a general
base S, they had also been studied in [LLW1], where the invariance of
Gromov-Witten theory was proved. In that case F = X x ¢ X' = Fp+F;
with F1 = Z xg Z'. We expect that for flops F should be basically
X x X X',

To understand the general picture we are led to study flops with
F consisting of many components. The stratified Mukai flops provide
such examples. They appear naturally in the study of symplectic res-
olutions [Fu|, [Na2] and they should play important roles in higher
dimensional birational geometry. For hyper-Kahler manifolds, see for
example [Mar].

In this paper, we study general stratified Mukai flops without any
assumptions on the global structure of X and X’. By way of it, we
hope to develop tools with perspective on future studies.

1.2. Stratified Mukai flops. Fix two natural numbers n, k such that
2k < n + 1. Consider two smooth projective varieties X and X’. Let
F, C Fp_y C---F1 C X and F, C F/_, C ---F] C X' be two col-
lections of closed subvgxrieties. Assume that there exist two birational
morphisms X ¥, X & X', The induced birational map f: X --» X'
is called a (stratified) Mukai flop of type An ) over X if the following
conditions are satisfied:
(i) The map f induces an isomorphism X \ F; — X'\ FJ.

(ii) ¥(F;) = w’(F]{) =S for1 <j<k.

(iii) Sk is smooth and there exists a vector bundle V' of rank n + 1
over it such that F} is isomorphic to the relative Grassmanian
Gs, (k, V) of k-planes over Sy and the restriction ¢|g, : F, — Sk is
the natural projection. Furthermore, the normal bundle Np, /x is
isomorphic to the relative cotangent bundle T}";k /S The analogue

property holds for F} and ¢’ with V replaced by its dual V*.

(iv) If k = 1, we require that f is a usual Mukai flop along Fj,. When
k> 2 let Y (resp. Y', Y) be the blow-up of X (resp. X’, X) along
Fy, (vesp. FY, Sg). By the universal property of the blow-ups, we
obtain morphisms ¥ — Y « Y. The proper transforms of Fj,
F J/ give collections of subvarieties on Y, Y’. We require that the
birational map Y --» Y” is a Mukai flop of type Ay,_2 1.

We define a Mukai flop of type Dajy1 in a similar way with the follow-
ing changes: (1) one requires that Sy, is simply connected; (2) the vector
bundle V' is of rank 4k 4 2 with a fiber-wise non-degenerate symmet-
ric 2-form. Then the relative Grassmanians of k-dimensional isotropic
subspaces of V over Sj, has two components G- and G- We require

150
that Fy, (resp. F}) is isomorphic to G., (resp. G, ); (3) when k=1, f
is a usual Mukai flop.

1S0
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Similarly, one can define a Mukai flop of type Eg 1 by taking k = 2
with V being an Eg-vector bundle of rank 27 over Sy and F5 being
the relative Eg/Pi-bundle over Sy in P(V). The dual variety F is
given by the relative Fg/Ps-bundle in P(V*), where P;, Py are maximal
standard parabolic subgroup in Eg corresponding to the simple roots
aq, ag respectively. By [CF], when we blow up the smallest strata of
the flop, we obtain a usual Mukai flop.

1.3. Main results. Our main objective of this work is to prove the
following theorems.

Theorem 1.1. Let f : X --» X' be a Mukai flop of type Ay i, Dakt1
or Eg1 over X. Let F be the correspondence X x ¢ X'. Then X and
X' have isomorphic Chow motives under F. Moreover, F preserves the
Poincaré pairing of cohomology.

Note that the flops of type A, 1 and D3, i.e., k = 1, are the usual
Mukai flops, and in these cases the theorem has been proven in [LLW1].
Our proof uses an induction on k (for all n) via (iv). We shall give
details of the proof for A, ; flops, while omitting the proof of the other
two types, since the argument is essentially the same.

For k =1 (i.e., the usual Mukai flops), the cohomology ring as well as
the Gromov-Witten theory are also invariant under & [LLW1]. How-
ever, the general situation is more subtle:

Theorem 1.2. When k > 2, the cup product is generally not pre-
served under F. For A, 2, Ds and Eg 1 flops the defect is corrected by
the genus zero Gromov- Witten invariants attached to the extremal ray,
up to analytic continuations.

While Theorem 1.1 is as expected, Theorem 1.2 is somehow surpris-
ing, since stratified Mukai flops are in some sense locally (holomorphi-
cally) symplectic and it is somehow expected that there are no quan-
tum corrections for flops of these types. Indeed, stratified Mukai flops
among hyper-Kéahler manifolds can always be deformed into isomor-
phisms [Huy] hence there is no quantum correction. As it turns out,
the key point is that for the projective local models of general stratified
Mukai flops, in contrast to the case kK = 1, we cannot deform them into
isomorphisms!

1.4. Outline of the contents. In Section 2, the existence of A,, ;, flops
in the projective category is proved via the cone theorem. In Section 3,
a general criterion on equivalence of Chow motives via graph closure is
established for strictly semi-small flops. While a given flop may not be
so, generic deformations of it may sometimes be. When this works, we
then restrict the graph closure of the one parameter deformation back
to the central fiber to get the correspondence, which is necessarily the
fiber product.
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It is thus crucial to study deformations of flops. Global deformations
are usually obstructed, so instead we study in Section 4 the deformations
of projective local models of A, j, flops. While open local models can
be deformed into isomorphisms, the projective local models cannot be
deformed into isomorphisms in general but only be deformed into certain
A;—2,k—1 flops. These flops, which we call symmetric stratified ordinary
flops, do not seem to be studied before in the literature. Nevertheless,
this deformation is good enough for applying the equivalence criterion
of motives.

To handle global situations, we consider degenerations to the normal
cone to reduce problems on A,, . flops to problems on A,,_5 ;1 flops and
on local models of A,, ; flops. This is carried out for correspondences in
Section 5. This makes inductive argument work since local models are
already well handled. We also carry out this for cup product by proving
an orthogonal decomposition under degenerations to the normal cone.
This in particular applies to the Poincaré pairing and completes the
proof of Theorem 1.1.

In Section 6 we prove Theorem 1.2 for A, o flops. We apply the
degeneration formula for GW invariants [LR], [Li] to split the absolute
GW invariants into the relative ones. After degenerations, the flop is
split into two simpler flops; one is a Mukai flop and another one can
be deformed into an ordinary P"~2 flop. It turns out that each GW
invariant attached to the extremal ray must go to one of these two factors
completely, for the former the extremal invariants indeed vanish. For the
latter we use a recent result on ordinary flop with general base [LLW2]
to achieve the quantum corrections up to analytic continuations. This
then completes the proof.

At the end we compare Theorem 1.2 with the hyper-Kéahler case,
where the ring structure is preserved and there are no non-trivial Gro-
mov-Witten invariants. When f is not standard Mukai, all these may
fail without the global hyper-Kéhler condition. A careful comparison of
the degeneration analysis in this case with the local model case leads to
some new topological constraint on hyper-Kéahler manifolds (c.f. Propo-
sition 6.4).
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2. Existence of (twisted) A, flops

Given k,n € N, 2k < n + 1, a flopping contraction ¢ : (X, F) —
(X,9) is of type A,y if it admits the following inductive structure:
There is a filtration F' = F} D --- D Fj with induced filtration S =
S1 D -+ DSy, Sj = 1(Fj) such that ¢g, : Fi, = Gg, (k,V) — S is a
G(k,n + 1) bundle for some vector bundle V' — Sy, of rank n + 1 with

Np, x = T;k/sk ® g, Ly for some Ly € Pic Sy.
Moreover, the blow-up maps ¢, ¢ fit into a cartesian diagram

Y =Blp X DE

)T

X Y =Blg, X D E

X

such that the induced contractions ¢ : (Y, F) — (Y,S) with filtra-
tions F = Fy D --- D Fj_1, Fj = gb;l(Fj), S=8 2> 81,
S'j = ¢;1(5), 1 < j < k-1 are of type A,_2x_1. Here we use the
convention that an A, o contraction is an isomorphism. By definition,
Ap,1 contractions are twisted Mukai contractions.

The main results of this paper are all concerned with the (untwisted)
stratified Mukai flops, namely L, = Og,. The starting basic existence
theorem of flops does, however, hold for the twisted case too.

Proposition 2.1. Given any A, ) contraction 1, the corresponding
An,k’ ﬂOp

exists with |’ being an A, j contraction.

Proof. We construct the flop by induction on k. The case k = 1 has
been done in [LLW1], Section 6, so we let £k > 2 and n+ 1 > 2k. By
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induction we have a diagram

where g : (Y, F) ——» (Y',F') is an A, _ox 1 flop and ¢/ : (Y',F') —
(Y, S) is an A;,,_9 1 contraction.

Let C C E be a ¢-exceptional curve and C’ = g,C be its proper
transform in £’ = g,E. We shall construct a blow-down map ¢’ : Y’ —
X' for C'. Let 7 (resp. 7') be the flopping curve for ¢ (resp. 9').

Since the Poincaré pairing is trivially preserved by the graph corre-
spondence Fy of g in the divisor/curve level, and FoC = C’ + ay' for
some a € N (in fact a = 1), we compute

(Ky/.C/) = (Ky/.ffoC) = (Ky.C) < 0.

To show that C” is an Mori (negative) extremal curve, it is thus sufficient
to find a supporting divisor for it.

Let L be a supporting divisor for C' = ¢(C) in Y. Then ¢"*L is a
supporting divisor for the extremal face spanned by C’ and 7/. The idea
is to perturb it to make it positive along +/, while keeping it vanishing
along C'.

Let D be a supporting divisor for C'in Y with A := (D.y) > 0. Let
D' = g.D = FyD. Since Fyy = —7/, we compute

(D) = =(D,y) = -1 <0,

(D'.C") = (D'.3oC) — a(D',4') = (D.C) + a\ = a\.

Let H' be a supporting divisor for 4/ in Y’ with ¢ := (H'.C") > 0.
Then

W :=a\H — D’
has the property that (W.4') > 0 and (W.C") = 0.
Now for m large enough, the perturbation

L =my”"L+W

is a supporting divisor for C’. Indeed, L’ takes the same values as W
on 7/ and C’, while (L'.3") > 0 for other curve classes 5" in Y’. That is,
L’ is big and nef which vanishes precisely on the ray Z*[C’].
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By the (relative) cone theorem applying to ¢ o ¢’ : Y/ — X, we
complete the diagram and achieve the flop f: X --» X':

Nl
x M

It remains to show that the contraction ¢/ : X' — X is of type
Ap . By construction, it amounts to analyze the local structure of
F/ := ¢/(E’). Since the flop f is unique and local with respect to X, it
is enough to determine its structure in a neighborhood of Si. This can
be achieved by explicit constructions.

Suppose that Fj, = Gg, (k, V). We consider the pair of spaces (X', F,g)
defined by duality. Namely £} := G, (k, V*) and

X' is the total space of T /5, ® Vg, Li.

It is well-known that, in a neighborhood of Sy, X --» X{) is an A,

flop. Thus the local structure of (X', F},) must agree with (X', F}). The
proof is complete. q.e.d.

Remark 2.2. In the definition of A, ; contractions, the restriction
to exceptional divisors ¥|g : (E,F|g) — (E,S|z) is also an A, 21
contraction. Moreover, in the proposition the restriction

gle

(E,F|p) = (B, F'|p)
Ve y
is also an A;,_9 ;1 flop.

3. Equivalence criteria of motives

Let X % X % X’ be two projective resolutions of a quasi-projective
normal variety X, and f : X --+ X’ the induced birational map. Con-

sider the graph closure I' of f and X L dox , the two graph
projections. Then we obtain a morphism between Chow groups:

F = ¢Lo" 1 A¥(X) — A*(X).
For any i, we will consider the closed subvariety

Ei ={z € X | dim, ¢~ " (¢(2)) > i}.
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In a similar way we define the subvariety E; on X'. By Zariski’s main
theorem, 1 is an isomorphism over X \ E, and thus ¢(Ey) = ¢'(E}) =
Xsing-

The following criterion generalizes the one for ordinary flops in
[LLW1]:

Proposition 3.1. If for any irreducible component D, D' of E; and
E! respectively, we have

2codim D > codim (D), and 2codim D' > codim ' (D’),

then F is an isomorphism on Chow groups which preserves the Poincaré
pairing on cohomology groups.

Moreover, the correspondence [I'] induces an isomorphism between
Chow motives: [X| ~ [X].

Proof. For any smooth T, f x idy : X x T --» X' x T is also a
birational map with the same condition. Thus, by the identity principle
we only need to prove the equivalence of Chow groups under F.

For any a € Ax(X), up to replacing by an equivalent cycle, we may
assume that « intersects E := ) .., E; properly. Then we have Fa = ¢/,
where o is the proper transform of o under f. If we denote by & the
proper transform of o in A*(I"), then we have

¢/ =a+Y acFo,
C

where F¢ are some irreducible k-dimensional subvariety in I and ac €
Z.

For any C, note that ¢/(F¢) is contained in the support of o NE]. As
Y (&' NEY) = ()N Xging = ¥(aNEy), Fo is contained in ¢~ (Be),
where Be := Y¢(Fc) C Y(a N Eq). Take the largest ¢ such that there
exists an irreducible component D of E; with Bc C ¢¥(a N D). For a
general point s € Bg, we denote by Fg s its fiber by the map v o ¢.
Then we have

dim Fo g > dim Fo — dim Be > dim Fo — dim(a N D) = codim D.

By our assumption, we have codim D > dim D — dim ¢ (D), the lat-
ter being the dimension of a general fiber of ¥ ~1(Bg) — Bg. Thus
the general fiber of the map ¢|p, has positive dimension, which gives
that ¢«(Fc) = 0. This gives that ¥ o F = Id, where F = ¢.¢™*. A
similar argument then shows that F o ¥ = 1d, and thus F and F are
isomorphisms.

Since F¢ has positive fiber dimension in both ¢ and ¢’ directions, the
statement on Poincaré pairing follows easily as in [LLW1]|, Corollary
2.3. q.e.d.
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Now consider two (holomorphic) symplectic resolutions: X vx &
X', A conjecture in [FIN] asserts that ¢ and ¢’ are deformation equiv-

alent, i.e., there exist deformations of 1 and 1)’ over C: X Yoy Xy ,
such that for any ¢ # 0, the morphisms Wy, U} are isomorphisms. This
conjecture has been proved in various situations, such as nilpotent orbit
closures of classical type [FN] [Na2], or when W is projective [Nal].

Assume this conjecture and consider the birational map § : X --» X'.
Recall that every symplectic resolution is automatically semi-small by
the work of Kaledin [Ka] and Namikawa [Nal]. We obtain that the
deformed resolutions ¥ and W’ satisfy the condition of the precedent
proposition. As a consequence, we obtain:

Theorem 3.2. Consider two symplectic resolutions X ¥, X &— X'
Suppose that they are deformation equivalent (say, given by § : X --»
X'). If we denote by T the graph of § and T its central fiber, then the
correspondence o] induces an isomorphism of motives [X] ~ [X'] that
preserves also the Poincaré pairing.

4. Deformations of local models

From now on all the stratified Mukai flops are untwisted.

4.1. Deformations of open local models. Let S be a smooth variety
and V — § a vector bundle of rank n 4+ 1. The relative Grassmanian
bundle of k-planes in V' is denoted by ¢ : F':= Gg(k,V) — S. Let T be
the universal sub-bundle of rank & on F' and () the universal quotient
bundle of rank n+1—k. As is well-known, the relative cotangent bundle
T;i/s is isomorphic to Homp(Q,T). Thus, it is natural to construct
deformations of T7, /s inside the endomorphism bundle Endp¢*V =
Y* Endg V.

Consider the vector bundle € over F' defined as follows: For z € F,
&y = {(p7 t) € End Vw(a:) xC ’ Im p C Ty, p’Tz = tIde}'

We have an inclusion T}, Sz = Hom(Qz,T,) — &€, which sends ¢ €
Hom(Q,,T,) to (¢,0) € &, where ¢ is the composition

q: V@) — Qu LT, — V()

The projection to the second factor 7 : € — C is then an one-dimensional

deformation of 771(0) = Ty

Equivalently, the Euler sequence 0 — T" — ¢¥*V — @ — 0 leads to
0— TP*“/S = Homp(Q,T) — Homp(¢*V,T) — Endp T — 0.

The deformation is simply the inverse image of CIdp T =2 C.



270 B. FU & C.-L. WANG

The projection to the first factor, followed by 1,

¢ — " Endg V > Endg V

L

F S

gives rise to a map € — Endg V', which is a birational morphism onto its
image €. Indeed, ¥ : & — € is isomorphic over the loci with rank p = k.
In particular, it is isomorphic outside 7=1(0). For any s € S,

€s:={pcEndV, |rankp = k and p? = tp for some t € C}

is the cone of scaled projectors with rank at most k. Thus, 7 = T o W,
where

- 1
7:&—C via quETrqb.

Fort #0, ¥, : & 5&;. Fort =0, ¢ := ¥y : T;/S =&y — & is the
open local model of an A, ; contraction.

We do a similar construction for the dual bundle V* — S. Under the
canonical isomorphism Endg V ~ Endg V*, we see that € is identified
with & = &(V*). Thus we get a birational map § : € --» & over €.
This proves

Proposition 4.1. The birational map § over C:

& > g/
X jl’/
e /.
C
deforms the birational map (A flop) f : T;;/S -3 T;i,/s into isomor-
phisms.

™

Let I' be the graph closure of §: & --» & and I'y be its central fiber.
By Proposition 3.1, the map I', : A*(€) — A*(€’) is an isomorphism.
Since I' — € x g &' is birational, (€ xz &), : A*(E) — A*(&') is again an
isomorphism. It follows that its central fiber Fopen 1= T} /s X T /s
induces an isomorphism A* (7%, / g) — A (T, / g)-

Consider the fiber product

Froc :=Pr(Tr;s ® O) Xpy g xc) Pr(TF s @ O)

and Foo = IP’F(TI’;/S) Xpg(Eo) ]P’F/(T]:'i,/s). Note that the push-forward
map A*(]P’F(T;/S)) — Au(Pr(Tf g @ O)) is injective.
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Proposition 4.2. We have the following commutative diagrams with
exact horizontal rows (induced by the localization formula in Chow

groups):
0—— A(P(TE)s)) — A(B(Tp)5©0)) —— A(Tg/s) ——0

g'ooJ( 9(locl g‘openJ(

0—— A(B(Tf)5) —— Au(B(Tf)©0)) —— Au(Thy5) ——0
Thus if Foo is an isomorphism, so is Fec.

Note that ]P’F(Tl’;/s) -=> Pp (T;,/S) is a stratified Mukai flop of type
Ap_2—1. This allows us to perform an inductive argument later.

4.2. Deformations of projective local models. Consider the ratio-
nal map 7 : P(€ ® O) --» P! which extends the map 7 : & — C and
maps P(€) to co. The map 7 is undefined exactly along E := P(&p).
Blow-up P(€ & O) along E resolves the map 7, and thus we obtain
#:X:=BlgP(E®0O) — P

Since F is a divisor of the central fiber P(€ & 0)y = IP’(T}/S @ 0),
we have 771(0) ~ IP’(T;/S @ 0). When t # 0, X; ~ P(€), which is
the compactification of & by E = P(&)) = IP(T}’;/S). This gives a
deformation of P(T° F/s D O) over P! with other fibers isomorphic to
P(E).

We do a similar construction on the dual side, which gives a deforma-
tion of P(T},/S ®0O) by &’ : X' — PL. We get also an induced birational
map §: X --» X’ over X extending §: & --» & over &.

The flop §; : X¢ --» X} for t # 0 has the property that there are
smooth divisors F C X; and E’ C X} such that (i) the exceptional loci
Z C Xy (resp. Z' C X)) are contained in F (resp. E'), (ii) §i|p : E --»
E' is a stratified Mukai flop. We call such flops symmetric stratified
ordinary flops if furthermore (iii) Ng/x,|p = O and Npg/jplp = O
along the flopping extremal rays.

If §¢|p is of type A, D or E, then we say §; is of type A*, D* or E*
respectively. Notice that (symmetric) stratified ordinary flops of type
A7, 1 are precisely ordinary P™ flops with V' = V*, which explains the
choice of terminology.

Proposition 4.3. The birational map § over P*:
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deforms the A, flop f = Fo : P(T;/S S 0) --» P(T;//S ® O) into
Ay oy flops §i : P(E) --» P(E') fort #0.

Proof. It remains to check condition (iii), which is equivalent to that
(E.C) = 0 for any flopping curve C = P!. Since (E.C) is independent of
t € P! we may compute it at t = 0. As a projective bundle p : Xg — F
it is clear that

Ky, = —(2dimF/S+2)E+p*K350|F.

Since (Kx,.C) = 0 by the definition of flops, we get (E.C) = 0 as well.
q.e.d.

Clearly for ¢ # 0, the map §; : P(€) --» P(€’) is an isomorphism only
for the case of ordinary Mukai flop, i.e., k = 1.

Remark 4.4. For A, » flops, the deformed flop §; is a family of ordi-
nary flop, which has defect of cup product by [LLW1]. As the classical
cohomology ring is invariant under deformations, the fiber product of
f does not preserve the ring structure. This implies that we cannot
deform a projective local stratified Mukai flop of type A, 2 into isomor-
phisms, which is a crucial difference to usual Mukai flops. Thus, there
exist quantum corrections even in this local case.

Corollary 4.5. For projective local model of A, flops X Yx X
X', the correspondence defined by fiber product F = X x ¢ X' induces iso-

morphism of Chow motives [X| = [X'] which preserves also the Poincaré
PaITINg.

Proof. By definition, the A,, ;, contraction satisfies
2 codim D = codim ¢(D)
for each irreducible component D of E;. The deformation
x Lz Xy

constructed by Proposition 4.3 is not isomorphic on general fibers; in-
stead, it gives AZ—Q,k—l flops. Thus, the additional deformation di-
mension makes it satisfy the assumption of Proposition 3.1. The result
follows by noticing that the graph closure restricts to & on the central
fiber. q.e.d.

Remark 4.6. Proposition 4.3 suggests certain inductive structure on
A, 1, flops. It will become more useful (e.g., for the discussion of global
A, 1, flops or Gromov-Witten theory) after we develop detailed analysis
on correspondences.



STRATIFIED MUKAI FLOPS 273

5. Degeneration of correspondences

5.1. Setup of degeneration. Let f : X --» X’ be a stratified Mukai
flop, say of type A, with 2k < n+1. The aim of the following theorem
is to show that the degeneration to normal cone for (X, F}) and (X', F})
splits the correspondence F7/ defined by X x X' into the one F9 defined
by Y xy Y of type A, _2 11 and its version ?{Z)C on projectivized local
models relative to Fj, and Fis. Conversely, we may define & inductively
by gluing these two parts. Here is the blow-up diagram

Y = Ble “““““““““““““““““““““““““““ =Y = BlF/X/
l \ / l(ﬁ/
= Blg, X .4
X

with g : Y --» Y’ being the induced A,,_2 ;_; flop. To save the notations
we use the same symbol F for F/ and its local models as well if no
confusion is likely to arise.

We consider degenerations to the normal cone W — Al of X, where
W is the blow-up of X x Al along F, x {0}. Similarly we get W’ — A!
for X'.

Note that the central fiber

Wo =Y UYs =Y U Xjo, Wi=Y/uYy; =Y UX|,,

where X, = P(T}. /s D 0) and X, = P(T}, /s ® 0). The intersections
E =Y N X and E' := Y' N X[ are 1som0rph1c respectively to
P(T%, /S) and IP’(T;//S) The map f : X --» X’ induces the Mukai flop
of the same type for local models: f : Xjo. --» X{ . and Mukai flop
g:Y - Y’ of type A,,_2%_1. Let p: Xjoc — Fj, be the projection and
similarly we get p'.
5.2. Correspondences. A [ifting of an element a € A*(X) is a couple
(a1,a2) with a; € A*(Y') and az € A*(Xjoc) such that ¢.a; + peas = a
and aj|p = ag|g. Similarly, one defines the lifting of an element in
A*(X7).

Theorem 5.1. Let a € A*(X) with (a1, a2) and (a},al) be liftings of
a and Fa respectively. Then

Fay = a) < Fas = db,.
Moreover, it is always possible to pick such liftings.

It is instructive to re-examine the Mukai case (k = 1) first. In this
case Y =Y’ and f is an isomorphism outside the blow-up loci Z = F}
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and Z' = F{. Let us denote F = Fy + F; with Fy = [['f] = ¢,¢* and F;
the degenerate correspondence [Z x g Z'].

By Lemma 4.2 in [LLW1], it is enough to prove the result for any
single choice of a; = a}. Consider the standard liftings

a(0) = (a1,a2) = (¢"a,p*(alz)),

(Fa)(0) = (¢"TFa,p™(Fa|z)).
Since ¢*Fa = ¢*a + X with X\ supported on E' = E, we may select
lifting (af, af) with aj = a1. In that case,
(Faz — ay)|p = a2l — ay|p = a1]p — ai|p =0
by the compatibility constraint on E and the fact that F restricts to
an isomorphism on E. Hence Fag — aly = 1.(2'), for some 2/ € A*(Z"),
where ¢+ : Z' — X[ is the natural inclusion.
To prove that 2’ = 0, consider
2 = pliz = plFas — plal.
By substituting ¢.a} + plah = Fa, o} = ¢*a and as = p*(alz), we get
plah = Fa — ¢Ld*a = Fia.
Let ¢, q' be the projections of Z xg Z’ to the two factors and
j : Xloc XXIOC Xlloc — Z X5 Z
the natural morphism. Then
2 = pFoep™(alz) — F1a = ¢,jj"q" (al z) — ¢.q"(al2).
Note that there exists a unique irreducible component in Xj,c X Kioe
X/, birational to Z xg Z' via j, so j,j* = Id, which gives 2’ = 0.

Now we proceed for general A, ; flops. It is enough to prove the
result for any single choice of a; and af, since other choices differ from
this one by elements supported on E and E’ where the theorem holds
by induction on k. To make a} = Fay, notice that g is an isomorphism
outside Fy = ¢, (F}) and ] = ¢~'(F]) but we may adjust the stan-
dard lifting ¢"*F7 a only by elements lying over F{, namely classes in
E' = P(T;,Q/Sk)'

The following simple observation resolves this as well as later difficul-
ties. Recall that & =3, F; with F; = [Fj xg; F}].

Lemma 5.2. We have decomposition of correspondences:
F = ¢\ F9 ¢ + 5.
In particular, " F = F9 ¢* modulo A*(E").

Proof. This follows from the definition and the base change property
of fiber product. q.e.d.
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Thus, we may pick
a1 = ¢*a, a) = F9(¢p*a) = Fay.
Then
(Faz — ay)|pr = Flaz|p) — as|p
= F(a1lp) — ailp = (Fa1 — ay)|p =0
and so Fas — afy = 1,(2’), for some 2’ € A*(F}), where ¢ : Z' — X| _ is
the natural inclusion.
To prove that z’ = 0, consider
2 =pliz = plFas — plal.
By substituting ¢,a} + plab = Fa, a] = Fo*a and ay = p*(a|g,), we get
play =Fa— ¢.Fp*a = Fra
by the above lemma.
Let g, ¢’ be the projections of Fy, xg, F} to the two factors and
7 Xioc X %1oe Xfoc — Fj xg, F,é
the natural morphism. Then

Z' = pFocp"(alr,) — Fra = .55 " (al ) — d.q" (alr,).-
Note that there exists a unique irreducible component in Xjoc X g,
X]... birational to Fj, xg, F}. via j, so j.j* = Id, which gives 2/ = 0. The
proof is complete.

5.3. Cup product and the Poincaré pairing. Besides correspon-
dences, we also need to understand the effect on the Poincaré pairing
under degeneration. We will in fact degenerate classical cup product
and this works for any degenerations to normal cones W — X x Al
with respect to Z C X. Let Wy =Y, UY;, where ¢ : Y1 =Y — X
is the blow up along Z, p: Yy = E = PZ(NZ/X @ 0) — Z is the local
model, and Y; NY; = E is the ¢ exceptional divisor. Let ¢; : F — Y7,
i9: F — Ys.

Lemma 5.3. Let a,b € H*(X). Then for any lifting (a1,a2) of a
and any lifting (by,b2) of b, the pair (a1b1, azbs) is a lifting of ab.

In particular, if a, b are of complementary degree, then we have an or-
thogonal splitting of the Poincaré pairing: (a.b)x = (a1.b1)y; +(a2.b2)y,.

Proof. We compute

a.b = ¢.a1.b + pras.b = ¢.(a1.9"b) + p.(az.p™(b]2)).
Since a1.¢0*blp = a2.p*(b|z)|E, (a1b1,azbs) is a lifting of ab for the
special lifting (b1, b2) = (¢*b,p*(b|z)) of b. By [LLW1], Lemma 4.2,

any other lifting of b is of the form (by + i14€, ba — ig.e) for some class e
in F.
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Since ijaj.e = ijas.e is a class ¢’ € H*(FE), the correction terms are
al.il*e = il*(i”fal.e) = il*el, —ag.ig*e = —7;2*(1;@2.6) = —ig*el.
The lemma then follows from
1 (1€) = €1 (Ngyvs) = ~¢'e1(Ngjva) = (—izae!)
and @yi1ee — piiowe’ = (P|p)«e’ — (¢|E)«€’ = 0. q.e.d.

Theorem 5.4 (= Theorem 1.1). For A, flops, I induces an
isomorphism on Chow motives and the Poincaré pairing.

Proof. If f: X --» X"is an A flop, f xid: X xT --» X' x T is
also an A, flop. Thus, by the identity principle, to prove [X] = [X']
we only need to prove the equivalence of Chow groups under F for any
Ay i, flop.

We prove this for all n with n 4+ 1 > 2k by induction on k. We start
with k& = 0, which is trivial.

Given k > 1, by Theorem 5.1, the equivalence of Chow groups is
reduced to the A, 551 case and the local A, case. The former is
true by induction. The later follows from Corollary 4.5 directly.

The same procedure proves the isomorphism of Poincare pairings by
using Theorem 5.1, Lemma 5.3, and Corollary 4.5. q.e.d.

For cohomology rings we need to proceed carefully. In order to run
induction on k, using Theorem 5.1, Lemma 5.3 we must first consider
the local A;, ;, case. By Remark 4.4, for k = 2, the classical cup product
is not preserved by the correspondence F! This is analyzed in the next
section.

6. Quantum corrections

6.1. The proof of Theorem 1.2. We now prove the invariance of
big quantum product attached to the extremal rays, up to analytic
continuations, under A, o flops.

As in the precedent section, we consider degenerations to the normal
cone W — A! of X and W/ — A! of X’. Note that the map f :
X --» X’ induces the Mukai flop of the same type for local models:
[ Xioe --» X|,. and Mukai flop g : Y --» Y’ of type A,,_21.

By the degeneration formula (for the algebraic version used here,
c.f. [Li]), any Gromov-Witten invariant on X splits into products of
relative invariants of (Y, E) and (X, E). Let a € H*(X)®™ with
lifting (a1, as):

o(Y,E (X100, B)\ E*
@Xms = 3 O ((ani™ (i)
n€(g,8)

Here p is the number of gluing points (in E) and I'y U Ty forms a con-
nected graph. Thus p = 0 if and only if one of the I'; is empty.
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The relative invariants take values in H*(E”) and the formula is in
terms of the Poincaré pairing of E*.
We apply it to X’ as well and get:

’ ° Y/,E/ . Xloch/ E'P
Fa)Xss= > Cy (faDi " ayp e t)
n'€Q(g,98)

There is a one-to-one correspondence between admissible triples n =
(I'1,T9,1,) and ’ = (I}, 1'%, I,y) via i’ := Fn. The combinatorial struc-
ture is kept the same, while the curve classes are related by F. We do
still need the cohomology class splitting on X and X’ to be compatible.

By Theorem 5.1 we may split the cohomology classes a € H*(X)®™
into (a1, az) with a; € H*(Y;)®™ and Fa € H*(X'")®™ into (a}, a}) with
a, € H*(Y])®™ such that

/ /
Far = ay, Fas = ay.

By Theorem 5.4, the Poincaré pairing is preserved by F under strat-
ified Mukai flops E --» E’; the same holds true for E# --s E'? by F°,
which for simplicity is still denoted by F. Thus, by the degeneration
formula the problem is reduced to showing that F maps the relative
invariants of (Y, E) and (X)oc, E) to the corresponding ones of (Y, E')
and (X| ., F').

Since we are only interested in invariants attached to the extremal
ray [ = dl, for any splitting 5 = (51, 02) = (d1¥,d2f), we must have
p = (E.f2) = d2(EL) = 0 (since ¢ can be represented by a curve in
F,). But this implies that 3 is not split at all and in the degeneration
formula the invariant <a>§fm7 a0 8oes to Y or Xj,. completely:

X Y Xloc
(@) gom,ae = (01) gm.de + a2) o ar-

Lemma 6.1. F maps isomorphically the cup product and full Gro-
mov-Witten theory of Y to those of Y'. Moreover, <a1)2]/’m’a,/Z =0 for all
d e N.

Proof. The birational map g : Y --» Y’ is a Mukai flop of type A,_2 1.
Hence, this follows from [LLW1], Theorem 6.3.

Indeed this follows from Lemma 5.3 and the above degeneration for-
mula by applying it to the Mukai flop Y --» Y’. Here we use the facts
that projective local models of Mukai flops gioc : Yioc --+ Yj.. can be

loc
deformed into isomorphisms g; : ¥; =Y/ and that the cup product as
well as the Gromov-Witten theory are both invariant under deforma-
tions. For ¢ being the extremal ray of gioc, if d¢ ~ Cy for t # 0 then
C} = gi(Cy) ~ Fdl = —dl', which is impossible. Thus (al);mﬂ =0 for
all d € N. q.e.d.

Denote by (a); = S5 o{a)o.m.ae g¥ the generating function of g =
0 Gromov-Witten invariants attached to the extremal ray. Then the
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degeneration formula and Lemma 6.1 lead to
(a)F = 6n3lar)pzp + (ag)fbc.

The correspondence F acts on ¢° by F¢° = ¢”P. In particular, for
the extremal rays ¢ and ¢ we have Fg¥ = g . If we regard ¢¢ =
e 27w a5 an analytic function on w € Hé’l(X), then it is known that
<a)jf converges in the Kéhler cone Kx of X. Under the identification

H]é’l(X) = ?Hﬁl(X) = Hﬂlgl(X’), it makes sense to compare 3"((1)55

with (?a)f/ as analytic functions on Kx U KXxs C Hﬁi’l up to analytic
continuations.

!

Lemma 6.2. For m > 3, SF(@)?“’C = <?a2>;{1°° up to analytic con-
tinuations.

Proof. By Proposition 4.3, the A, flop f : Xjoc --+ X[ . can be
projectively deformed into ordinary P"~2 flops. By the deformation
invariance of Gromov-Witten theory, the lemma is reduced to the case
of ordinary flops (with non-trivial base). For simple ordinary flops the
invariance

X/
3:’<a2>;(10c ~ <3’a2>f loc

up to analytic continuations is proved in [LLW1]. It has been extended
to general ordinary flops with base in [LLW2]. Hence, the lemma fol-
lows. q.e.d.

Notice that the ¢ = 0, d = 0 invariants are non-zero if and only
if m = 3 and they are given by the cubic product. By Lemma 6.1,
<a11,a12,a13>({370 = (§a11,§a12,§a13>oy’;,70. From Lemma 6.2 we get
?(aﬁf = <5‘”a);(, for m > 3.

Together with the F invariance of Poncaré pairing, the big quantum
product attached to the extremal ray is invariant under ¥. This com-
pletes the proof of Theorem 1.2 for type A, 2. The cases of type D5 and
Eg.1 are completely similar, since the geometric picture in Proposition
4.3 is the same by [CF]. The proof is complete.

Remark 6.3. The degeneration formula is in terms of the Poincaré
pairing of relative GW invariants. Thus invariance of the Poincaré
pairing is crucial in our study. Indeed, the Poincaré pairing together
with 3-point functions determine the (small) quantum product. So far
this is the only constraint we have found for the correspondence JF under
K equivalence to be canonical.

6.2. A new topological constraint. Consider stratified Mukai flops
of type Apo, f: X --» X' with i : F, — X, such that F preserves
the cup product (e.g., for X and X’ being hyper-Kéhler manifolds). By
Proposition 4.3 and Remark 4.4, there exists a defect of cup product on
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Xloc. A priori there seems to be a contradiction. A closer look at them
leads to

Proposition 6.4. For a Mukai flop f : X --» X' of type A, 2, D5 or
FEs 1, if the restriction map i* : H*(X,Q) — H*(F», Q) is surjective then
F does not preserve the cup product. In particular, if X is hyper-Kdhler,
then i* is not surjective.

Proof. We shall investigate the degeneration analysis on cup product
for an arbitrary A, o flop f as presented above. The other cases are
similar.

Let a = (a1, a2) and b = (b1, by) be two elements in H*(X) with their
lifting. By Lemma 5.3, ab = (a1b1, asbz). Then Theorem 5.1 implies
that F(ab) = (F(a1b1),F(azbe)). By Lemma 5.3 again

F(a)F(b) = (F(a1)F(b1), F(a2)F (b2)) = (Farbr), F(az)F (b2)),
where the last equality follows from Lemma 6.1 applied to g : Y --» Y.
So

?(ab) = ?(a)fr”(b) e ?(agbg) = ?(ag)?@g).

That is, the invariance of cup product on H*(X) is equivalent to the
invariance on elements in H*(Xj,.) which come from lifting of elements
in H*(X). Indeed let i : F5 — X and p : Xjo,c — F» be the projection,
and we may choose standard lifting as = p*i*a. Such elements form a
subring

Ap:=p"i"H"(X) Cp"H*(Fp) C H"(Xioc)-

By applying this analysis to the case X = Xjo. = Ppg, (T;,Q/S @ 0)
where the cup product is not preserved under F, we find that the defect
of cup product is completely realized in the subring p* H*(F3) since

i H* (Xioc) = H*(Fy).
For general X, if i* : H*(X,Q) — H*(F», Q) is surjective, then A ®
Q = p*H*(F3) ® Q must contain the defect on X,¢; hence the ring

structure on H*(X) is not preserved under F. This completes the proof.
q.e.d.

Example 6.5. Consider a simple A4 > flop on hyper-Kéhler manifold
X of dimension 12, where F» = G(2,5) is of dimension 6. The divisor
c1(G) = i*H for some H € H*(X,Q). But c2(G) ¢ i*H*(X, Q).

References
[CF] P.E. Chaput & B. Fu, On stratified Mukai flops, Math. Res. Lett. 14 (2007)
10551067, MR 2357475.

[Fu] B. Fu, Extremal contractions, stratified Mukai flops and Springer maps, Adv.
Math. 213(1) (2007) 165-182, MR 2331241, Zbl 1120.14039.



280
(FN]

[Huy]

[Mar]

[Nal]

[Na2]

B. FU & C.-L. WANG

B. Fu & Y. Namikawa, Uniqueness of crepant resolutions and symplectic sin-
gularities, Ann. Inst. Fourier 54 (2004) 1-19, MR 2069119, Zbl 1063.14018.

D. Huybrechts, Compact hyperkdahler manifolds: basic results, Invent. Math.
135 (1999) 63-113, MR 1664696, Zbl 1016.53038.
Erratum, Invent. Math. 152 (2003) 209-212, MR 1965365, Zbl 1029.53058.

D. Kaledin, Symplectic singularities from the Poisson point of view, J. Reine
Angew. Math. 600 (2006) 135-156, MR 2283801, Zbl 1121.53056.

Y.-P. Lee, H.-W. Lin, & C.-L. Wang, Flops, motives and invariance of quan-
tum rings, arXiv:math/0608370, to appear in Ann. of Math..

, Invariance of quantum rings under ordinary flops, preprint, 2007.

J. Li, A degeneration formula of GW invariants, J. Differential Geom. 60
(2002) 199293, MR 1938113, Zbl 1063.14069.

A.-M. Li & Y. Ruan, Symplectic surgery and Gromov-Witten invariants
of Calabi-Yau 3-folds, Invent. Math. 145 (2001) 151-218, MR 1839289,
Zbl 1062.53073.

E. Markman, Brill-Noether duality for moduli spaces of sheaves on
K3 surfaces, J. Algebraic Geom. 10(4) (2001) 623-694, MR 1838974,
7Zbl 1074.14525.

Y. Namikawa, Deformation theory of singular symplectic n-folds, Math. Ann.
319(3) (2001) 597-623, MR, 1819886, Zbl 0989.53055.

, Birational geometry of symplectic resolutions of nilpotent orbits, in
‘Moduli spaces and arithmetic geometry,” 75-116, Adv. Stud. Pure Math.,
45, Math. Soc. Japan, Tokyo, 2006, MR, 2306171, Zbl 1117.14018.

C.-L. Wang, K-equivalence in birational geometry and characterizations
of complex elliptic genera, J. Algebraic Geom. 12(2) (2003) 285-306,
MR 1949645, Zbl 1080.14510.

ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE
CHINESE ACADEMY OF SCIENCE

BELING, P.R. OoF CHINA

and

C.N.R.S., LAaBO. J. LERAY, FACULTAE DES SCIENCES
UNIVERSITE DE NANTES

2, RUE DE LA HOUSSINIERE, BP 92208

F-44322 NANTES CEDEX 03 FRANCE

E-mail address: fu@math.univ-nantes.fr

DEPT. OF MATH., NATIONAL CENTRAL UNIVERSITY
JHONGLI, TAIWAN

and

NATIONAL CENTER FOR THEORETIC SCIENCES
HSsINCHU, TAIWAN

E-mail address: dragon@math.ncu.edu.tw



