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CURVATURE CHARACTERIZATION
OF COMPACT HERMITIAN SYMMETRIC
SPACES

NGAIMING MOK & JIA-QING ZHONG

In the study of complex manifolds the following conjecture is a well-known
and natural analogue of the elliptic case of the uniformization theorem.

Conjecture 1. Suppose X is a compact Kahler manifold of nonnegative
holomorphic bisectional curvature and positive Ricci curvature. Then X is
biholomorphic to a compact Hermitian symmetric space.

The special case, when X is of positive bisectional curvature and conjectured
to be P”, is the Frankel conjecture, resolved simultaneously and independently
by Mori [19] and Siu & Yau [22] in 1979 using very different methods. The
general case of Conjecture I is at present still open. A related conjecture in case
X is assumed to be Kahler-Einstein is the following.

Conjecture II. Suppose X is a compact Kahler-Einstein manifold of non-
negative holomorphic bisectional curvature and positive Ricci curvature. Then
X is isometric to a compact Hermitian symmetric space.

The first efforts to resolve Conjecture II were due to Berger [3], who showed
in 1966 that a compact Kahler-Einstein manifold of positive sectional curva-
ture is isometric to P” and equipped with the Fubini-Study metric (up to a
scalar factor). This was reformulated by Goldberg and Kobayashi to the case
of positive holomorphic bisectional curvature. Later, Gray [8] proved Conjec-
ture II in 1973 under the stronger assumption of nonnegative Riemannian
sectional curvature. He introduced on the unit sphere bundle of X a (degener-
ate) elliptic operator D and developed a Bochner-Kodaira formula for DR, R
denoting the curvature tensor, to prove the vanishing of VR on X. The last
property is the simplest characterization of locally symmetric spaces in terms
of the curvature tensor. Apparently, there are serious difficulties in modifying
Gray’s argument to the general case of nonnegative holomorphic bisectional
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curvature since D will in general not be (degenerate) elliptic. This has left
Conjecture II open for a long time. It was one of the open questions in Kahler
geometry raised by Siu [21] in his address in 1983 to the International Congress
of Mathematics at Warsaw.

One connection between Conjectures I and II is inspired by the work of
Hamilton [10] on deforming Riemannian metrics of positive curvature on a
compact 3-manifold to an Einstein metric. It is hoped that such an approach
can be applied to compact Kahler manifolds of nonnegative holomorphic
bisectional curvature. In this connection we refer the reader to a recent article
of Bando [2], who used the evolution equation of Hamilton [10] and results of
Siu [20] on characterizing hyperquadrics to obtain an affirmative answer to
Conjecture I in the case of dimension 3. (The cases of dimensions 1 and 2 are
well known.)

In this article we resolve Conjecture II in the affirmative. Our starting point
is the method of Berger [3] on characterizing P” with the Fubini-Study metric.
He did this by showing that the Kahler manifold X under consideration has
constant holomorphic sectional curvature. To do this, he considered a point x,
on X and a unit tangent vector a of type (1,0) at x,, where the global
maximum of holomorphic sectional curvatures is attained, and applied the
maximum principle to AR ;,-(x,). For Conjecture II, we used the characteri-
zation of Hermitian symmetric spaces by the vanishing of VR, a property not
verifiable by a direct application of Berger’s method. In a similar setting as
above, assuming X Kaihler-Einstein of nonnegative bisectional curvature at
a € Txl(;O(X ), one can show that relative to the Hermitian bilinear form
H,(§,¢') = R 5e:(x), Txlo'o( X)) decomposes into the orthogonal direct sum of
eigenspaces Ca & i, ® A, where R ;::(Xo) = 3R 5.a(X,) for § €5, =0
for § € A, and moreover AR ;,(x,) = 0.

Our idea is to prove first of all the invariance of R ;,; under parallel
transport of a along certain curves emanating from x,. To start with we prove,
using the maximum principle, that the global maximum of holomorphic
sectional curvatures is attained at every point x € X. Let y be an integral
curve of any vector field of “maximal directions” a(x); we prove the stronger
fact that the curvature tensor R is invariant under parallel transport along the
curve v. Using an orthonormal basis {e;} at x € y consisting of eigenvectors
of the Hermitian form H,(§,£') = R 5¢(x), @ = a(x), we shall actually
prove the vanishing of all terms VR, ;;(x). The proof of the vanishing of such
covariant derivatives will occupy the bulk of the present article.

Our original aim was to prove that VR ;.5(x) = 0 at a global maximal
direction « for all real tangent vectors 1 at x and all positive integers i. Since
the Kahler-Einstein metric is real-analytic, this would allow us to conclude the
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invariance of R ;. under parallel transport along geodesics. Although this
scheme is too involved for higher order radial derivatives, it will be enough to
show VR ,z.a(x) = 0 for 1 <i < 7, which is sufficient to imply the invari-
ance of R under parallel transport along integral curves of maximal directions.
The point of departure is the observation that Berger’s formula implies
AR z.5(x) = 0 and hence v,:Raaa&(x) = 0 for 1 < i < 3 in view of the global
maximality of R ... It follows that V,‘,‘Raam_,(x) > 0. Define a (2k)th order
elliptic operator $*) on smooth tensors T by taking, at each point y where T
is defined, S@XT to be the average, suitably normalized, of VAT over all
n € T,(X) of unit length. Clearly, S®R . .(x) < 0. On the other hand, we
show that A’R . .(x)> 0. For the Euclidean case, S® agrees with A2
However, for Kahler manifolds in general S® differs from A? by some
zero-order terms. Such zero-order terms are obtained by a number of commu-
tations. At x we have sufficient knowledge of zero-order terms to conclude
that S®R 2,a(x) = A’R 5,4(X), implying both are zero and that VR ,;,(x)
=0forl <i<5.

To proceed further one can consider similarly S@YR_. (x) and
S@k=DAR __ (x). In general the difference between S@% and S@*~2A is a
differential operator of order (2k — 4). We are able to prove in a way similar
to the above that SOR ;,z(x) = SPAR ;,z(x) = 0, implying VR z0z(x)
for 1 <i < 7. This involves proving the vanishing of commutation terms
which are second order covariant derivatives of terms of the type R ;,z or
R s« These are obtained from variation equalities or Taylor series expansions
of curvature functions along geodesics issuing from x.

In order to prove the vanishing of V,R;;;(x) we make full use of gradient
terms arising in formulas A’R ,z,5(x) and S®AR ,;,z(x). To prove VR, ;(x)
= 0 it will actually be necessary also to show A’R . .(x) = 0 and to make use
of gradient terms arising from A’R .. One surprising thing in this scheme of
proof is that, under our special choice of basis at x, @ € T!°(X) a fixed
maximal direction, we show that there are only a few types of nonvanishing
curvature terms. Such information is also used in the proof of VR, ;;(x) = 0.

At each x € X let V, be the real linear subspace of T'°(X) generated by
the nonempty set of maximal directions a € T,(X). We can use the invariance
of R under parallel transport along integral curves of vector fields of maximal
directions to show that at some point x, the vector subspaces ReV, C T,(X)
for adjacent points y constitute an integrable distribution. The integral sub-
manifolds are moreover complex, totally geodesic and locally symmetric. Then,
we use the theorem of Bonnet-Myers to show that these integral submanifolds
extend to complex submanifolds of X for a suitable choice of x, and that they
are mutually nonintersecting. We use this to show that the curvature tensor is

aaada
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reducible at each point, that the vector subspaces V,, x € X, constitute a
differentiable vector bundle invariant under parallel transport and that the
foliation of X by integral submanifolds of the distribution x — ReV, actually
corresponds to a global decomposition of X up to a finite covering. This
allows us to prove Conjecture II inductively.

We believe that our analysis of the curvature tensor should also be useful in
other problems in Kiahler geometry related to locally symmetric Hermitian
manifolds.

The main results of the present article, together with a sketch of the methods
of proof, has appeared in Mok & Zhong [18].

We would like to thank Professor Siu and Professor Yau for their interest in
the research project. The research was carried out while the second author was
a visiting member at the Institute for Advanced Study. He would like to thank
the Institute for its support and hospitality.
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0. Statement of results

Our main theorem in this article is the following confirmation of Conjecture
II (in the introduction).

Main Theorem. Let X be a compact Kahler-Einstein manifold of nonnegative
holomorphic bisectional curvature and positive Ricci curvature. Then X is isomet-
ric to a compact Hermitian symmetric space.

We remark that the nonnegativity of holomorphic bisectional curvatures is
strictly weaker than the nonnegativity of Riemannian sectional curvatures and
that the former concept is more natural in the context of complex differential
geometry. For a compact Kahler manifold, holomorphic bisectional curvatures
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are nonnegative if and only if the unit ball bundle of the dual tangent bundle is
weakly pseudoconvex.

Our method of proof yields the following generalizations of the Main
Theorem:

Corollary 1. Let X be a compact Kihler manifold of nonnegative holomorphic
bisectional curvature and constant scalar curvature. Then X is isometric to a
compact Hermitian locally symmetric space.

Corollary 2. Let X be a complete Kihler manifold of nonnegative holomor-
phic bisectional curvature such that the Ricci tensor is parallel. Then X is
isometric to a complete Hermitian locally symmetric space.

From the proof given for the Main Theorem, it is immediate to generalize to
the case when X is assumed to be of nonnegative holomorphic bisectional
curvature and the Ricci tensor is parallel and positive. The proofs of the
corollaries involve essentially a splitting of the flat directions of the Ricci
tensor. Corollary 1 follows from Corollary 2 and results of Bishop & Goldberg
[4]-[6] which assert that under the hypothesis of Corollary 1, the Ricci tensor is
automatically parallel.

1. Background material

(1.1) The curvature tensor on Kahler manifolds and commutation formulas.
Let X be a Kahler manifold. Denote by R = R( C st ) the Riemannian
curvature tensor on the underlying Riemannian manifold. By complexification,
R acts on (CT(X))* CT(X) denoting the complexified tangent bundle. On X
we have a decomposition of CT(X) into the orthogonal direction sum 71°( X)
® T%(X). If we choose a system of holomorphic coordinates (z;,- - -, z,) at
x € X, then {0/9z,,---,0/0z,} and {9/0Z,,---,3/9Z,} constitute bases of
T!9(X) and T2'( X) respectively. In terms of the corresponding decomposi-
tion of tensors into ( p, g)-types on a Kahler manifold, R is of type (2,2). In
terms of the basis {9/9z;,---,3/9z,; 9/9z;,---,38/92,} of CT, (X) and
writing R, ;; = R(B/azi, 0/0z;,3/0z,, 8/82,), etc., the only possible nonzero
terms of Ry 444 (indices with or without bars) are given by R, ;;; and accompa-
nying terms obtained by permutation of indices. We write R;; for the Ricci
curvature tensor in terms of coordinates. Our convention on R is such that
R;1;7 > 0 for the Riemann sphere with the standard Hermitian metric of
constant positive curvature.

We say that X is of nonnegative holomorphic bisectional curvature if
R{£&¢,8) > 0forall x € S and ¢ € TMO(X). In terms of indices this
means that ER,.jkia,.ﬁjka, > 0 for all n-tuples (ay,---,a,), (by,---,b,) of
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complex numbers. Every Hermitian (globally) symmetric space carries on
invariant Kahler-Einstein metric of nonnegative holomorphic bisectional
curvature. In terms of the curvature tensor we have the following characteriza-
tion of locally symmetric Riemannian manifolds.

Proposition (c¢f. Kobayashi & Nomizu [12]). A Riemannian manifold X is
locally symmetric at x € X if and only if in a neighborhood of x, VR = 0 for the
Riemannian curvature tensor R.

The curvature tensor measures analytically the commutation of covariant
differentiations. For example, for a covariant tensor of the type T,;,;, we have,
denoting V., T ;= T ;. etc.,

Tiikise = Tijiess  Tijwisi = Tijuiiss

1 1

Tijkivsi = Tijiis + RigsiTujui = RyujsiTiaui

+ RkﬁsiT'

il — RuisiTijug-

All three equations follow from the definition of R in terms of commutation
of covariant differentiations. The first two are consequences of the fact that R
is of type (2, 2).

In general, for any covariant tensor field T,, . .., commutation for
second-order covariant differentiation occurs only if we commute two indices
of opposite type (one barred, one unbarred), in which case there are as many
commutation terms as there are indices in 7, the sign attached to a commuta-
tion term in Tyy . wx ; — Tax ... ;, 18 positive if it corresponds to a substitution
of an unbarred index in T,, .. .4 and negative otherwise. This is simply
because — R, ;;; = R;, ;.

Finally we recall that the Bianchi identity implies the equality R,;; ,, =
R ; i« In the case of Kihler manifolds.

(1.2) Computation of AR ;.. At x € X fixed let (z,,- - -, z,,) be a system of
local holomorphic coordinates. For any smooth tensor 7 we shall denote by
AT the operator ¥, ; g’j(viva + v;v,T), where g'/ is the contravariant
metric tensor. (See (1.3) for the meaning of AT and other averaging differential
operators.) We recall here the computation of AR, . in Berger [3] for any
tangent vector a of type (1, 0).

Proposition (1.2). Let (z,, - -, z,)) be a system of local holomorphic coordi-
nates at x € X such that g, (x) = 8,; for the Kahler metric tensor (g;;). Then,
denoting by p the Einstein constant, i.e. Ricci form = p(Kdhler form), we have

1 2 2
EARa&aE = ZiRaiaj'l + pRaaaﬁ - 22|Rﬂﬁij| .
i,j

i
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Proof. Obviously the right-hand side is independent of the choice of
holomorphic coordinates at x as long as they are unitary at x, and it suffices
to prove the proposition for e, of unit length. We may therefore choose
(z4,- -+, z,) so that 9/9z; = a. Then, from

Raaaa,ii = Raaaa,ii + 22Raﬁ.iiRu&aa - 2ZRpﬁi1-’RaﬁaE
p p
we have, using ¥, R ,;;; = p§,

ap?

ZRaaaa,ii = ZRa&a&.fi + 2R 505 — 2PR 50 = ZRa&aa,ii-
i i

i

ajiii

Hence
%ARa&aE = ZRaEaﬁ.ii = ZRaEiﬁ.af
i i
= ZRaaia,ia + ZRafLaiRu&i& - ZRpaaiRaﬁia
i (A7) ip
+ ZRiﬁ.afRuEu& - ZR;LHafRaEiTL
i i
2 2
= ZRaEif.ﬁa + Z|Rafaj| + pRa&m—x - 22|Raaij|
i ij ij
by the Bianchi identity.

Since the metric on X is Kahler-Einstein, we have
ZRaEii,&a = Ra&,&a = O’
i

proving the proposition.

(1.3) Averaging operators of radial derivatives. Let T be a covariant smooth
tensor of order m defined on an open subset U of X. At x € U let n be a real
tangent vector of unit length. Let y be a geodesic passing through x and within
the cut locus of x with n tangent to y at x. Let vy,---,v, be complexified
tangent vectors at x and denote by the same symbols the vector fields defined
on y obtained by parallel transport. Then

ViT(vy, 0, (%) = (V3T )01, 0,0 (%)
since Vv, = 0 for 1 <j < k along v. Letting k£ be a positive integer, we define
the operator S®XT by setting

SCOT(p, -+, p,)(x) = Czkf VnZkT(vl,. <o (x)
n

at each x where T is defined, where the integration is over the unit sphere of
the real tangent space at x, endowed with the unique rotation-invariant metric
of unit mass, and where c,, is a constant to be determined. In case k = 1 we
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have
2 _ 2
SOTuy . xx(x) = sz 7 Tox ... ax(X).
n

Let (z,,-- -, z,) be a local holomorphic coordinate system unitary at x. Then
n =& + £ for some £ € T1°(X) of length 1/ 2 . Write £ = ¥, a,(1)3/9z,,

2
2 _ _
SOTyx . ax(x) = sz (v):‘a,(n)a/az‘-k ):,-a,(n)a/az,) Tyx ... 44(x)
n

= 2ReC2f Zai('ﬂ)aj("l)viva**--.**(x)
LN,

tef Ta(n)a,(0) (VT + T9,) Tun aal(%).
Denote
b, = /n a(n)a,(n), b,= /" a,(n)a,(n).

Consider on T!°(X) = C" the transformation

" i0
(al’...,ai,...’aj’...’an) — (al’...’e‘ tal_’...’el Jaj’...’a")’

where the left-hand side stands for Y a,d/9z,. This induces an orthogonal
transformation n — 7’ on T,(X) = {£ + & & € T9(X)). It follows that

bij - [1 ai(ﬂ')aj(ﬂ') — ei("'*"/)bij,

b;;= /T;a,(n’)aj(n’) = o0 0)p,

Choosing 6;, ; suitably we see that b;; = 0 for all i, ;j and that b;; = 0 unless
i = j. By symmetry, clearly b;; = --- = b,;. These constants can be com-
puted by taking T to be the function ¥,|z,|* and comparing coefficients. In any

case by; > 0 and we choose c,b,7 = 1, giving
SOTes . xx = ZV,VET**--.** + ZV;V,«T**.,,**,
i i

ie, SOT =YL (vV; + vv,)T. We use AT to denote SPT. There are two
related 4th order averaging differential operators, namely A’ and S™®. We have
27 _
AT = 3 (Vi + vv) (Vv + viv,)T
ij
= YT+ Taj+ Tii+ T,

ij

iijj*
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By the same argument as above we have

4 _
SOT = C4Zbiiif(T,(ii‘+ii)(ii‘+ii) +T i+ T.iiii)
i

+ea 2 b (T ivingiein * T Gieinaivin

i<j

T Gjagisijein T T Gjejivij+gio

+T jujiivin T T Givipnijin)-

Here we are adopting the convention

T.(ii'+ii)(ji+ij) =T i T T i T T; dijj T T; Jdijjo

etc. The equality above is obtained by noting that the only nonzero terms in

b x4+ must come from 2 pairs of conjugates, e.g. b;; ;, b,j;, etc., which follows
from using the transformation

(al’.;..’ai’...,a' .o

s .’ak,...’al’...’an)

i0; i0; i0 i0,
e d (al,...’e’ ’ai’.."e jaj’...,e’ kak’...,e Ial,...’an)'

Obviously b,;;; remains unchanged when indices are permuted, but the corre-
sponding covariant differentiation may differ because of the curvature. We
write the expansion for ST in a more uniform manner. Denote by S, the
permutation group of 4 elements. For any ¢ € S, and any 4th order covariant
differentiation T4, (indices with or without bars), we denote by 77,4, the
4th order covariant derivative obtained by formally permuting the four indices
using ¢ € S,. In this notation we can write

S(4)T— C E ZU Z T, Sidil + C4Zblljj Z T Jljj

i 6ES, i<j cES,

Note that in the original expression that there are 6 terms attached to b;;;; and
24 terms attached to b;;; i i < j. This accounts for the factor of 1/4 in the first
term of the new expression. Our main result in this section is the following:

Proposition (1.3). For a suitable choice of positive constant c,, we have the
expansion

6SOT =3 3 T

i,joES,
Similarly, for any positive integer k

2k
(2) SCOT = E Y T i

i, i OESy,
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Proof. We will only prove the special case k = 2 since the proof of the

general case is exactly the same. Recall that b,;; is defined by

buy = [ amaln)a,(n)a ().

Obvxously b,,,, =b;zpforaliand i’,1 <i,i’ <n,and b;;; = b7 for i # j

and i’ # j’. It follows that S®T must be of the form

(*) S(4)T_CZ Z T““+C Z Z Tllj_/

i 6ES, i#j 0E€ES,

We claim that in the Euclidean case S®T agrees with AT for a suitable choice
of ¢,,. We denote the operators S® and A? in the Euclidean case by S{* and
A% respectively. Then, the symbol of the fourth-order operator S§ (4) with
constant coefficients is a fourth-order polynomial on C” (with coordinates §)
iné, -, & El,- -, E,, invariant under rotations, so that it must be a (positive)
multiple of (X,|¢,/?)%, the symbol of A2, hence proving the claim. From now on
we will choose the constant c,, > 0 such that S{¥ = A%. Now from (x) we
have

CZ Z Tnn +c¢ Z Z T° Jdijj = ZT,(i;+ii)(jj+jf)

i 0ES, i#j 6ES, i

in the Euclidean case. But in this case T° ,5,5=T .4, By comparing
coefficients this yields that ¢’ = ¢, so that in general

i,j oES,

The constant ¢ can be obtained by setting the right-hand side equal to
AT =4%,i,jT ;; in the Euclidean case, yielding the special case of k =2
and in an analogous manner the general case of Proposition (1.3).

(1.4) Conversion of radial derivatives to mixed covariant derivatives. In the
argument of showing that certain components of covariant derivatives of the
curvature tensor vanish at a given point x, it will be a typical situation first to
show radial derivatives of certain orders along geodesics y through the point x
vanishing and then to show similar vanishing phenomena for mixed covariant
derivatives. Suppose for some fixed positive integer k we have V,fR jki(x) =10
for all real tangent vectors n at x. In the Euclidean case this would mean that
for R;;; all covariant derivatives of degree k at x, symbolically VR, x(X),
would vanish at x. However, for a general Kahler manifold this is not the case.
We have the following proposition in the general case of Riemannian mani-
folds.
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Proposition (1.4). Let M be an m-dimensional Riemannian manifold and let
X € M such that for the given smooth tensor T, the covariant of order |,

"T,l,2 .;(x) =0 for some specific indices i\, --,i; and for all real tangent
vectors m at x. For any o € S, we denote by (Vw52 -+ vkn)T, iy e i,(X)
the components of covariant derivatives obtained by permuting the order of the
k =k, + --- +k,, derivatives using 6. Then we have

L (viwge o vp) T (x) = 0
0ES,

for any set of nonnegative integers k,,- - -, k,, such thatk, + --- +k, = k.

Proof. Let x,,---,x, be real normal geodesic coordinates at the point
x € M. The point x is then the origin in this coordinate system. For any real
tangent vector ) = a,0/0x; + - -- +a,9/0x,, of unit length we have

T;',i2~~~i,(tn Z Vn iy - ,_ Z th iy -
s>0 s>0
Writing tn = (x,, x5, -, X,,) we have
Ti,i2 i,(xlv X, Xp)
=X )y Y (vivs o o) Ty (O xpxy - xi,
s20 8+ .- +s5,=5 0€S;
5,20

where S; is the group of formal permutations of the s indices involved in the
covariant differentiation. The proposition follows immediately by setting equal
to zero all the coefficients of kth order monomials xfix%2 - - xk» k, + k,
+ --- +k,, = k, which must be the case when V,{‘T,.‘ . i,(O) = 0 for all real
tangent vectors 7 at x.

Remarks. In the complex case we can rewrite the formula in Proposition
(1.4) by allowing the differentiations to be against barred or unbarred indices.

(1.5) Second variation inequalities associated to the curvature tensor. Let X
be a Kahler manifold and x € X be a point where holomorphic bisectional
curvatures are nonnegative. There are two important and well-known inequali-
ties associated to R, ;;;(x). They are respectively related to maximal directions
of holomorphic sectional curvatures and flat (zero) directions of holomorphic
bisectional curvatures. We formulate them in the form of two lemmata.

Lemma (1.5.1). Let X be a Kihler manifold and x € X be a point where
holomorphic bisectional curvatures are nonnegative. Suppose a € T!°(X) of
unit length is the direction attaining the maximum of all holomorphic sectional
curvatures at x. Then, for any ¢ € T'(X) of unit length which is perpendicular
to a, we have

0< 2Ra&£§(x) +|Ra.§a£_(x)l < Ra&at‘x(x)'
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Proof. We shall henceforth call « a maximal direction of holomorphic
sectional curvatures at x or simply a maximal direction at x. We have, for any:
¢ > 0 and any real 0,

R<a + e, a + ee®t; a + ee®t, a + eei‘9£> <1+ 82)2Raaaa.

Since £ is orthogonal to a, ||a|| = ||£]| = 1 and « is a maximal direction at x.
Here and henceforth in the article we will sometimes drop the reference to the
point x when there is no danger of confusion. Comparing the coefficients of &
immediately yields R ,5,¢; = 0. Comparing the coefficients of ¢* then yields
4Rzt +2Re( ¥R go) < 2R o
We can always choose the angle 8 so that 2 Re(e?R afaf) = 0, yielding
0 < 2Ra&$£ + |Ra£afl < Ra&a&’

the desired inequality.

Lemma (1.5.2). Let X be a Kdihler manifold and x € X be a point where
holomorphic bisectional curvatures are nonnegative. Suppose a, B € T!°(X) are
such that R ,z55(x) = 0. Let £, € T}°(X) be arbitrary. Then

2 2
IR ags| +|Rapee| < RaaceRpgpss-

Proof. Since holomorphic bisectional curvatures are nonnegative at x, we

have for all 8, ¢ > 0 and 6, ¢ real

R<a + 8e¢, a + e’ B+ ee™®t, B+ eei“’§> > 0.
Expanding in terms of 8, z and writing out the coefficients of §, ¢ we obtain
R oapt = Rgpaz = 0-
From the second-order terms we obtain
&R ooer +8 Rz +2Reed(e TR poc) + 2Reed (e P IR g ) > 0

for 8, € sufficiently small and hence for all §, ¢ > 0. By making the transforma-
tions £ — e™%¢ and { — e™{ so that R g4 is changed to e ®o* %R ;. and
R ,p¢¢ is changed to ei(0°—¢°)R.,ng we may without loss of generality assume
that to start with both R ¢, and R,z are real. Then by choosing § = ¢ = 0,
we obtain from the discriminant

2
| Rugs + Rapeel < RaageRpes-
By choosing ¢ = 7 /2, § = —x /2, we obtain on the other hand

2
| Rugsr — Rogeel < RaageRope-
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Summing up the two inequalities and dividing by 2, we obtain the desired
inequality

2 2
| Raggel +|Rapeel < RaaeeRpgie-

2. Zero-order information on curvature terms associated
with a global maximal direction

(2.1) By using the computation of (1.2) and Lemma (1.5.1), Berger [3]
obtained, in the case of positive sectional curvature, that for a unit vector
a € T}(X) attaining the global maximum of all holomorphic sectional curva-
tures, R,ze; = 3R 505 for any £ € T°(X) of unit length and orthogonal to
a. In the case of nonnegative holomorphic bisectional curvature, his computa-
tion yields immediately

Proposition (2.1). T!°(X) splits into the orthogonal direct sum Ca & #'®
N, where H consists of all £ € T}°(X) such that Rz = 0 and N consists of
all § € T}O(X) such that R ¢ = 0.

Proof. Since R _;,; is a global maximum of all holomorphic sectional
curvatures, we have

AR zqa(x) = const f,, V2R(a(y),&(y), a(y),&(y))(x) <0

as in (1.3), where n ranges over all real tangent vectors of unit length, a(y)
denotes on a neighborhood of x the vector field obtained from a(x) = a by
parallel transport along geodesics from x and the integration is with respect to
the rotation-symmetric measure of the unit sphere of 7,.(X). On the other
hand, from (1.2) we have

—l_ARaEa& = Z |Rafaj'|2 + Z (Ra&a& - 2Ra¢‘xii)Ra&if
2 i#1 i#1
or j#1

for an orthonormal basis {e;} of T'°(X) such that e, = a and R,5,; = 0 for
i # j. From Lemma (1.5.1) we have R ,5;; < 3R 45,5 yielding

aaaa

AR 55 = 0.

adad

Equality holds if and only if R z; = 3R g45 0r 0 for i > 1 and that R;,; =0
for all i, j except i = j = 1. In particular we have the orthogonal decomposi-
tion of T1°(X) into eigenspaces of the Hermitian bilinear form H,(¢,§) =

Rat—lfg'
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From now on we shall fix an a and call J, = the half-space and
N, = A the null-space associated to a.

Also from here on we shall fix an a € T'°(X) of unit length such that
R pzaz = SUP; e 719(x) =1 Reger, Where a € T1(X) shall be termed a global
maximal direction (of holomorphic sectional curvatures). We shall also fix an
orthonormal basis of T!°(X), according to the orthogonal decomposition
T!°(X)= Ca ® #® A, consisting of {e,,---,e,} such that e, = a, e, €5
for2<p<mande, €A for m+1<q<n Write H=(2,---,m} and
N={m+1,---,n). For « € T}(X) fixed, we shall typically use the indices
given by the above choice of bases. Since the choice of {e,: p € H} and {e,;
g € N} is arbitrary within 5# and 4" as long as they form orthonormal bases
of & and A" respectively, we shall also use the notations e, and e, for
general elements of 5 and 4" of unit length. Any orthonormal basis {e,} U
{e,, p€H}U({e; g€ N} associated to a € T O(X) will be called a
privileged orthonormal basis associated to a.

To systematize once and for all the choice of notations, we use, as has been
the case, £, { to denote the complexified tangent vectors of type (1,0) and 7 to
denote the general real tangent vectors. The new indices arising from substitu-
tion in commutation formulas will be denoted by p, ».

(2.2) Equations satisfied by curvature terms associated to a global maximal
direction. We collect here the necessary information on R;; 7 associated to a
global maximal direction of holomorphic sectional curvatures a = e; €
Txf.'O(X ). Some of these equations are already contained in Proposition (2.1)
and its proof.

Proposition (2.2.1). Let a € T°(X) of unit length be a global maximal
direction of holomorphic sectional curvatures and let {e,} U {e,: p € H} U {e,:
q € N} be a privileged orthonormal basis of Txlo'o( X) associated to a. In terms
of this basis, we have

(@) Ryi,; = 3Riy;1 > 0 forp € H.

(b) Ryj1j=0fori# 1orj+1

(©) Ry;;=0 for g€ N and 1 <i, j < n. (In particular Ri1,5 = Ry7,; =0
forp € Hand g € N.)

(d) Ry;,; =0 forp € H.

(@) X, c ylRgysl> = RyzgeRyg,; for § € # and q € N.

(©)' R,y = 2/RiuDZ, ey RiprgrR 1

Before proving Proposition (2.2.1) we give a few remarks on our formulation
of the equations. Since the equations are stated for arbitrary choices of
privileged orthonormal basis associated to a, the equations are satisfied for e,
an arbitrary unit vector of the half-space #’ and e, an arbitrary unit vector of
the null-space #”. For example, the equation R,;,, = 0 implies by polarization
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Ryj,y =0 for ¢,q" € N, and the equation R,,,, =0 for p € H implies by
polarization Ry;, ;- =0 for p, p’, p” € H. Equation (e) implies by polariza-
tion the following representation of curvature terms R ;. in terms of Ry; 7.

Proof of Proposition (2.2.1). (a), (b) and the special case of (c) in parenthe-
ses are included either in the statement or the proof of Proposition (2.1). We
first prove (d) by a third-order variation equality at « = e¢,. Consider the
function F(e) in the real variable ¢ defined by

F(e) = ——
1+ ¢2)
Proposition (2.2) implies the vanishing of both the first and the second
variation of F(¢) at ¢ = 0. In fact

<e1 tee, e tee,, e t+ee, e+ sep>.

1
F(E) = m(Rﬂﬂ +4¢? Rllpp +4¢ ReRl_ 5 T € Rppp}’?)
since Ry11; = Ryp; = 0.
Since R;7,, = 3R;1;7 We obtain
e, te, e +e, e te, e +tee,
F(S) = s 5 P

Vit Vi+e Vi+ed V1+é

1
= ——————(Ryp1 +26*R 1 +4e’Re R, +¢°R 5 0 ).

(1 +2e*+¢%)
Since F(0) = R,7;7, by comparing coefficients of Taylor expansions of the
denominator and the numerator, we have immediately dF(0)/de = d*F(0)/de?
= 0. Since F(&) < R;j;7 the third-order variation equality yields

(0) = 4ReR,,,, = 0.

1ppp

d 3
Since the same equality holds with e, replaced by ei”ep, we conclude the
equation (c)

Ry;,; =0 forall pe H.

(Recall that e, € &, |le, || = 1, is arbitrary so that by polarization R,;, ;- = 0
for p, p’, p” € H)
To finish the proof of Proposition (2.2.1) we shall need the following
analysis at the zero directions Ry ;(x,) of holomorphic bisectional curvatures.
Proposition (2.2.2). Let g € N and a = ¢, € T..°(X) be a global maximal
direction of holomorphic sectional curvatures. Then, ARij,;(x,) = 0. Hence
ViR 1,4(x0) =0 for 0 <i < 3.
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Proof. First, we compute AR by
a commutation formula. Hence

1
fRﬂqﬁ

1147 It is immediate that Rﬂqﬁ,ii = Rliqﬁ,ii

= YR, 4z (summations over i with unspecified
i

ranges will henceforth mean 1 < i < n)
= ERﬁi(?.qi
i

= ZRliia,iq + Z(RlﬁqiR,Jiq _R,qu'eru'a
i [N

+quiRﬁpq —RuqqiRliiﬁ)'
Since
Y Ritgis= LRz, = Rz =0,
i i
we obtain at x,
1 2 2
'2'ARliq¢7 = ZlRlﬁqi| + Rliqa - Elquiﬁl - ZRﬁi,iR,u’qq-
ip ip iu
From R;j,; = 0 and first variation equalities, noting that bisectional curva-
tures on X are nonnegative, we obtain immediately

Rliq«? =
This yields at x,

1 2 2
EARlLﬁ: E Iquaqi| - Z|R1ﬁii| - E RﬂpﬁRm‘?qé'
p.reH ij pEH

Rii=0 forl<i<n,e, €N,|e,| =1arbitrary.

We claim that from the second-variation inequality Lemma (1.5.2)
ARyz,4(x,) < 0.

Since X carries nonnegative holomorphic bisectional curvatures
ARliqq(xo) >0,

yielding Proposition (2.2.2). To prove the inequality AR;7,;(x,) < 0 we give
two different approaches. First, we recall the following lemma in linear
algebra.

Lemma (2.2.3). Let S(z; z') be a complex symmetric bilinear form on a
complex vector space C" represented by the matrix S with respect to the canonical
coordinates of C". Then there exists a unitary transformation U of C" (relative
to the Euclidean Hermitian structure) such that U'SU is a diagonal matrix.

Using Lemma (2.2.3), we diagonalize the complex symmetric bilinear form

S(& &) = Rygg on # yielding R,;,, =0 for p #p for some choice of
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orthonormal basis {e,} of #. In this coordinate system we have

1 2 2
58Ry145 = 2 Ripgpl = IRzl = X RigppRppgs
PEH ij PEH
Note that &, c 4IR;, q;|2 is invariant under the unitary transformations on #’
since tr(U'SSU) = tr(U'SSU) = tr(SS). From the second-variation inequality
(1.5.2) we have
2 2
IRlilqﬁ| +|R I < RﬁpﬁR

1gpp pP9q-

This yields

1 2

EARliqti < - ZlRiﬁij' <0.

ij
This yields a proof of Proposition (2.2.2) and with it also the equation (d)
R,-a,.j =0 foralli,j,1<i,j<n.

Since Lemma (2.2.3) is proved entirely by algebraic means, it would be
desirable to give a geometric proof of

2
(#) )y IRlﬁqFI < ERITWRPW‘?
p.r p

in our situation without a special choice of coordinates. We claim that for any
¢ € o and any orthonormal basis { e, } of 5,

2
(=) Y |Rigpl + T |Rigeel’ < 3 RisuiRegys-
reH reH
Then, integrating (*) over £ € 3 of unit length using a rotation-symmetric
metric on the unit sphere yields immediately (#) and hence another proof of
Proposition (2.2.2).
To prove (*) observe first of all that Lemma (1.5.2) yields only

2
'Rlizqi'|

We shall now prove (*) by making a better use of the argument of the

second-variation used in Lemma (1.5.2). Consider the Taylor expansion of

1
< 2RiniiR g5

G(e) = R(el +et, e +ek, e, +e) Ce,e +e), Crer),
reH reH

We then have

G(e) = 82(R££-W+ Y ]c,|2Rm+ Y 2ReC—‘,R1gqF+ Y 2ReC,Rw,g).

reH reH reH
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Since X carries nonnegative holomorphic bisectional curvatures, 3>G(0)/d¢* is
always nonnegative for any choice of complex numbers C,. It follows that the
quadratic form Q in (z,, z,," -, z,,), defined by

2 2 R31
Q((Zl""azm); (219""zm))=|zl| R&Eqﬁ+ E Izr| —121E

2grsm
+ ) ZRC(ZIZ,ngq; +212,R1‘7,€-),
2<r<m

is positive semidefinite. Now take z, to be of the form x,e'’, x,, 6, real, for
2 < r < m and take z, = x, real and positive. Choose 6, and replace e, by
e'e, for an appropriate real a so that e "Ry, is real and > 0 while
e"”rle is < 0. By computing the determinant of the symmetric matrix
representing the real symmetric bilinear form Q, given by

Q((x157 75 x,); (X1, 7, %))
= O((x1, x% 2, -+ x,en); (xy, xe2, - xetOn)),

we conclude immediately that

2 Ry
;H' |Riggr| = Roges| | < lszséq«?'
,
By a similar argument we have
2 Ry
EZH| |R1€qfl + |Rh7$i| S 12111R£€qt7'
,

Adding the two equations and dividing by 2, we obtain immediately the
statement (*).

End of proof of Proposition (2.2.1). The second proof of Proposition (2.2.2)
yields immediately from the equality AR 1 qq(xo) = 0 the equality

(e) Z IRIEqr' = 11“ qui'

reH

(e)’ is obtained easily from (e) by po]arization To see this define a tensor
T,5 .5 of type (2,2) for p, p’ € H and q,q" € N by

7;)1‘1'4?1' R Z Ryp qupqu
il ,eqy

Clearly Tyg; = Rz for § € 5 and § € A" It suffices therefore to show that

from S,ge = Tygp — Reger = 0, one can prove S, =0, proving T, .
R ;.5 1.€. (€)". But now for e, 8 real and 6, ¢ real angles

o + sete’ - i, it ) =
S(e + ee' ep,e + ee ,eq+8e eq,eq+8e eq)—O
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giving by computing the coefficient of €8

2Ree ¥R ,  +2Ree® MR, =0

ppP'9q P'P4q

P
for all real 6 and ¢. This implies R ;... = R, = 0.

3. Structure of the space of maximal directions on 7'°( X)

(3.1) Everywhere existence of global maxima of holomorphic sectional curva-
ture. From now on X will stand for a compact Kahler-Einstein manifold of
nonnegative holomorphic bisectional curvatures. We denote by S}°(X) the
unit sphere of the hermitian vector space T}°(X) of complexified tangent
vectors of type (1,0). S°(X) will denote the sphere bundle thus obtained.
Define the function f on X by f(x) = sup;c sio(x) Regee- If @ € S}0(X) and

waaz = f(x) we shall call @ a maximal direction (of holomorphic sectional
curvature at x). Clearly f is a continuous function. Our main result here is the
following proposition:

Proposition (3.1). The function f is constant on X. In other words, the global
maximum supg c s1o( xy Regez of all holomorphic sectional curvatures is attained at
every single point of X.

Proof. We prove the proposition by using the maximum principle. It
suffices to show that f is subharmonic in the generalized sense. The starting
point is the following consequence of Berger’s computation.

(%)

The proof was given in Proposition (2.2.1). There, for the verification
AR z05(x) > 0, it suffices to assume that R ,;,5(X) = Sup;c s1ox) Regez- We
note that since AR is the Laplacian of the tensor R,;,; evaluated at

(a,&; a,&) we cannot apply the maximum principle directly. Instead we
claim that at each x € X, and for any a € S!°(X) such that R .. = f(x),

(*%) Af(x) > AR 4g05(x) 2 0

in the generalized sense. To prove (**) we construct local barrier functions for
f, denoted by g, as follows. Fix x € X and a € S}°(X) with R .z = f(x)
= SUP; ¢ 519 xy R¢geg- In an open neighborhood U, of x within the cut-locus of
x we shall denote by a(y) the complexified tangent vector at y of type (1,0)
obtained by parallel transport of a = a(x) along the unique geodesic joining x
to y within the cut-locus of x. Define g (y) = R<a(y), a(y), a(y), a(y))
for y € U,. From the discussion in (1.3) of averaging operators of radial

Let a € S}%(X) be a maximal direction of holomorphic
sectional curvatures at x. Then AR ;,.(x) > 0.

aaod
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derivatives we know that

Ag (x) = AR z0a(x).

We know that on U,, g, <f and that g (x)= f(x). For the Laplacian of
continuous functions, we have the generalized definition (following Oka)

/B(x r) f

/B(x r)

Bf(x) = ¢, lim —( - f(x ))

With this definition f is subharmonic on X if and only if Af(x) > 0 at each
point x € X. Obviously Af(x) > Ag.(x) since g, (x) = f(x) and g, < f on
B(x; r). It follows that

Af(X) = ARa&aE(X) > 0

in the generalized sense. Thus, f is subharmonic and hence constant on X.

(3.2) Structure of the bundle of “maximal subspaces”. On the unit sphere
SIO(X) of T!}(X), we shall denote by #, the set of all a € SHO(X)
attaining the global maximum of holomorphic sectional curvatures. By (3.1)
A . is nonempty for any x € X. We denote by V, the complex linear span of
A , and call it the “maximal subspace” at x. We call V = U, . yV, € TH(X)
the bundle of maximal subspaces. Note that we do not know at this point that
V is a differentiable vector subbundle of T1°( X). Denoting by 7: T}(X) - X
the canonical projection, we shall write V|, = V' N «#~}(U) for the restriction
of V to the open set U. We claim that

Proposition (3.2). There exists a point x € X such that in some open
neighborhood U, of x, V|, is a differentiable complex vector subbundle of
Tl.O( Ux)

Proof. Denote by A =U, . x #, the bundle of maximal direction # C
S'0(X), A is defined by the real-analytic equation R, = SUPg e 510 x) Regeds
so that it is a real-analytic subvariety of the compact real-analytic manifold
S'O(X). Let # =M,V --- UM, be the decomposition of .# into irreduci-
ble components. Since the global maximum of holomorphic sectional curva-
tures is attained at each x € X, we have U, _, _, () = X. We arrange the
A ; such that 7 is a submersion at some regular point of #; if and only if
1 <i<k, and denote by .#’ the union U, _, _,.#,. Denote by U the
nonempty open set X — (U, . A,). Then foreach x € U, # C M#'. Let E
be the union of singular points of .#’ and regular points of .#’ at which =:
Reg(#’) — X fails to be a submersion. We claim:

Lemma. E is a real-analytic subvariety of #’.
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Proof. The problem being local, it suffices to prove the following

Let W be an irreducible real-analytic subvariety of some open
subset G of RY such that the projection p,(x,, -, xy) =
(+) (x,-+ -, xy) onto the first n coordinates is of rank n at some
point of W. Let S be the union of the singular points of W
and the regular points of W at which p fails to be a
submersion. Then S is a real-analytic subvariety of W.

To prove (*) assume 0 € W and let f,,---, f, be generators of the reduced
ideal sheaf #,, N G’ for some open neighborhood G’ of 0, G’ € G. We can
regard RV as the real part of C¥ and extend (cf. Gunning & Rossi [9])
f1>-+ +» fi to holomorphic functions F,- - -, F, on a Stein neighborhood D of 0
in CY such that D N RY = G’. Then the common zero set of F,---, F, is a
complex-analtyic subvariety C of D such that CN G’ = W N G’. We can
assume, by shrinking D if necessary, that C is an irreducible complex-analytic
variety such that the complex dimension of C equals the real dimension of W.
Moreover, C is smooth at smooth points of W N G’. Nowp,: W —>R"is a
submersion at x € W if and only if the real » form p%,(dx; A --- Adx,)
vanishes at x. Consider the projection p.: C — C” defined by p-(zy,- -, zy)
= (z," -+, zy) extending p |, ~g- Then clearly p%,(dx; A -+ Adx,) =0 if
and only if pE(dzy A -++ Adz,)(x) = 0. Let H be the union of the singular set
of C and regular points of C at which p. fails to be a submersion. Then,
SN G =(HNG")USing(W N G') which clearly yields (*) if we know that
H is a complex-analytic subvariety of C.

To show that H is a complex-analytic subvariety of C, We resort to the
Coherence Theorem of Oka and Theorem A of Cartan-Oka (cf. Gunning &
Rossi [9]). Consider the sheaf mapping ¢: OF — 0F, 0. denoting the reduced
structure sheaf of C, defined by

a 9
¢(gl"“’gN) = (<dF1’ gla_zl t o +8N¥N>’

0 0
...’<dFk’ gla—21+...+gN.5];>),
where the pairing between 1-forms and vector fields is defined by
0 0 d 0
w18_21+'“+w’v8_zn’g18—zl+.“+g”8—z" =w gt o Toygy

Clearly ¢ is a morphism between coherent sheaves. Denote the kernel by #. #
can be regarded as a coherent sheaf of restrictions of local holomorphic vector
fields on D to C which are tangent to regular points of C. Since % is a
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coherent subsheaf of 0 we can define the coherent subsheaf A"# of A"02.
At a regular point z of C, p-: C = C” fails to be a submersion if and only if,
under the natural pairing of n-forms and n-vector fields, we have

(dzy A -++ ANdz,, v, A ==+ Au)(z) =0

for all holomorphic tangent vectors v,,---,v, of C at z. By Theorem A of
Cartan-Oka, (A"%), is generated by I'(D,A"%) since D is Stein. It follows
that H is the set of common zeros on C of (dz, - - dz,, h), where h runs
over all holomorphic sections of A"# on D. Hence, H is a complex analytic
subvariety of C. This finishes the proof of the lemma.

Continuation of proof of Proposition (3.2). Recall that U is an open subset of
X, m= \U)yNnM=M"=U,_, M, 7|, is a submersion at some regular
point, and E is the union of singular points of .#’ and regular points of /4’
at which # fails to be a submersion. By the preceding lemma, E is a
real-analytic subvariety which obviously does not contain any component of
A’. Recall also that the bundle V' = U, . 4V, is obtained by taking V, = C-
linear span of /. We assert

(#) There exists a nonempty open subset U’ of U and a finite
number of subsets S}, - -, S,, of #’ N 7~ }(U’) such that

(i) each S, is a locally closed real-analytic submanifold (possibly discon-
nected) of 7~ Y(U"),

(i) =| s, is everywhere a submersion,

(i) A" Na Y U)=8,U---US,,.

We now set forth to prove (#). Let E =U, _,,E; be a decomposition of E
into irreducible components and assume E’=U,_;_, E; is the union of
irreducible components containing the branches of £ N Reg(.#’). By Sard’s
Theorem 7| - regay 1S DOt a submersion at any point. Hence 7(E,) is a
closed semianalytic subset (in the sense of Lojasiewicz [17]) of U of measure
zero. Define Uy = U — w(E’). Then 7|gey 4y a1 (1 1S €veTywhere a submer-
sion. We shall choose some U/ C Uj, to be determined later, and define S; by
S, = Reg(A") N7~ }(U’). On U, let Sing(#') N7 (U) =U,,,T, bea
decomposition of Sing(.#’) N #~}(U,) into irreducible components. For each
T, either #(T;) is a closed semianalytic subset of U, or = is a submersion at
some regular point of T,. We arrange T, such that # is a submersion at some
regular point of T; if and only if 1 <i< ¢ Nowletl <<gq. 7|;: T, > U is
not necessarily surjective. Let 7;” be the union of the singular set of 7, and
regular points of T; at which 7| fails to be a submersion. 7(T;) is a closed
semianalytic subset of U, (because of properness) and #(7; — T,) is an open
subset of U, dense in (T;). Define F, = w(T;) — w(T, — T/). Then, on each
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connected component £ of U, — F, either Ty An-1@y maps T, N 7~ (D)
properly and surjectively onto @ or T, N #~}(Q) = &. Applying Sard’s Theo-
rem to the mapping m|g, 7). Reg(7;) = U; we obtain then a closed subset F,
of measure zero of U, — F; such that 7|geyry a1y, -7, 1S everywhere a
submersion. Since the boundary of each € in U, is contained in F,, clearly
F, U F, is a closed subset (of measure zero) of U;. We now define U2 U, -
Uicic(FUF) - U,<i<, 7(T). For U’ C U, to be determined we define
S, = Reg(T}) N 7~} (U’), etc. It is now clear that one can go on by removing
step-by-step the singular set of irreducible components of the preceding
singular set in order to obtain open sets U, U, U,,- - -, U, all derived from the
preceding set by removing a closed (semianalytic) subset of measure zero until
we obtain the last open set U’ = U, and the closed real-analytic submanifolds
S, 1<i<m,of #7(U’) on which 7| s, 18 everywhere a submersion. Obvi-
ously/{'r\w'l(U )=S,U---US,.

Propositions (3.2) will now be proved by picking some point x € U’ and
some open neighborhood U, of x contained in U’. Let x € U’ be a point such
that V, is of maximum dimension among points on U’. Suppose { v, - -, v,} is
a basis of V, with v; € # . Each v, is contained in one of the pieces S,
1 <j< m. Since 7|g: s §;—> U’ is a submersion it follows that there ex1st
vector fields v,(y) deflned for y sufficiently close to x such that v,(x) =
1 < i < s. For y sufficiently close to x, say y € U, {v,(»),---,v,( y)} are
hnearly independent. But since dimcV, < dimV, 1t follows that V| v, 18 an
s-dimensional complex vector bundle generated at each point by

{Ul(y)»' : ',Us()’)}-

4. The maximum principle for fourth-order radial derivatives

(4.1) The equality A’R__. > 0 at maximal directions a. The main objective
of §4 is to prove the vanishing of fourth-order radial derivatives VR 45,5 for
any maximal direction a of holomorphic sectional curvatures and any real
tangent vector n at x = w(a). As was explained in the introduction, we know

ViR zaz for 1 < i < 3. We will first prove A’R 5,5 > 0 and then compute the
difference between A’R,... and S“R_... the averaging operator of
fourth-order radial derivatives introduced in §1, (1.3). Then we will conclude
SR 40z = 0, implying VR 45,5 = 0.

Proposition (4.1). Let a be a maximal direction of holomorphic sectional
curvatures, m(a) = x. Then A’R ;,z(x) > 0

Proof. (I) Without loss of generality we may assume that « is a unit vector.
Let {e,, - -,e,) be a privileged basis of T}°(X), x = m(a), associated to the
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unit maximal direction . From §1, Proposition (1.2), we have

1
ZA mi = Z|Rm,| + PRyt 2ZIR1111"

i,j i.j
where p is the Einstein constant and the equality holds in a neighborhood
of x when R;;;(y), for y sufficiently close to x, is interpreted as
R<ei(y),ej(y), ek(y),e,(y)> with e,(y) obtained from e, = ¢,(x) by paral-
lel transport along geodesics emanating from x. Letting 7 be a real tangent
vector at x, we have, at x

1 2 2
EARmT,m, = 22 'Rlilj,n| -4 Z RﬂpﬁRﬁpﬁ,Tm - 4E|R1L'j,n| .
ij PEH i
Here we have used the equalities of §2, Proposition (2.2.1), at x and the fact
that le‘,m(x) = 0. It follows that at x,

2
ARllll nn Z RllppRllpp m Z|R1T1’j.n|
peH i
Riqi1 2
— _ un - - .
- 2 Z Rllpﬁ,'rm Z |R11ij,11l .
pEH i,j
Since X is Kahler-Einstein, we have L, R;y;; ,,, = 0, giving
Z lepfz,rm = —Rliﬁ,vm - Z Rﬁqt?.‘fm == Z Rﬂ‘ﬁ"’l"l at x.
peEH geEN geEN
Hence, we obtain the inequality
R 2
1111
(*)0 ARlqu M = Z Rlqu m Z'Rllu nl at x.
geN

(II) We claim that the only possible nonzero terms in the summation

L. IRy ,|* are of the type |R;,, ,|* In other words, we have

Lemma. For any real tangent vector n at x, we have

() Rygyjn=0forl1<j<n,

(i1) R =0 forp € H,

(ii)) Ry 5, =0 forg e N.

Proof of Lemma. To prove (i) and (ii) we consider the Taylor series
expansion of R,;;7 along geodesics issuing from x. Let y(¢), —6 <t < §,bea
geodesic parametrized by arc length such that y(0) = x, ¥(0) = n. We know
that

11pp.n

1 .
Rii(v(2)) = Ryppa(x) + R1111 n'q'rm(x)t4 + -0 with Riqig gygg < 0



CURVATURE CHARACTERIZATION 39

by the maximality of R,q7(x). Recall that v /R ;(x)=0 for 1 <i< 3.
Consider the expansion

R<e1 tee,e teee tee, e+ €€’,>(Y(’))
(*) = Ry (v(2)) + 2sReij(Y(I))
e*(4R,1;; + 2ReRy ;) (v(1)) +

Now choose & = t? and change e; to e' ej for some real 8 so that R;q;; ,(x) is
real and > 0. We have

1 -
(l—_'_e—)2R<e1 +tee, e +tee ;e +ee,e +ee >(y(t))

= ﬁ(Rﬂﬁ(X) + 0(t*) +(2R1T1j,n)(t3) n 0(t4)>_

From the fact that R;7;3(x) = sup;cpio x) Ryze and comparing the Taylor
expansions of the denominator and the numerator, we obtain immediately

Rijj,(x)=0 forj>1 (i).

To prove (iii), R,i5, =0, we also use (x). Choosing j=p € H in the
expansion (*) and setting ¢ = ¢ for ¢+ > 0 we define

F(t) = R<e1 +1%,,e, + t%,; e, + 1%, _el+—t°ep>(y(1))
Ri(y(2)) + 2R‘°'R111p(}’(1))tU
+(4Ry1,, +2ReRy;,)(v(1)) - 12° + 4ReRy,,,(v(1)) - 1°
+R,55(v(1)) -1

We have R;1;; ,(x) = 0 and Ry;;(x) = Ry;,,(x) = 0 (Proposition (2.2.1)), so
that

F(1) = Ryyyi(x) + O(¢*) + O(1°72) + 2Rypy(x) - 17°
+(4Ry1,5 o (x) + 2ReR 5y, ,(x)) 1274 + O(£2°+) + O(+*).
Now choose o = 0.9. We get
F(1) = Rypg(x)(1 + 26%%) +(4Ryg,, ,(x) + 2Re Ry, (%)) 12 + O(12?).
By comparing the Taylor expansion of (1 + €?)%, ¢ = %%, and that of x(t), we
obtain from F(t)/(l + t“*)2 R,711(x) the inequality
Ryippq(x) + 2ReR ;5 2(x) <

Without loss of generality we may assume Re R, ; M(x) > 0 (by some change
e, — e'’e,) so that

Rllpp,'r)(x) < 0
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Since the same inequality applies to the geodesic y with orientation reversed
we have also Ry, _,(x) < 0, giving
Ryippq(x) =0 (ii).
Finally,
11qq 1,( x) =0 (iii)
follows immediately from Ri7,;(x) = 0 and the fact that X carries nonnega-
tive holomorphic bisectional curvature, so that R;7 .(x) is a minimum Rz,
¢,¢ e TH(X).
(IIT) The equations R;jj,(x) =0, () Ryyj,(x)=0 for j>1, (i1)
Ryi,5 4(x) = 0 and (iil) Ry1,4,(x) = 0 can now be used to yield the estimate
from (x),

11qg

1 ni 2
(*) §ARITIT m 2> 1 - Z - z |RIIP‘7‘T1| at x.
gEN PEN
geEN

In order to finish the proof of Proposition (4.1) it suffices to prove the
inequality, for each g € N,

R
(#) IZlequ m = Z |R11pq n[

In fact, from the discussion of §1, (1.3), Alem(x) is the average of AR 17,
over the unit sphere S}°( X) of T1°( X), up to a multiplicative constant.

(IV) To prove (#) we apply the Schwarz inequality. Let y(¢), =86 <t < §,
denote the same geodesic as above. Then

Rlqu('Y(l)) Ry, nn(x)t2+
On the other hand, for any p € H
Ryg,5(v(1)) = 1111( ) + 5 Rygyp (X124 -

By the Schwarz inequality applied to the sermdeflmte Hermitian form H,(&,¢)
Ryzee(v(2)) at y(¢)

,Rllpq('Y(t)), Rllpp (t))Rliqq(Y(t))’
yielding

IRllpq (t))l II()C)Ruqq ,m(x)t

But Rﬂp(—’(X) = 0 and Rﬁpﬁ(.}l(t)) = ﬂl"-lﬂl
the Taylor expansion we have immediately

(#)o Ritpan()" < R0 () Rypgp ().

(x)t + ---, so that by comparing
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(V) At first glance (#), is not strong enough to yield (#) unless #'= H#, is
at most 2-dimensional. However, the estimate (#),, for e g €N fixed,
llegll = 1, is true for any e, € H#, of unit length. This means that, if we fix one
privileged orthonormal basis of 7.}°( X) associated to a, (#), can be applied
toX,cpyaye, in place of e, for any (ay, -+, a,) such that ¥ 4la,|*> = 1. In
general,

Z apRlipé.n(x)
PEH

< (M) Ryt (0] E 10, F)

PEH

In particular, if we choose a, = Ryj,; ,,, then

lei(x)Rﬂq[.,‘m,(x))( > |Rﬂ,,¢,,(x)f),

pEH

2
2
[ E [Rupenl) <
PEH
yielding

2 R
ZﬂlRﬂpﬁ,n(x)I < _iu_l(x)Rliqé,rm(x)v
PE

an equality even sharper than the required inequality (#), proving Proposition
4.1).

(4.2) Comparing SR
SR

agoaa and AR ... Recall that from §1, (1.3),
(x) was defined by

adad

S(4)Ra&a&(x) = C4/ V:Ra&a&(x)’
n
where c, is a positive constant, 1 a real tangent vector of unit length, and the
integral is over the unit tangent sphere with the canonical metric.
Recall that from Proposition (1.3) we have the formula

4 =
(*)o 6S¢ )Ra&aﬂ = Z Z R?xaa&,iijj’
i,j 6ES,
where S, denotes the symmetry group of order 4, and Ri;.;;; 1s the

fourth-order covariant derivative of R ;,; obtained by formally permuting the
last four elements using o. Our main result in this section is the following
proposition.

Proposition (4.2). Let a be a maximal direction of holomorphic sectional
curvatures, w(a) = x. Then SWR .. .(x) = A’R ,.(x) = 0. Hence
ViR aoa(x) =0 for1 <i <5
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Proof. (1) To prove Proposition (4.2) it suffices to show that
S(4)Ra&a&(x) = AzRa&a&(x)'
In fact, since VR ,z,a(Xx), 1 <i<3, and is a global maximal direction of
holomorphic sectional curvatures, we have

v:Ra&a&(x) <0.
Integrating over 7 of unit length, we have
S®R 4zaa(x) < 0.
From Proposition (4.1) the equality S®R ., -(x) = A’R . z(x) would imply

SR ,z45(x) = 0 and hence VR 4z05(x) =0 for 1 <i <5 and for all n €
T (X).

(II) From the equality () we have
(*) 6SR 4z0m = ARE YR oz i s iy +ijij+ifjitijij+ijjic

1]

To see this, there are 24 terms on the right-hand side of (*), of the form

i*%% [**%_ j**x% or j**=* in the order of differentiation. By interchang-

ing the roles of i and j in the same terms of the expansion of (*),, we obtain
the expansion (*). Furthermore we have the equalities

R R R =R

adad,ijij — I ad@aa,ijji’ adad,iijj adad,ijij*

Recall that by our definition of A> we have
2 —
AR yzaz = LR aa iisj+iijj+iigi+ -
iJj

Our approach of computing SR __ . — A’R ... at x is by converting all
terms to X, ;R z.q,i;- To start with we fix at x a privileged system of
orthonormal basis of T!°(X) associated to the maximal direction a. Then,
at x,

Ry = Rmniy + 2L RaniRu; — 22 Rur iR,
n B
+ Y Rt iR — LR R,
» i
Summing up over j we immediately have, using the Einstein condition,
YR = LR
J J

In particular, we have

YR = LRy LRimiag; = LRinwig
i iJj ij ij
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where the second equation is obtained from the first by conjugation. Further-
more,

Riniiijf = (Rﬁﬁ,ii + ZZR,JlIRmn‘ - 2ZR1,111R,J“‘)
» 1 i

= Ry + 2(2R,J11R1,—u-;) - Z(ZRmﬁR,mi)
n m

i i
Summing up over /, we have, using the Einstein condition,
ZRlili.iijj = ZRlili.x’ijj"
1 1
In particular, combined with equalities above
Z Riniij= LR = LR = LRt
ij ij ij i,
so that
ARy = 4ZRlili.ifjj'
LJ
(Hence the last term is real.)

(IIT) From the expansion (*) for SR .. = S®R,3,7, we now have

65 R 11 = 4(32R1Tﬂ,iij] +2Re X Rypp.ijij + Re ZRﬁﬁ‘iiji)~
ij i ij

Now we convert the last two terms t0 X, ; Ry11 77
Rlili,iﬁj = (Rlili,iij + 2ZR,m,,~R1,1ﬁ - 2ZRlﬂli.iRyij + ZRliﬁ.uiji)
» I I j
= Rinpi + 2L RuanijRuji + 22 R iRugji
u I

—22R1mi,in,in - 2ZR1pli.iR,Jﬁ,j
B r
+ ZRﬁli,ijiﬁji + ZRﬁﬂ,pRmﬁ.j-
® B

Summing up over i, j, and applying the Bianchi identity and the Einstein
condition, we obtain
Y Rt = LR+ 2 X RanijRigji
ij ij ij.p
-2 Y RygrjRi + ARy
ij.p
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From previous information we know the first term is real and equal to
1A’R 5,3, so that at x
2Re Y Ryyijij = 22 Rimniijj + 4Re X Ry iRy
iJ iJ LJj.p
—4Re Z Rlﬁli.in
i j.
Regrouping the terms we have, at x,
2Re ZRlili,iju 2ZRllll iijj +2 Z ( pl11,ij = Rﬂili‘ji)Rlﬁj;
ij i j.p
+2 Z (Ruat.ji — Ruaiij) Ryai-
i j.p
We compute the commutation terms inside the parentheses to obtain
R — Rypiji= LRniRu; — 22 RyiR,p + L R,5iR )
14 v v

uljic

pI1Lij
The other commutation can be computed by conjugation, yielding at x
2Re ZRlili.ijij 2Z:Ruu iijj T 4Re Z le'R,m/l
i) i
—8Re Z Rlipﬁl R;Jij' + 4Re ZRlililRliijiz'
Here we have used equation (b)‘j:f Proposition (2.2.1), i‘.je., Ry;;; = 0 unless

i =j=1. We can furthermore regroup the commutation terms according to
whether p = 1, p € Hor p € N, yielding

2Re Y Rypyiii; — 220 Rymgij;

ij ij
2 2
= Z Z (4R1m —8Rﬁpﬁ)|Rpiij| + 4R1hi Z Zquiij‘ :
ij peH qEN i.j
Since Ryj,, = 3Ry;7 and R z,; = 0forall i, j, 1 <, j < n, we have obtained

2Re } Ry i = 22 Rinn,iijj-
ij ij
(IV) Similarly, we compute
Re ZRﬂli.ijji - ZRﬂlT.ifjj
i ivj

by commutation at x,
Riniji = Rinijij + 2ZRmI,,-jR1mi - zleﬁli.in;in

+ ZRllll My I[le ZRllll ipthpjjic
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Summing over i, j and using the Einstein condition we have
2Re Y Rynr,ji — 22X Rimiij; = 4Re X Ry iRy
i iJ ij.p
—4Re Z lei,in,in-
i Jj.p
The same computation as in (III) yields the equality
Re Y Rint i = LRy = 2 Rinwig-

ij iJj i

From this and equalities in (II) we obtain at x
6S“R1i1 = 24 Rynyy iy = 60°Rynya,
iJ

proving Proposition (4.2).

5. The maximum principle for sixth-order radial derivatives
and computation of A’R .

(5.1) The major objective of this section is to extract further zero-order
information on the curvature tensor with respect to a privileged orthonormal
basis relative to any maximal direction a at any point x € X. (Results of this
section will be used in §6 to prove the crucial fact v_R = 0 for most a € #.)
In order to do this it will be necessary to make use of gradient terms arising in
the expressions of SWAR ;. .(x) and A’R . (x). Since the computation of
these two quantities resemble the computation of S®R . .(x) and AR .(x),
which were carried out in the last section, we will be contented with sketching
the steps of such computation, and indicating only the necessary modifications
and new methods of applying the computation.

Keeping notations as before, we will fix some x € X, some maximal
direction a at x and use a fixed privileged orthonormal basis of T!°(X)
adapted to a. Recall that T!°(x) = Ca & S, ® 4; the index set of the basis
for = 5, is denoted by H and that #/"= 4, is denoted by N. The indices
will be denoted respectively by p, p’,--- and gq,q’,---. For the sake of
simplicity we shall say that a curvature from R,;, ., for example, is of type
R,;, €tc., meaning that the indices p, ¢ appearing in terms of type Ryxx
can take arbitrary values in H and N respectively. We can therefore group the
curvature terms into those of types Riq;1, Rifiz Rijpp- -, etc. We shall say
that a curvature term R,j;; is of type Ryxss Up tO conjugation and permu-
tation of R,;; can be obtained from R,..s by conjugation, the allowable
permutations of indices due to symmetry and by substituting any p and ¢
indices by arbitrary indices in H and N respectively. Our major objective here
is the following result on the structure of R.
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Proposition (5.1). Withx € X and a € A ,. fixed as above, the only possible
nonvanishing terms of R, ;; are those of the following types up to conjugation and
permutation:

4797 4 R

Rinits RITW’ Rpiqﬁ’ Rpi)pﬁ’ R 1pqp*

Proposition (5.1) says that almost all nonvanishing curvature terms are of
bisectional type R,z;, k,! =1, p, g, with the possible exception of R,; , are
in actual fact nonzero in many cases. It contains, in addition to results of
Proposition (2.2.1) the fact that all curvature terms of types R ,; 2, R,;,; and
R ., are zero. It is somewhat surprising that the vanishing of such terms can
be derived from computations related to R;j;; since all the information in
Proposition (2.2.1) obtained from variational inequalities are on terms associ-
ated to the maximal direction e; = a. For the derivation of Proposition (5.1)
we need the following lemma.

Lemma. Suppose second order covariant derivatives of Ryj,; vanish at x.
Then, all curvature terms of types R 5,2, R ,z,z and R ,; . vanish.

Proof. By polarization it suffices to prove the vanishing of the given terms,
i.e., the indices p and ¢ can be assumed to carry the same meaning. Under the

hypothesis of the lemma, we have, at x,

() Ryipg.pp ~Ritpgpp =0,
(ii) Riipgqaz ~Riipgaq = 0
(iii) Ryipg.p7 ~Riipggp = 0-
We compute these differences by commutation separately.
@

Rﬂpé-pﬁ _'Rﬂpﬁ-ﬁp = ZRMTMRIEM" - ZRlﬁMRﬂpﬁ
P B
+ L RiiugRpipp — L R1ipaRugpp-
B n

From Proposition (2.2.1), statements (c) and (d), we have the vanishing of
curvature terms of types R, ;: and R;;,5» s that

1gij
0= Riipz,pp ~Riipg.op = ~RiippRpppa-

Since R;i,; = 3R;5;1 # 0, we obtain immediately R sppg = 0. Similarly we
have

(“) Riipg.00 ~Ritpgae = ~RiippRpge0

(1) Ryip5.,p7 ~Ritpgar = ~RitppRpgpq
It follows therefore, under the hypothesis of the lemma,
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Our next step is therefore to prove the vanishing of second order covariant
derivatives of R;j,,. Recall that from the computation of S¥R,1,; = A%R;3;;
= 0 we obtain at the same time the vanishing of R for any real tangent

11pg.n
vector 7 at x. The term R3,, , appears in the expression
2
AR 1.0 = 2| Riitjl + Riti
iJj

2 -
_2Z‘R1L‘j,n| —2Re ZRﬂij Ryyij, m
i i

Similarly
2
ARlili.nnrm = Zllelj.rm} + RlTlT.nmm
ij
2 S
=2Y |Rigijm| — 2Re X Ry1j Ryzij,
iJ ij

Here we have already used the facts Ry;;, = Ryy,;j,, = 0 derived together with
the vanishing of AR,y ,,. It is plausible from the preceding expression that
the vanishing of AR;7 ,,,, can be used to derive the vanishing of second
order radial derivatives of R,j,;. This is in fact the case. For this purpose we
are going to compute the sixth order term S®AR 1,5 in the same spirit as in §4
for SPAR,1;1 = A’Rq;1. Notice that the equation Ryj,,,, = 0 does not imply
the vanishing of second order covariant derivatives. However, if instead we
compute the expression
ARy = ZBARITIT.(a&+&a)(ﬁE+EB)’
a,

then the gradient terms attached to R;j; will be of the form |R,j; j.a3|2,
|Ry1;;.481% etc. Therefore we will further compute the commutation from
S®AR gz to ARy = SOAR gy

We will now collect the computational results into the following two
propositions.

Proposition (5.2). At an arbitrary x € X and for any a € A , we have, in
terms of notations used before, SAR 1,1 = S©Rq;1 = 0, 50 that V,Ry5;1 = 0
forl <i<g.

Proposition (5.3). At an arbitrary x € X and for any a € M , in terms of
notations used before,

ARypy; = S®ARyy = 0.
This implies in particular that for any real tangent vector 7 at x
Rlipq,aﬁ = Rlipq.aﬁ = Rﬁpq,aﬁ = Rlipa.aE =0
forpe H ge Nand1l < a,B <n.
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(5.2) Sketch of the proof of Proposition (5.2)—S“AR1;; = S©R;1;; = 0.
By the same argument as step (I) of Proposition (4.2) the equality S©R,;;; = 0
will imply v, R,3;; = 0 for 1 < i < 7. The proof of Proposition (5.2) therefore
reduces to the following two statements.

Proposition (5.2), Part I.  Notations as above, for any real tangent vector m
at x we have AR g1 ynn > 0 so that in particular S®AR 3,7 > 0.

Proposition (5.2), Part Il. Notations as above, we have at x S®R 11 >
S(A)ARﬂﬁ > 0.

For the derivation of the first inequality we need the following lemma for
which we include a proof.

Lemma. At x, foranyi, j,1< < n, foranyp € H, q € N and 7 any
real tangent vector at x, we have

() Ryjyjm = Rigijy = 0,

(11) Rlilj,nn = 0,

(ii}) Rygygp =0

(V) Riippmn = Riprpm = 0.

Proof. From the proof of Proposition (4.1) (see formula (x), step (III)
where we dropped the first term and obtained an inequality) we have

2 Rig 2
(#) %ARmi,m, = %ZIRUUJJ + =57 X Ritggan = L [Ritpgml-
i, gEN pEH
qEN
From the last formula of step (V) we have at x

R 2
14111 Rlqu,nn = Z lRlquﬂll .
PEH
From these we derive
1 2
8R1111nn ZIRIII_]TI} + Z lRllp‘I'l' .
pPEH
qeEN

Recalling formulas (i), (ii), (iii) of step (II) of Proposition (4.1), we have
ij_n = RﬁPﬁ‘Tl = Rﬁtﬁv"l =0 forl < i, j < n.

Since AR1;1,,, = 0 by Proposition (4.2), we thus obtain
R =R =0,

1l 11i/,n
proving (i) of the lemma.

To prove (ii) we need only to consider the case j > 1. Let y(z), -8 <t < §,
be a geodesic parametrized by arc length such that y(0) = x and y(0) = 7.

Since v, R;;; = 0 at x for 1 < i < 5, we have

Ryu(v(2)) = Ry (x) + 6' VR (x)1® + - = Ryyy(x) + 0(e°).
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On the other hand, we have
R<e1 tee, e +ee;e +ee, e+ eej>(y(t))
(*) = Ri(v(1)) + 2eReRypyj(v(1)) + €2(4Ry3;; + 2ReR,jy;)(v(2))
+e3(4ReR,;;(v(1))) + &R ;,;:(v(1)).

Substituting £ = 3 and changing e; to e'e ; for some real 6§ so that Ryy,; . (x)
isreal and > O (recall that Ry3,;, = 0 at x for j > 1), we have, for j > 1,

1
E—sz)zR<e1+£ej L tee; e tee, e +ee, >(y(t))
1
arns 16)2(Rmi(x) +0(1%) + 2R3y (x) 15 + O(29)).

But since the holomorphic sectional curvature of (e, + ee;)/ V1 + e2 at y(1)
is smaller than R;7;7(x), we see immediately that Ry, ; ,,(x) =0

Equation (iii), Ryj,5,, =0 for all ¢ € N, has already been proved in
Proposition (2.2.2). To prove (iv) we use the same expansion (*) above. We
choose j = p € H and set ¢ = t° for ¢t > 0. By taking 0 = 1.5 and comparing
expansions in terms of ¢ we obtain

4Ry1,5 4n(x) + 2ReR ;5 10(X) <

By replacing e, by e'le e, for a suitable real § we may assume that
ReR ;5 4q(x) > 0, so that
Rlipﬁ,nn(x) <0.
- Since Ry117,5p(X) = Rygyq.4,(x) = 0 for all ¢ € N, from the Einstein condition
we obtain X, ¢ ;y Ry1,5 4q(X) = 0, giving
Rﬁpﬁﬂm(x) = Rlﬁlﬁ,fm(x) =0
and completing the proof of the lemma.
Using the lemma one obtains immediately from the formula of Berger

1
'S'ARliIT.vmrm ZIRm, m,l +3 Z lRllpq nnl

pEH
(##) geEN
Ry 2
Z P Rqué.nnnn -3 Z |Rﬁp¢7nm|
gEN pPEH

By the same application of the Schwarz inequality as in Proposition (4.2) we
can show that the term inside the bracket is always nonnegative, proving
LAR 111, gyny = 0 and hence the integrated form S®ARq;; > 0, proving Part I
of Proposition (5.2).
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To prove Part II we need only to show S©R ;71 > S®AR 1,7. This is done
by the same commutation technique as in Proposition (4.2). Since covariant
derivatives with both barred and unbarred indices are involved, we will need a
conversion of our knowledge of radical derivatives into that of general co-
variant derivatives. We shall only indicate the procedure by an example. It will
be necessary, for example, to use the fact that all second order covariant
derivatives of Ry3,;, p € H, vanish. By the preceding lemma we know that all
second-order radial derivatives of Ryj,,, p € H, vanish at z, i.e, Ryj,; ., =0
for all n € T (X). By polarization (Proposition (1.4)) we obtain, for 1 < a, 8
<n,

Ritpp.ap = Rlipifﬁﬁ = Rlipﬁvaﬁ + Rlipﬁ-ﬁa = 0.
To prove vV 2R;;

115 = 0 it suffices therefore to show Ryj,; o3 = Ri1pp.5. = 0,
which can be obtained by the formula for commutation and our knowledge of
zero order information on the curvature tensor.

The rest of the proof of S®R,7,; > S®AR ;7 > 0 follows the same line of
thought as in Proposition (4.2) and will be omitted.

(5.3) Sketch of proof of Proposition (5.3)—A’R1;; = S®AR,1;; = 0. From
Proposition (5.2) one can derive the vanishing of a number of second-order
radial derivatives of the curvature tensor. In addition to the list given in the
lemma, we obtain from the actual expression (# #) of AR;fi7 g, (recall
AR 111 yqny = 0 for m € T, (X)) the vanishing of Ry;;,, and Ry, ,, for
1<i,j<n, p€ Hand g € N. Recall that for the derivation we needed the
vanishing of szlip g~ For this purpose we need Proposition (5.3). First we
write down the following simplified formula of A’R;1,; using our knowledge of
certain vanishing covariant derivatives as indicated at the end of (5.2):

;1 2 2
(##) SARmy = 2Riy1 L ARyj— 2 XL (IRlipq.ki! +[Ritpgu] )
qEN k. peH
geEN

The derivation of this formula is very much the same as the formula for
AR 111 yyny 10 (5.2). Here the covariant derivatives associated to R,;; are
discarded because one can derive the equality Vv *R,; ;=0 from Ry;,,=0
for all n € T (X), by the argument of the last paragraph of (5.2). To prove
Proposition (5.3) it suffices therefore to show A’R;;;7 = 0 and A’R; < 0.
The derivation of A® le = 0 follows the same pattern as the derivation of the
inequality S©R ;7 > S®AR;;;; > 0. Namely, we compare AR ; =
S@®A’R 1,1 against SPAR, 5,7 by the formula for commutation. (See the proof
of Proposition (4.2).) In the present situation we actually obtain A’R ;7 =
S@ARj,; = 0 directly. The derivation of A’R,;,; < 0 is more involved con-
ceptionally. It suffices to show AR 0 for all n € T (X). We derive

1iggmm S



CURVATURE CHARACTERIZATION 51

from Proposition (2.2.2) (which gives AR

114 = 0) the expression
2 R

1gg.m = )y lRlI’P?l‘nn 1111 ) R ypeg.m
p.reH PEH

/ |Riggrl” = RireeReeag
I|€|I 1[ £q 11¢88 ¢€qg

AR

nm

Note that the term inside the bracket in the integrand vanishes at x by formula
(e) of Proposition (2.2.1). Call this expression §,(£) in a neighborhood of x.
(As usual the vectors e, and £ in a neighborhood of x are understood to be
obtained by parallel transport from x of e (x) and §(x) along geodesics.)
Recall that in Proposiiton (2.2.2) §,(§)(x) was interpreted as the discriminant
of some quadratic polynomial associated with R,z .. In fact, we defined at x

G(e) = R(e1 +ef, e ek, e, + ), Ce,e,+e) C,e,),
reH reH

and §,(£) is the discriminant of the coefficient of ¢? in the Taylor expansion of
G(¢) in ¢, regarded as a quadratic polynomial in the variables C,, r € H. This
quadratic polynomial is positive definite (since R,;,;, = 0 and G(e) > 0 be-
cause X carried semipositive bisectional curvature). The vanishing of the
discriminant then implies the existence of a nonzero set of coefficients (C,), < 5
such that the coefficient of ¢ in G(e) vanishes. In fact, this is given by the
formula C, = —(Ryg,;/Ry1,;)(x). Fix a geodesic y(¢) passing through x with
¥(0) = x and ¥(0) = 1 and define now C,(¢) = —(Rg,;/Ry1,-)(v(?)) obtained
by parallel transport. Consider the function for ¢ > 0

F(t)= R(e +1%, e+ 1%, e,+ ), Clt)e, e
reH

+° T C(0)e)(1(1) >0

reH

Writing Ry, for Rig,;(v(2)) ete, the coefficient of t?° in the expansion of
F,(t)in t is given by

2
Ri:,,
K(1) = Reggg(1) = X %i(t).

reHd 11r7
We note that K(0) = —4/R;;;7(0), 8,(§) (0)=0 and that K"(0) =
(—4/Ry1;1(0))v,28,(£)(0). To finish the proof of A’R;j,,(x) < 0 it suffices to
show K ”’(0) > 0. The proof of this follows the same line of argument as in the
lemma of (5.2). Namely, by choosing appropriate o, we conclude successively
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the vanishing of certain coefficients of powers of z. The starting point of this
algorithm is the estimate Ry () = 0(t%). To see this from the expansion
(##) of AR1j1qpyy and its vanishing at x we have V,R;j,,(x) =0 for
0 <i <4, yielding immediately R,7,;(¢) = O(t°) since Ryj(x)=0 is a
minimum of bisectional curvatures. The rest of the argument is routine and
will be omitted.

The vanishing of A°R,j;; and A’R;7,; < 0 imply the vanishing of ¥Ry,
by the expansion (# #)’ of A’R 1,7, which in turn implies the main result
Proposition (5.1) of this section, as was indicated in (5.1).

6. Invariance of R along integral curves of vector fields
of maximal directions

(6.1) We will make use of our preceding knowledge of the curvature tensor
and first-order covariant derivatives to show that there is a nonempty open set
U such that for any x € U and any a € #,, V,R(x) = 0. It follows im-
mediately that if y(z) is a curve in U, y(t) is a multiple of some a € # ),
then the curvature tensor is invariant under parallel transport along y. In order
to prove V,R(x)= 0 we first collect all information about first-order co-
variant derivatives at x. As usual we will fix x € X, a € #, and use a
privileged orthonormal basis {e,,- - -, e,} of T}°(X) adapted to a = e;.

Lemma 1. Ar x, VRlilj = VRlTij‘ = VRl?]ij = VR =0 forall p € H,
qE€ Nandforl <i,j<n.

Proof. The only thing that was not already contained in Lemma 3 of the
Appendix, Step VII, is the equation VR,;,; = 0. To prove this consider the
expansion along any geodesic y(¢), —8 <t < §, passing through x with
vy(0) = x and ¥(0) = n. Writing R,1;7(v(?)) = R,;;3(¢), etc., we define for
0>00<t<$

F,(1) = R(ey + 1%,
Riqi(2) + 41°Re Ry, (1) + t20(4R1ipp(t) + 2ReR1plﬁ(’))

+41*°ReR,;,,(1) + 1*R

1ppp

se ti%,, e +1%,, e +1t% )(y(t))

PPPP( )
Recall that from Proposition (5.2) and Lemma 3 of the Appendidx we have

Rini(7) = Ryip(0) + 0(%), Rip,y(1) = o(r%),
R1,-;1p(t) = 0(1%), Rﬁpp(f) = 3R11(0) + O(7°).
From the maximality of R,1,7(0) we have
F,(1) < Ry (0)-(1 + tzo)Z_
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Take any o > 0 and comparing the coefficients on both sides of the inequality,
we have
1+ 0(*) +0(e°3) + 2e2° + O(1*°*3) + 4°°* 'R
<1+ 212 + 4,
noting that R,;,. = 0 by Proposition (2.2.2). Substituting ¢ = 0.5 we im-
mediately obtain R,;,; , < 0. Applying the inequality to the geodesic y () =
v(—1t) we obtain —Rlppp 2 < 0 and hence R} ; , = 0, proving the lemma.
The main result of §6 is the following proposition:
Proposition (6.1). In the notation of Lemma 1, there exists a nonemty dense
open set U such that we have, at any point x € U and for anye,=a €M,
ViR forl<i, j,k,I<
Proof. By means of polarization it suffices to prove V1 i for i, j k1 =1,
p or q, where p and q represent typical elements of H and N respectively. We
will first prove this for all types with one exception by using Lemma 1 and the
Bianchi identity. First, we can classify curvature terms into groups of types up
to conjugation and permutation of indices:
() Ryjz for1 < i, j k< m;
(i) R for p € H;
(iii)) R for g € N;
(iv) R forp € H, q € N;
(V) R forpe H,q € N;
(Vi) R, ,;forp € H, g EN;
(vi)) R,;,, for pe H, g € N.
Since this division is up to conjugation (and permutation of indices), it is
necessary to prove R, ;;; = R, ;1 = 0 for all terms given in the list. We have
) Ry;ijx1 = Rk g 0, Ryijxi Rll/k,t = 0;

+ O(t*°)

1ppp.m

ppPpP
99499
pPqq
pPPPY

(it) R, opp i pprpd = Rppppa = Ripppp = 05

(i) R g4q.1 = Ryzqq1 = Rigogg = 0

(V) Rppgq1 = Rppggn = Rigpp.g = 0;

M Ryppzn = Rigppp =0, Rpppgi = Rpppig = 0;

(‘ff) R, 7021 = Rigpzg = 0 Rpgeai = Riipg =05

(viD) Rpt?ptil. Rigpgp =0 Rpgpgi =7

Everytl.nng is .provc'ed except for R, .7, because the only possible applica-
tion of Bianchi identity R ;.7 = R,i,; ; does not yield a curvature term for

which one can apply Lemma 1. To complete the proof of Proposition (6.1) it
suffices therefore to prove

Lemma 2. There exists a dense open set U of X such that for any a € A
and for any m € T (X), we have, in terms of a privileged basis at x adapted to a,
R, ..=0.

pPapq.m
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Proof of Lemma 2. In Proposition (5.1) we used the vanishing of v zRﬁp P
to conclude that R, .= R, .= R,;,. = 0 at x. By the same argument it
would be possible to deduce VR ... = 0, etc., at x if we know ¥ 3Rﬁp‘7 =0.
But this would necessitate the computation of A*R;j;;. Instead we will show
that our knowledge of the structure of the curvature tensor (Proposition (5.1))
and additional knowledge on covariant derivatives is sufficient for proving
VR,.,; = 0 at x wherever a € #’, where A’ as defined in (3.1) is the union
of components #,, 1 < i < i, such that 7| , is a submersion at some smooth
point. This contains in particular Lemma 2. To do this it suffices by continuity
to prove VR ... = 0 at x for a € Reg A, — {a € #; where 7 fails to be a
submersion at a} for 1 < i < k. For any such a € # , there exists a smooth
vector field a(y) defined on a neighborhood W of x such that @(x) = « and
a(y)e A, for each y € W. At y € W we have the orthogonal decomposi-
tion .

T!®=Ca(y) ®H,, &N,

a(y) a(y)-
Since the dimension of ., and 4, are both independent of y, as a
consequence of the Einstein condition or simply of the fact that the Ricci
tensor is continuous, the splitting given above for each y € W actually yields

an orthogonal splitting of the smooth vector bundle T1°(W) as
TYO(W)=d(W)o (W) N (W),
where by definition &/(W)=U, ., Ca&(y), etc. Fix a geodesic y(¢), -8 <t
< 8, y(0) = x through x lying in W and denote by a(y) € T,'°( X) obtained
by parallel transport of a(x) = a along y. Denote by n the tangent vector
y'(0) at x. Fix some e, € 4, |le || =1, and denote by e (y) € T,°(X),
y € v, the corresponding vector similarly obtained by parallel transport. We
write a(t) for a(y), etc. for y = y(¢). We have the orthogonal decomposition
a(t) = a(r)a(r) + &(r) + §(r), with £(r) € H#,), $(1) € N,
e (1) =b(t)a(r) +&(t) + (1), with &(1) € H,), (1) € Ny,
Here obviously £(0) = {(0) = £’(0) = b(0)&(0) = 0. We assert that

(*) b(t) = 0(s?).
The estimate () will be used to study the behavior of R papg(t) for p € Hand
g € N in order to conclude R ;. .(0) = 0. To prove () recall that we have

R1i1¢7(0) = Rlle?.n =0

which means that

R(a(1), a(r), a(1), ¢, (1)) = O(¢?).
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Substituting the decompositions of a(¢) and e (¢) into the preceding equation
and using the fact that

R(&(e), &(e), a(r), £(e) +¢(1)) (type Ryyy; for j > 1)
= R(&(1), &(1), a(1), $'(1)) (type Ryy,))

= R(&(1), &() +¢(0), &(1), £(1) +&(1)) (type Ryj, i, j # 1)
=0,

as could be read off from Proposition (2.2.1) on the structure of R4, We see
immediately that

R(a(1), a(1), a(1), ¢,(1))
=a*(1)b(t)R(a(1), a(r), a(z), a(r)) + 0(?).
Since R(a(1), a(t), (1), @(1)) = R g0 > 0 for all ¢, —8 <1 < &, we have
established the estimate (x).

To make use of (x), let e, be a fixed unit vector in ) and consider the
decomposition

e, (1) =c(r)a(r) +&"(t) +§"(1), with £"(1) € Hy,), §7(21) € Ny
Clearly, ¢(0)a(0) = {”’(0) = 0. Then,
R(e,(1), (1) €,(1). &,(1))
= R(£7(1). €'(1) . (1), £'(1) )
+2R(e(r)a(r) +§7(1), ¢'(1), £7(2), (1))
+2R(£7(1), b()a(1) + (1), (1), $'(1) ) + O(s2).
From Proposition (5.1) on the structure of the curvature tensor we obtain
R(&7(2), $°(1), £7(1), (1)) (type R,q5)
= R(a(1), £(1) . £7(1), £7(1)) (type Rgy))
= R($7(1), £(1) . £7(1), (1)) (type Ry gp5)
= R(£7(0), £(1), £7(1), £'(1)) (type R,5,7)

|
=

so that

R(e, (1), e (1), e,(1), e (1))
= 26(t)R(&7(1), &(1), £"(2), ¢'(1) ) + O(1?).
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Notice that curvature terms of type R may be nonzero. However, by (*) we
have b(t) = O(t?), yielding
R(e,(1), e,(1), e,(1), e (1) ) = O(1?),

0) = 0, proving Lemma 2 and thus establishing Proposition

plpg

hence R
(6.1).

p?ﬁﬁvn(

7. Totally geodesic Hermitian symmetric integral submanifolds
and isometric decomposition of X

(7.1) Recall that by Proposition (3.2) there exists a nonempty open subset U
of X such that the bundle of maximal subspaces V' = U, o ,V,, V, = C-linear
span of ./ , is a differentiable vector bundle on U. By Proposition (6.1), by
shrinking U if necessary, we can assume that for any a« € #,, x € U, we have
VR = 0forl <i,j,k,I<n,sothat V;R,;; forall £ € V,. On U we now
consider the distribution ReV|, = (£ + & £ € V|, } of vector subspaces of
the tangent spaces. Our main result in this section is the following

Proposition (7.1). The distribution ReV|, of vector subspaces of T.(X),
x € U, is integrable. Moreover, the integral submanifolds are complex, totally
geodesic and locally symmetric.

Proof. By the theorem of Frobenius, to prove ReV|, is integrable, all we
need to show is that it is closed under taking Lie brackets. Since the metric on
X is Riemannian, for any smooth tangent vector fields Y, Z on any open set,

vyZ-VyZ-[Y,Z]=0.

It suffices for the proof of the integrability of ReV|, to show that v, takes
values in ReV|, for any tangent vector fields 1, 7" on an open subset of U
with values in ReV|,. Fix x € U and let ay,- - -, a,,, be a basis of V, consisting
of maximal directions. We may further assume, as in Proposition (6.1), that
there exist smooth vector fields a;(y),- - -, a,,(») in a neighborhood of x such
that a;(y) € #, and a,(x) = a,. Let y = y(¢), =8 < < §, y(0) = x, be any
integral curve of ReV|,, ie. y(¢) € ReV,,, for each . Then the curvature
tensor is invariant under parallel transport along y. In particular, if §8,(z) is the
parallel transport of «; along y to y(t), then

4 R(B(r), B, (). (D)) = 0

since V;,R =0 and v, B(¢) = 0. It follows that B(¢) is also a maximal

direction. In particular, B(t) € V,,,. Write

Bi(¢r) = Zaij(t)aj(t)’ aj(t) = aj(Y(t))-
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Write n = ¥(0). Then, at x, v, B8,(¢) = 0, i.e.

Zaij(o)vnaj(o) + Zaﬁj(O)aj(O) = 0.

From the definition of B, it is clear that a,;(0) = §;;, so that

ij?

v,0;(0) = - Za:‘j(o)aj(o),

proving that v, «,(0) € V,. Since 7 is real, we obviously have
v,(Rea,)(0) € ReV,.

But this applies to any 7 = y(0) with y an integral curve of ReV|,,. It follows
therefore that for any open U’ C U and any real tangent vector fields 1, n° on
U’ such that n(x),7'(x) € ReV,_, we have

(*) v,m(x) € ReV, forall x € U’,

proving in particular the integrability of ReV|,. Obviously the integral sub-
manifolds are complex because 7 € V, implies Jn € V, for the J-operator on
the complex manifold X. Finally () implies that v, n'(x) = v, n'(x) for the
Riemannian connection vV’ on Z, from which it follows that Z is totally
geodesic, proving Proposition (7.1).

(7.2) The local foliation on U by locally symmetric complex totally geodesic
submanifolds Z, is a strong indication that X is itself Hermitian symmetric. In
this subsection our contention is that each Z,_ is contained in a compact
Hermitian symmetric submanifold Z,. To be precise, we have

Proposition (7.2). For each x € U there exists a totally geodesic compact
Hermitian symmetric submanifold Z,, containing x such that Z, 0\ U = Z_ is the
integral submanifold of ReV |, passing through x.

Proof. We will prove Proposition (7.2) using the theorem of Bonnet-Meyers,
which asserts that every complete Riemannian manifold of Ricci curvature
bounded from below by a positive constant is necessarily compact. Let » > 0
be less than the injectivity radius of X so that for any y € X, the exponential
map at y is a diffeomorphism on the Euclidean ball B(r) = B(0; r) on the
tangent space T,(X), equipped with the obvious Euclidean metric. Without
loss of generality we may let U be the open geodesic ball B(x; r) so that Z, is
nothing other than exp, (B(r) N ReV,). We can step-by-step enlarge the piece
Z = Z, as follows. Define Z, = Z. We will define Z; in general as a locally
closed extendable submanifold of X, in the sense that there exists some locally
closed submanifold Z/ of X such that Z, ¢ C Z/. Suppose Z, is defined. Fix
¢ > 0 such that r + ¢ < injectivity radius. Choose a finite subset S; of Z; such
that for each y, € Z, there exists y € Z, such that d(y,, y) < &. This can be
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done because Z; is extendible. Define
Zi = U A;(y),
YES;
where

Ai+1(y) = expy(B(r) N Ty(Zz))

We have chosen S, so that Z, € C Z, ;. We claim that Z, | is a locally closed
extendible submanifold. By definition Z,, , is locally closed. To show that
Z,,, is a submanifold locally, it suffices to show that for y, y’ € §;, either
A (»)NA (y)= D or 4;,,(y) U A, (y")is alocally closed connected
submanifold extending both 4, ,(y) and 4, ,(y’). To prove this one has to
rule out the possibility that they intersect each other in a subset of smaller
dimension. If 4, ,(y) U 4,.,(»’) is not smooth, we would have either

(1) A;.,(y) intersects 4,,,(y’) tangentially at some y”, or

(ii) there exists y” € 4,,,(y) N4, (y) such that T,.(4, (y)) VU
T,.(A;,,(y")) span a real linear subspace of T,.(X) of dimension larger than
2dim ¥, = real dimension of Z,. '

Possibility (i) cannot happen because both 4,,,(y) and 4, ;(y’) must be
totally geodesic at y” (by the identity theorem for real analytic functions), so
that they are determined by their tangent planes at y”’. To rule out possibility
(i1) observe that both T,,.(4,,,(y)) and T,.(A4,,,(y")) are generated by real
parts of maximal directions at y” (obtained by parallel transport from y and
y’ respectively). Then translating them back from y” to the point x along
broken geodesics on Z; U 4,,,(y) will yield more than dim V, C-linearly
independent maximal directions at x, contradicting with the definition of V.
This establishes our claim that Z,,, =U, .5 4,,,(y) is a locally closed
submanifold. That Z,_, is extendible follows easily by taking

Zl,,= U exp,(B(r+e)n TV(Zi)) for some & > 0 sufficiently small.
YES;
For r + e < injectivity radius of X, clearly Z/ , is also a locally closed
submanifold such that Z, ., c C Z/ .
We now have a sequence of real-analytic manifolds Z; such that

Z,ccZ,cc-.---CccZ,ccZ,,CccCc -,

where Z,, equipped with the restriction of the Kiahler metric on X, is
necessarily locally symmetric by the identity theorem of real-analytic functions.
Moreover, if we define Z to be the union U, ., Z, equipped with the induced
metric, Z is necessarily a complete Kihler manifold. In fact, at each z € Z &
there exists some y € S,, d(y, z) < ¢ so that Z, ; contains B(z; r — ¢). This
implies that for each z € Z we have B(z; r — €) C C Z, which in turn implies
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the completeness of Z. Recall that at each z € Z, T,(Z) is generated by the
real parts of maximal directions at z. Because of local symmetry, Z with the
induced metric splits locally into products of Hermitian symmetric spaces and
flat tori. If there is a flat torus as a local factor, it would not be p0551ble for
T,(Z) to be generated by real parts of maximal directions. Hence Z is a
complete Kahler manifold with positive Ricci curvature bounded from below
by some ¢ > 0. By the theorem of Bonnet-Myers, Z must be compact, proving
Proposition (7.2).

(7.3) Pointwise reducibility of bisectional curvatures. Let x € U. Denote by &
a typical element of T}°(Z,) = V, and by { a typical element of V*, the
orthogonal complement of ¥V, in T!°(X). To prove that X is Hermitian
symmetric it suffices to show that

ng,.jk, V(R Pkl = =0 forl<i, jk,I<

What remains to be proved is the vanishing of VR . In fact, any terms of
the form VR y4s OF VRyg4s Would also be zero because of Proposition (6.1)
and the Bianchi identity. We may assume without loss of generality tht
V|y # T'(U). In order to prove VR = 0 we will first show that ReV *|,
is an integrable distribution, where V> denotes the orthogonal complement of
V. in T}O(X). From this and the arguments of Proposition (7.2) we will be
able to obtain integral submanifolds Z+ of ReV |, which extend to totally
geodesic compact complex submanifolds Z+ of X. Moreover, in the process of
proof we will also show that Re s ;=0 forall {€ ¥V, and { € V!, x € U.
This allows us to conclude that each such Z* is Kahler-Einstein. Moreover,
holomorphic bisectional curvatures are nonnegative on Z* (because Z* is
totally geodesic). To prove the Main Theorem, by induction on dimension we
can assume that Z* is isometric to a Hermitian symmetric space, so that
ViRge =0 for all { € V', proving VR = 0 on X by the identity theorem
for real-analytic functions, thus establishing the Main Theorem.

In order to show that ReV * |, is integrable we will first of all show that V|,
is invariant under parallel transport along all curves on U. For the proof of this
we will need the reducibility of bisectional curvatures as stated above:

Proposition (7.3). For each x € U and for all § € V,, { € V', we have
Regge = 0.

Proof. For each x € U there exists a totally geodesic compact complex
submanifold Z_ of X such that Z_= Z_nN U is an integral submanifold of the
distribution ReV|,. Suppose y € U, y & Z,; we assert that Z, N ZV = @.In
fact, the proof of this is exactly as in Proposition (7.2), where it was shown that
the Z_ cannot have self-intersections. Since adjacent extended integral sub-
manifolds are mutually nonintersecting, the normal bundle Ny of the real
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manifold Z, in X must be trivial as a differentiable vector bundle. As a
differentiable bundle, Ny is simply isomorphic to the bundle ReV * |, where
obviously we can assume that the open set U contains Z,. Sincce Ny is
differentiably trivial, the complex bundle No = Ng ® ; C is a differentiably
trivial complex vector bundle. We have the decomposition
No=NYe NO,

where N is the eigenspace of J on N, = Ng, ® g C corresponding to the
eigenvalue i, and N2! is that corresponding to the eigenvalue —i. Note that
this decomposition is possible because V. * is closed under the J-operator. Let
N be the holomorphic normal bundle on Z,, ie, N = T"(X)|; /T*(Z,).
As a differentiable C-vector bundle, N is isomorphic to N0 = Vi| It is
well known that any Hermitian holomorphic quotient bundle of a Hermitian
holomorphic vector bundle of semipositive curvature remains semipositive, so
that N, with the induced metric, is semipositive on Zx. It follows that the first
Chern class of N is represented by a semiposditive closed (1,1) form. Now,
Nc= N0 @ N% = N @ N as differentiable C-vector bundles, where N is the
antiholomorphic vector bundle obtained by taking conjugates of transition
functions of N. By defining the length of & to be that of v forv € N, 5 € N,
we see that ¢,(N) = ¢,(N). It follows that

e1(Ne) = ei(NY0) + ¢, (N®Y) = ¢;(N) + ¢,(N) = 2¢,(N)
is represented by a semipositive closed (1,1) form. Hence, the triviality of N¢
as a differentiable C-vector bundle implies that ¢;(N)= 0 and that the
curvature form of N is identically zero on Z,. We assert that the flatness of the
Hermitian holomorphic vector bundle N implies the proposition, i.€., Rg:z = 0
forfeV, e V.t and x € U. To see this we examine the curvature form of
N more closely. Consider the exact sequence

0 N* > TY(X)*; - TY(Z,)* - 0.

The flatness of N implies that of the dual bundle N*. By the curvature
decreasing property of Hermitian holomorphic vector subbundles, we have,
denoting by ©" = Oy. and O = Oy the curvature forms of N* and
T'9(X)* with the induced metrics respectively,

O£, 8%8%) < O(, & £*.5%)
for § € T'°(Z,) and {* € N* Now let {e,,--,e,} be a basis of T (X)
and {ef,---,e}} be the dual basis. Then, for {* = X a,e* belonging to NJ*,
we have

0(£,£0%8%) < O(£,£57.5%) = Laa,0(6,& e )
=_Zaia T”’(x)(gg ;) Rygij-
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Here the next to last inequality follows from the standard relation between
curvatures of dual bundles and the last equality comes from the definition of
© 7104, the curvature tensor of T'0(X) with the induced Hermitian matrix. It
follows now that ©'(§, &, ¢*, ¢*) < 0 and that equality hold for all {* € N*
only if Rygp = O forall { = Xa,e; such that La,e* € N* ButLa.e* € N> if
and only if (Za,e*)(¢) = 0 for all £ € T}(Z,), i.e., if and only if (T ae;, £)
= (0, so that
Rege=0 forall{ e V*,

proving Proposition (7.3).

(7.4) Invariance of V" under parallel transport. Recall that /|, is invariant
under parallel transport along curves on Z,, which implies in particular that
V|, is invariant under parallel transport along any curves (not necessarily
geodesics) y(#) such that y(7) € V,,,. In this subsection we assert the stronger
statement:

Proposition (7.4). The bundle V of maximal subspaces, defined by V =
U,c xV, and V, = C-linear span of M ., is invariant under parallel transport
along any smooth curve | on X. In particular, V is a bona fide differentiable
vector bundle on X.

Proof. (1) First we assert that it suffices to prove that V|, is invariant
under parallel transport along geodesics. First of all, we contend that the latter
statement would imply that maximal directions remain maximal directions
when translated by parallel transport along ary geodesic passing through U. At
each x’ € X there exists a geodesic y joining x’ to some point x € U.
Adjacent geodesics emanating from x will also intersect U so that maximal
directions at x’ remain maximal when translated by parallel transport along
some open cone of geodesics emanating from x’ and hence along all geodesics
emanating from x’, by the identity theorem for real-analytic functions. It
follows that the bundle V of maximal subspaces is invariant under translation
by parallel transport along any geodesic. In particular, V is a differentiable
vector subbundle of T'O(X). Let I(t), —8 <t <8, be any smooth curve.
Suppose x € V), and

x(t)=5(’)+§(t), §(I)€ V,(,),g'(t)E V/(J;)»

is the decomposition of the parallel transport x(z) € T,}g according to the
orthogonal decomposition T'9(X)= ¥V ® V+. From the invariance of V
under parallel transport along geodesics it follows readily that ||{(¢)|| = O(t?),
| - || denoting the length. To show that x(¢) € V,, it suffices to show that
d||$())|2/dt = 0. Let &,(s) and ¢,(s) denote the translation of £(z) and ¢(¢) to
[(s), for s sufficiently close to ¢, by parallel transport. Obviously, £,(¢) = £(¢),
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§(1) = §(2) and £,(s) + §,(s) = x(s). Let §,(s) = §/(s) + §/(s) and {(s) =
£(s) + §/(s) denote the decompositions of £, and ¢, according to the
decomposition T'0(X) =V & V*. Then

§(s) =S (s) +8/7(s).
We have

10 (0) = 2Re( . 1))

- 2Re< 250, §>(r0) + 2Re< >3 §>(t0).

Just as ||¢(2)|| = O(t?) we also have ||{/(s)|| = O((t — 5)?), so that
(v/ds)§,(ty) = 0. To estimate (V/ds )§;(t,) we observe first of all
Lemma. For any t such that —8 < 1, < 8 and any p, € Ty (X), let
p(s) =£(s) + £(s)
be the decomposition of the translation u(s) of n(t) = p by parallel transport
along I. Then

V &
|56 < Kiu

with a positive constant K independent of t,.
Proof of Lemma. Suppose w’ = cp, and y',(s) = £'(s) + {'(s) is the corre-

sponding decomposition of p’. Then, obviously {’(s) = c{(s) so that

vV 2, A\

2 8(1) = e 5(1).
Now let K be the supremum of all ||(v/ds ){(¢)|| obtained from all possible ¢
with —8 <7 <8 and from all possible p, € Tj{;}(X) of unit length. K is
clearly finite by the real-analyticity of u,(s) jointly in g, and s, when p,(s) is
defined on T'(X)|; X (—28,28), where [ is an extension of / to (—28,28),

assumed to lie within the cut-locus of x € X. The Lemma is obviously valid
with this constant K. Given the Lemma, we can now estimate

d
G 181(0)| = 2|Re( 52 £ (1)

< Kl (t0) [ 16Cto) | = Kl Ceo) I
To show that d||{(¢)||2/dt = 0 and hence that V is invariant under parallel
transport along any curve it suffices therefore to show that any real-analytic
function f(t) defined on (—4&,4) satisfying |df/dt| < K|f], f(0) =0, must
necessarily be identically zero. (Observe that d||{]|%(0)/dt = ({(0),
(v/dt)§0)) = 0.) In fact, if f = c,t™ + O(t™*!), c,, # 0,

|df /dt | =|mcmt"'"1 + O(t'”)| =m|c

=2

mltm_l’
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which clearly dominates K|f| in a neighborhood of 0 for any constant K,
proving the assertion that Proposition (7.4) can be reduced to the correspond-
ing statement on the open set U for geodesics v.

(IT) The proof of the reduction on (I) implies that to prove Proposition (7.4)
it suffices to show that if a € #,, x € U, and y(¢), -8 <1t < §, is any
geodesic on U with y(0) = x, then, for the decomposition a(z) = £(¢) + {(¢) of
the translation a(¢) of a = a(0) by parallel transport along y according to the
decomposition TY(U) = V|, ® V*|,, we have

15Ce) | = o(e?).

In fact, this would imply that a(z) € V), so that V,, is translated to V,,,
since V, q, is generated as a C-linear space by the space of maximal directions
Moy =M .

Suppose now {(1) = ctf(t) + O(¢?) with ||§(¢)|| = 1, where O(¢?) stands for
a vector-valued function of length of order O(z?). Then,

R(a(t), a(r), a(1), a(t))
= R(&(¢) + £(1), (1) + 5(1), (1) + 2(2), £(2) + £(1))
= R(&(1), &(r), £(1), &(r) ) + 4ReR(&(1), &(1) . £(1), (1))

+4R(£(1), £(1). ¢(0), E(1) ) + 2ReR(£(1), $(1) ., £(1), ¥(1) )
+4Re(£(1), ¥(1), §(0), §(2)) + O(1*).

By Proposition (7.3) R(£(1), £(1), £(1), £(1)) = 0. We claim that actually for
any x € U,any ¢ € V,_and any { € V,* we have

(*) Ry, ;=0 forall x € T'(X).

To see this, suppose ¢ = a € 4 ,. From Proposition (7.3) we have R 5z = 0
forall §{ € V', so that { € A4,. However, by Proposition (2.2.1) now we have

R, =0 forall x € T'(X),

afxx
which yields (x) since V, is the linear span of .# . It follows now from () that
R(a(t), a(t), (1), «(1) ) = R((1), £(r), £(2), £(1)) + O(+*).

On the other hand, if {(¢) = cr§(¢) + O(12), ||IE(1)|| = 1, we have

I =1 - ¢+ 0(s%),
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so that

R(a(t), a(t), a(t), a(t)) < (1 = ¢22 + O(1*))’ R yaea(0) + O(2*)
= (1 - 2c2t2)Ra&a’d(0) + 0(t4)'
If ¢ # 0 we would have R,z,5,(0) = 0 and R ,z,5.77(0) < —4¢’R 45,5(0) for

adad,n

n = (0). But we have simply, from Berger’s formula, R ;g ,,(0) = 0. This
proves ¢ = 0, so that in the decomposition a() = £(¢) + {(¢) we have

1E() I = o(z?)

implying by the reduction method of (I) that V' is a differentiable C-vector
bundle invariant under parallel transport along any smooth curve on X,
proving Proposition (7.4).

(7.5) Integral submanifolds of Re? *. Recall that V' is a distribution of
tangent vectors of type (1,0) invariant under parallel transport and for each
x € X there is a compact totally geodesic complex submanifold Z, which is
locally symmetric. (Such a Z, exists now for each x € X because one can take
the open set U to be X, since we know now that V' =U__ ,V, is a differentia-
ble C-vector bundle.) The Z, are integral submanifolds of ReV. According to
the orthogonal decomposition T*%(X) =V & V* we can divide vectors of
T'O(X) into types £ € V and { € V* . In (7.2) we deduced that X is locally
symmetric if VRge=0forall{ € V+.

Since V is invariant under parallel transport, the same applies to V' *. The
arguments in Proposition (7.1) for ¥V now apply to ¥+ to show that ReV'* is
an integrable distribution of tangent vectors. For each x € X, let Z! be the
leaf passing through x of the foliation defined by the distribution ReV* . The
arguments of Proposition (7.1) imply that Z* is totally geodesic and complex
analytic. From Proposition (7.3) we know that R = 0 whenever £ € V, and
¢ € V', It follows by the hypothesis of the Main Theorem that Z* can be
regarded as a complete Kahler-Einstein manifold of positive Ricci curvature.
By the theorem of Bonnet-Meyers each Z_ is compact. Now it is obvious how
one can prove the Main Theorem by induction on the complex dimension of
X. In fact, Z} satisfies the hypothesis on X in the Main Theorem. We can
therefore assume as an induction hypothesis that Z is a Hermitian symmet-
ric manifold unless ¥ = T'%(X), in which case there is nothing to prove.
Hence, V(R = 0 whenever { € V', proving VR = 0 on X for the curva-
ture tensor R, completing the proof of the Main Theorem.

Remarks. (i) By a result of Kobayashi [11], all locally symmetric compact
complex manifolds of positive Ricci curvature must be simply connected.
Hence, the manifold X in the Main Theorem is globally symmetric.
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(i1) It is clear that the proof of the Main Theorem implies immediately the
more general case when the Ricci tensor of X is only assumed to be parallel
and positive. Positivity of the Ricci tensor is only usd in proving compactness
of certain integral submanifolds, using the theorem of Bonnet-Meyers.

8. A Generalization of the Main Theorem

(8.1) Recall Corollaries 1 and 2 of §0 which asserts that the Main Theorem
can be generalized to the case when the Ricci tensor is parallel and the Kihler
manifold X is complete, possibly noncompact. By results of Bishop & Gold-
berg [4]-[6], for a compact Kahler manifold X of nonnegative holomorphic
bisectional curvature, the Ricci tensor of X is parallel if and only if X has
constant scalar curvature. To complete the present article it suffices to prove
Corollary 2, where X is only assumed to be complete and the Ricci tensor of X
is assumed parallel, in place of being Kahler-Einstein of positive Ricci curva-
ture.

The only places where the positivity of the Ricci curvature is used are (7.2)
and (7.5), where we applied the theorem of Bonnet-Meyers. The Kahler-
Einstein condition was only used in obtaining formulas for computing VR, j,;,
etc. But it is clear that these formulas (obtained by commutation) would still
hold if v(Ric) = 0, i.e. the Ricci tensor is parallel.

Proof of Corollary 2 (and hence Corollary 1). The point of the proof is
simply to split off the directions where the Ricci tensor vanishes. Define
W, c TM(X) to be the subspace of all x € T'°(X) such that Ric(x, x) = 0.
Clearly W, is a C-vector subspace of T!°(X) since the Ricci form is a
Hermitian symmetric bilinear form on X. Since the Ricci tensor W = U, o , W,
is a differentiable vector bundle on X invariant under parallel transport, by
the arguments of Proposition (7.2) ReW as an integral distribution of real
tangent vectors. The leaves L, of the foliation defined by Re W are flat since
they are totally geodesic, the Ricci tensor on L is everywhere zero and
holomorphic bisectional curvatures of L, are nonnegative. Let W' be the
orthogonal complement of W, in T'%(X). Then W =U, W is invariant
under parallel transport. Denote by Z, a leaf of the foliation defined by
ReW+* . Then Z, carries positive Ricci curvature by the definition of W,
Moreover, the Ricci tensor of Z, is parallel since Ry, = 0 for all £ € W,*
and x € W,. By remark (ii) of (7.5) we conclude that each Z, is a (global)
Hermitian symmetric space, so that VR, = 0 for all £ € W~ . Since W is
invariant under parallel transport and R, 5 - = 0 for all x € W, it follows that

ViR, 505 = ViRyzxx = 0 for £ € W' and x € W,. The only other terms of
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VR, up to conjugation and permutation of indices, are of the types V,R; .z
where p € T!O(X) is arbitrary. It suffices therefore to show that
(%) Ry: =0 forall pe TMO(X).

To prove () it is equivalent to prove R,;,; =0 for all p € T,}°(X) since
R, s, = Oforall x € W, and p € T}°(X). Let p € T'°(X) and consider the
function

F(e) = R(x + &w, x + ep, x + ep, X + &1)
defined for e real. Then, from F(¢) > 0 we obtain by variation formulas that
R ;i =0 and 4R ; . +2ReR ; ;> 0. But sinpe R, . =0 and we can
always assume ReR,; . < 0 if p is replaced by e'%u for an appropriate real
angle 6, it follows that R = 0. Computing now the third variation of F
against ¢ at 0, we obtain R, ;.. = 0, proving (), thus showing that VR = 0 on
X and proving Corollary 2 (and hence Corollary 1).

Concluding remarks. (i) By Koszul [13] and Lichnerowicz [16] every compact
homogeneous Kihler manifold X carries a Kahler metric with parallel and
semipositive Ricci tensor. Analogous to the situation of Gray [8] our theorem
shows that such a Kahler metric on X cannot have nonnegative holomorphic
bisectional curvature everywhere unless X is Hermitian symmetric (cf. Lich-
nerowicz [14], [15]).

(ii) As was indicated in Gray [8], every compact homogeneous space X of the
form G/T, where G is a compact Lie group and T is a maximal torus of G,
admits an Einstein and bi-invariant metric of nonnegative sectional (and hence
nonnegative bisectional) curvature. This metric is in general not Kahlerian.

(iii) See Auslander [1] for an example of compact flat Kahler manifolds
which are not homogeneous. Hence, in the formulation of Corollaries 1 and 2,
we can only conclude that X is locally symmetric.

XEXE
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