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Gr = SW
FROM PSEUDO-HOLOMORPFPHIC CURVES
TO SEIBERG-WITTEN SOLUTIONS

CLIFFORD HENRY TAUBES

The Seiberg-Witten invariants were defined by Witten [24] for any
compact, oriented 4-manifold with bi > 1; after the choice of an orien-
tation for a certain determinant line, they consitute an map, SW, from
the set S of Spin® structures on X to Z which depends only on the
diffeomorphism type of X. Roughly speaking, SW is computed from a
weighted count of solutions to a natural, non-linear system of differential
equations on X. (See [9], [8] and [12].) As remarked in [17], a symplectic
4-manifold has a canonical identification S ~ H?(X;Z); and with this
identification understood, the Seiberg-Witten invariant on a symplectic
X can be thought of as mapping H?(X;Z) to Z.

Meanwhile, a symplectic 4-manifold has a second natural map, Gr:
H*(X;7) — 7, called the Gromov invariant. The latter invariant
is defined in [18]. To a first approximation, Gr assigns to a class
e € H?(X;7) a certain weighted count of the symplectic submanifolds of
X whose fundamental class is Poincaré dual to e. The following theorem
was announced in [17]:

Theorem 1. Let X be a compact, symplectic 4-manifold with
b?i_ > 1. Use the symplectic structure to orient X, to define the Seiberg-
Witten invariants of X as a map SW : H*(X;Z) — 7, and also to
define the Gromov invariant Gr : H*(X;7Z) — Z. Then Gr = SW.

As remarked in [17], there are essentially three parts to the proof
of this theorem. The first part appears in [19] where it was shown how
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the existence of solutions to a certain one-parameter family of Seiberg-
Witten equations can be used to produce symplectic submanifolds in
X. This article constitutes the second part of the proof of this Gr=SW
theorem. Here, a construction is described which associates solutions of
the one-parameter family of Seiberg-Witten equations to certain sym-
plectic submanifolds in X (pseudo-holomorphic ones). The final part
of the proof of the Gr=SW equivalence ([22]) uses the constructions in
[19], and in this article to prove that the counting for the two invariants
yields the same answer.

Thus, what follows in this article is, essentially, an existence theorem
for solutions to a certain l-parameter (indexed by r > 0) family of
Seiberg-Witten equations on a symplectic manifold X. Briefly, these
equations are defined as follows: Fix a symplectic form w on X and a
Riemannian metric on X for which w is self dual with norm equal to
V2 everywhere. The metric and a choice of complex line bundle over
X define the bundle of positive spinors over X (a C? bundle). Then,
the Seiberg-Witten equations are equations for a pair (a,), where a
is a connection on the chosen complex line bundle over X, and ¢ is a
section of the bundle of positive spinors. The equations read

D _ i 1 . w
A(a)’tﬂ—o and P7F, = gT(Q/)@Q/) )—gw.
Here, D 4(4) is the Dirac operator as defined using a certain connection
on the bundle of spinors which is canonically determined by a. Also, P~
denotes the projection onto self dual forms, and 7 is a certain canonical
homomorphism from the spinor endomorphism bundle to the bundle
of self dual 2-forms. (These equations are described in more detail in
Section 1, below.)

The existence theorem for the preceding equations constructs so-
lutions (for large r) from data which consists (in part) of a finite set
{(Ck,my)} whose k’th element is a pair consisting of a compact, con-
nected, pseudo-holomorphic submanifold Cx C X and a positive integer
my. (The metric and w define an endomorphism of TX with square —1,
which is to say, an almost complex structure. A submanifold of X is
said to be pseudo-holomorphic when its tangent space is preserved by
this endomorphism.)

This data is further constrained so that the C’s are pairwise disjoint.
Furthermore, the first Chern class of the chosen line bundle should be
Poincaré dual to the sum (over k) of my times the fundamental class of
C. (A pseudo-holomorphic submanifold has a canonical orientation.)



FROM PSEUDO-HOLOMORPHIC CURVES

The theorem, below, is an existence theorem for the case when all
myj = 1. This theorem follows from the more general constructions in
Section 5 of this article. (See Proposition 5.2.)

Theorem 2. Let X be a compact, oriented, 4-dimensional manifold
with a symplectic form w and a Riemannian metric for which w is self-
dual and has norm /2 everywhere. Let {Cy} be a finite set of compact,
disjoint pseudo-holomorphic submanifolds of X for which the operator
in (1.5) has trivial cokernel. For each k, let e, € H*(X;7Z) denote the
Poincaré dual to the fundamental class of Cy. Write the Seiberg- Witten
equations as above for the line bundle whose first Chern class is equal
to Xpeg. Then these equations have solutions for all sufficiently large r.

The kernel of the operator in (1.5) gives the deformations of the
submanifold which preserve the pseudo-holomorphic condition to the
first order . The condition that the operator in (1.5) have trivial cokernel
is satisfied if the metric is chosen in a sufficiently generic way. See, e.g.
[11] or [18]. Section 5 presents a fairly precise picture of these solutions.

Remark that in the general case (for example, where some of my
are greater than one), the existence results here find large r solutions
of the Seiberg-Witten equations from certain preferred sections of a
certain natural fiber bundle over each C}. The fiber bundle in question
can be defined abstractly for any complex curve, complex line bundle
over the curve and positive integer m. Then, the preferred sections are
abstractly characterized as solutions to a certain first order, elliptic
differential equation on the curve. Solutions to this equation are easy
to write down when m = 1, but less obvious when m > 1.

This article is divided into six sections. Section 1 constitutes an
introduction of sorts to the Seiberg-Witten equations on a symplectic
manifold, and to the theory of pseudo-holomorphic submanifolds.

Section 2 starts the construction of the Seiberg-Witten solutions.
The first part of the section describes a certain canonical fiber bundle
over a pseudo-holomorphic submanifold, and the second part of the sec-
tion describes a map which takes a section of this bundle to approximate
solutions of the one-parameter family of Seiberg-Witten equations. The
fiber of the bundle in question is the moduli space of solutions to the
vortex equations on C (see, e.g. [5]), the same moduli space which
played such a large role in Section 4 of [19]. In some heuristic sense, one
should think of a section of this vortex bundle as giving data, (a,)), on
a tubular neighborhood in X of the pseudo-holomorphic submanifold.
And, this (a, 1)) essentially solves the Seiberg-Witten equations in direc-

205



206 CLIFFORD HENRY TAUBES

tions tangent to the fibers of the normal bundle, but it is unconstrained
in the directions which are orthogonal to the fibers.

Section 3 serves as a digression of sorts. This section introduces
a natural, elliptic differential equation on the space of sections of the
vortex bundle from Section 2. The solutions of this equation constitute
a finite dimensional variety which can be thought of as giving a preferred
set of sections to the vortex bundle. This preferred set of sections plays
a fundamental role in Section 4 and in the discussions to come in the
proof of Gr=SW.

In some heuristic sense, this preferred set of sections constitutes the
solutions to an equation which is half way between the Seiberg-Witten
equations and the pseudo-holomorphic curve equations. That is, these
preferred sections gives data, (a,), which is defined over a tubular
neighborhood in X to the pseudo-holomorphic submanifold. This (a, )
satisfies Seiberg-Witten type equations along the fibers of the normal
bundle to the submanifold (the vortex equations); and they are further
constrained to satisfy a sort of Cauchy-Riemann equation in directions
which are orthogonal to the fibers of the normal bundle.

Sections 4 and 5 describe a construction which deforms the approx-
imate solutions from Section 2 with the goal of obtaining an honest
solution from the deformation. (Section 4 discusses the linear theory,
and Section 5 uses the results in Section 4 together with the contrac-
tion mapping theorem to bootstrap from the linear approximation to
the relevant non-linear equations.) To a very good approximation, the
results of Section 5 (and the article itself) can be summarized by the
following statement (see Proposition 5.2):

There is a smooth map from sections of the vortex bun-
dle over a pseudo-holomorphic submanifold to data for the
1-parameter family of Seiberg-Witten equations. And, this
map produces a solution precisely when the section of the
vortex bundle lies in Section 3’s preferred variety.

This statement is literally true where Section 3’s variety is non-
singular.

Note that Theorem 2 above is a corollary to Proposition 5.2.

Section 6 discusses the analytic properties of the map which was
constructed in Section 5. In particular, Section 6 proves that the map
in question is 1 — 1 and onto an open subset of solutions to the large r
version of the Seiberg-Witten equations.



FROM PSEUDO-HOLOMORPHIC CURVES 207

To the gauge theory cognescenti, this strategy of constructing ap-
proximate solutions and then deforming them to honest solutions will,
no doubt, seem familiar. (The constructions here also resemble certain
constructions in [1].)

1. Setting the stage

The purpose of this first section is to set the stage, so to speak, for
the constructions that follow. In particular, the basics of the Seiberg-
Witten equations and the theory of pseudo-holomorphic submanifolds
are reviewed.

a) The Seiberg-Witten equations

The Seiberg-Witten equations were first introduced by Seiberg and
Witten in [14] and [15]; see also [24]. A purely mathematical approach
to these equations was first taken in [9]. In any event, what follows is a
brief summary of the story.

In this subsection, X is simply a compact, oriented, 4-dimensional
manifold. Fix a smooth Riemannian metric on X. The metric defines
the principle SO(4) bundle of orthornormal frames, Fr — X. Of the
various associated bundles to this frame bundle, two in particular play
central roles. These are the bundles A of self-dual 2-forms and A_ of
anti-self dual 2-forms. Note that A?TX ~ Ay © A_.

By definition, a Spin® structure on X is an equivalence class of lifts
of Fr to a principal Spin©(4) bundle F — X. In this regard, recall
that the group Spin®(4) is the group (SU(2) x SU(2) x U(1))/{%1},
this being a central extension of SO(4) = (SU(2) x SU(2))/{£1} by
the circle U(1). (The homomorphism Spin® — (SU(2) x SU(2))/{*1}
simply forgets the factor of U(1).)

A Spin© lift F of Fr has two canoncial associated C? bundles, S+ —
X which are defined using the two evident homomorphisms of Spin® to
U(2) = (SU(2) xU(1))/{x1}. Note that S, is distinguished by the fact
that its projective bundle is the unit 2-sphere bundle in Ay. (There is,
of course, an analagous relationship between S_ and A_.)

With the preceding understood, the original version of Seiberg and
Witten’s equations can now be defined. These are equations for a pair
(A, 1), where A is a connection on det(S.), and ¢ is a section of S..
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The equations read:
Dayp =0,

(1.1) 1

P .Fy = 17(1/) R YP*) + p.

In the first line above, D 4 is the Dirac operator, a first order differential
operator which maps sections of S+ to sections of S_. This D, is defined
as the composition of Clifford multiplication (a homomorphism from
S; @ T*X to S_) with covariant differentiation using the connection
on S, which comes from the Levi-Civita connection on Fr and the
connection A on det(S.). In the second line of (1.1), P denotes the
orthogonal projection from A?T*X to A, and F4 denotes the curvature
2-form of A. Meanwhile, 7 is the adjoint of the Clifford multiplication
endomorphism from A, ® C into End(S+), and p is a fixed, imaginary
valued, anti-self dual 2-form on X. (Any choice for p will do.)

There is a natural action of the group of smooth maps from X to
U(1) on the set of solutions to (1.1). The action sends a map g and a
pair (A,1)) to (A+2gdg~", g1b). Use M to denote the set of orbits under
this group action. (Typically, notational distinctions will not be made
between a pair (A, ) and its orbit in M.)

Topologize M as follows: First, introduce the manifold Conn(det (S ))
of Hermitian connections on det(S,). This is an affine Frechet manifold
modelled on iQ!(X). With Conn(det(S,)) understood, introduce the
space Conn(det(Sy)) x C®(S4). The group C™®(X;S') acts smoothly
on the latter (as indicated above), and the space of orbits of this group
action, (Conn(det(S;) x C®(S81))/C>®(X;S8Y), is given the quotient
topology. The space M sits in this quotient, and the implicit topol-
ogy on M is the subspace topology inherited from the orbit space
(Conn(det(S1) x C®(5.))/C™(X;Sh).

Here are some basic properties of M (see, [24] or [9], [8], [12].):

1. M is always compact.

2. It bi > 0, then there is a Baire set of Y C C°°(X;iAL) of choices
for p in (1.1) whose corresponding M has the structure of a
smooth, manifold of dimension

1 1
(1.2) 2d:—1(2X+37)+101061.
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Here, x is the Euler characteristic of X and 7 is the signature of X.
Also, “e” signifies the intersection pairing on H?(X;Z). Note that
when p € U, there are no points in M where the corresponding
is zero.

A Baire set is a countable intersection of open and dense sets and
so is dense. The Baire set in question is characterized by the condition
that a certain family of first order, elliptic differential operators param-
eterized by the points in M has, at each point in M, trivial cokernel.

By the way, the number 2d in (1.2) can be even or odd. Tts parity
is the same as that of $(x +7) =1 — b + 2.

b) Pseudo-holomorphic submanifolds

The pseudo-holomorphic submanifold story starts with a review of
some of basic properties of symplectic 4-manifolds. This review has six
parts.

Part 1. A symplectic 4-manifold is, by definition, a pair (X,w),
where X is a smooth 4-manifold, and w is a closed 2-form on X with
w A w nowhere zero. (The characteristic number (x + ) must be even
for X to admit a symplectic form.)

Part 2. Every symplectic manifold admits almost complex struc-
tures, endomorphisms J of T'X with square —1. As noted by Gromov
[4], one can find almost complex structures with the property that the
bilinear form

(1.3) g=w(J())

defines a Riemannian metric on 7'X. Such a J will be called w-compatible.

An almost complex structure J decomposes TX ® C ~ 119 @ Tp;1
into a sum of complex 2-plane bundles such that J has eigenvalue 7 on
the former and —i on the latter. The complexified cotangent bundle
decomposes analogously as 710 @ 701,

Part 3. The complex line bundle K = det(7T!?) is called the canon-
ical bundle. Note that the isomorphism class of K, and thus its first
Chern class ¢ € H?(X;7Z), is independent of the choice of w-compatible
almost complex structure J. Furthermore, this isomorphism class and
also ¢ are both unchanged if w is changed through a continuous family

of symplectic forms. (Note the sign convention here: c e [w] < 0 when
X = CP?)
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Part 4. A submanifold C' in X is called pseudo-holomorphic when
J preserves T'C. It follows from the non-degeneracy of (1.3) that w is
non-degenerate on T'C' and so orients C. Infact, J induces the structure
of a complex curve on C. Then, the inclusion map of C into X is pseudo-
holomorphic in the sense of Gromov [4].

If C' is a connected and compact pseudo-holomorphic submanifold,
then the genus of C' is constrained by the adjunction formula to equal

1
(1.4) genus:1+§(eoe+coe),

where e is the Poincaré dual to the fundamental class [C] of C.
Henceforth, all pseudo-holomorphic submanifolds in this article should
be assumed to be compact unless stated to the contrary.

Part 5. Fix a pseudo-holomorphic submanifold C. Since J pre-
serves T'C!, it must also preserve the orthogonal compliment in T'X of
TC. The latter is the normal bundle, N, of C. Thus, N has a natural
structure as a complex line bundle over C. The metric from 7' X defines
a connection on N — C, and therefore endows N with a holomorphic
structure as a bundle over the complex curve C. With this understood,
one can introduce the associated d-bar operator, d, to map sections of
N to sections of N @ T%!'C, where T%'C is the usual anti-holomorphic
summand of T*C Qg C.

The first guess is that the kernel of 9 corresponds to the vector space
of deformations of X in X which are pseudo-holomorphic to the first or-
der. However, this guess is wrong, in general. Rather, this vector space
corresponds to the kernel of certain canonical zero’th order deformation
of 0. This deformation is an R linear operator, D, which also maps sec-
tions of N to sections of N ® T%'C, and is defined as follows: The 1-jet
off of ¥ of the almost complex structure defines a pair (v, ) of section
of T%'C and N®2 @ TU1C. (See (2.3).) Then

(1.5) Dh = Oh + vh + ph.

Part 6. Note that the index of D is given by the Riemann-Roch
formula:

(1.6) d=ecee—cee,

where e € H?(X;7) is Poincaré dual to [%]. As the index is, by defini-
tion, the difference between the dimensions (over R) of the kernel and
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the cokernel of D, a necessary condition for the triviality of cokernel(D)
is that d be non-negative. In general, this condition is not sufficient.
However, all pseudo-holomorphic submanifolds are regular if the almost
complex structure is chosen from a certain Baire subset of w compatible
almost complex structures. (This fact is proved in, e.g. [11].)

¢) The Seiberg-Witten equations on a symplectic manifold

This subsection points out some of the special features of the Seiberg-
Witten equations on a symplectic manifold.

To begin, remember that a symplectic manifold X has a canonical
orientation which is give by w A w; and this orientation will be assumed
throughout.

As remarked above, an admissable almost complex structure on X
defines a Riemannian metric as in (1.3). The form w is self-dual with
respect to the splitting of A?T*X as defined by this metric, and it has
everywhere length v/2. When an w-compatible J has been specified, the
metric in (1.3) will be taken implicitly for the Riemannian metric on X.

As observed in [20], a symplectic 4-manifold X also has a canonical
Spin® structure. With the metric chosen from an w-compatible .J, the
canonical Spin® structure is characterized by the identifications

(1.7) S,=ToK ! and S_=T7%.

Indeed, the splitting of S is defined as follows: Clifford multiplication
defines an endomorphism from AL into the bundle of skew symmetric
endomorphisms of S.. With this understood, the splitting of ¥ in (1.7)
is the decomposition of S into eigenbundles for the action of w; here w
acts with eigenvalue —2¢ on the trivial summand I, and with eigenvalue
+2i on the K~! summand.

Now, for any oriented 4-manifold, the set S of Spin® structures on
X is naturally a principal H?(X;Z) bundle over a point. Thus, the
identification in (1.4) of a canonical element in S identifies

(1.8) S~ H*(X;7).

Under this identification, a class e € H?(X;Z) is sent to the Spin®
structure whose S+ bundles are given by

(1.9) S,=Ea(K'®E) and S_.=T"'QE,

where F is a complex line bundle whose first Chern class is e. Once
again, this splitting of S is into eigenbundles for the action of w on
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S4+; and the convention is that the bundle where w acts as —2¢ is written
first.

Now it turns out that there is a nice way to rewrite (1.1) which
exploits the decomposition in (1.9). This rewriting of (1.1) requires a
preliminary two-part digression. Part 1 of the digression observes that
the bundle K ! comes equipped with a canonical connection (up to the
action of C®(X;U(1)) (see, e.g. [20])). This connection is defined as
follows: In general, fix a Spin® structure. As remarked previously, the
choice of a connection on det(S;) and the Levi-Civita connection on
the bundle Fr defines a connection on the Spin® lift F. Thus, the choice
of a connection (say A) on det(Sy) gives a covariant derivative, Vi,
on sections of S, . Now consider the canonical Spin® structure in (1.7).
Restriction of V4 to a section of the trivial summand I and projection
of the resulting covariant derivative onto I ® T*X defines a covariant
derivative V4 on the trivial complex line bundle. With the preceding
understood, remark that there is a unique choice of connection Ay (up
to the afore-mentioned gauge equivalence) on det(S.) = K~ for which
the corresponding covariant derivative on the trivial line bundle admits
a non- trivial, covariantly constant section.

For Part 2 of the digression, consider the general Spin® structure in
(1.7). Since det(S;) = E? ® K~!, the choice of the connection Ay on
K~1 allows any connection A on det(S.) to be written uniquely as

(1.10) A= Ay + 2a,

where @ is a connection on the complex line bundle E. Thus, with Ag
chosen, the Seiberg-Witten equations in (1.1) can be thought of as equa-
tions for a pair (a, 1), where a is a connection on E, and 1 is a section
of S; in (1.9).

End the digression. With this reinterpretation of (1.1) understood,
remark now that it proves useful to “renormalize” the form p in (1.1)
by writing

i :
(1.11) = _Zw"‘P-l-FAo“‘WO-
Here, r can be any non-negative number and po can be any section of

A.. (In practice, think of ug as being close to 0.) Furthermore, in the
case where r > 0, it also proves useful to write

(1.12) p =r'"(a, )
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to correspond with the splitting in (1.9). Then, with the preceding
understood, the Seiberg-Witten equations in (1.1) read

DA(OK, /8) =0.

1.13 ;
( ) E(l — ]a\g + \ﬁﬁw—%(aﬁ* —a*3) —ipe =0.

P.Fy+ 3

Here, a8* and a*3 are sections of K and K—!, where the latter are
naturally identified as the orthogonal compliment of the span of w in
A4+ ® C. (Note that this last equation differs from the analogous equa-
tions in [17], [19] and [20] in that the 8 used here is -i times that used
in the previous papers. The insertion of this factor of —i here avoids
numerous factors of ¢ later on.)

As an aside, remark that a fundamental input to the proof of Gr=SW
is that solutions to (1.13) for large » (and pgy = 0) determine pseudo-
holomorphic curves in X with fundamental class Poincaré dual to e.
The precise statement is proved as Theorem 1.3 in [19]:

Theorem 1.1. Let X be a compact, 4-manifold with symplec-
tic form w. Fiz an w-compatible almost complex structure on X, and
use the resulting metric to define the Seiberg-Witten equations. Fix
e € H*(X;Z) and use e to define the Spin® structure in (1.9). Also, fix
a finite (maybe empty) collection {} of closed subsets of X. Let {r,} be
an increasing and unbounded sequence of positive real numbers, and let
(an, (i, Bn)) be a sequence of solutions to (1.18) using the Spin® struc-
ture in (1.9), using r = ry, and po = 0. Suppose that for eachn and k, the
intersection of c;1(0) with Q is not empty. Then there exist a compact,
complex curve C (not necessarilly connected), a J-pseudo-holomorphic
map ¢ : C = X, and a subsequence of {(an,(an,Bn)) n=1,... (hence
relabled consecutively) with the following properties:

1. ¢.[C] is Poincaré dual to e.
2. oN Qg # S for all k.

3. limy 00 {SUDPg.a, (2)=0 dist(z, ©(C)) + supey, ) dist(z, a;; 1 (0))}
= 0.

The goal for the rest of this article is to prove a converse of sorts to
the preceding theorem. That is, to use pseudo-holomorphic submani-
folds in X to find large r solutions to (1.13). (See the introduction for
an outline of the basic strategy.)
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2. The gluing construction

The purpose of this section is to begin a construction which takes a
pseudo-holomorphic submanifold and produces solutions to the large r
(and small pg) versions of (1.13). This first step is a purely geometric
one which constructs approximate solutions to the large r and small g
version of (1.13). The construction of these approximate solutions and
the specification of some of their properties occupies this section.

a) Local geometry

Fix an w-compatible almost complex structure J for X, and use
J to define the metric in (1.3). Let C' C X be a connected, pseudo-
holomorphic submanifold. The use of C to build an approximate so-
lution to (1.13) requires a six part digression to describe the pseudo-
holomorphic geometry in a neighborhood of C. This subsection serves
this purpose.

Part 1.  The normal bundle # : No — C is a real, oriented 2-
plane bundle. Once identified with the orthogonal compliment of T'C
in TX, the bundle N¢ inherits the structure of a complex line bundle.
When thought of as a complex line bundle (or when the real structure is
immaterial), No will be denoted simply by N. Note that the Riemannian
metric endows N with a hermitian structure; and said metric’s Levi-
Civita connection endows N with the structure of a holomorphic vector
bundle over the complex curve C. Here, the fibers and the zero section
are holomorphic submanifolds of N. (When necessary, Jy will denote the
square —1 endomorphism of T'N which is induced by N’s structure of a
holomorphic vector bundle. The Jy version of the holomorphic tangent
bundle 77 o N naturally splits as 7*17 ¢C®7* N, where the first summand
consists of horizontal vectors and the second consists of vectors which
are tangent to the fibers of the map =.)

Part 2. Introduce the bundle 7*N — N. Let € denote the Levi-
Civita connection on N, and use this symbol as well for the pull-back of
said connection to 7*N. The bundle 7* N also has a tautological section,
s whose restriction to any fiber of 7 gives a Jy-complex coordinate for
that fiber. (Another way of saying this is that the covariant derivative
Vs restricts to each fiber as a Jy-holomorphic 1-form which has unit
length as measured with the fiber bundle metric.)

Part 3. A tubular neighborhood map ¢ : N — X is a smooth map
which maps the zero section to C' as the canonical identification, and
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whose differential along C gives the canonical identification between N
and TX|c/TC. The exponential map, g, for the Riemannian metric is
the classical example. For the purposes of the constructions that follow,
the tubular neighborhood map described in the next lemma is more
useful:

Lemma 2.1. Let C' be a compact, connected pseudo-holomorphic
submanifold of X. Then, there exist ég > 0 and ¢ > 0 and a tubular
neighborhood map ¢ : N — X with the following properties:

1. ¢ embeds the radius o9 disk bundle Ny C N onto ils image in X.

2. The ¢ image of each fiber of w : Nigy = X is a pseudo-holomorphic
submanifold.

8. The differential of  identifies Jy with J on tangents to the fibers
of . (That is, @ is a pseudo-holomorphic map on each fiber of .)

Proof of Lemma 2.1.  All of these facts follow using variations of
the implicit function theorem given in Lemma 5.5 of [19].

With Lemma 2.1's map ¢ understood, agree to use the map ¢ to
implicitly identify the radius dp disk bundle Ny with its ¢ image in
X. With this identification understood, the almost complex structure J
restricts to an almost complex structure on N(g) and the form w pulls
back to N as a symplectic form. These identifications are implicit in
the next lemma, and throughout this article.

Lemma 2.2. Let C' be a compact, connected pseudo-holomorphic
submanifold of X. The numbers &g and ¢ and the map ¢ in Lemma 2.1
con be chosen so that Lemma 2.1 is true, and so that the following are
also true:

1. Vs restricts to each fiber of m as a J-holomorphic 1-form.

2. The pull-backs to each fiber of m of the symplectic form w and
%V@S AV ¢§ are equal to first order along C. Put differently, let ¢
denote the inclusion map of a fiber of Nyg) into N(g). Then |1*w —
(Vs A Vg3)| < (|s]?

Proof of Lemma 2.2. The first assertion is another way of stating
Assertion 3 of Lemma 2.1. The proof of the second assertion is an ex-
ercise with Taylor’s expansions. The point is that if ¢ does not initially
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satisfy Assertion 2, then it can be changed to do so by precomposing
the original by a fiber preserving map of Ny to itself, which pulls back
the section s as s + h - s%; here h is an appropriate section over C of

N~ The details are straightforward and omitted.

Part 4. The almost complex structure J on N can now be
described in the following way: The J version of TLON(O) is (locally)
spanned by a g-orthonormal pair of forms {kg, 1}, where kg is a section
of 7*T*C ® C (which lies in T"°C along C) and

(2.1) k1 =sVgs+o.

Here, o is a section of #*1T*C ® n* N which vanishes along C, and < is a
function which behaves near C as ¢ = 1 + O(|s|?). Note that

1
(2.2) wzg(lﬁo/\/_ﬂo—l-/ﬂ/\/_ﬂ).

Part 5. Near C, write 0 = 01,9 + 09,1 with the former in 710 and
the latter in 7%, These have the Taylor’s expansion

(23)  o10=-Ds+¥5+O(s?) and og1 = vs+ pus+ O(|s]?).

Here, v is a section over C of T%!'C, v is a section over C of "0 @ N2,
and y is a section over C of T%'C ® N2. (The terms proportional to s
in the two Taylor’s expansions are related when the condition dw = 0 is
imposed.)

Part 6. Because w is closed and ¢ vanishes along C, the first term
in (2.2) has the Taylor’s expansion

1
50 Ao = wwe + O(lsP),

where w¢ is the volume form on C.

b) Vortices on C

This subsection and the next constitute a second digression whose
purpose is to describe certain relevant aspects of the vortex equation on
C. As remarked in the introduction, approximate solutions to the large
r version of (1.13) are constructed with the help of these solutions to
the vortex equations. However, this subsection and the subsequent one
make no reference to this application. By the way, the vortex equations
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are discussed at length in [21] and also [5], to which the reader is referred
for more details. (See also Section 4 of [19].)
This subsection is broken into seven parts.

Part 1.  The vortex equation is a system of equations for a pair
(v, 7) of imaginary valued 1-form, v, on C and complex valued function,
7, on C. These equations read

1
L. ddv==x(1—|1).
4
(2.4) 2. or + V0,17 = 0.
3. % (1 — |7]?) is integrable on C.

Here, * is the Euclidean Hodge star operator on C, and vy is the
projection of v onto T%!'C. (One can think of v as defining a connection
on the product complex line bundle over C in which case v defines a
holomorphic structure for this bundle. Then, the second equation in
(2.4) asserts that 7 is holomorphic with respect to this structure.)

Part 2. Here are some facts about the solutions to (2.4):

1. The integral over C of 1 * (1 — |7|2) is equal to 2rm for some non-
negative integer m. This integer is called the “vortex number” of
the solution.

2. The integer m above is the same as the number of points (counting
multiplicity) at which 7 is zero.

3. In general, |7| < 1 unless m = 0 in which case || = 1 everywhere.

4. (1—1|7[?) and |V, 7| decay exponentially fast away from the zero’s
of 7. To be precise, there exists ¢ > 0 such that

dist(x, 771(0)) .
),

and, given integers n,k > 0, there exists a constant (., s with the
property that

1—|7|* < exp (—

(23) (Vo Var]” < G- (1= 17,
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Part 3. The solution space to (2.4) can be described as fol-
lows: Topologize the set of pairs (v, 7) which solve (2.4) by embedding
the latter into i - Q1(C) x C°°(C;C) x [0,00) by the map which sends
(v,7) to the triple (v,7, [o(1 — |7[*) - wo). Now, remark that the set
of solutions to (2.4) is invariant under the action of Maps(C; U(1)) on
i QY(C) x C®(C;C) via the action which sends a map ¢ and a pair
(v,7) to (v — ¢~ dp, ¢ - 7). Let € denote the space of orbits of solu-
tions of (2.4) under this action. Topologize € by the quotient topology.
Then, the space € has naturally the structure of a smooth manifold with
components {€,,} labeled by the integer m which appears in (2.5.1).
Furthermore, the component &, is diffeomorphic to C™.

A useful diffeomorphism from C™ to €, is defined by a particular
embedding of C™ into iQ'(C) x C*®(C; C) which projects under the ac-
tion of Maps(C; U(1)) onto ¢, C (i2!(C) x C*°(C; C))/ Maps(C; U(1)).
This embedding of C™ into iQ'(C) x C°°(C; C) has the following prop-
erties:

1. The m-tuple y = (y1,... ,Ym) € C™ is sent to

c(y) = (v,7) = (Ou — du, plyle™),

where p[y] is the polynomial which sends n € C to ply](n) =
™ + ™! 4+ ... 4y, and where v is the unique, real valued
function which solves the equation

i00u = 871 x (1 — |p|?e™24)
with the asymptotic condition uw = m - In|n| + o(1) as |n| — oo.

2. The inverse of this diffeomorphism can be obtained by composing
two homeomorphisms. The first sends €,, to the space Sym™C of
(un-ordered) m-tuples of points in C™ by assigning to (v, 7) the
set 771(0) (counting multiplicities). The second is the inverse of
the homeomorphism from C™ to Sym™C which assigns to each
m~tuple (y1,...,ym) the zeros of p[y].

3. The inverse of the aforementioned diffeomorphism can also be ob-
tained from the observation that when ¢(y) = (v, 7) is given by y
as in the first point above, then

(8m)" - /@ 71— [72) = Sy yeom(A) - AL,
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where m()) is the multiplicity of the zero A of 7. (This holds for
any non-negative integer q.)

(2.6)

(The existence and uniqueness assertions for the equation in (2.6.1)
follow as in [21]. The integral identity in (2.6.3) can be obtained by
using the equation in (2.6.1) with the asymptotic condition from (2.5.4)
that v = In [p| + O(e~1"/¢) as |n| = c0.)

Part 4. The group of rotations of C is U(1), and this group acts
naturally on each €, in the following manner: Think of U(1) as the
group of unit length, complex numbers. When A € U(1), introduce
1y : € = C to denote the action of rotation which sends a point 7 to
Pa(n) = A1y, Then, X acts on iQ(C) x C*(C;C) by pull-back, and
hence on the space of solutions to (2.4). That is, A takes a solution (v, 7)
of (2.4) and gives the new solution (¢){v,4}7). The induced action on
¢, has a unique fixed point. This fixed point is the image of the origin
in C™ under (2.6)’s embedding. The latter has the form

(2.7) U = U (ndij — idn)  and 1y, = fr -0

Here, u,;, and f,, are real valued functions of |n|? only, and f,, is non-
negative.

Note that the embedding in (2.6) is not preserved by this U(1) ac-
tion.

Part 5. There is a second U(1) action on iQ'(C) x C®(C;C)
which differs from that in Part 4 by an action of the constants in
Maps(C; U(1)). This modified action does preserve the embedding in
(2.6). The modified action sends a unit complex number A and the
point (v,7) to (¢, ™ - 37). As this modified U(1) action preserves
the embedding of C'™ in (2.6), it defines a U(1) action on C™. The latter
action sends A and the m-tuple y = (y1,... ,ym) t0 (A-y1, ... , A y).

Part 6. The embedding of €,, = C™ into iQ'(C) x C®(C;C) from
(2.6) leads to less than optimal estimates in the subsequent applications.
A less canonical, but more convenient slice for the Maps(C; U(1)) action
is defined by an embedding of €, into iQ'(C) x C*°(C;C) which has
the property that where || is large. Then

(28) T= f : nma

219
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with f being a positive function. The meaning of the phrase “where |7
is large” is as follows: If ¢ = (v, 1) is defined by y € C™ as in (2.6.1),
then |n| is large when

(2.9) ] > 2 - (1 4+ m2[ye)?) /%

The next lemma describes the new slice embedding of €,, into
iQ(C) x C®(C; C):

Lemma 2.3. There is an embedding of €, into i) (C) x C*°(C;C)
with the following properties:

1. Each point in the image obeys (2.4), and the projection back to
& yields the identity map.

2. Each point in the image satisfies (2.8) where (2.9) is satisfied.

3. The image is mapped to itself by the U(1) on iQ(C) x C®(C;C)
for which X € U(1) sends (v, ) to (¢ v, \"937).

4. There is a diffeomorphism, T, from C™ onto this embedding which
sends y € C™ to the pair (0s—9s, p(y)-e~°), where ¢ € C*(C;C)
obeys Re(s) = u from (2.6.1).

In later subsections, €, will be implicitly identified with its images in
iQ(C) x C®°(C; C) via Lemma 2.3’s embedding; and this image will be
implicitly identified with C” via the map T of Assertion 4 of Lemma
2.3.

Proof of Lemma 2.3. The first point to observe is that the slice
defined by (2.6) obeys Conditions 1 and 3 of the lemma. The new slice
will be obtained by translating each (v, 7) in the slice from (2.6) along
the orbit of Maps(C;U(1)) by a (v,7) dependent map. (The map in
question will depend smoothly on the pair (v,7).)

To prove that the conditions in Lemma 2.3 can be met, introduce 2
to denote the domain in C where || is larger than

dy = Si(1+ 2|y )20,

The point is that 7 is non-vanishing on € and, furthermore, ﬁ and a—mm

are homotopic as maps from €2 to the circle. Thus, the first map times
the inverse of the second has the form e where h is the real valued

function which is the argument of In(1 + 4y -5~ + -« + 4 - n7™).
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With the preceding understood, (2.8) can then be realized by gauge
transforming a given (v, 7) in (2.6) by the map to U(1) defined by e~%*",
where z is given by z(n) = w(|n|/dy) with w : [0,00) — [0, 1] being a
fixed function which is equal to zero on [0,1] and to 1 on [2, 00).

The invariance of the slice under the U(1) action is an automatic
consequence of the invariance of the embedding in (2.6) under said ac-
tion.

Part 7. The group of dilations of C which fix the origin is iso-
morphic to R*. For the purposes of this paper, this action is defined as
follows: A positive number r defines the map p, : C — C which sends
a point i to p.(n) = v/rn. If a pair (v, 7) solves the vortex equations in
(2.4), then (v, 7") = (piv, pi7) solves

< g1 r 112
(2.10) 1. z_dfu = 4(1 |7'|*)wo,
2. or' + 06717' =0.

¢) Local properties of the vortex moduli spaces

The purpose of this subsection is to describe some additional fea-
tures of ¢, which are relevant to the subsequent constructions. This
subsection has three parts. Part 1 describes the tangent space to the
embedding in Lemma 2.3. Parts 2 and 3 concern a certain family of
differential operators which are parameterized by points ¢ € €. Parts
2 and 3 are not used in this section, but find applications in subsequent
ones.

Part 1. Identify ¢, as a subspace of iQ'(C) x C®(C;C) as in
Lemma 2.3. Consider a point (v,7) € &,,,. The tangent space of &,, at
(v, 7) is described below:

Lemma 2.4. Identify €, with a subspace of iQ'(C) x C*(C;C) as
in Lemma 2.3. Let (v,7) € €,. Then the tangent space to (v,7) is a
2m-dimensional (over R) vector space which consists of pairs (v',7') of
imaginary valued I-form and complex valued function on C which are
square integrable on C and obey the following constraints:

1. ddv' + % xre(7r!) = 0.
2. ort + 7)(),17'1 + 08717' = 0.

3. If the L2-norm of |7'| and |v!| are bounded by 1, then their supre-
mum norms are bounded C-e“”'/C where ( depends only on m and
the mazimum of the distances of the points in 7=1(0) from 0.
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4. Given the previous L?-norm bound, the norms of the covariant
derivatives of (v',7') to order k are bounded by Cpe1M/C where
Cr depends only on m, k and the mazimum of the distance of the
points in 7= 1(0) from 0.

5. Where |n| > 2d, = 2- Sg(1 +m2|yx|?) /%%, the function 71" is real
valued.

(2.11)

Proof of Lemma 2.4. The first two assertions follow by differentiat-
ing (2.4). The fifth assertion follows from (2.8). To prove that (v!,7!)
is square integrable, and to obtain Assertions 3 and 4, one must think
of (v,7) as depending on the parameters y € C"™ from (2.6.1). In par-
ticular, Assertions 3 and 4 follow from estimates at points n € C for
the C™ derivatives of the function u = u — zmIn[p|. Here, the function
u on C is determined by y € C™ in (2.6.1), while z(n) = w(|n|/dy)
and d, = 2 (1 +m?|yx|?)'/?#. The pointwise bounds in question are as
follows: First of all, the derivative, u/, of u by either the real or imagi-
nary parts of any y, is square integrable. Second, for any k > 0 and at
any point 7 € C one has |VFu/| < ¢pe /¢, where ¢ depends only on
dy, € C", and (; depends only on d, and k.

To prove these last assertions, remark first that it follows from the
construction in [21] (see also Chapter IIT in [5]) that ' is square inte-
grable with a uniform L? bound. Furthermore, u' obeys an equation of
the form i90u’ = *(47Y7|?u' — ¢'). Here |¢'| is bounded at n € C by
Ce 1M/¢; and the k’th derivative of ¢’ is bounded by (ze™ /<. Also, ¢
depends only on dy, and {; on dy and k. (This bound for ¢’ follows from
(2.5).) The pointwise bounds on u’ then follow from this last equation
by the maximum principle and (2.5.2). The bounds on V*u/ follow by
differentiating the equation for u' and again employing the maximum
principle. (In this case, the maximum principle asserts the following:
Let A > 0 and let f be an L? function on C with the property that
d0f —X-f > 0. Then f < 0 on C. In the applications at hand, use
f = |Vku/| — eI/ for an appropriate choice of ¢ and ¢.)

Part 2. TLet ¢ = (v,7) be a solution to (2.4). Associated to ¢
in a canonical way is a certain C-linear operator, ©., which maps an
ordered pair consisting of a section over C of 70! C and a complex valued
function to an ordered pair consisting of a complex valued function and
a section over C of T%'C. To write O, agree to trivialize T19C with
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the form dn. With the triviliaziation understood, the operator ©. sends
the ordered pair (a, ) (of complex valued functions) to

(2.12) (8a + ﬁ?a, Opx + 2—\1/§Ta> .
Here, 0 = 3% and 9, = 8% + vg,1, where vg; is the (0,1) component of
the 1-form v. The L? kernel of 6, will be denoted by V€. (Both O,
and V%€ play key roles in subsequent subsections.)

Note that this operator is naturally equivariant under the action of
Maps(C; U(1)), and so O, and the vector space V"¢ can be canonically
associated to the image of ¢ in €,, without recourse to any particular
slice embedding of €, into iQ!(C) x C*(C; C).

The operator O, is an elliptic, Fredholm operator (using the L2
inner product) whose index is m. (This was first noticed by [23].) A
Bochner-Weitzenboch formula for ©. shows that the cokernel is trivial
when ¢ satisfies (2.4). The Weitzenboch formula in question is the first
line below:

1 1 170 0
| v L2 &
b ®C®c 4vvvv + 8’7—‘ + 16 (0 1— ‘7_’2)7
1 0 1428, 7
16 \4v20,7 1—|7]*)°

(2.13) ) )
e 0lO, = Zvj,vv + gmg +

Here, V,(a,a) = (Va,Va+ v - a).
The vanishing of the cokernel ©, implies that the L? kernel of ©,
(that is, V%¢) defines a complex m-dimensional vector space.

Part 5. As c varies in ¢€,,, the vector spaces V¢ fit together
to define a vector bundle, V'V — &,,. The fact that V is locally trivial
can be proved using the implicit function theorem and the triviality of
the cokernel of ©,. Here is how: Observe first that when z is an L?
section of 4TRC @ C, the operator O.;, then maps L2(T%'C @ C) to
L?(CoT%' C) and differs from O, by a compact perturbation. Now, let
(V%)L denote the L? orthogonal compliment in L? to V¢, and define a
map &, : LZxV0ex (V0¢)L — L2 by the rule ®.(x, s, w) = Ocpz(s+w).
Because O, is surjective, the differential of this map at z = 0 along the
(VOe) L factor is surjective. The implicit function theorem then provides
a neighborhood U, of 0 in L? and a smooth map p,. : U, x V0¢ — (V0L
which is linear on the second factor, vanishes at 0 € U, and is such that
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Ocya(s + pe(z,8)) =0 for all s € V€. Thus, the map s — s + p(z, s)
defines a vector bundle isomorphism between V%¢ and V9¢t® This
trivializes V' on a coordinate neighborhood of ¢ € €,,.

Part 4. The bundle V — &, as just defined is canonically isomor-
phic to T'€,,, and hence (via the differential of Lemma 2.3’s map T) to
the trivial bundle &,, x C™. The isomorphism T'€,, =~ V is obtained as
follows: First, when (v, 7!) € T€,,, write v* = (2/2)~! - (a'dfj — a'dn)
with @' in T%'C and @' in T1°C. Then, the isomorphism from T'¢,,|.
to V%€ sends (v',7') to the L? orthogonal projection of (a',7') onto
Ve,

An equivalent view of the isomorphism T'¢,, = V notes that the
vector space V¢ is canonically isomorphic to the vector space of square
integrable solutions to (2.11) which obey the auxiliary condition

1
(2.14) ixdxv’ — Zim(?TO) =0.

Indeed, the identification between these vector spaces procedes as fol-
lows: Let (v°, 70) solve (2.11) and (2.14). Set a to be 24/2 times the (0,1)
component of ¥ and set & = 7°. Then (a, a) solves (2.12). The point
here is that the domain of O, is the space of section of T%'C @ C and
this is isomorphic to iTrC @ C by the R-linear map which sends (a, «)
in the former to (ﬁ(adﬁ —adn), «). This map intertwines O, with the
operator which is defined by the left sides of (2.11) and (2.14). How-
ever, when (a,a) € V%€, the element (vy = (2—\1/§(ad77 —adn), ™ = a)
will not, in general, be tangent at ¢ = (v,7) to the embedding of
¢ as described in Lemma 2.3. However, the proof of Lemma 2.3
describes this embedding, and with this description, it is a straight-
forward task to construct a linear map ¢ : V% — C™®(C) so that
(v} =0 — idip(y0 70y, =704 i (0 70)T) is tangent Lemma 2.3’s em-
bedding of €, when (v°,7%) is in V0¢.

d) The approximate solutions

Let {(Cg,mg)} be a finite set of pairs where each Cj is a com-
pact, connected, pseudo-holomorphic submanifold, and each my is a
non-negative integer. And, require that the submanifolds {C}} be pair-
wise disjoint. The goal of this subsection is to construct from this data
approximate solutions to the large r and small pg version of (1.13). The
construction requires seven steps. In the first six steps, C' is a compact,
connected, psuedo-holomorphic submanifold of X and m is a positive
integer.
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Step 1. The approximate solutions require the following data: The
choice of the parameter r and the choice of a section of a certain auxiliary
fiber bundle over C'. The purpose of this step is to describe this auxilliary
fiber bundle. (This is the “vortex bundle” of the introduction.) To
begin, introduce L C N to denote the unit sphere bundle, a principle
U(1) bundle over C. With L understood, introduce the associated fiber

(215) L XU(I) Q:m

Here, the action of U(1) on €, is described in Assertion 5 of Lemma
2.3.

By the way, Lemma 2.3’s identification T between €,, and C™ iden-
tifies (2.15) (as a fiber bundle over C') with ®1<p<,N™. This identifi-
cation will be implicit below.

Step 2. Suppose that c is a section of (2.15). Then c assigns to each
point z € C an orbit ¢, = (v,, 7,) in &,. Thus, one can write ¢ = (v, 7),
where v is a section over N of the bundle of 1-forms along the fibers,
and 7 is a section over N of E.

It is useful to single out a special section of (2.15). This section is
called the constant section. With respect to the representation of (2.15)
as @1<p<mN™, the constant section of (2.15) corresponds to the zero
section in each line bundle summand. This section assigns to each z € C
the vortex in (2.7).

Step 3. Given r > 1, introduce pjc which assigns to each z € C the
solution (pjv,, pi7,) to (2.10). To understand the significance of pfc,
first remember that Lemma 2.3 has identified €,,, with a submanifold
of iQH(C) x C*®(C;C). Next, remark that the assignment of z to p,
defines a section, pi7, of the bundle (7* N)™ over Lemma 2.1’s subbundle
Nigy- This is most easily seen in the case where ¢ is the constant section.
In this case, the section p;7 has the form

(2.16) 21 (r]s)?) s

Here, fn, is the non-negative, real valued function on [0, c0) which ap-
pears in (2.7). To define p}7 in the general case, note first that the
restriction of 7* N to the fiber of 7 over some z € C' is canonically triv-
ial up to an over all factor of U(1). With a choice of such a trivialization
for a fiber, the section s of 7* N defines a map from the given fiber to C,
and, simultaneously, 7, defines a complex valued function on C. With
this understood, 7,(r'/2s) defines a complex valued function on Noylz-
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And, as z varies through C| these functions on the fibers of 7 define the
section pjT.

Note that in the general case, where |s| is large, the section pi7 has
the form

(2.17) 2 f s

Here, f, is a positive, real valued function which is defined where |s]
is large. (The term “|s| is large” means that |s| is greater than the
supremum over all z € C of the numbers 7~/ 2d,; here y € C™ defines
(v, 7,) as in Assertion 4 of Lemma 2.3, and d,, = Sg(1 +m?|yx|)/?k.)

Meanwhile, the association of z € C' to pjv, defines a 1-form, pyv,
on 7*N. To be concrete here, write v, = ¢, dfj — ¢,dn where ¢, is a z-
dependent, complex valued function on C. Then, the assignment of z
to prs, defines a complex valued function, p;¢, on 7*N, and with this
understood, the 1-form p}v is given by

(2.18) oo = Vi((p15) Va5 — (91 Vs).

Step 4. This step makes the choice of a smooth cut-off function
X : [0,00) — [0, 1] which is equal to 1 on [0,1] and vanishes on [2,00).
Fix a constant § > 0 which is smaller by a factor of 10? than the radius
of the disk bundle N). Then, promote x to a function, x5 : X — [0,1]
as follows: Define x5 to be zero on X — Ny, and on N(g), set

(2.19) xa(-) = x([s()/9).

Step 5. This step uses the function xj;, as defined above, to extend
the section pi7 (which restricts to a section over Ny of (7*N)™) to a
section over the whole of X of a complex line bundle whose first Chern
class is Poincaré dual to m times the fundamental class of C.

To begin, define a complex line bundle £ — X as follows: Let dg
denote the fiber radius of the disk bundle N, and then introduce
Ny C Ny as the disk bundle of vectors of radius %1. Write F as
the quotient of the disjoint union of two complex line bundles by an
equivalence relation. The first line bundle is (7*N)™ — N(gy, and the
second is the trivial bundle (X — N(;)) x C. The equivalence relation

identifes a point (x, f) € (N) — N(1)) x C with the point (z, f|p T‘)
(m*N)™. Here, it is assumed that r is chosen large so that the zeros of
pr7 all lie in Nyy.
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With E understood, define the section o, of E from p;7 as follows:
Over (X — N(y)) where F is identified with (X — N(;y) x C, write oy = 1.
Over N(g) where F is identified with (7*N)™, write

*
PrT

(2.20) = ot 0=l

It is left as an exercise to verify that the first Chern class of F is
Poincaré dual to m times the fundamental class of C.

Step 6. This step uses the function ys and the 1-form p;v to con-
struct a connection, a,, on the bundle E. To begin, define the connection
over X — Ny, where E has a canonical trivialization given by a;, so
that a; is a,- covariantly constant. To define a, over N(g), reintroduce
the Levi-Civita connection 6 on the line bundle N, and pull this con-
nection up to a connection (still called #) on 7#*N. Note that 6 induces
a unique connection, #,,, on (7*N)™. With this understood, set

(2.21) ar = Om — (1 — x5) ' Vg ay + xspiv.

Step 7. Let {(Cg,mg)} be a finite of pairs consisting of dis-
joint, compact, pseudo-holomorphic submanifolds and positive integers.
Chose ¢y small enough so that the tubular neighborhoods of points with
distance g or less about the various Cj’s are pairwise disjoint. With
such a choice for §p, and with r large, the constructions in the preceding
steps for the case (C,m) = (Ck, mg) can be performed simultaneously
after the choice of a section of (2.15) for each k. (See Step 3, above.) The
result is a complex line bundle £ — X with first Chern class Poincaré
dual to Egmy[Cy], plus a pair consisting of a connection a, on E and
a section «, of K. Here, «, trivializes F and is a, covariantly constant
at points of distance dg or greater from each Cj. And, near any Ck,
the pair (a,, @, ) is given by Steps 1-5 above for the case where C' = Cj,
m =1myg.

With the preceding understood, note that the pair (o = ., 5 = 0)
defines a section of the bundle S as given in (1.9), and thus (a,, (o, 0))
is data for the Seiberg-Witten equations in (1.13).
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e) How close for the Dirac equation?

The purpose of this subsection and the next is to estimate just how
close the data (a,, (c,,0)) comes to solving the Seiberg-Witten equa-
tions in (1.13). This section considers the size of D4, (a,,0). Here A,
is the connection on det(S;) which is defined by the canonical con-
nection Ag on K~! and the connection a, on E. The following lemma
summarizes:

Proposition 2.5. Let {(Cj,mg)} be a finite collection of pairs con-
sisting of a compact, connected, pseudo-holomorphic submanifold and a
positive integer. Require that the collection of pseudo-holomorphic sub-
manifolds is pair-wise disjoint. Fiz o positive number dy and o small
number 0g. (The latter is constrained as in Step 6 of the preceding sub-
section.) Then, there are constants ro and ¢ which depend on the pre-
ceding data and the almost complex structure J with the following signif-
icance: For each k, choose a section (as defined in Step 3 of Section 2d)
of the Cy-version of the fiber bundle in (2.15) with the constraint that dy
is greater than the distance of any point in the correponding 7~1(0) to
Cx. Use this data to construct, for r large, (a,, (c,,0)) as described in
the previous subsection. Introduce the function d = dist(-, UxCy) which
measures the distance to UpCyx. If r > ro, then the norm of D4, (cy,0)
satisfies the pointwise bound

(2.22) 1D a, (0, 0)] < C(1 4 6~ 1)em VIS,

(See below for a more precise picture of D4, (1,0).)

By the way, if C' is not pseudo-holomorphic, then the constructions
in the previous subsection can still be made. However, in this case the
right side of (2.22) is replaced by ¢y/re”V'4/< which is O(\/r) instead
of O(1).

Proof of Proposition 2.5. With S_ as described in (1.9), then the
section of S_ given by D4, (c,,0) is the orthogonal projection of V,, a
onto T%!' ® E. By construction, this gives zero where the distance to
each C} is greater than §y. Near some C = (Y}, this projection can
be calculated using the form for a, and a, in (2.20) and (2.21). With
closeness to such a C understood, remark first that

(2.23) Va,ar = xs(Vao,, ar + prv-ap).

The subsequent considerations are simplest when ¢ is the constant
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section of (2.15). In this case,

(1 —lpy7l)
(xs + (1 = xs)lpiT])

(2.24) Va, 0 = pr(0yT) — Xs-

Here, p;0,7 is a certain E-valued 1-form on N(g) which is constructed
as in (2.18) but with a replacement for v. This replacement assigns, to
the fiber of N(g) at a point z € C, the form of type (1,0) on C which
is obtained by taking the v, covariant derivative of 7,. (Remember that
one of the vortex equations asserts that the (0,1) part of this covariant
derivative is zero.) To be more explicit, write v and 7 as in (2.7) and
thus introduce the functions u,, and f,,. Promote them to functions on
N(g) by composing with the map from N to R which assigns to each
point the value of |s|?. Then

(2.25) oot = ((f], — qum)\s\2 +mfp)s™  Vys.

Here, f]. denotes the derivative of f,, as a function on [0, 00).
With (2.24) and (2.25) understood, it remains only to project V,, a,
onto 7% ® E to obtain the final answer. Using (2.1), one finds that

(2.26) D4, (ar,0)] < ¢C(1+ 6 H)eVrlsl/C

where { is a constant which depends on m and the almost complex
structure .J.

To understand V,, «, in the general case, it is necessary to digress
for some additional remarks concerning (2.15). To start the digression,
remark that there is a well defined vertical subbundle, Vert, in the
tangent bundle to (2.15). These are the tangents to the fiber. Thus,
Vert is a 2m-dimensional bundle whose fiber at a given point (v, )
in a fiber of (2.15) is the vector space described in Lemma 2.4. The
connection # on the bundle L defines a projection from the total tangent
bundle of (2.15) onto Vert. Thus, 6 defines a 1-form (call it f¢) on (2.15)
with values in the subbundle Vert which restricts to Vert as the identity
homomorphism. With 8¢ understood, define the covariant derivative of
a section ¢ of (2.15) by the formula Ve = ¢*0¢. This covariant derivative
is a section over C' of the vector bundle ¢* Vert T*C.

Note that when &,, is interpreted as in Lemma 2.3, then Vc is a pair
(v, 7!), where v' is a 1-form along the fibers of (7*N)™ with values in
T*C, and 7! is a section of (7*N)™ with values in T*C. (Let U be an
open set in C over which L has been trivialized. With this trivialization
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understood the connection # is an imaginary valued 1-form on U. Also,
(2.15) is given as U X €,;,, and 7 is just a complex function on U xC. With
the preceding undertood, then 7! = d“7+m#r —0(s0" 71— 350" 7), where
d® denotes exterior differentiation in directions tangent to U while 9V
denotes the holomorphic derivative along C, the fibers of N.)

Note that following from Lemma 2.4, (v',7') decay exponentially
fast away from C.

End the digression.

In the general case, (2.23) is replaced by

(1 —lpy7l)
(xs + (1 —xs)lpi7])

where [0, 7] is defined by the equality 9,7 = [0,7]Vgs. Because of (2.4.2),
pi[0,7] restricts to each fiber of 7 to lie in the J-version of THY. Thus,
the projection of p}[d,7] onto T%!N is given by

(2.28) —pi[yTIu" o0 1,

b

(2.27) Va, 00 = pr0pT] + pjTl —

where 0g ;1 is the projection of ¢ in (2.1) onto T071N(0). Now it follows
that (2.22) holds thanks to Lemmas 2.3 and 2.4 plus (2.3).

f) How close for the curvature equation?

This subsection estimates the degree to which the data (a,, (a;,0))
solves the curvature equation in (1.13). The following lemma summa-
rizes:

Proposition 2.6. Let {(Cy,mg)} be a finite collection of pairs con-
sisting of a compact, connected, pseudo-holomorphic submanifold and a
positive integer. Require that the collection of pseudo-holomorphic sub-
manifolds is pair-wise disjoint. Fiz o positive number dy and o small
number 0y. (The latter is constrained as in Step 7 of Subsection 2d.)
Then, there are constants ro and { which depend on the preceding data
and the almost complex structure J, and which have the following signif-
scance: For each k, choose a section of the Cy-version of the fiber bundle
in (2.15) with the constraint that dy is greater than the distance of any
point in the correponding 7=1(0) to Cy. For v large, use this data to
construct,(ay, (e, 0)) as described in the previous subsection. Introduce
the function d = dist(-,U,Cy) which measures the distance to UpCy. If
r > 1o, then the norm of PLF, + %(1 — |oy[})w satisfies the pointwise
bound
i

(1= o )| < V(1 + 57DV,

(2.29) P.F, +
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Proof of Proposition 2.6. First of all, P, F,, +%(1—|a,|?)w vanishes
unless the function d is smaller than dy, in which case, one can restrict
attention to a neighborhood of a fixed C' = C}, and assume that a, has
the form given in (2.17). Once again, the discussion is simplest when ¢
is the constant section. With this understood, one finds that

Py Fy. =x6p(m — 2gm|s*) Fp + dxs A ay ' (Ve,, + (piv)ay)

(2.30) e i
+ 2rxspr(qm|sl” + am)Ves A V3.

Here, ¢/, denotes the derivative of the function ¢, as a function on
[0,00). The argument procedes from here by estimating the various
terms in (2.30). To estimate the first term above, first go back to (2.5)
to conclude that.

1— e Inl/¢ 1

(2.31) <|fml < 77
e <l <

This last equation (plus (2.5)) implies that
(2:32) [m — 2qmlnf?| < ¢emvTRIC.

Thus, the first term in (2.30) is bounded by Ce=VTIsl/¢ for an appropriate
choice of z.

As for the second term, it is only non-zero where the distance from
C is between 6/8 and §/4. Here, , is exponentially close to being a,-
covariantly constant. This implies that the second term in (2.30) is
bounded by (5§~ 1r1/2e=VTlsl/C,

Now consider the Py projection of the last term in (2.30). According
to discussion in Parts 4-6 of Section 2a, the self-dual projection of Vs A
V5 is equal to —iw + O(|s|). Meanwhile, the first equation in (2.4)
identifies 2(q!, + gm|s|?) with §(1—|cy|?). These last remarks imply the
lemma in the case where the section ¢ of (2.15) is the constant section.

Now consider the general case where the section ¢ does not assign
each point in C the vortex in (2.7). In this case, (2.30) is replaced by

F,, = xspy(m —¢3 —3s)Fy + dxs A a;l(ngozT + (prv)ay)
. [0  OF _
(2.33) + 7 X5 (8_77 + 8_77> Vs A Vg3
-2 x 1

+ (1= xo) (a7 ' 0} (dp,, 7") — a7 % piT AV, ) + xspi0"
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Here, v!, which is a 1-form on 7* N with values in T*C, is interpreted
in the obvious way as a 2-form on 7*N. With (2.33) understood, the
proof of Proposition 2.6 procedes by considering, one by one, the various
terms in this equation. For the first term, remark that (2.5) plus Lemma
2.3 implies a bound for the first term by Ce_\/ﬂs'/C. (Here, m — <3 —
¢s decays exponentially fast along the fiber from 0 because, according
to (2.5), so does the covariant derivative V,, 7,.) The second term in
(2.34) is bounded by (ér'/2e~V7Isl/¢ for the same reason. The fourth
and fifth terms are bounded by (r/2e=V7lsl/C courtesy of Lemma 2.4s
exponential decay estimates. As for the term in the middle of (2.33),
use the first vortex equation in (2.4) to write (g—f7 + %) = (1 —|71%).
Finally, use the fact that P.(Vgs A Vp3) = —iw + (’)Z\s\) to complete
the argument for Proposition 2.6.

By the way, the largest terms in Py F, + Z(1 — |oy|*)w are O(y/7)
and

118
Py Fo,+45 (1= o)
r . B B
(2.34) =-g- lpy7[*) (00,1 A Vo5 — 051

T xsPypi + O(L).

3. Introduction to Z; and Z

This section serves as a digression of sorts to describe a certain
finite dimensional variety of the space of sections of the vortex bundle
(in (2.15)). This variety is denoted by Zj and its non-singular stratum
by Z.

The space Zy plays a key role in the next section where the ap-
proximate solutions (just described) to (1.13) are deformed to honest
solutions. Indeed, to a good approximation, the role of Zj can be sum-
marized as follows: A large r, approximate solution to (1.13) as defined
in Section 2 from sections of (2.15) can be deformed to a true solu-
tion just when each of the sections lies in the appropriate version of
Zy. This feature of Zj is suggested by the discussion in Section 3b and
Proposition 3.1. In Section 3b, a modification of the data (a,, (a;,0))
is described which results in an order 1/4/r decrease in the size of the
left side of (1.13) precisely when the given sections of (2.15) sit in 2.
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Except for Section 3b, this section has no applications of Zj; the
goal being to define Zp and to describe some of its basic properties.
Indeed, except for Section 3b, the discussion below takes place in the
context where C'is a compact, connected, complex curve of some genus,
g; and 7 : N — (C is a holomorphic line bundle of degree n with a
given hermitian metric. With C' and N understood, a positive integer
m plus a pair of sections, v and pu, of the bundles T7%'C and T*'C ®
N? are sufficient for defining Zy. (The sections v and p are provided
courtesy of (2.3) when C' arises as a pseudo-holomorphic submanifold of
a symplectic 4- manifold X with compatible almost complex structure;
and when N is the normal bundle to C' in X.)

a) The definition of Z;

To begin, let L C N denote the unit sphere bundle (a principal U(1)
bundle). As in the previous section, use L and the tautological section,
s, of #*L — L to construct the associated fiber bundle

(31) L XU(I) Q:m

This subsection defines the canonical subset, Zj, of the space of
sections of (3.1). The definition of Z, requires ten steps.

Step 1. Remember that N is, by assumption, a holomorphic line
bundle over C' with a Hermitian metric. The hermitian structure and
the complex structure together define a unitary connection, 8, on N. The
connection defines the splitting T'N = 7*N @ n*T'C' and thus defines a
Riemannian metric on N. This metric will be used implicitly throughout
this section. The splitting above also defines the complex structure Jy
on N, and Jy will also be used implicitly throughout this section. Note
that Jy and the metric restrict to each fiber of N to define a standard
complex structure and metric.

Step 2. Associated to each vortex solution ¢ = (v,7) € &, is
the m-complex dimensional vector space V¢ of pairs (a, @) of complex
functions on C which are square integrable and are annihilated by the
operator ©, from (2.12). That is,

1 = 1
(3.2) da+—=Ta=0 and Jdya+ ——=71a=0.

2v2 21/2
2l

Here, 0 = 7 and 9, = 8% + vg,1, where vg; is the (0,1) component of
the 1-form .
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Step 3. Let ¢ = (v, 7) be a section of (3.1). This ¢ associates to each
z € C avortex (vy, 7,) in €. Then, each z € C has its associated vector
space V¢ of solutions to (3.2) as defined by (v,,t,). As z varies over
C, these vector spaces fit together to define the vector bundle V¢ — C.
(The proof that V¢ is locally trivial follows from the proof in Section 2c
that the bundle V' — €,, is locally trivial.) Note that V¢ is a rank m,
complex vector bundle.

Step 4. Fix z € C and a unit length complex parameter n for the
fiber of N at z. Use dy to trivialize T%*(N|,) and thus its conjugate
trivializes T®'(N|,). With this parameter 7 fixed, write

Oy, = [OpT,] - dn.

Then, (ﬁn(l — |7.|%)dij, 5[0, 7.]) defines a pair consisting of a section
of TY(N|,) and a complex valued function on N|,. Likewise, so does
(ﬁﬁ(l - ’Tz‘g)dﬁaﬁ[av@])'

Step 5. Note that the ambiguity in the choice of the parameter
n cancel out in the expression (2—\1/577(1 — |7.|2)di, n[d,7,]). Thus, with
the help of the connection #, this expression defines over N a section
of T9%'N @ E, where E = (7* N)™. Reintroduce the section v of T%!C,
and tensor the former section with v to obtain a section over N of the
bundle 7*(T%'C ® N) @ (r*T%'C ® E). This last section can be written
using the tautological section s as

(3.3) (iﬁus(l 1)V, us[aﬂ]) .

Step 6. Reintroduce the section p of T%'C' ® N2. Let u, denote
the restriction of p to z. The choice of the parameter n identifes u, as
a point in T%1C|,. With this identification understood, note that the
ambiguities in the choice of 1 cancel out when writing

(%ﬁﬂzﬁ(l - ’Tz‘g)dﬁaﬂzﬁ[asz]) :

Thus, with the help of the connection 8, the latter defines over the whole
of N an unambiguous section of 7*(T%'C ® N) @ (=*T%'C ® E). Note
that this section can also be written using the tautological section s as

(3.0 (ﬁﬁugu eP)Ves, ug[am)
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Step 7. As in the previous section, define the covariant derivative
(v, 71) of the section c of (3.1). One should think of v' as a 2-form on
N and 7! as a section over N of the bundle 7*T*C' ® E. Let ’1)(1),2 denote
the projection of v! into 72N = 7*(T%'C' ® N) and let T&,l denote the
projection of 7! into 7*T%'C ® E.

Step 8. For each z € C, use TI¢ to denote the L2 orthogonal
projection along the fiber of N at z of L2(T%'N|,) ® L?(E) onto the
subspace VF. As z moves through C, the family I = {II¢ : z € C}
varies smoothly.

Step 9. The canonical section of V¢ ® T%!'C is defined to be

c 1 = =
e - (— m(us + p435)(1 — |7]*) Vg5

(3.5)
By, — (s + )] + 0) .

Step 10. Define Zj to be the set of sections of (3.1) for which (3.5)
is identically zero. Topologize Zy using the subspace topology.

b) An application

In this subsection, return to the milieu where X is a compact, sym-
plectic 4-manifold. Let {(Ck,my)} be as in Section 2, a finite set where
each C} is an embedded, pseudo-holomorphic submanifold in X, and
each my is a positive integer. Assume, in addition, that the {C}} are
pairwise disjoint. For each index k, fix a section, ¢®), of the (Cj,my)
version of (2.15), and, for r large, construct the data (a,,q,) as in-
structed.

As seen in Section 2, when r is large, the data (a,, @, ) defines the
configuration (¢ = a,, (@ = ay, 8 = 0)) which solves the pp = 0 version
of (1.13) on all of X save for the radius 26 tubular neighborhoods of
the submanifolds from {C%}. And, on such a tubular neighborhood, the
size of both

1 118 9 9 r,o=
(36) . W (P+Fa + §(1 —|of® + |87 )w — Z(aﬁ - aﬁ))

b DA(aa /8)

are (1) in absolute value. With the preceding understood, the purpose
of this subsection is to describe a modification of (a,, (., 0)) which,
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under certain circumstances, makes (3.6) have absolute value O(1/4/r).
In fact, this size reduction occurs precisely when, for each k, the section
¢ lies in the (Cy,my) version of Zy. (See Proposition 3.2, below.)

The modification of (a;, (cr, 0) produces data (g, (2, 8,)). The con-
struction of the latter requires three steps.

Step 1. In this step, C is a compact, connected, complex curve,
and 7 : N — C is a holomorphic vector bundle. Fix a non-negative
integer m, and use the pair (C,m) to define (3.1). Now, let ¢ = (v, )
be a section of (3.1), and introduce

1
p=(——=(s+pus) (1 —|r]>)Vys
o L
+ 2\/51)372, —(vs + p3)[0,7] + T&,l)'

The Fredholm alternative finds a unique, square integrable section u; =
(b, \) over N of the vector bundle 7*T%'C' @ (7*(N @ T"'C) ® E) whose
restriction to each fiber of N obeys the equation

(3.8) Olu; = (1 -1 - p.
Note that ¢ is in Zy precisely when II°p = 0, so in this case, u; obeys
Olu1 = p.

Step 2.  Now, consider the context where (C,m) € {(Cy,my)}
and N is the normal bundle to C' in X. Take ¢ to be a section of the
(C,m) version of (2.15). (This is the (C,m, N) version of (3.1).) Define
u1 = (b, A) as above.

Given r > 1, use b to define a section, by, of 1™ N(g) as follows: Over
an open disk U C C, introduce kg as in (2.2) and (2.4). Next, introduce
b;. by the formula

(3.9) T 2pth = W (Rolo),
and then write

(3.10) by = bl.Ko — blkg.
Meanwhile, set

(3.11) Ar = prA

Step 3. With the preceding understood, the modification to (a,, (a;,0))
consists of data (a,, (,,8,)) which is defined as follows:
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e Where the distance to any C}, is 20 or more, then (q,, (¢, ) =
(ar, (ar,0)).

e Where the distance to C' € {C} is less than 2 - §, then
r
312 (anleng) = (o + 5t (@rsxi) )

The following proposition summarizes the properties of (a,, (¢, ﬁr)) :

Proposition 3.1. Let {(Cy,my)} be a finile set where each Cj
is an embedded, pseudo- holomorphic submanifold in X, and each my
is a positive integer. Assume, in addition, that the {Cx} are pairwise
disjoint. Let E — X be a complex line bundle whose first Chern class
is Poincaré dual to Lymy, - [Cy). For each k, fix a submanifold O%) in
the (Cy, my) version of (2.15) with compact closure. There is a constant
¢ > 1 which depends on {(’)(k)} and has the following significance: When
r > ¢, the assignment of {¢®} € x,O®) to (a, (@, B3.)) (as defined
above) defines a smooth map from xxzO%) into Conn(E) x C'°(S.).
In addition, suppose that (3.6) is defined using the data (a, (e, 3)) =

(Qra (Qra ér)) Then:

o The resulting expression is zero where the distance to UpCy is
greater than 20.

o Where the distance to some C € {Cy} is less than 24, (3.6) is
bounded pointwise in absolete value by ( - e~ Vrlsl/c,

e If, and only if the corresponding ¢ € {c®)} lies in the (C,m) ver-
sion of Zy, then (5.6) is bounded in absolute wvalue by
CT_1/2€_\/F"S|/C.

The remainder of this subsection is occupied with the

Proof of Proposition 3.1.  The proof has three parts. The first
part remarks that the fact that the assignment of (q,, (a,, 8,)) to {c®)y
defines a smooth map to Conn(FE) x C*°(S,) follows by inspection from
the constructions here and in Section 2.

The second and third parts of the proof concern the asserted bounds
for (3.6). To start the second part of the proof, introduce

(3.13) up = (r="2prb, prX).
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Define the covariant derivative of w,, Vu,, using the Levi-Civita con-
nection on T%'C, the connection § on N, and the connection § + p}v on
E. With V understood, introduce V¥ and V¥ to denote the respective
vertical and horizontal components of V.

With the preceding understood, consider that the norm of u, and of
its derivatives to any fixed order satisfy the following apriori bounds: For
given non-negative integers ¢ and 7, there exists (; ; which is independent
of r, and is such that for all sufficiently large r,

(3.14) (VYY) u,| < Ci,jr(j—l)/Qe—\/ﬂsVC.

This last estimate is justified shortly.

Granted (3.14), the third part of the proof amounts to a straight-
forward calculation plus the following observation: Due to (2.3) and
(2.28) plus (2.34), the part of (3.6) which is O(1) instead of O(1/4/7)
for (a = ay, (@ = ., 8 = 0)) is after rescaling to r = 1, nothing more
than p from (3.7).

To justify (3.14), first observe that the estimates for u, follow from
the r = 1 version of (3.14) by rescaling the latter. Meanwhile, the r = 1
estimates follow by straightforward arguments given two additional set
of estimates. The first set asserts that [(VH){(VV)Ip| < C’Z(J-(a_‘s'/C for
i,j > 0 and a suitable constant ¢; ;. (See (2.5) and [5]). The second set
of estimates bounds the Greens’ kernel, G, for the operator G)CG)JCr in
(2.13):

(3.15) o [Gelmn)] < C- (14 Infn —of||)e= 7 1/%,
. o [VGeln,n)| < C-In—n'| e
Here, ( is a suitable constant.

For example, given the preceding estimates, bounds for uy at a point
n in the fiber of N over a point z € C are obtained by using G, to write

(3.16) w(Cym) = / Goln,)  pl(),

where the integral is over N|,. Indeed, the required bounds for |u;| and
the vertical derivative of u follow directly from (3.15) and (3.16) given
the asserted bounds for |p|.

Bounds on the higher derivatives of 41 are obtained with the help of
G by differentiating the equation @cG)Jcrul = B.p and then commuting
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the derivatives to write the term with the most derivatives of uy as

0.0] (derivatives of u;) =fewer derivatives of u;
(3.17) o
+ derivatives of p.

The derivation of (3.15) uses the comparison principle with the
Bochner-Weitzenboch formula for ©,0{ in (2.13). Indeed, with (2.13)
understood, standard asymptotic expansions can be used to estimate GG
and VG near the diagonal in C x C. For example, where | — 7| < 1,
these yield

o |G(n,7)] <C(1+|In|p—7),

3.18
19 o [9G )] < o~

To bound |G| when 7 is not close to 7, use (2.13) to obtain the differen-
tial inequality: d*d|G|+3|7|2|G| < 0. The first line of (3.15) then follows
from this inequality and the bound in (3.18) using the comparison prin-
ciple. In this regard, use (1 + |In|n — #/||)e~"""1/¢ as the comparison
function for a suitable choice of (. And, remember that |7| > 1/2 on the
compliment of some ball about the origin. (See (2.5).)

A similar combination of local estimates and the comparison princi-
ple give the estimate for the second line in (3.15). (Note that VG obeys
an equation of the form @cG)JCr(VG) +R-VG =0 where nn # 7. Here R
is an endomorphism with a bound of the form |R| < ¢e~"/<))

¢) The definition of Z

The subspace Z C 2y is characterized by the condition that (3.5)
vanish in a suitably transversal manner. The precise definition requires
three steps

Step 1. Introduce p as in (3.7) and then solve (3.8) to obtain
= (b,\). Note that when (3.5) vanishes, (b,\) obeys the pair of
equations

= 1 1
1. —0b+ T (vs + p3)(1 —|7|%) + 2\/51)(1),2 =0,

22

(3.19) f
Lm0 A+ —= \/_ (us+,u3)[87]+701—0
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Step 2. This step introduces a certain R-linear, first order differ-
ential operator which maps sections of V¢ to sections of V¢ @c T%!C.
The operator in question, A€, sends a section (a, «) of V¢ to

(3.20) A(a,a) =TI¢ (5Ha+u&+$)\o7, 5Ha+ua+2i\/§(ba+/\&)).

Here, v and 4 are the given sections of T%'C and T*'C ® N2, respec-
tively. Also, the operator 0 is the horizontal part of the 0 operator on
N. (To be precise, suppose that U is an open set in C' over which N has
been trivialized as U x C, and let n denote the complex coordinate on
C. This trivialization also trivializes the bundle E over 7~ '(U). Given
such a trivialization, both a and « become complex functions on 7= (U).

With this understood, 9 ¢ and 0" «v are the respective projections onto
o TOLC of

d“a+0a+6 (ﬁg —77?) o
(3.21) o

d 0
and da4+mbl-a+0 n— —n— | a.
on o
Here, d© is the covariant derivative along the Ux constant slices, and
6 is the connection form with respect to the given trivialization.
This operator A is described further in the next subsection.

Step 3. Let A denote the space of sections of (3.1). Introduce, as
before, Z; C A to denote the subspace of sections of (3.1) for which
(3.5) vanishes. Then, let Z C Z; denote the subspace of sections ¢ of
(3.1) for which the operator A€ in (3.20) has vanishing cokernel.

d) The structure of Z; and Z

Here is a list of some of the salient features of Zy and Z :

Proposition 3.2. Let C' be a compact, connecled, complex curve
of genus g, and let N be a holomorphic line bundle over C of degree n.
Fiz a positive integer m, and a pair, v and u, of sections of T®'C and
TO91'C @ N2, respectively. Use this data to define Zy and Z as above.
Then, the following hold:

1. 2y is locally compact and has the following local structure: Let
c € Zy. The operator A€ is Fredholm, and so both its kernel and
the cokernel of A€ are finite dimensional. More to the point, there
is a smooth map from a ball about the origin in the former to the
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latter whose zero set 1s homeomorphic to an open neighborhood of
c in Zy.

2. Z is a smooth manifold of even dimension
2d=2m-(1—g)+m(m+1)n.
(Thus, if d <0, then Z = @.)
3. Z 1is orientable wilth a canonical orientation.

4. The diffeomorphism Y of Lemma 2.8 between C™ and &, in-
duces an identification (also denoted by YT) between (3.1) and
D1<q<m N Under this identification, the space Zy becomes a sub-
space of C®(D1<q<mN9) which can be described as follows: A
point y € O1<g<m N yields a point ¢ = Y(y) € Zo if an only if y
solves the equation

(3.22a) Iy + vRy + uF(y) = 0;

here W is the endomorphism of ®1<q<mN? which multiplies the
q’th summand by q, and F : ®1<q<mn N? — @1§q§qu_2 i a cer-
tain smooth, fiber preserving map. (Note that T is not holomorphic
in the fiber coordinates.)

5. When
Y=, ,yqg) € C(@1<q<mNY),

let
T, : @1§quNq ~ Ve

for ¢ = Y(y) denote the identification which is induced, via (5.26),
by the trivilization of V. — &, in Part 3 of Section 2¢. Also use
Ty to denote the induced identification between

(@lququ) & TO’IC
and V¢ @ TO'C. Next, introduce
Ay : B1<g<mNT = (B1<g<mNT) @ T'C

to denote the R-linear operator which sends a section 1y to

(3.22b) oy + Ry + uFyy/,
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where F,, denotes the differential of F at y. If ¢ = Y(y) €
(and thus y obeys (3.22)), then A, = TT'AY . In general, A, =
TTIACY ) + vy, where vy is a linear operator obeying ||lv, ()2 <
Cyéyllullo. Here, &, is the supremum norm of the left side of (3.22a)
(or, equivalently, of (3.5)), and (y, is bounded independently of y
given an apriori bound for 3<g<m(1 + m\qu)l/Qq.

2

The equations which define the set Z; in A can be perturbed slightly
so that the resulting solution set in 4 is a smooth manifold. Of course,
the equations can be perturbed by changing v and p. A larger class of
perturbations is parameterized by elements in the space of compactly
supported sections of T%2N. Indeed, given such a section, ¢, introduce
Z. to denote the subspace ¢ € A for which

nc(_L(us + 13)(1 - |7?) V5

2v2

(3.23)
+2V205, + e, —(vs + pd)[0,7] + 73,1)

vanishes.

Proposition 3.3. When m =1, and 1 — g+ n > 0, there is an
open and dense subset in CCTY"'C @ (TH'C ® N?) of pairs (v,p) for
which the corresponding Z and Zy coincide. On the other hand, when
1—g+n <0, Z =9 forall (v,u). For general m, there is a Baire subset
of compactly supported sections € of TY2N for which the corresponding
space Z. has, in a natural way, the structure of a smooth submanifold
of A whose dimension is 2d = 2m(1 — g) + m(m + 1)n. Furthermore,
Z. 18 orientable and has a canonical orientation.

Proposition 3.4, below, gives examples of Zy. The proposition in-
troduces the constant section of (3.1); the section ¢ = (v,7) of (3.1)
which is characterized by the property that 7 = f(|s|?) - s™ where f is a
positive, real valued function on [0, 00). This section is the image under
the map T of the zero section of ®1<g<mN.

Proposition 3.4. Identify (3.1) with ®1<p<m NP as in Proposition
3.2.

o When m =1, and with the preceding identification understood, 2
is the kernel of the operator D in (1.5). That is, ¢ = (v,7) € Z
if and only if the corresponding section h. of N (whose image is
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771(0)) obeys Dh, = 0. For ezample, the constant section of (3.1)
lies in Zy. Furthermore, Z = 2y when cokernel D = {0} and
Z = I otherwise.

e Take m > 1 and p = 0 in (8.5). Under the identification above,
Zy corresponds to the space of sections (y1,... ,Ym) of D1<p<mN™
for which qu +q-v-y, =0 for all q. In this case, Zy = Z when,
for each q, the cokernel of 0+ q - v is trivial. On the other hand,
Z = & when one of these operators has non-trivial cokernel.

o When m > 1, and p # 0, the situation is not so simple. For
example, the constant section of (8.1) is not in Zy when pu # 0.

The remainder of this section is occupied with the proofs of these
propositions. The order of proof will be Proposition 3.2 first, Proposi-
tion 3.4 second and Proposition 3.3 last. Also, the first three assertions
of the Proposition 3.2 follow as a fairly formal consequence of (3.22), so
(3.22) will be proved first. With this understood, the proof of Proposi-
tion 3.2 is divided into three parts. The first part proves Assertion 4,
the second proves Assertion 5 and the third proves Assertions 1-3.

e) Proof of Assertion 4 of Proposition 3.2

To begin, remark that the identification via the map YT in Lemma
2.3 of (3.1) with ®1<4<,, N follows from Assertion 4 of Lemma 2.3.

With (3.1) so identified, write (v, 7) €2 in terms of a section y of
D1<g<mN? as ((0V<)Vp5 — (0VE) Vs, plyle™), where ¥ and 0" are
the holomorphic and anti-holomorphic derivatives along the fibers of N.
Note that ¢ is a complex valued function on N whose restriction to any
fiber is as described in Lemma 2.3.

With (v, 7) so understood, the term in (3.5) with HC(2x/§vé72,T&1)
is equal to TI°(2v/207 9V ¢, (0% p) - e~ — 0% ¢ - 7). As the horizontal and
vertical derivatives on ¢ can be interchanged here, the resulting terms
where 0% ¢ appear have the form @Zx on each fiber of N. Thus, they
vanish when projected onto V. It then follows that the contribution of
the term with HC(Z\/%&Q, 70171) in (3.5) is equal to

(324) Elgqgmqunc(o, sm—qe—g).

Next, consider the terms in (3.5) which are proportional to v. In to-
tal, these have the form v-T1¢(s-((2v/2) = (1—|7|?), [8,7])). To analyze the

latter, return to the complex plane to see that (1—|7]?) = 16%11 where



244 CLIFFORD HENRY TAUBES

uis given in (2.6.1). Also, (2.6.1) identifies [0Y7] = T1<q<mqyn? 'e™ —
2(3%“)7' Since (3(n - du), —(2v/2)"Lr(ndu)) is in the image of O, the
terms which are proportional to v in (3.5) contribute only

(3.25) Y1<q<mqyq1(0, s™ ™)

to (3.5).

Note that (3.22a) follows directly from (3.24) and (3.25) given the
trivialization for the bundle V' — €, Part 4 of Section 2¢. The latter
trivialization identifies C"™ with V%¢®%) via the homomorphism which
sends 4 = (1, ,9,) € C” to

(3.26) (0, p(y') - e=°).

f) Proof of Assertion 5 of Proposition 3.2

The proof of the assertion is arranged in twelve steps.

Step 1. The bundle V' — &, whose fiber at ¢ is the vector space
V9%¢ = kernel(©,) inherits a natural lift of the U (1) action in Assertion 3
of Lemma 2.3. As such, V defines a vector bundle, V. — L X1y €p,. (If
c is a section of (3.1), then ¢*V = V¢.) The homomorphism Yy identifies
V with 7*(®1<¢<mN?). Meanwhile, the bundle Vert of vertical tangent
vectors to L X1y € is also canonically isomorphic to V; the latter is
induced by the isomorphism from Part 4 of Section 2¢ between V¢ and
TCm|c. Thus, W*(@lququ) is canonically isomorphic to Vert. It is
left to the reader to verify that the latter isomorphism is given by the
differential of the map T.

Step 2. The expression in (3.5) defines a map, F, from the space of
smooth sections of (3.1) into the vector space of smooth sections over
N of the bundle, £, whose fiber is the tensor product of 7*T%'C with
the direct sum of the bundle of (0,1) forms along the fiber and 7* N,
Note that a point w € V¢ ® T%'C defines a tautogical section, w, of
E|x(w)- With this understood, note that at each z € C, the section F(c)
along 7~ !(z) lies in the subspace {w : w € V¢|,}.

The preceding subsection proved that the expression on the left side
of (3.22a) is equal to YT'- F(T(y))).

Step 3. If ¢ is a section of (3.1) where F vanishes, then the dif-
ferential of F at ¢ defines a linear map from ¢* Vert to V¢. Given this
last fact, (3.22a) and the remarks in Steps 1 and 2, then the assertion
in the case ¢ € 2 follows by demonstrating that the composition of the
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isomorphism V¢ = ¢* Vert with the differential of F yields A°. In fact,
the following slight generalization holds:

Lemma 3.5. Fiz a bounded section e over N of the bundle of (0,1)
forms along the fibers of N. Then, define F. as a map from the space
of sections of (8.1) to the bundle £ by (3.28). Let ¢ € F-(0). Define
AC by (3.20) where (b, \) are defined by the modified version of (5.19)
which adds € to (8.19.1). Then, A€ is equal to the composition of the
isomorphism V¢ = ¢* Vert with the differential of F.

Proof of Lemma 3.5. The proof of this lemma occupies the Steps
4-11 of Part 2.

Step 4. Observe now that the section in (3.23) has the form
IIC) - h(-), where h is a smooth map from A to C®(C;T' @ T%'C).
To explore the differential of TI) - h, consider first the projection ).
Since the projection II¢ is defined fiberwise, focus attention on some
fixed z € C. Let {s3} be an L? orthonormal basis form V¢. Then, the
differential of II() in the direction defined by ¢ € C°°(C; V¢) defines, on
the fiber of N at z, an operator from (V€)' to V¢ which sends a given
q to

(3.27) Y s3(ws, q),

where wg is the differential (at 0) in the direction ¢ of p., (-, s3), thus a
certain ¢-dependent element in (V,°). (Here, (,), denotes the L? inner
product along the fiber of N at z.) To be precise, here is wg : Write
sg = (ag,ag). Then

1
(3.28) wg = —2—\/560_1(3‘000%300,10% + :E()aﬁ),

(Remember that (z9,1,2¢) depend on t € C*(C;V°).)

With the preceding understood, it follows that the differential of
IO . B(-) in the direction defined by ¢ at the point ¢ has, at a point
z € C, the schematic form

(3.29) Eﬁ Sﬁ(U)ﬁ, h>z + Hg . h,,

where h = h(c) and h' is the differential of A in the direction ¢ at c.

Step 5. Focus on the first term in (3.29). If I¢h = 0, then h =
—Olu. Thus, writing u = (b, A), the first term in (3.29) can be rewritten

245
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as:

1
—— - %3 sg{(Zoag, o105 + xpag), (b, A
o5 5 3p{(Zoag, To 103 + Toag), (b, A)) 2

1
= —— - Y3 sgl{lag, ag), (AZg, by + AT .
2z sllag, ), (AZo, bxo 0,1))z

(3.30)

This last expression is equal to

1
(3.31) e - (2—\/§(Azﬁo,baso + ,\m)> -

Step 6. Now write h = hqy + ho, where
1
2V2

Consider TI¢ - A). The derivative of hy at ¢ in the direction ¢ is given, on
the fiber of z € C, by

(3.32) hy = —(vs + us) - ( Vos(1 — |7]?), [aﬂ]> :

1 1
3.33) Ry =—(vs+us (—— To+ Tx0), ———=T —1—836).
(3.33) Ry = —(vs+ pus) 2\/5(70 Ta0) 273 0T + 9o

Step 7. Tt is left as an exercise to prove that with hy = (2\/51)(1),2, T01)s

(3.34) e . h,2 =TII¢. (gH(II(),l, 5H$0)

Step 8. The purpose of this step is to be more specific about the
relationship between ¢ € C*°(C; V¢) and x € U. For this purpose, write
t = (a, ). Then, there is a real valued, smooth, L2 function « on N|,
such that

(3.35) 201 = a+1i2V20u and 9 =« — fuT.

One can now consider the separate contributions to (3.31), (3.34) and
(3.35) from (a, ) and also from (i2v/2u, —iut).

Step 9. This step considers the contributions of (a, ). Replacing
(0,1, 0) in (3.31) with (a, ) immediately yields

(3.36) e . (ﬁ(m, bor+ Aa)) .
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When replacing (zg,1,79) with (a, ) in (3.33), remember that on each

fiber of N, ﬁTO_é = —da. This means that the (a,«) version of (3.34)

on the fiber of N at z is equal to the II{ projection of

= 1
(3.37) (vs + us) - (—8& + Ta, —0ya + 2—\/567) .

This last expression can be written concisely as

(3.38) (vs 4 p3) - OL(a, @).

One can now factor the expression (vs + u3) past ©! to obtain
(3.39) Ol((vs + p3) - (@, @) + (ua, va).

Finally, since II¢ annihilates the image of O}, the (a, ) version of (3.37)
is

(3.40) 1 - (pa, va).

Meanwhile, the (a,«) version of (3.28) is equal to I¢(0"a, 0" ).
By inspection, the sum of the (a, @) versions of (3.31) (see (3.36)) and
(3.33) (see (3.40)) and (3.34) give A¢(a,«) from (3.20).

Step 10. This next to last step considers (3.31), (3.33) and (3.34)
with (0.1, 70) replaced by (i2v/20u, —iut). (Call this the “u-version”.)
The bottom line here is that the contribution here is zero.

To begin, consider (3.31). With the appropriate replacements, this
expression can be rewritten as

T - {©7((0, iMu)) — i(0, (—9A + %m)u)}.

Now, II¢ annihilates the image of o\. And, by definition,

1
~ A + =—=7b = (vs + u3)[0pT] — 70,1

2v2

Thus, the u-version of (3.31) is equal to
(3.41) —i10° - {(0, ((vs + u3) - [Oy7] — 7'0171)’11)}.
By inspection, the u-version of (3.33) contributes

(3.42) —iII¢ - {(0, (vs + u3)[0pT]u)}



248 CLIFFORD HENRY TAUBES

to the differential of (3.23).
Finally, consider the u-version of (3.34). It is an exercise to verify
that the u-version of (3.34) is given by

(3.43) ¢ - (O] (—i2v/20 u, 0)) — il - (10,1u).

Step 11. Since the sum of the terms in (3.41)-(3.43) yields zero, the
u contribution to the differential of (3.23) at ¢ is seen to vanish. Thus,
the differential of (3.23) at a section ¢ where (3.23) vanishes does indeed
define the operator A° as required.

Step 12. In the general case where ¢ is not assumed to lie in Zj,
then the identification of Tl_lAch still follows from the identification
of the left side of (3.22a) with Y F(T(y)). As F is not assumed now to
vanish, the differential of this expression with respect to y has two extra
terms. The first involves the differential with respect to y of the map
Tl_l. The second involves the identification of the differential of F with
A°. In particular, when F # 0, there is an extra term on the right side
of (3.30) which also involves II¢h. These two terms together produce the
vy term in the asserted formula for A,. It is a straightforward exercise
using the estimates in Lemma 2.4 to verify the stated norm bound for
Vy.

g) Proof of Assertions 1-3 of Proposition 3.2
The three assertions are proved consecutively as Steps 1, 2 and 3.

Step 1. The assertion that A€ is Fredholm follows from Assertion 5
and (3.22b). The second part of this assertion is proved as follows: To
begin, it is convenient to use Assertion 4 to represent Zy as the space of
sections y of ®1<¢<;, N9 where (3.22a) holds. Let y be such a section.
Let @, denote the L? orthogonal projection onto the cokernel of A,
Define a map, 7, from C®(®1<¢<mNY) to

(1= Qy) - C¥((Dr<g<mNT) @ TV C)
by associating to ¢’ the section
(344)  T()=(1-Qy) (9 +vRy + u(Fly +y') —F(y))).
The differential of 7 at ' = 0 is

Ay CF(@12gzmN?) = (1= Qy) - C¥((D1<g<mNY) @ TV C),
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which is surjective. Thus, the implicit function theorem implies that
7 ~1(0) intersects a neighborhood of y in C®(®1<4<mN) as a smooth
manifold which is diffeomorphic (by L?-orthogonal projection) to an
open ball B, C kernel(Ay). Use ¢, : By = C®(®1<4<mN?) to denote
this embedding onto an open set of 7~(0). Then ¢, has the following
properties:

e For any p > 0, there is a constant &, such that

le(y') = ' ll2p < &pllyll2-
Here, || - [|2, signifies the Sobolev LJ norm.

e Define ¢ : B, — cokernel(A,) by the rule

P =Qy - [y + ) —Fy) — Fuye)).

Then the intersection of Zy with a neighborhood of y is homeo-
morphic (via the map ¢) with ¢~1(0).

(3.45)

(Remark that the first point above follows from the inverse function the-
orem. The second point follows from the identification of Zy with the set
of y which obeys (3.22a). Also, note that the application above of the
inverse function theorem requires an intermediate step which extends 7
as a map from a suitable Sobolev space completion of C*®°(®1<4<mN)
to a corresponding completion of C®((@1<¢<mNY) @ T%!C). This in-
termediate step is straightforward and left to the reader.)

Step 2. This step proves Assertion 2 of Proposition 3.2. The
point is that Assertions 4 and 5 identify Z as the space of sections y
of ®1<q<mN? where (3.22a) holds and A, has trivial cokernel. It then
follows from (3.45) that Z is a manifold whose dimension near y is the
real index of the operator A,. The latter differs from the d-bar operator
on @1<g<mN? by zero’th order terms, so the index of A, is the index of
this d-bar operator, where the latter is viewed as an R-linear operator.
This last index is twice that of the index of the d-bar operator as a
C-linear operator.

Step 3. Use Assertions 4 and 5 to identify Z as in Step 2, above.
In the case where the index of A, is positive, associate to each y € Z
the vector space kernel(A). As (3.45) indicates, these vector spaces fit
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together to define a vector bundle over Z which is canonically isomor-
phic to TZ. As such, a consistent choice of orientation for kernel(A,)
defines an orientation for Z. Meanwhile, an orientation for the latter
is the same as an orientation for the real line A*P(kernel(A,)). In the
case where the index of A, is zero (and so Z is a collection of points),
an orientation for Z consists of a choice of +1 at each of Z’s elements.

To consistently orient A*P(kernel(A,)) in the index positive case,
observe that A, differs from a C-linear operator (for example, d) by
a zero’th order term. The operator without this term has a natural
complex structure on its kernel and cokernel. This means that its de-
terminant line (which is AP (kernel) ® (AP (cokernel))™!) has a natu-
ral orientation. Furthermore, this orientation is preserved by C-linear,
zero’th order perturbations of this C-linear cousin of A,.

With the preceding understood, choose a path of zero’th order de-
formations from A, to a C-linear perturbation of A, say one with
vanishing cokernel. A generic zero’th order perturbation of the C-linear
cousin of A, will have this property. Furthermore, the cokernel of the
operator defined at any time t along the generic path will also be empty.
Thus, the determinant lines for A, and for the C-linear perturbation at
the end of the path of deformations are naturally identified. This identi-
fication gives kernel(A,) a natural orientation. (Keep in mind here that
the space of paths of zero’th order deformations from A, to a C-linear
perturbation form a contractible space.)

By the way, the orientation of Z can just as well be defined via a
deformation of A¢ in (3.20) to a C-linear operator from V¢ to V@ T%1(
because the identification T; between V¢ and ®1<4<;,n N? is Clinear.

When the index of A, is zero, the generic path to a C-linear pertur-
bation will be such that its C-linear endpoint has trivial cokernel (and
also kernel). And, there will be a finite number, say N, of times ¢ along
the generic path for which the resulting operator has non-trivial kernel.
Furthermore, these kernels appear in a suitably transverse manner as t
passes one of these special points. (Mimic the discussion in Step 2 of
Section 2 in [18].) Given the preceding, orient y as (—1)". This orien-
tation is consistent because the set of C-linear perturbations of A, (by
a zero’th order term) which have trivial kernel form a path connected
space.

h) Proof of Proposition 3.4

As a first step, consider whether the constant section is in Zj. For
this purpose, it is sufficient to exhibit a pair (b, \) which solves (3.20).
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With this understood, then (b, A) for the case m =1 is given by

1
1. b= 2v2ws—[8,7],
T

1
2. A= psi—(1—|7).
T

(3.46)

(It is left as an exercise to verify that 70171 and 0372 both vanish when ¢ is
a constant section of (3.1).) Note that both b and A are smooth, as can
be verified using the explicit form in (2.7) for the symmetric vortex.

In the case where m > 1 and p = 0, take b as in (3.46) and take
A = 0. Once again, the smoothness of b can be verified using (2.7).

Argue as follows to prove that the constant m > 1 section of (3.1)
does not make (3.5) vanish when p # 0. First, note that when pu
is non-zero, then (b, \) still solve (3.19) but the expression for A in
(3.46.2) is singular at the origin when m > 1. In fact, near zero,
A~ pfm(0)7H(3) ™™t Meanwhile, when ¢ is an m > 1, symmetric
vortex on C, one can prove that there is a solution (a,a) to (3.2) where
a = q(|n|*)n™=2 and where ¢(0) # 0. (The existence of such a solution
can be deduced using the identification &,;, = Sym™(C).) In any event,
the L? inner product between (a,«) and u§(2—\l/§(1 —|71?), 8,7) can be
computed via integration by parts as a residue at the origin, namely
w(3a\)o = muq(0) frn (0) 7.

Now consider the assertions about Zy in the m = 1 case. The
assertions here follow with an identification of F(y) in (3.22a) with 7.
The argument has four steps.

Step 1. The milieu for this step is C and the m = 1 vortex moduli
space ¢;. The main observation here is that the vortex equations are
invariant under the group of translations of C, and so this group acts
on any €,. This action is free (since a non-trivial translation moves
771(0)). Furthermore, in the case where m = 1, every point in ¢; is
obtained by such a translation from the m = 1 vortex ¢y = (vg, 79) which
has 7, L(0) = 0. The latter vortex solution is invariant under rotations
of C which fix the origin. Thus, the vortex with 7=1(0) = X is invariant
under rotations of C which fix the point A.

Step 2. This step identifies the vector space of solutions to (3.2)
in the m = 1 case. This vector space is 1 dimensional (over C) and the
reader can check (using the vortex equations (2.4)) that when ¢ = (v, 7),
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then the solution space to (3.2) is the span of

(3.47) we = (%(1 _ \ﬂ?),@vT) .

Remark here that the vector w,. does not have L? norm equal to 1.
Rather, integration by parts (plus (2.5.1)) can be used to establish that

(3.48) /@ o2 = 7.

For future reference, note that in the case where (v,7) is an m > 1
vortex, then w, is still a solution to (3.2), although the square of the L2
norm in this case is equal to m - .

Step 8.  When ¢ = (v,7) is the S'-invariant vortex with vortex
number m (the vortex for which 771(0) is the origin as described in
(2.6)), then

(3.49) /(Cf : ‘wc’2 = 0,

where f(n) = n* and f(n) = 7P for p > 0. (This is because |w.|? is
an Sl-invariant function.) It follows from (3.49) that when m = 1 and
771(0) = A, then, with f as above,

(3.50) L =m0

Step 4. In the m = 1 case, the map Ty at y takes y' € N| ) to
7 we(we, (0,e75))a, where ¢ = ¢(y) and (, )5 denotes the L? norm along
the fiber 7=!(y). The L? inner product here is independent of y, and so
can be done for the case y = 0. In this case, the integral in question is
equal to

(3.51) /@ 31— 7).

(Remember that e™¢ = n~!'7, and that 8,7 = 0.) The latter integral
equals 7. (Integrate by parts in (3.51), taking care to account for a
residue at the origin.)

It follows from (3.5) and this last calculation that F = 7~ (w., —fwe)s.
And, this last expression is equal to § because of (3.50).
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Finally remark that the m > 1 and g = 0 assertions of Proposition
4.3 follow directly from (4.22) and Assertions 4 and 5.

i) Proof of Proposition 3.3

Consider first the m = 1 assertions. The proof of Proposition 3.4
demonstrated that the m = 1 identification in (3.27) between V¢ and
N identifies the operator A¢ with the operator D in (1.5). Meanwhile,
Lemma 3.1 in [18] asserts that there is a Baire subspace of pairs (v, ) in
the Frechet space C®°(T%' @ (N2®T%!C)) for which cokernel(D) = {0}
when 1 — g +n > 0. Standard perturbation theory (as in [6]) can be
used to prove that this Baire set is actually open and dense. On the
other hand, when 1 — g 4+ n is negative, the index of D (which is twice
this number) is negative, so cokernel(D) # {0} no matter what.

Consider now the assertion about Z. for generic, compactly sup-
ported e. The proof is based on an argument using the Sard-Smale the-
orem [16] which is due to Uhlenbeck. (See the proof of Theorem 3.17 in
[3].) The first step is to fix k£ > 2 and introduce the Banach space B of
C* sections over N of T2 N which is obtained by completing the space
of smooth, compactly supported sections using the norm

(3.52) s%p e|s‘EOSjSk\Vj€].

Let A denote the Banach space of Sobolev class L2 sections of
D1<q<mN?. Using the map T from Assertion 4 of Proposition 3.2,
this space is identified with the space of Sobolev class L2 sections of
(3.1). With this identification understood, introduce the universal mod-
uli space Z C A x B which consists of pairs (y,e) for which (3.23) van-
ishes when ¢ = Y(y). This last condition can be written (in analogy
with (3.22a)) as

(3.53) Ay + vy + pF(y) + YT, 0) = 0.

It is an exercise to generalize the arguments for Assertion 1 of Propo-
sition 3.2 so as to prove that Z is a smooth submanifold of A x B such
that the projection induced map to B has everywhere Fredholm dif-
ferential with index equal to d. With the preceding understood, the
Sard-Smale theorem [16] can be invoked to find a Baire subset of B
which are regular values for the projection induced map Z — B. Note
that if € is a regular value of such a map, then the corresponding Z, is
a smooth submanifold of A of the required dimension.
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It remains still to prove that the Frechet space of smooth, compactly
supported sections of T%2N contains a Baire set of regular values for the
map from Z to B. In this regard, fix a positive integer R and consider
the space Z consisting of solutions (y,¢) for which the L3 norm of
y is bounded by R. Tt is an exercise to check that the map from Z%
to B is proper. With this understood, the set of regular values of the
latter map form an open and dense subset of B. The preceding open
and dense subset intersects the Frechet space of smooth, compactly
supported sections of 792N as an open and dense subset, 0. Note that
the set No<rezO" is a Baire subset of the space of smooth, compactly
supported sections of T72N. And, each point in this set is a regular
value for the map from Z to B since the Z®’s are nested and their
union is Z.

Note that the Baire set here can be characterized by the following
condition: A section ¢ is in the Baire set when the following is true at
each ¢ € Z. : Define the first order operator, A¢: C°(V¢) — C®(V¢®
T%'C) as in (3.20) where (b, ) solves the modified version of (3.19)
which adds ¢ to the left-hand side of (3.19.1). Then cokernel(A¢) = {0}.
(This implies that the tangent space to Z. at c is naturally isomorphic
to the kernel of this very same operator A°.)

With the tangent space to Z. identified as above, the discussion of
orientations for Z. is the same as that for Z in Assertion 3 of Proposition
3.2 and in Subsection 3g.

4. From almost solutions to true solutions, I

The first purpose of this section is to define a deformation map which
takes certain of the approximate solutions from Sections 2 and 3b of the
large r version of (1.13) to honest solutions.

A brief digression is required in order to make a precise statement.
To start the digression, suppose that E — X is a complex line bun-
dle with first Chern class e. Now fix a finite set {(Cy,mg)}1<k<n of
pairs, where {C}} is a pair wise disjoint collection of connected, f)sgudo—
holomorphic submanifolds, and the set {my} consists of positive inte-
gers. These are constrained so that 3;mg[Cy] is Poincaré dual to e.

For each k, the data (Cy, my) specifies a fiber bundle as in (2.15)
(and (3.1)). With this understood, introduce, for each k, the space Zy
and the manifold Z from Section 3¢c; and fix an open set £*) in the
k'th version of Z which has compact closure in Z.
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Notice that a point in x;K*) along with a fixed choice of small, but
positive d gives, for all sufficiently large r, the data (a,, @, ) as dictated
in Section 2. Here, a, is a connection on the bundle F and «, is a
section of F. The number § should be fixed once and for all, and should
be chosen so that 10% - § is much smaller than the minimum distance
between any two members of {Cx}. With (a,, ;) constructed, define
(a,, (e, B,)) as in (3.12). Here, a, is a connection on E, and (a,, 8, ) is
a section of the bundle S, as defined in (1.9) using the line bundle FE.

Use the Levi-Civita connection on 7*X and the connection a, (plus
the connection Ag on K) to define a covariant derivative, V, on sections
of iT*X @ S.. Finally, use || - ||2 to denote the L? norm for sections of
Hermitian vector bundles over X.

End the digression.

Proposition 4.1. Fiz a complex line bundle E — X, and then fiz
{(Cr,mi)} and {K®)} as above. This data determines ¢ > 1. Then,
given v > ¢, let M) denote the moduli space of solutions of the g =0
version (1.13) for the Spin® structure given by (1.9). There exisls a
continuous map U, : x K& — M) which has the following form:
Construct the connection a, on E and the section (QT,QT) of S4 from
the data given by a point q in the domain of W, as dictated in Sections
2 and 3b using some fized § < (1. Then

6o = (0 [0 o+ .+ ).

where o' €1 -QY and (!, 3') € C®(Sy) obey the following:

V(@ (@, 8l + 2l (o, 8l < G2,
41 D suwll (o8] < ¢/,

3) sup|V(d,(d,8) <.
X

Note that Theorem 1 in the introduction is an immediate corollary
to Propositions 3.4 and 4.1.

There is a generalization of Proposition 4.1 which is valid when the
gluing data (the set of n sections of the n different versions of (2.15))
is required only to sit in the n versions of Zjy. To fully appreciate the
statement of the more general result, one must keep in mind the identifi-
cation via the map Y in Proposition 3.2 of Zy with the space of sections
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of ®1<q<mN? which obey (3.22a). Also keep in mind that a neighbor-
hood in Zy of y € Z; is homeomorphic to the zero set of a smooth
map, ¢, from a ball about the origin in kernel(A,) to cokernel(A,).
Here, A, is given by (3.22). Finally, remember that both kernel(A,)
and cokernel(A,) are naturally normed vector spaces, where the norm
comes from the L? norm on the complex curve in question.

Here, and in what follows, the map T of Proposition 3.2 is used to
implicitly identify (2.15) with ®i<4<,» N9 and to identify Z; with the
space of sections of <4<, N? which satisfy (3.22a).

The generalization below of Proposition 4.1 also re-introduces the
space Conn(E) of C* connections on F (toplogized as an affine Frechet
space modelled on i Q'(X)). Let C*°(S,) denote the Frechet space of
smooth sections of S, and let C°°(X;S') denote the Frechet manifold
of smooth maps from X to S'. Note that the latter acts continuously
on the product Conn(E) x C*°(Sy). Endow the orbit space

(Conn(E) x C=(84))/C*(X;5)
with the quotient topology.
Here is the statement of this more general result:

Proposition 4.2. Fiz a complex line bundle E — X and {(Cy,my)}
as above. For each k, fiz a point, yé“, in the k'th version of Zy (as defined

using Cy and my ). Use IC(()k) and ng) to denote, respectively, kernel(Ay)
and cokernel(A,) when y = yé“. Then, there is, for each k, a ball B,

about the origin in IC(()k), and, for all large r, there are
e a smooth map 1, : x,B®) — Xklcgk) and
e a conlinuous map

T, : x;B®) - (Conn(E) x C®(5,))/C®(X;5")
which have the following properties:
1. U, maps ¥;1(0) to M,.
2. The map YV, has the following form: When
Yy = (yla s 7ym) € XkB(k)a

then y* defines a section ¢®) = Y (y*) of the k'th version of (2.15)
lying close to Y (yk). Construct from {c#)} the connection a, on E
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and the section (a,,f) of Sy (as dictated in Sections 2 and 3b).
There exist an imaginary valued 1-form a' and section (!, 5') of
Sy such that

Ut = (e [30 lag + B+ ).

3. The data (d',(c!,3')) obey (4.1) where ¢ depends on {yf}, but is
independent of r and {y*}.

4. The map 1, has the following property: For each k, let ¥* denote
the map 3 as defined above with yf. Then, |1h, — xpp*| < (r=1/2,
Here, the norm is the product norm from that on each of the spaces
k).

Remark that ¥, in both Propositions 4.1 and 4.2 is a homeomor-
phism. Furthermore, ¥, from Proposition 4.1 maps onto a non-degene-
rate, manifold part of M) as a diffeomorphism. These facts are stated
more formally and proved in Section 6.

These two propositions are proved by exhibiting the required maps
W, and 1,. The remainder of this section is occupied with the linear
aspects of the construction, while the next section completes the job.
Thus, the proofs are completed in the last subsection of Section 5. (Var-
ious analytic aspects of these maps are discussed in Section 6.)

a) The formal structure of the proof

The construction of the map W, employs a strategy which is briefly
outlined below. (See Section 5.1 for a more detailed outline.)

Step 1. Search for a solution to (1.13) of the form (a, + %a’,
(o, + o/, B+ (')) where the imaginary valued 1-form a’ and the spinor
(¢, 3") are small. The Seiberg-Witten equations in (1.13) can be written
as equations for the triple ¢' = (¢, (¢/, 3’)) in the following schematic
form:

(4.2) Ld +Vr-w(d,q) +err =0,

where L is a first order differential operator with canonical symbol (the
zero’th order part depends explicitly on r and on (g,, (@, 8,)). In (4.2),
w is a certain canonical (r-independent) vector bundle homomorphism
from the bundle ®2(i7T* ® S1) to the bundle A4 & S_. In (4.2), the
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term denoted by “err” is determined by the failure of (a,, (,,8,)) to
satisfy (1.13). The latter is given by (3.6) where a = q,, @ = «,, and
=0,

(Remark that the factor of ‘/\/_- in the definition of ¢’ is necessary in

order to make w in (4.2) independent of r.)
The operator L sends

¢ = (d,(,0)) €iQ ©C®(Sy)
to 1%+ @ C°°(S_), where the two components of Lg' are, respectively,

P.dd — Z%r@( — BB )w + %(@ﬁ +d'B8—af —dp),

2\/\/77—04 agy + 2\/\/_—5 gy

Here, (a, (o, 8)) = (@, (2, 8,))- In this last equation, 0 is the projection
of the covariant derivative onto T%!'X, and 0* is the formal L2-adjoint
of the projection of the covariant derivative onto A2T%'X = K~!. Also,
ap,, is the projection of a’ onto T%'N.

Note that the operator in (4.3) is not elliptic. (This is a relic of the
gauge invariance of the Seiberg-Witten equation.) However, there is a
natural extension of the operator to an elliptic operator which maps the
space iQ' © C®(S,) to i(Q° @ N%F) @ C*®(S_). This extended operator
will also be called L, and (4.2) should be interpreted with this extended
L. The projection of (the now extended) L into 2%t @ C°°(S_) gives
(4.3), while L’s projection into iQ° gives

(4.3) 000! — (Dagsa)* B +

(4.4) *d * o' + iﬁim((@a' + 66,

V2

where (a, (a, 8)) = (g, (2, 8,))-
With the preceding understood, (4.2) will henceforth be interpreted

as the condition for the vanishing a certain section (as defined from ¢’)
of i(Q° & Q%) & C®(S_).

Step 3. The contraction mapping theorem provides the basic tool
for proving existence and uniqueness assertions for an equation such as
(4.2). Here is the statement of the version that will be employed below

(see, e.g. [7]):
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Contraction Mapping Theorem. Suppose that H is a Banach
space with norm ||-||. Let B C H be a closed subspace, and letY : B — B
be a smooth mayp for which there exists € > 0 such that

1Y (w) =Y ()| < (1 —¢) - [Ju—wvll

for all pairs (u,v) € B. (Such a map will be called a contraction map-
ping.) Then there is a unique fized point ug € B of the map Y. More
generally, suppose that T is a smooth manifold and Y : BXxT — Bisa
smooth map such that for each t € T,Y (-, t) is a contraction mapping.
Then, there exists a smooth map w : T — B such that for each t,u(t)
is the unique fized point of Y (-,1). Furthermore, if TT is endowed with
a norm (for example, if T is a Banach manifold), then the norm of
the differential of u(-) at a point t is bounded by =" times that of the
differential of the map Y (u(t),-) : T — B at t.

The application of the contraction mapping theorem to (4.2) requires
the operator L to be invertible on a suitable domain, in which case (4.2)
is implied by the fixed point equation ¢’ = Y (¢') where Y (-) has the
following schematic form:

Y(¢)=-L '(Vrw(d,q) + err).

Here, L™ is a partial inverse to L in that L is, in a suitable sense, an
inverse to L on the compliment of a certain finite dimensional subspace
of its range. The contraction mapping theorem will be used to solve this
last equation for ¢’ as an implicit function of the data {c(k)}. The map ¥,
in both Propositions 4.1 and 4.2 is determined explicitly in terms of the
data ¢' in (4.1). In the case where the domain of L' is not the whole
of the range of L, there are finitely many components of (4.2) which
are not spoken for in the preceding equation. These components then
define a finite system of equations on the data {c®)}. The latter give
the map 1), in Proposition 4.2. (This strategy, introduced to geometers
by Kuranishi [10], is now well known in gauge theory circles.)

b) A strategy for the equation Lq' = g.

The use of the contraction mapping theorem puts the onus on find-
ing useful estimates for the operator L in (4.3) and (4.4). With this
understood, the remainder of this section is occupied with the study of
the operator L and the construction of an inverse. The full non-linear
problem, (4.2), is taken up in the next section. This subsection discusses



260 CLIFFORD HENRY TAUBES

the strategy which is used for analyzing L. (The details of the strategy
are worked out in the subsequent subsections.)

As will be demonstrated below, when r is large, the operator L in
(4.2) is nicely invertible over a vast amount of X, but has problematic
inverse near each C}%. The region where L has such an inverse consists
of those points where the distance to any C}, is greater than 24. On the
other hand, the behavior of L on sections with support near some C}, is
rather complicated. This suggests a strategy for analyzing the equation

(4.5) Ld =g

which isolates separate contributions from a neighborhood of each Cj.
The purpose of this subsection is to describe, in a very general way, how
this isolation is obtained.

To effect this isolation strategy, introduce, for each k, the bump
function x5, which is the Cj version of the function in (2.19). Now,
search for ¢’ with the following form:

(4.6) ¢ = (1 — x46.6)¢° + SkX100549"-

Here, ¢° = (a°, (a?, 3°)) consists of an imaginary valued 1-form a° and
a section (a, 3°) of the plus spin bundle S40 of the canonical Spin©
structure on X (as defined in (1.7)). Meanwhile, each ¢* consists of a
triple (a”, (a*, 8%)) consisting of:

k

1. an imaginary valued 1-form " on the normal

bundle 7 : N, — Cy,

¥ over this normal bundle of E,

(4.7) 2. asection, «
3. a section, ﬁk, over this normal bundle of

E®7T*(Nk ®T17()C).

Implicit in the use of (4.6) in (4.7) is, for each k, an identification
via the exponential map from Lemma 2.1 of a disk subbundle Ny, in
N}, with a diameter dy > 10?6 tubular neighborhoood of Cj, in X. Also,
implicit here are:

e An identification of 54 with Sy o on the support of
the function Iy (1 — x45.%)-

e An identification of iT*Ny, ® E ® (E © 7" (N}, ® T19C))
with ¢7*X @ 54 on the support of X196 k-

(4.8)
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Suppose as well that a decomposition of g has been given:

(4.9) 9 =151 — x456)9° + SiX1005,69"
where

o ¢° =TI;(1 — Xx2554)9,

(4.10) .
® g = X256,k9-

With (4.6) and (4.9) understood, then the equation Lg' = g is im-
plied by the following set of equations:

o Log" + Sip(dxioos, a") = ¢°,

4.11
i) o Lid* — pldxas,d®) = ¢~

Here, L° is the operator which is given by (4.3) and (4.4) but for the
case where the Spin® structure is canonical, the connection a, is replaced
by the product connection on the bundle e¢ = X x C, and (q,, ﬁT) is
replaced by (1, 0). In particular, with (4.8) implicitly understood, Ly
and L agree on the support of the function Iy (1 — x45,4). Meanwhile,
for each k, the operator Ly is a specific operator on the normal bundle
Ny, which agrees with L on the support of x100s5,4. (Here again, (4.8) is
implicit.) In both lines of (4.10), p denotes the principle symbol of the
operator L. Furthermore, (4.8) must be used to interpret (¢°, {g*}) in
(4.11).

Note that (4.11) implies (4.2). Indeed, multiply the ¢° equation by
g (1 — x4s,) and multiply each ¢* equation by X1005,k- Then add the
resulting equations together to obtain (4.2). Thus, (4.10) rewrites the
one equation (4.2) as a finite number of coupled equations as indicated
schematically in (4.11).

By the way, given a solution ¢’ to (4.2), there exists data (¢°, {¢*})
so that both (4.6) and (4.11) are satisfied. Indeed, this data is found
in terms of data {f*}, where each f* is a section over the correponding
normal bundle Ny of iT* Ny ® ec @ 7* (N, ® T1,0C). (Here, ec denotes
the trivial complex line bundle.) Here is the formula for (¢°, {¢*}) in
terms of ¢/ and f* :

o ' = (1 — X2557k)q, + EleOO(s,k‘fk'

(4.12)
o ¢ = xosod — (1 — xa50) f".

261
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(Implicit in this last equation is an appropriate identification between
E and the trivial bundle where the distance to C} is greater than 2-4.)

No matter the choice for {f*}, this last equation implies (4.6). How-
ever, (4.11) requires that each f* be given implicitly in terms of ¢’ as a
solution to the equation

(4.13) LYFR — p(dxoss)g = 0.

Here, Lg is the same as Lj; but for the replacement of the connection
a, on E by the product connection on ¢c and for the replacement of
(¢, 3,) by (1, 0). As shall be demonstrated below, (4.13) has a unique
solution. (Remark that if ¢ is given apriori by (4.6), then the solution
to (4.13) is f* = xo556¢° — (1 — x250,6)9"")

With the schematics of the strategy understood, the remainder of
this section considers, in turn, the operator L, then the operators { L¥},
and finally, the coupled system in (4.11).

Note that the author learned of the method of separating one equa-
tion on a manifold (in this case, (4.2)) into a number of localized equa-
tions (i.e., (4.7)) from Donaldson’s approach in [2] to the problem of con-
structing anti- self dual connections on connected sums of 4-manifolds.

¢) The operator L

The purpose of this subsection is to describe and analyze the opera-
tor Lg in (4.11). To begin, remark that Ly maps sections of iT* @ S+ o
to i(er @ Av) @ S_, where er is the trivial, real line bundle, and S+ o
come from the canonical Spin® structure in (1.7). Introduce the canon-
ical connection 4y on K~1. Then, the operator Lg is given by (4.3, 4)
with g, =0 and o, =1 and g = 0.

With regard to (4.11), note that there is a canonical identification
between Sy (the bundles in (1.7)) and the spinor bundles Sy from
(1.9) on the support of TI;,(1 — x4s,) and a corresponding identification
between the operators Lg and L. Indeed, where the distance to any
Cy is greater than 24, the bundle E in (1.9) is trivial with the section
«, defining the trivialization. Furthermore, the connection @, is trivial
here, and ¢, is a,-covariantly constant. Finally, QT = (0 where the
distance to Uy (Y}, is greater than 20.

In the lemma below, use the Levi-Civita connection and the canon-
ical connection on K~! to define covariant derivatives on sections of
tensor bundles and of the bundles S . Use these covariant derivatives
when defining the Sobolev Lz norms, the various Cy norms and Holder
normes.
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Lemma 4.3. There is a constant { and which has the following
significance: Use v > 1 to define the operator Ly. Then Ly defines a
continuous operator from iQ' & C*®(S1,), a Frechet space, to i(2° @
O?F) o C®(S_ ) with continuous inverse. Furthermore, let g° € i(Q°®
Q%) @ C®(S_y), and ¢° = Ly'g". Then the following hold:

o [IVe°ll2+ V7 - [la°l2 < Cllg°ll2,
o [IV¢°[l2 < ¢rm'/2(1Vg°) 2,
o supy |¢°] < ¢rmH7supy [g°),

o For any k > 0, there is an r independent constant (; wilth the
property that the C*Y/2 Hélder norm of ¢° is bounded by (; times
the C*=11/2 Hilder norm of ¢°.

Proof of Lemma 4.5. Introduce LB to denote the formal, L? adjoint
of Lgy. It is an exercise to compute LOLB. The result has the following

schematic form:
T
o

1
(4.14) LoL} = ZVTV +Ro+Vr-Ri+ 2

where R 1 are r-independent endomorphisms of i(er @ Ay) ® S_ o, er
being the trivial real line bundle over X. In (4.14), V is the covariant
derivative on i(Q0 @& Q?T) @ C*(S_) which comes from the metric
and the canonical connection Ag on K~!. Standard local estimates for
the “Laplacian” 1VIV + & show that when r is large, (4.14) defines
a continuous operator on the Frechet space 7(Q° @ Q*T) & C*°(S_)
with continuous inverse. With this understood, the inverse of L is
Ll (LoLb) .

The estimates for Ly follow Z = @. from estimates for (LOLS)_I.
For example, the L? and L? estimates in the lemma all follow from the
fact that for sufficiently large r, the smallest eigenvalue of the operator
in (4.14) is larger than r/16. As for the C¥ and Hélder estimates, these
follow from standard estimates for the Green’s function of “Laplacian”
ViV + L.

Note. In the preceding, and below, the Greek letter ¢ will rep-
resent a constant of size larger than 1 whose precise value may change
from appearance to appearance. Unless noted explicitly, the precise
value of this constant is immadterial to subsequenct discussions. What
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is important is its lack of dependence on data such as r, (¢°, {g*}). This
independence should be assumed if not stated explicitly.

d) The operator L; and an operator L’

As Lemma 4.3 illustrates, the analysis for Ly is straightforward.
However, the story is nowhere near as simple for the operator Lj in
(4.11). The analysis of this operator occupies this and the subsequent
four subsections.

To set the stage for this business, fix a compact, pseudo-holomorphic
submanifold C' C X and a positive integer m. Let 7 : N — C denote
the normal bundle to C in X. This subsection will describe the operator
Ly in (4.8) when C = C%. The description is in terms of an auxilliary
operator, I/, which is, essentially, the first order Taylor’s expansion of L
off of C. The idea here is that the operator L' reflects the structure of N
as a vector bundle over C, while this is only true of L to leading order in
the distance to C. The fact that L’ sees the vector bundle structure on
N simplifies the analysis in that a version of the method of separation
of variables can be employed for L’'. However, be forwarned that the
ultimate story is not as simple as “L’ plus perturbation theory”, since
the difference between L' and Lj is not relatively small on a certain
subspace of the domain.

The description of L', its relation to L and the definition of L oc-
cupy this subsection. The description requires the six steps that follow.
In these steps, the existence of a chosen, section, ¢, of (2.15) will be
assumed. Here, the vortex number m is assumed non-negative. (Thus,
m = 0 is permissable.)

Step 1. This step introduces four important first order differential
operators on N. The first two operators are 9 and 0. The former
takes a function on N to a section of 7*T0C} it is simply the horizontal
projection of the Jy-holomorphic part of the exterior derivative. Thus, if
« is a function on N, then % « is obtained by taking the (1,0) part of the
m = 0 version of the right most expression in (3.21). The operator 9%
is the complex conjugate operator which takes a function and gives the
section of 7*T%1C' which is the horizontal projection of the Jy-version
of the d-bar operator on N. Thus, 07« is obtained from the m = 0
version of the right most expression in (3.21) by taking only the (0, 1)
part.

The remaining pair of operators are denoted by 9V and 0V, respec-
tively. These differentiate along the fibers of N. To be precise, note that
the tautological section s is defined over N(g as a section of 7*N. The
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section s restricts to each fiber of N as a complex parameter. Use 9V
to denote the resulting derivative; that is,

0

Vv e —
(4.15) ¥ =

Note that these four operators can be extended to differentiate sec-
tions of any vector bundle with connection over N. For example, when
differentiating sections of 7* N, the connection in 8V is trivial along the
fiber. (Think of using the connection #.) When differentiating sections
of E = (n*N)™, the connection for use in & is the trivial connection
plus the 1-form p}v. (Thus, for large r, this connection on Ny is very
close to a, from (2.21).) In any event, be forewarned that the presence
of the connection will not be noted explicitly.

Step 2. This step introduces an operator, L', which is essentially
the first order Taylor’s expansion of L off of C. The operator is defined
on N where it takes a section of

(4.16 a) Vo=m"NOE®mTH"C® (E®r*N®r* T (C)
to a section of
(4.16b) VI =ec @ (E®n*N) @ (m*N @ *T"C) @ (E @ *T*'C).

Here, E = (7*N)™, and ec is the trivial complex line bundle. Let
t = (ay,d, ac,3') € C°(Vy). Then, the four components of L't in
C*(V,) are:

\/F *— 1 1 H .
——p,.7a + ={0" ac, iwe).
2\/§pr < C C)

2
2. 5V04'+£*Ta + o5 —pp.
3. ay +vay + pac — 0Vac + ﬁpﬁ?ﬁ'.

2v2

1. 8Vav +

4. 9o/ —9VpE + \/772\/5/);7@(;.

Here, we is the volume form on C, and the brackets, (, ), denotes the
inner product with respect to the metric gy. Be aware that in (4.17),

the covariant derivatives use the connections 6 on #*N and 0, + p;v on
E.
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Step 8. This step introduces operators & and Q as follows: First,
define k to be the operator k = (05 +is)0" + (—0s++5)0", where v, p,
and « are defined in (2.3). Here, the covariant derivatives in question
use the connection 6,, + pjv on E. Meanwhile, the operator Q maps
C*(Vy) to C*° (V1) by the following rule: The four components of Q - ¢
are:

1
1. - 5(/-60,(), iwe).
(4.18) 2. —kp'
3. —kay +irac+i_ac.
4. —kd.

Here, 1+ are certain specific r and (v, 7)-independent bundle homomor-
phisms whose precise form is irrelevent to the subsequent discussions.

Step 4.  Introduce u, as in (3.13) where (b, \) are as described
in Step 1 of Section 3c. Consider u, simultaneously as the section
(0,0,7=1/2p%b, p\) of Vy in (4.16a).

Step 5. Let Ny C N denote the radius dy disk bundle. Remem-
ber that this disk bundle has an implicit identification with a tubular
neighborhood of C' in X. As such, the operator L in (4.3, 4) induces an
operator on N(g). The latter operator maps sections of iTO’lN(O) e Sy
to sections of ic @ iAL & S_, where ¢ — N is the trivial real line bun-
dle. Here, To’lN(O) refers to the J- version. Likewise, S is given by
(1.9) where K=" is the J-version of the canonical bundle of N(g), and
E = (7*N)™ as a vector bundle over N(g. By the way, as an opera-
tor over N(g, the covariant derivatives in (4.3) are defined using g, in
(3.12), while o, and 8 in (4.3) and (4.4) are also given by (3.12).

The following lemma describes the relationship between L and L’ :

Lemma 4.4. If r is sufficiently large, then there are natural iso-
morphisms over Ny which identify the bundle iTO’lN(O) &S5 and V)
(see (4.16a)) and identify i(e ® Ay) & S— and Vi (see (4.16b)). And,
with these identifications, L on Ny takes t = (av,d/,ac, ') € C®(Vy)
to

Lt = L't + Qt + 2vrw(u,, t) + Rem(t)

where | Rem(t)| < ¢|s[2(10Y¢| +10V¢]) +C|s| (|07t + |07t + [¢]), ¢ being
independent of r, and the section t.

This lemma, is proved below.
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Step 6. The operator L; maps sections of Vy to sections of Vy
according to the rule:

(4.19) Lyt =Lt + X40057k(Qt + 2\/’]_“ ~w(up, t) + Rem(t)),

where Rem is described in Lemma 4.4.

Proof of Lemma 4.4. The first observation is that the connection
O + prv which is used for covariant derivatives in L’ is, up too an ex-
ponentially small factor (the exponent is proportional to —+/r), simply
the connection @, (from (2.21) which is used to define a, via (3.12).
(Remember that the latter defines, with €, the covariant derivatives in
L.) Also, the section pi7 of F is similarly close to a, from (2.20).

Next, note that a section f of the J version of T%'N can be written
as

(4.20) vkl + fe,

where fy is a section of 7N, and f¢ annihilates tangents to the fibers
of N and so is a section of 7*T™*C. Here, &1 is the complex conjugate
of k1 from (2.1). Note that fc lies in the subbundle generated by the
complex conjugate of k¢ in (2.2). That is, f¢ lies in a subbundle of
7*T*C which is isomorphic to 7*T%'C and equals the latter on C.

More generally, an imaginary valued 1-form a’ on N can be decom-
posed as

(4.21) d =ayk —ayk +ac — ac,

where ay is a section of #* N,and ac¢ is a section of 7*T™*C which lies in
TY%'N. The assignment of a' in (4.21) to the pair (ay,ac) defines the
identification between 1" N(gy and 7*N & 7*T%C and thus completes
the identification between the domain of L and the domain of I'.

The identification between 7 - (¢ ® A1) @ S_ and V; comes about as
follows: First of all, use (1.9) to identify S_ with TO’IN(O), and then
use (4.20) to identify the latter with a direct sum of line bundles. This
explains the second and fourth summands in (4.16b). The first and
third summands are obtained with the identification of i(e & Ay) with
the complex bundle ec ® K ~'. Here, the real part of ec is identified with
—ispan(w), and the imaginary part with ie. Also, the identification of
T071N(0) with 7* N @ 7*T%!'C induces the identification of the J-version
of K=! with 7*N @ m*T%'C.
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Given the preceding, the proof of (4.19) is obtained as follows: First,
the term 2/rw(uy, ) in (4.19) appears when (g,, (o, 8,)) is written ex-
plicitly as in (3.12) in terms of (a,, o) and u,. With the u, contribution
to L written explicitly, consider now the operator in (4.3) and (4.4) as
defined with ¢ = a,, @ = «, and 8 = 0. Let V denote the covariant
derivative as defined by the connection a,. This V-covariant derivative
of a section &' of the bundle over N can be written as

(4.22) Vo =Ry + NV o )ry + 0o + 0.

Here, 0" is the projection of the J-anti-holomorphic part of the co-
variant derivative along 7*T*C, while &' is the projection of the .J-
holomorphic part along #*T*C. Also, ¢ is the function which appears in
(2.3). (Thus, ¢ = 1 + O(|s|?).) Finally, the operator 0’V is defined like
AV but with the connection on E taken to be a, instead of 0, + piv.
With the preceding understood, note that the bottom component of
the (a, (o, 8)) = (ar, (ar,0)) version of (4.3), can be decomposed into
two equations by projecting onto the spans of the forms ¢ and x; in
(2.1) and (2.2). The resulting two equations have the following form:

1. 5/Ha/ . g—lalvﬁ/ + %Owac,
\/77

ayay +0H4.
2\/57"‘/ /8

The second and fourth lines of (4.17) follow from (4.23) by introducing
the Taylor’s expansion of the function ¢ in (2.1), and by writing the
operators &' and &V in terms of 0%, 9V, their complex conjugates
and Taylor’s expanding the coefficients. On sections of F, one finds
that 9" = 0% — k plus terms which contribute to Rem. On sections of
E@m*N @ n*T%'C, one finds that 0" = 0¥ — k — & plus terms which
contribute to Rem. Meanwhile, @¥ and 8" are exponentially close at
large r (the exponent is proportional to —+/r).

The first and third equations in (4.17) come from the top equation
in the (a;, (a,0)) version of (4.3) and (4.4). To see this, first write o’
as in (4.21). Then, the exterior derivative da’ has the expansion

(4.23)
2. g—lglva/ +

da' =710 ay + 8V av)m AR+ (0T ay + 710V ac) AR
+ (5’Hav — §_15,Vac) N K1+ aydiq
—aydrr + (0 ac — 8Mac) — (@May — 0V ac) Ak

- (5’H6_lV + C_lalvac) A K1.

(4.24)



FROM PSEUDO-HOLOMORPHIC CURVES

Here, the covariant derivatives of the section ay of 7 N and those of its
complex conjugate are defined using the connection 6.

It follows from (4.24) that the top component of (4.3) can be written
as two equations. The first of these equations is obtained by projecting
onto A2T%! and gives the third equation in (4.17) plus terms which
contribute to Q and to Rem. The first equation is obtained by projecting
along the symplectic form w. This last equation plus the appropriate
multiple of (4.4) gives the first equation in (4.17) plus terms which
contribute to Q@ and to Rem. (Remark that the ¢3 operators in (4.18)
arise from the fact that the identification of 7*7T%'C with a summand
in T%'N does not usually identify " with 8'V.)

e) The vertical operator

The description above for the operator Ly facilitates its description
via a two part strategy. The first part (just completed) writes Ly =
L'+ x4006,5(Q+2-/r-w(u,, -)+Rem). This subsection focuses attention
on L'. The vector bundle structure of N will be used to decompose L’
into what will be called its vertical and horizontal pieces. (This second
part of the strategy is, essentially, separation of variables.) The vertical
piece of I’ differentiates only along the fiber of N and thus defines a
family of operators on C which are parameterized by the curve C. The
horizontal piece of L’ contains all of the derivatives along horizontal
directions in N.

With the preceding understood, the purpose of this section is to
analyze the vertical piece of L'. This vertical part will be denoted by
M. Tt has the same domain and range as does L' and is defined as
follows: Let t = (ac,d,ac, ) € C®(Vy). Then, the four components
of M -t in C*®(V;) are

1. " ay + %p;?a',
2. Vo + ﬁp*TaV,
22"
(4.25) JF
3. — 8Vac + mp:ﬁ@,,
Jr

4. — 0V B + YL=pirac.

2v2

Note that this operator, as advertised, differentiates only along the fibers
of N.

269
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Use the hermitian metric on N (as a vector bundle over C) to define
a Riemannian metric for N. (Use the connection 6 on N to split TN =
7*TC @ n*N as a sum of 2-plane bundles with metrics. Note that this
metric restricts to each fiber as the standard Euclidean metric on C.) Use
the preceding metric to define the formal L? adjoint of M. This adjoint
is the operator M : C®(V;) — C°°(Vy) which sends h = (bgy, Ag, b1, A1)
to

/Y \/F * —
1. — 8Vb() + Q—ﬁpTTA(),
VT
A b ,
2\/§pr7— 0
v
22
PR G Y

WG

2. — 0V +
(4.26)

3. Vb + PrTAL,

p;Tbl.

The following three lemmas describe the operators M and M. In these
lemmas and subsequently, the kernel of M and M on a particular fiber
of N consists always of square integrable data along the fiber. As above,
the Riemannian metric for N is that which is induced by the hermitian
structure of N as a vector bundle over C.

Lemma 4.5 Suppose that v > 1. Then, for each z € C, the kernel of
M|, is an m-dimensional complex vector space Ky, of elements of the
form (ay,,0,0). Meanwhile, the kernel of M|, is an m-dimensional
vector space, K1, consisting of elements of the form (0,0,b1, A1). Fur-
thermore, as z varies in C, these vector spaces fit together to define the
vector bundles Koy — C and K1 — C which are naturally isomorphic to
Section 8’s bundles V¢ and V¢ @ T C, respectively.

Note that a point in Ky has a dual interpretation. On the one hand,
a point in Ky is simply a point in a vector bundle over C. On the other
hand, by definition, such a point is a particular section of (4.16a) over a
fiber of 7 : N — C. To distinguish these two roles, the section of (4.16a)
which corresponds to the point w € Ky will be denoted by w. Similarly,
a point w € K defines a particular section, denoted by w, over a fiber
of N of (4.16b).

The next lemma requires the introduction of the covariant derivative
VYV along the fiber of N. (This is defined using the connection 6, + piv
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for sections of E, and the Euclidean Levi-Civita connection on the fiber
of N for sections of T*N.)

Lemma 4.6. There is a constant ¢ > 0 which is independent of
r > 1 and has the following significance: Let z € C. Then

(4.27) M) = CUIVY Rl + 772 ]|R]l)

whenever h is L? orthogonal to all w coming from points w € Kil,.
Likewise, ||M(h)||. is greater than C(||VYh||, + 7/?||h||,) whenever h
is L% orthogonal to all w coming from points w € Ko,

Lemma 4.7. There is a constant ¢ > 0 which is independent of
r > 1 and has the following significance: Let z € C. The operator M|,
is invertible on those square integrable h which are L? orthogonal to all
w coming from w € Ki|,. Furthermore, this inverse has the following

property:
1 [VYAM)THE + el [(M 1) =R < ¢RI,
2. The C° norm of (M|,)~'(h) is bounded by (r—'/2(sup |h|+r/2||R||,).

3. Suppose that |h| < Ee=VTISI/E where € > 0 and ¢ > 1 are con-
stants. Then |(M|,)~ ()| is bounded by C&r—/2e=V7II/< ot each
point of N, where (' = ( max(1,¢).

This subsection ends with the proofs of these lemmas:

Proof of Lemma 4.5. The operator M|, is block diagonal in the
sense that it does not mix elements of the form (ay,a’,0,0) with those
of the form (0,0, ac,d'); and it will some times be written in the 2 by
2 block diagonal form

(4.28) M= (%’ £T> ,

Here, ©& on each fiber is the recaled version of the operator 6, that
was introduced in Sections 2c and 3a. (When (b, \) is an ordered pair
of (0,1) form on C and complex valued function on C, then O.(b, \) =
(0b + 2—\15?)\, O\ + 2—\1/5719) = (N, V') is an ordered pair of complex val-
ued function on C and (0, 1) form on C. With this understood, then
(r'2pst pEX) = ©(r—2ptb, pr)).) Meanwhile, ©1 is, on each fiber,

the formal L? adjoint of © and is a rescaled version of the operator o}
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from the previous section. Thus, the kernel of © on each fiber of N is
the suitably rescaled kernel of the operator O, and the operator ©F has
no L? kernel on any fiber.

With the preceding understood, note for future reference that an
appropriate rescaling of the Weitzenboch formulae for the operators O,
and O] (see (2.13)) gives the following Weitzenboch formulae for © and
O on the fiber of N at any z € C':

1 T N
4.29) L [|eh||? > ZHVVhH? + ngﬂzhH? = ¢r(|(1 = ptr) ' 2h 2,
’ 1 T .
2. (|07 > ZHVVhH? +gllorT h[Z-

Here, the given section of ¢ of (2.15) has been written as ¢ = (v, 7).
(These last equations are valid when ||Vh||, + ||h||, is finite.)

Proof of Lemma 4.6. Note first that M1 is block diagonal in the
sense that it does not mix elements of the form (bgy, Ag, 0,0) with those
of the form (0,0, b1, A1). On the former, the operator M* acts as ©F. On
the latter, it acts as ©. With this understood, the inequality in Assertion
1 follows from (4.29) and the fact that |7| is almost equal to 1 at large
distances from the origin. The inequality in the second assertion follows
by a similar argument.

Proof of Lemma 4.7. The inverse of M has the form M~ =
MT(MMT)~!. The invertibility of the operator MMT on the L? orthog-
onal compliment of K, follows from (4.29) by standard arguments,
as does the L? estimate in the lemma. Given the C estimate for the
r =1 case, the r > 1 estimates follow by rescaling the » = 1 estimates.
Meanwhile, the r = 1 estimates follow by standard techniques.

f) L' on Kg¢’s compliment
With M understood, consider now the question of inverting the op-
erator L'. The lemma below summarizes what this subsection has to say

about this issue. However, the statement of the lemma requires a five
part digression to discuss various conventions.

Part 1.  Below, in the statement of the lemma, and in the sub-
sequent proof, the metric on N is defined by the structure on N of a
hermitian vector bundle over C. This metric is used implicitly in the
definition of the function space norms which appear, and specifically in
the definition of the L2 norm on N. (The latter is denoted by || - ||2.)
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Part 2. Covariant derivatives of sections of E are defined with the
aid of the connection #,, + piv. Covariant derivatives of 7* N and tensor
bundles are defined using ¢ and the metric’s Levi-Civita connection
respectively.

Part 3. Lemma 4.6 introduces the vector bundle K; — C. By
definition an element of Ki at some z € C is an element in the kernel
of the adjoint of the operator M. Similarly, a point in the vector bundle
Ky — C over some z € C' is also (by definition) an element of the kernel
of the operator M on the fiber of N at z. As remarked previously, this
dual personality for points w € K; (and, likewise, Ky) will be noted
explicitly by underlining to distinguish w (a point in a vector bundle
over (') from its incarnation, w, as a section over a fiber of N in the
kernel of some operator (either Mt or M).

Part 4. Vector bundle metrics are required for Ky and also for K.
The metric is obtained by polarizing the following fiber norm: Let z € C
and suppose that w € Ky, or Ky ,. Then as remarked, w represents w,
which is a pair of 1-form and complex valued function along the fiber
of N at z. With this understood, define

(4.30) jwl = 7172 ],

the former is the norm of w as a point in a vector bundle over C, and
where the latter is the L2 norm of w over the fiber of N at z. (This norm
has the property that a uniform multiple of |w| bounds the supremum
norm of w along the fiber of N at z. This uniform factor is independent
of r, but it does depend on the given section of (2.15).)

As remarked above, when w is a section of Ky or K1, w is a section
of Vy or Vy, as the case may be. And, the L? norm of w (as computed
by an integral over C) is equal to 71/2 times that L? norm of w (as
computed by an integral over N.)

Part 5. Introduce L?(Vy) and L?(V)) to denote the L? comple-
tions of the spaces of sections over N of the vector bundles V; and V.
Now, introduce L?(Vy; Kg) to denote the (closed) subspace of Vy whose
elements are L? orthogonal to all sections of Vy of the form v for v a
smooth section of Ky. Define L?(V;; K1) similarly.

Lemma 4.8. There are constants (, ro > 1 which have the following
significance: Suppose that r > ro. The operator L' has a partial inverse
on L?(Vi; K1) in the following sense: There is a bounded operator P :
L2(Vi; K1) — L2(Vo) N L2(Vy; Ko) which is an isomorphism, and is
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such that L'P(h) — h = w where w is a square integrable section of K;.
Furthermore, this P has the following properties:

CHIRIE < NP +rl[P(R)II3 < ClIRIS,

(4.31) Z
2. ||IL'P(R) = hll3 < ¢ (B3

The remainder of this subsection is occupied with the proof of Lemma
4.8.

Proof of Lemma 4.8. TFirst, let II' : L2(Vy) — L?(Vy) denote the
L? orthogonal projection whose image is the space {w:w € Kpy}. Thus,
IT" is defined by the family of projections {II), : z € C'}, where IT/, is the
finite rank projection onto the kernel of the operator ©|, from (4.28).

Now, fix a smooth section A of V;. Then P(h) will have the form
(1 —TI")L'Tug where ug € L2(Vy; K1) N L2(V1). The construction of P(h)
plus the verification of (4.31) requires six steps.

Step 1. Consider minimizing the following functional on
L2(V1; Kl) N L%(Vl) :

(4.32) J(u) = 27H| (1 = ) L'l 3 — (u, h)s.

Here, {,)o denotes the L? pairing on L2(V1; K1) N L?(V1). A minimum,
ug, of this functional in L2(Vy; K1) N L2(V;) is a weak (that is, L?)
solution of the condition that L(1 —TI")LTug — h defines a section of K.
With this understood, then (1 — IT")Liug is a candidate for P(h).

The functional f is evidently bounded. Indeed, an exercise with the
triangle inequality yields

(4.33) F(u) < CUIVull3 + rlfullz +r~IA]3),

where ( is independent of the choice of u in L?(Vy; K1) N L2(V;). The
functional f is also convex, so if it has a minimum, then said minimum
is unique. The existence of a minimum for f then follows with the
establishment of a coercive lower bound. This is a bound of the form

F = GVl + llull3) — Gl

with (; positive and with both (; 2 independent of the choice for

u € L*(Vy; K1) N LI(Vy).
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Step 2. Write I' = T + M and L't = TT + MT. The key to the
required coercive lower bound for f is a certain algebraic identity which
is satisfied by the principal symbols of T and M : These symbols (o(T)
and o(M), respectively) obey

(4.34) o(T)o (M) 4 o(M)o(T) = 0.

Indeed, if M is written in the block diagonal form of (4.28), then
the operator T' has the 2 by 2 block form

(4.35) T— (_A?+ . ﬁ) .

Here, A is a complex linear operator which involves horizontal differen-
tiation, and AT is the formal L? adjoint of A. In (4.35), the operator
¢ is complex anti-linear and sends (ay,&') to (puay,0). With (4.35) un-
derstood, one can use integration by parts to establishes the existence
of a constant ¢ such that for all u € L2(V1; K1) N L3 (W),

(4.36) 11 =T L Yul[3 = 177l 13 + 271 M w3 — CVrllulls.

Here, r > 1 is assumed. (Note that ¢ here is independent of u and 7,
but depends on ¢.)

By the way, the derivation of (4.36) uses the fact that the restric-
tion of u to almost every fiber of N is L? orthogonal to elements in the
cokernel of M. Indeed, write u = (Z?) corresponding to the block diag-
onal form in (4.35). Likewise, write v from a section v of Ky in block
form. The latter has only a top component, vg, which is annihilated on
each fiber of N by ©. Then, the inner product between v and L'Tu is
equal to that between vy and (—A 4 ¢')ui. On the other hand, u is,
by assumption, orthogonal on almost every fiber of N to the kernel of
©, 50 (vo, (A + ph)u) = ((=AT + p)vo, u).

To progress further, note that because v is L? orthogonal to the
sections of K, it follows that for almost all z € C, v must be L?
orthogonal to K , along 7~ !(z). This implies (see Lemma 4.6) that

(4.37) 11 =T LYl [§ 2 (1Tl + ¢V wll3 + el 13),

when r is large. The size here is independent of the particulars of w.
Also, ¢ > 1 is a constant (which is different from that used previously)
which is independent of u and of r, and again, depends only on ¢. Further
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integration by parts in the T term above finds a different constant ¢
which is independent of r such that when r is large, then

(4.38) (1 =T L ulf3 = ¢HIIV P all3 + 19l |3 + rfull3)

when v € L?(Vi; K1) N L2(Vy). This last inequality and the triangle
inequality imply that for large r, there is a constant  such that

(4.39)  fw) = ¢TIV ull3 + 11V w3 + rllul3) — ¢r A3,

when u € L2(Vy; K1) N L2(V1). Equation (4.39) is the required coercive
bound. Here, ¢ is independent of 4, and depends on c.

It follows from (4.39) that f has a unique minimum in L2(Vy; K1) N
Li(V1).

Step 8. Let u € L*(V1; K1) N L2(V1) denote the unique minimum
of the functional f. This ug is characterized by the fact that

(4.40) (L, (1 =TI L'Tug)s — (u, Yo = 0

for all uw € L2(Vy; K1) N L3(Vy). This last equation can be used to es-
timate the L? norm of ug by choosing u = uy. With this choice, (4.39)
and (4.40) plus the triangle inequality imply that

(4.41) [Vuoll3 + rlluol5 < ¢r™{[Al[3.

Step 4. Equation (4.40) asserts that the projection of L'(1—1I') L'Tu
into the space L?(Vy; K1) is equal to h. However,this does not yet imply
that L'(1 — II')L'Tug is itself square integrable, as (4.40) says nothing
about the projection into L2(K). It is the purpose of this step to prove
that L'(1 — I")L'Tug is square integrable. In this regard, remark that,
what with (4.40), it is sufficient to establish an apriori bound on the
absolute value of the quantity (L'Tu, (1 — II')L'Tug)e by a multiple of
||ul|2 in the case where u is a (smooth) section of K.

To consider (L'fu, (1 —TI')L'Tug)s when u is a section of K7, remark
first that, M* annihilates u, and so L'tu = T7u. Second, introduce, for
each z € C, the L? projection II, onto Ki . (This is L? projection on
7=Y(2) from L?(V1],) to K ,.) Note that IT,up = 0 and IT,u = u for
each z € C. With the preceding understood, write

(L', (1 — ) L'Tug)e = (TTu, (1 — T L/ Tug)s
(4.42) = (T yu, (1 — T)(TMug + MTug))s.
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One can then compute the commutator of Iy with the operator Tt
(Note that 7T only differentiates in horizontal directions.) The latter is
an exercise, and the end result (plus (4.34) and the triangle inequality)
yields:

[y (1= T2 Mol < Cllulla (1ol + rlluol )2
(4.43) <l - (1B -

Here, ¢’ is independent of u and ug, and it depends only on ¢ through
the maximum distance from 771(0) to C. This last equation plus (4.38)
imply L'Lfug is square integrable with L? norm bounded by an r-
independent multiple of the L? norm of h.

Step 5. Set P(h) = (1 — II')L'tug. Tt then follows from (4.38) that
P(h) defines an L? section of the vector bundle Vy. One can further
conclude from the previous step that P(h) is in the domain of L’. The
latter implies that P(h) is an L? section of V.

The left-hand inequality in (4.31.1) follows from the equation
(1 — ) L'P(h) = h. Meanwhile, the bound by ¢||h||2 of the L? norm of
L'P(h) implies (with some integrating by parts and use of the triangle
inequality) that the L2 norm of P(h) also obeys the righthand inequality
in (4.31.1).

The inequality in (4.31.2) follows from (4.41).

Step 6.  This last step proves that the operator P is onto. For
this purpose, suppose that ¢ € L?(Vy) N L2(Vy; Ko). The claim is that
g = P((1 —TI)L'q) when r is suffiently large (independent of ¢). For
this purpose, set u = ¢— P((1 — IT)L/q), and note that w is in L?(V;) N
L?(Vy; Ko) whereas L'u € L?(K}). To obtain a contradiction, one can
switch the roles of L' and L'l in the derivation of (4.36) to find

(4.44) 0> ||Tull3 + 27| Mul|3 — CV/rlull3.
Then, quote Lemma 4.6 to conclude that v = 0 when r is large.
g) L, and A° and sections of Kj.

According to Lemma 4.8 an L? section g of Vy has an L? orthogonal
decomposition as

(4.45) qg=P(h) +w.

Here, w comes from a section, w, of Ky — C and h € L?(Vy; K}). The
purpose of this subsection is to examine L;w. Lemma 4.9, below, sum-
marizes. However, the statement of the lemma requires a preliminary,
four part digression.
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Part 1. This part concerns the fact that the bundle Ky depends
on r as well as the chosen section ¢ of (2.15). However, the dependence
on r is straightforward, as there is a fiberwise rescaling which identifies
Ky with the r-independent vector bundle V¢ — ' as defined in the
previous subsection. (The fiber of V¢ at z € C consists of the space of
L? solutions to (3.2) on N|,.) This identification comes about as follows:

e A point w, of Ky is a section w, = (er,7,0,0) of Vy over a fiber
of N which is annihilated by the operator M in (4.28).

e (ey,7:) can be written uniquely as (r~/2p¥e, pvy) where w = (e, )
solves (3.2) over the same fiber, and thus defines a point, w € V.

o If the norm of the point w € V¢ over z € C' is defined to be the
L? norm over N |, of the corresponding w, then this isomorphism
between V¢ and Kj is an isometric one. (Here, use the norm in
(4.30) for Ky.)

e Note that a similar scaling isomorphism canonically identifies the
bundle K; — C with the r-independent bundle V¢ ® T%1C.

(4.46)

(And, remember that Y; from Proposition 3.2 identifies V¢ with
D1<q<mN?)

Part 2. The L? norm on a section w of V¢ is defined using a
connection, V, which is obtained as follows: First introduce the covari-
ant derivative of w = (b, A\) by using the connections 6 and 6, + v to
define the respective covariant derivatives of b and A. Second, take the
horizontal projection of Vw, and then, on each fiber of N, use the L?
orthogonal projection to project the latter onto the kernel of ©¢. The
result is a section over C' of V¢ ® T*C which is, by definition, Vw. Use
||w|[12 to denote (||Vaw|[3 + ||w]|3)!/2. This is equivalent to the norm
obtained by identifying V¢ with ©1<4<,N? and using the Hermitian
connection on ®1<g<mN? to define the norm.

Part 3. Remember that the norm of a section of Ky is given
by (4.30). Also, the L? norm on a section of Vy is defined using the
connections ¢ and 60,, + piv on the appropriate summands in (4.16a).

Part 4. Let ¢ be a section of (2.15). Let p be as in (3.7), and
define u; = (b, A) by means of (3.8). Then, use the pair (b, \) in (3.20)
to define the operator A€.
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Lemma 4.9. Let ¢ be a section of (2.15) and introduce the operator
A as described above. There is a constant { > 1 which depends on ¢,
and has the following significance: Suppose that r > (. Let w be an L?
section of V€. Then

o TI(L'w+ Qu + 2vrw(uy, w)) = Aw,
(4.47) o [IVV(1 =) Lgwll2 + V7|V (1 =TI Lyl
+Vr|[(1 = ) Lywl]z < ([|wl|12-

Proof of Lemma 4.9. Both lines are obtained by direct compu-
tations. For the first line, remark that the (b, A) terms in (3.20) come
from the term 2v/rw(u,,-). The remaining terms in (3.20) are derived
from the left side of the first line in (4.47) with the help of the following
observations: First, remember that w is a section of V¢, which means
that when w is written as (a,a), (3.2) holds on each fiber of N. Sec-
ond, remember that the projection II projects onto elements of the form
(0,0,a,«) in Vi, where (a, @) also satisfy (3.2) on each fiber of N. This
means that (a,«) is L? orthogonal on each fiber to sections which are
in the image of o\.

To obtain the second line of (4.47), note that the operator (1 —1II)L’
acts as a zero’th order operator on sections w of Vy which come from
w € V¢ And, remember that the L? norms of w and V¥ w are equal to
r=12)|w||y and r~1/2||Vaw]||2, respectively.

h) Lj reconsidered

Let ¢ C X be a pseudo-holomorphic submanifold, and let m be a
non-negative integer. Fix a section ¢ of the (C,m) version of (2.15) and
then, for some large value of r, use ¢ to define the operator L; as in
Lemma 4.4. (The data (a,,(a,,8,)) from Sections 2 and 3b are deter-
mined completely by ¢ near C.) The task here is to solve the equation
Liq* = g* for ¢* € L2(Vy) given g% € L2(V1). The lemma below reduces
this task to that of inverting a certain perturbation of the operator A
in the case ¢ = ¢f).

Lemma 4.10. Fiz a compact set in the space of smooth sections
of (2.15) for some m > 0 and there exists ¢ > 1 with the following
significance: Choose c¢ from the given compact set and use ¢ and r > (
to define the data (a,, (a,,,)) as instructed in Sections 2 and 3b using

a fized value of § < (~'. Use this data to define Lj. Then, there exist
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three linear maps,
vo: LAV = L2 (Ve T )
and
.72 2 c 0,1
z,y1: L*(V1) = LY(VC T C),
which obey:
o [[vowllz < ¢r 2 jwlf1p-

e x(g) is defined by the condition that x(g) = Ilg.

e 1 factors through (1 —II) and ||71g]l2 < ¢]|(1 — )g||2.

o The equation Lrqg = g s solvable if and only if the equation

(4.48a) Afw + yo(w) = z(g) +71(9)
is solvable. In this case, the solution q of Lyqg = g has the form

q = p(h) + w, where w solves (4.48). Here, h € L?>(V1; K1) is a
bilinear functional of g and w which obeys

(4.48b) 1512 < ¢I(1 = Mgz +r ] Jwl]1.2).

o Write c = Y(y) and w = Tiu for y,u € C®(Di<q<mNY). Then,
(4.48a) is equivalent to the following equation for u :

(4.48¢) Ayu+vy(w) + 7 90(T1u) = T1'z(g) + 1T n(g)-

Here, Ay is given by (3.22b), and vy is a bounded operator from
L*(@1<g<mNY) to L*((®1<q<mNY) ® T C) which obeys

oy (u)|le < &, - ||ulla where €, is proportional to the sup norm
over C' of the expression on the left side of (3.22a) (or, equiva-

lently, of (5.5).)

The remainder of this subsection is occupied with the

Proof of Lemma 4.10. The equation Liq = g will be analyzed by
writing ¢ = P(h) + w, where h € L?(V;; K1) and w comes from w €
L2(V¢). Then h and w are found as solutions of the coupled equations

o h+ (1 —1I)[xa000,k(QP(h) + 2v/rw(uy, P(R))
(4.49) + Rem(P(h))) + Lyw] = (1 — )g,
o A‘w+ II(Rem(w) + Ly P(h)) = Tlg.
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The contraction mapping theorem will be used to find solutions to
(4.49).
To consider the first line in (4.49). Introduce the self map T of
L?(V1, K1) which sends h to
T(h) = — (1 — )[xa000,(Q - P(h) + 2v/rw(ur, P(h))
+ Rem(P(h))) + Lyw] + (1 — M)g.
Note that 7" is an affine map and obeys

(4.51) [T = B)l2 < C(6 4777 [|A]l2,

(4.50)

where ( is determined by ¢, but is independent of § and r. (This follows
from Lemma 4.8.) Thus, with ¢ fixed, and then § and r taken small, the
map T is a contraction mapping. In particular, the first line in (4.49)
has a unique solution h = h(w, g) which varies in L2(Vy, Ko) N L2(Vp)
as a smooth function of w € L2(V¢) and g € L?(V;). Furthermore, this
h obeys (4.48b). (The term in (4.48b) with ||w||1 2 is obtained with the
help of Lemma 4.9.)

With A and the first line of (4.49) understood, then the first four
assertions of Lemma 4.10 and (4.48a) follow from Lemmas 4.8 and 4.9
with (4.48b). Here, one must call upon the following facts:

e Given o € L2(V1), let z[o] € L2(V¢®T%'C) be such that z = Tlo.
Then rescaling identifies ||z|]z = r'/2||To||o, and the latter is no
larger than r—1/2|o||o.

e Consider the previous remark with o = L;P(h). According to
Lemmas 4.4 and 4.8 and (4.48b),

]|z < ClIAll2 < ¢llgllz + =" [w]]1,2)-

Note that the arguments here use implicitly the observation that
every z from 2 € V¢®T%'C has uniform exponential decay along
the fibers of N (see Lemma 2.4). Thus, explicit factors of s in Q
and Rem can be traded for factors of #~'/2 when estimating the
size of TI(Q 4+ Rem)(P(h)).

e Consider the first remark with o = Rem(w). Here,
[llf2 < ¢rm 2 w2

which can be seen by trading the explicit factors of |s| in Lemma
4.4’s estimate for Rem for factors of #~/2 when calculating the
L? norm of TI Rem(w).
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(4.52)

The final assertion of Lemma 4.10 follows from Assertion 5 of Propo-
sition 3.2.

i) The operator L

This section combines the results in Subsections 4¢ and 4h to de-
scribe the behavior of the operator L in (4.3) and (4.4) over the whole
of X. This description is given in Lemma 4.12, below. This is to say
that the lemma describes solutions ¢ € Q! @ C*°(S.) to the equation
Lq = ¢' where ¢ is specified in advance in i(Q2° @ Q>T) ® C>(S_). More
generally, suppose that ¢ : L2(iT* @ S.) — L%(i(er © Ay) @ S_)) is
a bounded map. Lemma 4.12 also considers solutions to the equation
Lg+sq=4g"

First comes a digression to summarize the context.

To start the digression, let {Cy, my} be a finite set, where each
(Ci,my) is a pair consisting of an embedded, pseudo-holomorphic sub-
manifold Cj, and a positive integer my. Here, the set {C;} must be
pairwise disjoint. For each k, let e; denote the Poincaré dual to the
fundamental class of C), and set ¢ = X.my} - €. Use e to define the
Spin® structure in (1.9). For each k, fix a compact set of sections of the
(Cy,my) version of (2.15).

Lemma 4.11. Let ¢ be as described above, and write

Go = sup [lgll5 " [I<all2.
q7#0

The compact sets chosen above determine a constant ¢' > 0, and to-
gether with (o, they determine a constant { > 1 hawving the following
significance: For each k, fir a section, ¢®), of the (Cx,my) version of
(2.15) in the given compact sel. Fiz § < ', and then use ¢®) and r > ¢
to construct (a,,(c,,B,) as in Sections 2 and 3b. Use (a = a,, (o =
a,, 0 = QT)) to define the operator L in (4.3) and (4.4). Then, there
exist, for each k, linear maps v§ : L3 (xp V) — L2(V* @ TY1Cy) and
VB L2(i(er @ AL) @ S_) — L2(Ve @ TOLCY) which obey

o Write w € xp VW as w = (w',... ,w"). Then

Ivbwllz < ¢ Y2 [k || 2.

o |7 ll2 < (|1 =g |2 +7712||g0l2 + 7~ Sk ||(1 — ) g'¥||2).
Here, define (¢°, {g'*}) = (Mx(1 — x255.6)9"s {X255.69'})-
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e The equation Lg+ ¢q = g’ is solvable if and only if, for each k,

(4.53a) A, wF +E (W) + G (w) = 2(g%) + ¥ (g).

Here, ¢ (v) = T (xo5645(Zw X100842" ).

e Furthermore, if Lq + cq = ¢’ is solvable, then q is given by (4.6)
where

a) q° obeys

IV °|[2+v/7]1d°|2
(4.53b) <C(l1g"°2 + (2| jwk][1
+ 721 = g™ |2)).

b) 8 = P(hF) + w* where w* solves (4.53a), and h* is in the
Cy, version of L?>(V1; K1) and obeys

(4.53¢) [115][2 < CUIE = TDg™ 2 + 77 [Jw |12 + [|a°]]2)-

Here, (4.53b) can be used to bound ||qo||2.

Note: When ¢#) = T(3%), w* in (4.53a) can be written as wk = T uk,
in which case (4.53a) is equivalent to an equation for u* which is the
obvious analog of (4.49c).

The remainder of this subsection is occupied with the proof of this
last lemma.

Proof of Lemma 4.11.  The proof requires three steps. The first
step proves that the equation Lg + ¢¢ = ¢’ has a solution ¢ if and only
if it has a solution of the form in (4.6) where (¢°, {¢*}) obeys (4.11)
with (¢° = T (1 — x256.4) (9" — $@), {9* = x2364(9' — <'@)}). The second
and third steps use Lemmas 4.4 and 4.10 plus the contraction mapping
theorem to analyze (4.11).

Step 1. The fact that (4.11) with (4.6) implies (4.5) follows by
construction. To prove that a solution ¢’ to (4.5) has the asserted form,
it is sufficient to find the data {f*} which solve (4.13). In this regard,
the existence of a unique, square integrable f* follows from the m = 0

283
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case of Lemma 4.10. (When m = 0, V¢ is the zero dimensional vector
bundle, and so f* can be written as P(h) with h given by Lemma 4.8.)

Step 2. This step considers the ¢ equation in (4.11) with the data
{¢*} as parameters. In this regard, the contraction mapping theorem
(with the help of Lemma 4.3) finds a unique solution, ¢°, which obeys
(4.53b). This ¢° varies as bilinear function of ¢° and {¢*}. In fact, the
derivative, ¢¥, of ¢° with respect to some ¢* obeys the estimate

(4.54) 1V6” (|2 + v7lla”[l2 < ¢5™ llg" ll2-

Step 3. With ¢° now considered as a functional of the data {qk},
turn to the second equation in (4.11). This equation will be analyzed
by writing ¢* = P(h*) + w”, where h* is in the (Cg,my,) version of
L2(V1; K1), and w® comes from w* in the ¢ = ¢ version of L?(V°).
Then, {h*} and {w*} are found as solutions of coupled equations which
are given by (4.49) with the modification that g is replaced by ¢'* +
o(dxas,£)2° — X2564Cq, and ¢° is considered to be an implicit function
of the data {h*¥ w*'} via the analysis in Step 2. The equation for h*
is analyzed with the data {w*'} fixed as parameters. The result (using
Lemma 4.8) gives {h*} as an implicit function of the data {w*} and ¢/,
and yields (4.53c).

With {h*} and ¢ now understood as functions of {w*} and ¢', the
derivation of (4.53a) follows as in the proof of Lemma 4.10 and is left
to the reader.

m) Pointwise estimates

The purpose of this subsection is to establish certain pointwise es-
timates for a solution ¢ to the equation Lg = g on X. In particular,
consider:

Lemma 4.12. The conclusions of Lemma 4.11 can be amended to
wnclude the following: Suppose that ¢ solves the equation Lg = g, where
g €i(Q0 @ O?T) @ C®(S_). Then

(4.55) Sup lal < ¢(rllgllo + ™" sup l91)-

Note that if g obeys an exponential decay estimate away from U, Cy,
of the form |g(z)| < & exp(—y/rdist(z, U;C) /&) where 19 > 0, then
a solution ¢ to Lqg = g will obey a similar estimate (with &5 replaced by
¢sup(l,&)) and with the constant & replaced as well. These sorts of



FROM PSEUDO-HOLOMORPHIC CURVES 285

estimates are proved using maximum principle arguments such as those
which appear in Section 2 of [19]. The details here are omitted.

This subsection ends with the

Proof of Lemma 4.12. The estimate in (4.55) is obtained by con-
sidering the equation Lg = ¢ in a ball of radius 2r=1/2 about a point
z € X. Use Gaussian coordinates centered at z to rescale the ball to
the radius 2 ball about the origin in R*. After rescaling appropriately,
q and g define data ¢ and g which obey an equation of the form Lg =g
in the radius 2 ball. Here_, L is an elliptic, first order operator whose
coeflicients and their derivatives have smooth limits as r tends to oo.
Thus, standard estimates for the supremum norm of ¢ in the concen-
tric, radius 1 ball can be obtained in terms of the L2 norm of g over the
radius 2 ball and in terms of the supremum norm of g. Rescaﬁing back
translates the bounds for |¢| into bounds for |g|. -

5. From almost solutions to true solutions, 1T

The purpose of this section is to complete the proofs of Propositions
4.1 and 4.2 by constructing the deformation map which takes certain of
the approximate solutions from Sections 2 and 3b of the large r version
of (1.13) to honest solutions. The map ¥, in Propositions 4.1 and 4.2
is this deformation map.

The first subsection below constitutes a digression which introduces
some notions which unify the treatment of Propositions 4.1 and 4.2.
(The results in this first subsection are also used in subsequent applica-
tions.)

a) Embedding Z; in a manifold

To start this subsection, return to the milieu of Section 3 where C
is a compact, complex curve, and m is a non-negative integer. Suppose
that = : N — (' is a holomorphic, complex line bundle. Also, suppose
that a pair (v, 1) of sections of T%'C'® (N?®T%'C) have been specified.
This is precisely the data required for the definition of the subspace Zy
of (3.1). In this subsection, it proves convenient to explicitly consider
Zy as the subspace of sections of ®1<4<;, N? which obey (3.22a). (The
map Y from Proposition 3.2 is used here.)

The following lemma describes certain natural embeddings of com-
pact subspaces of Z; into finite dimensional submanifolds of



286 CLIFFORD HENRY TAUBES

C*®(®1<¢<mNT). The lemma, introduces the integer
d=2m-(n+1—g)+m-(m—1),

where n = degree(N) and g = genus(C).

Lemma 5.1. Let (Cym, N,v, i) be as described above. Let K C Zy
be a subspace with compact closure. Then, there exists a vector subspace
A C C®((D1<g<mN?) @ TOIC) which is finite dimensional such that
for all y € K, the tautological projection of A onto cokernel(Ay) is sur-
jective. Furthermore, suppose that A is any such subspace with this
last property. Let Qa denote the associated, L?-orthogonal projection.
Then, there is a smooth, d + dim(A) dimensional submanifold Kn C
C®(®1<g<mNT) with the following properties:

o Ifye Ky, then

(5.1a) (1 — Qa)(Jy + vRy + uF(y)) = 0.
o K embeds in ICn as the zero set of the map ¥a @ Ka — A which
sends y to
(5.1b) PYaly) = Qa(dy + Ry + uF(y)).

KCa has compact closure in C°(D1<q<mN?).

Here are some examples: First, suppose that K is an open subset
of Z with compact closure. In this case, one can take A = {0} and
then Ky = K. For a second example, fix a point y € Zy and let K be
some sufficiently small neighborhood of y. Take A = cokernel(A;). In
this case, K contains (as an open set) an open neighborhood of ¥ in
T-1(0), where T is given in (3.44). Furthermore, the map 5 in this
case coincides on this neighborhood of y with the map 1 in (3.45).

The proof of Lemma 5.1 is given below. Consider first the following
generalization of Propositions 4.1 and 4.2:

Proposition 5.2. Let E — X be a complex line bundle with first
Chern class e. Fiz a finite set {(Cy, my)h1<p<n of pairs, where {Cy} is a
pair-wise disjoint collection of connected, pseudo-holomorphic subman-
ifolds, and {my} consists of positive integers. These are constrained so
that Sgmy, - [Cx] is Poincaré dual to e. For each k, choose a subspace
K& in the (Cr,my) version of Zy which has compact closure. For each
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k, choose a subspace Ay in the (Cy,my,) version of C*°(®1<q<mN) with
the property that the projection Ay onto cokernel(Ay) is surjective for
each y € K&, Then, the following hold

e For each k, there is a submanifold IC%) as in (5.1);

(k)

e For all large r, there is a smooth map 1, @ XK\~ — XpAg;

o For all large r, there is a smooth map

T, xx K = (Conn(E) x €®(8,))/C®(X; 8Y).

These have the following properties:
1. U, maps ¢ (0) to M".

2. The map ¥V, is the image via the tautological projection of a map
(bearing the same name) into Conn(E) x C*°(Sy). The latter U,
is described as follows: For y € xleSf), let ¢ = Y(y) denote the
corresponding section of (2.15). Then, use ¢ to define the data
(@, (2, B,)) as in Sections 2 and 3b. There exists an imaginary
valued 1-form o' and a section (!, ') of S1 such that

(5.2) U, (y) = (QT + %a', (@, +d, 8 + ﬁ')) .

3. The data (o', (c/,3")) obeys (4.1), where the constant  depends
on {Ar}, {K®Y, but not on r.

4. The map ¥, has the following property: For each k, let wlk\ denole
the map in (5.1b) as defined by A = Ag. Then |[" — xppk| +
ld(p" — xppk)| < ¢-r7Y2, where ¢ is as above. Here, the norm
on xiAy is the product of the L? norms on each of the factors.

Remark that the map W, here is actually a smooth embedding. This
is proved in the next section.

Note that both Propositions 4.1 and 4.2 are special cases of Proposi-
tion 5.2. The remaining subsections of Section 5 are occupied with the
proof. The remainder of this first subsection contains the

Proof of Lemma 5.1. The existence of the required vector space
A follows from the assumed compactness of the closure of K. (Note
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that if A projects surjectively onto the cokernel of A,, then perturba-
tion theory as in [6] insures that such will be the case for all 3 in a
neighborhood of y.) The construction of Iy uses the inverse function
theorem as in the proof of Assertion 1 of Proposition 3.2 as given in
Section 3g. The point is that the left side of (5.1a) defines a map, T,
from C®(®1<g<mN?) to (1 — Qa)C®((®1<g<mN?) @ T®1C) whose dif-
ferential is, by construction, surjective at all points of K. This last fact
(and the implicit function theorem) implies that 771(0) is a smooth
manifold of the asserted dimension near K. (Argue here as in the proof
of Assertion 1 of Proposition 3.2.) By construction, K C K where it is
given by the zero set of 1.

The assertion that Xy can be chosen to have compact closure in
C®(®1<¢g<mNY) follows from the fact that K is compact and that points
in Ky obey an elliptic equation. Indeed, take s to be the intersection
of the set of solutions of (5.1a) with a suitably small, open neighborhood
of K.

b) Strategy

The condition that the orbit in (5.2) solve the large r and pg = 0
version of (1.13) translates into a non-linear, elliptic equation for ¢’ =
(a', (!, 3")) which has the schematic form given in (4.2).

The strategy for solving the non-linear equation in (4.2) is mod-
eled on that which was used to analyze the linear equation Lg = ¢ as
described in Section 4b and in the subsequent parts of Section 4. In
particular, the search will be for a solution ¢’ which is given by (4.6).
Given such a decomposition, then (4.2) is implied by a coupled system
for the data (¢°, {¢*}) which is a non-linear analog of the system in
(4.11). These equations are as follow:

o Loq® + rTie(1 — xa54)w(¢°, ¢°) + Sip(dxioos s, ¢") = 0.
(5.3) o Lig® + x10056vVraw(d®, ¢°) + vVir2xao0s,e (1 — xa6.4) @ (d", ¢°)
— p(dxasx, q°) + err® = 0.

In the k'th version of the bottom equation, the operator L; and the
various bundles which are implicit in its definition are defined by the
section ¢ = ¢ of the (Cy,my) version of (2.15).

Note that (4.2) is recovered from (5.3) by summing (over k) the
product of xi00s; with the k-version of the bottom line in (5.2) and
then adding (IT;(1 — x4s)) times the top line to the result.



FROM PSEUDO-HOLOMORPHIC CURVES 289

¢) The Ly equation

The purpose of this subsection is to analyze the top line in (5.3). In
particular, Lemma 4.3 can be used to solve the top line of (5.3) for ¢°
as a function of a given collection of {¢*}4~¢. Consider:

Lemma 5.3. There exists dg, ¢g > 0 and > 1 with the following
significance: Fiz § < 0y and then fix v > (. For each k, let Ny de-
note the radius 10°5 tubular neighborhood of Cy. For each k, fix ¢* €
C®(Noyg; 1T @ S+) with the L? norm of the section X4006,% (1 — X46.% ) Gk
being less than eodr~ /2. Then,

1. The top line in (5.8) has a unique solution ¢° which has L% norm
less than Ceor—/2.

2. Let || - ||2 indicate the L? norm. The solution ¢° has

(54)  [IV@lle + Vrlld°llz < ¢ 26 Sk [xcaoosk (1 = Xa5.)a" |2,

3. If e, bounds the C™ norm of each ¢*. Then, the C" norm of ¢°
is bounded apriori by C,(1 + 6~ "e,r~Y2. Here, ¢, is a constant
which is indendent of {g*}.

4. The solution ¢° depends smoothly on the data {qk}. Furthermore,
the directional derivative, v°, of ¢° in the direction of a tangent
vector, v*, to ¢* obeys

(5:5)  [IVOOll2 + v7lloll2 < ¢r 267 S Ixa005, (1 = X) 0¥ |2,

Proof of Lemma 5.3. Observe first that ¢° solves the top line of
(5.3) if and only if ¢° is a fixed point of the map, I, from iQ! © C*(S,)
to itself which sends ¢ to

(5.6)  I(q) = —Ly ' (VrTIi(1 — xo56)@(q,q) + Swp(dxio0s 4°))-

According to Lemma 4.3, if the L? norm of ¢ is bounded by, say d, then
the L? norm of the image of ¢ by the map in (5.6) is bounded by

(5.7) C(r'2d? + ggr=1/?).

Here, ¢ is a constant which is independent of ~ and the data {¢*} and
comes via the estimate in Lemma 4.3.
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It follows from (5.7) that there exists g such that when d < eor—1/2,
then the L? norm of I(q) is bounded by gor~1/2 as well. Thus, with this
choice of ey, T maps the ball in iQ" ® C*(S,) of L? radius gor~ /2
to itself. A similar estimate shows that I is a contraction mapping on
this ball. With the preceding understood, an appeal to the contraction
mapping theorem to conclude that I has a unique fixed point, ¢°, in the
radius egr~'/2 ball in the Hilbert space L?(iT* @ S..). Straight forward
elliptic regularity arguments can be employed to prove that ¢° is smooth
and thus satisfies the first line of (5.3).

The asserted apriori estimates for the derivatives of ¢° follow readily
from Lemma 4.3 by differentiating (5.6).

The assignment of ¢° to the data {¢*} defines a map from the evident
domain in the product (xC™(Ngy; iT* ® S5)) to i @ C*(S). The
fact that this map is smooth (with the L? topology or the C* topology)
is a standard consequence of the contraction mapping theorem and the
afore-mentioned apriori estimates for the higher derivatives of ¢°.

Note. In this section, as in the previous one, the Greek letter ¢
will represent a constant of size larger than 1 whose precise value may
change from line to line. Unless noted explicitly, the precise value of this
constant is immaterial to subsequenct discussions. What is important
is its lack of dependence on data such as r, {qk}. This independence
should be assumed if not stated explicitly.

d) Splitting the space of sections of V)

This subsection starts the analysis of the bottom line in (5.3). For
this purpose, fix attention for the time being on one particular value of k,
and then on the corresponding version of the bottom line in (5.3). Note
that the definition of the bottom line in (5.3) requires the specification
of a section, ¢®), of the (Cy,my,) version of (2.15).

Note that ¢ = ¢{¥) defines the vector bundles such as Vo,1 and Ky 1,
as well as the projections IT and T’ which are used below. Furthermore,
c also defines the bundles V¢ and V¢ ® T%'C (for C = C}), as well as
the operator A€ In this regard, remember that ¢ is determined by a
section y of @1<¢<mNY, and from this point of view, the bundle V¢ is
equivalent via T1 with @1<¢<,N?, and the operator A is equivalent to
the operator A, in (3.22).

The strategy for the bottom line in (5.3) decomposes the latter us-
ing the projection Il into a pair of equations which correspond to the
projection along (1 — IT) and to the projection along TI. The resulting
two equations are subsequently analyzed with the help of an analog of
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the decomposition ¢ = P(h) + w in (4.45). (The analysis of (5.3) here
is a non-linear analog of the decomposition in (4.49).)

The purpose of this subsection is to describe the replacement for
(4.45). This is described in Lemma 5.4, below. However, a short digres-
sion is required prior to said lemma.

The digression returns to the milieu of Sections 2 and 3. To begin,
fix a section ¢ of (2.15) and let y denote the corresponding point in
D1<g<mNY. When z € ®1<q<m N9, write

Y(y+2)="T(y) + (2v2) 7 (b —b), ).
Then, introduce
(5.8) t(z) = (r~2pkb, piX, 0,0),

a section of the vector bundle Vy — N.

For future reference, note that when |z| < 1, the difference between
(b, \) and Y1z is bounded at any point 7 in a fiber of N by (,|z|2e~ /<.
(This follows from the relationship between T; and the differential of
T.) This implies that

(5.9) t(z) — X x| < C|z|Pe VPl

everywhere on N.
End the digression.

Lemma 5.4. Given a compact set N of sections of ®1<q<m N1, there
exists 69 > 0, and given 6 and less than 10735y, there are constants ¢ > 1
and € > 0, which have the following significance: Suppose that y € N
and let ¢ = Y(y) denote the resulting section of (2.15). Suppose that
r > (. Let q be an L} section of V. Let w denote the section of V¢ for
which the corresponding w is equal to T'q. Suppose that |w| is pointwise
bounded by €. Then, there is a unique pair (x,h) in (Di<g<mN9) x
L?(Vy; K1) which obeys

(5.10) g = P(h) + t(z).
Furthermore, x and h obey:
e suplo] < Csupluwl,

C C

(5.11)
o |1Bllo +llalle + 772 Va][2 < (| Vall2 + V7 lall2)-

291
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Proof of Lemma 5.4. Since the composition of the differential of T
with fiberwise orthogonal projection onto V¢ is the map Y1 (an isomor-
phism), the implicit function theorem finds £ > 0 such that when w is
a section of V¢ with |w| < ¢, there is a unique section z of ®1<4<, N9
with |z] < (e and TI°(Y(y + z) — T(y)) = w. Note that this z obeys
|z] < CJuw].

With the preceding understood, write I' - ¢ = w for w € L}(V©).
Find the small z solving II(Y(y + z) — T(y)) = w. Then q — i(z) €
L2(Vy; Ko), so can be written uniquely as P(h) according to Lemma 4.8.
The estimats in the second line of (5.11) follows from those in Lemma
4.8.

e) The non-linear problem on the compliment of K;

For each k, fix a compact set N*®) of the (Cj,my) version of
D1<q<m N4, and then fix y* € N Use y* to define the section ¢*) of
the (Cj,mg) version of (2.15). When considering the k version of the
bottom line in (5.3), the plan will be to search for a solution ¢* having
the form of (5.10) with h¥ € L2(Vy; K1) and t* = t(z*) defined, as in
Lemma 5.4, from a section z* of the (Cj,my) version of B1<g<mNT
which satisfies |2¥| < ¢ = £(y¥). (This is required to make t(z*) well
defined.) Given that ¢* has this form, the projection of the bottom line
in (5.3) along (1 —IT) will be considered as an equation that determines
h* as a function of the data {z*}.

In particular, with ¢* given by (5.10), the (1 — II) projection of the
bottom line of (5.3) reads as follows:

B+ (1= T0) (xa005.6(QP (h) + 2Vr@(ur, P(R)) + Rem(P(h)))
+ (1= ID)(T* + xa005,k(Q + Rem)(¢¥)
(5.12)  + 2vrw(up, tF)(1 — x10086) MEF)
)(x1008. VT2 (15, P(RF)) 4 @ (P(R*), P(h*))))
Y(VT2xa008,k (1 = Xa5,6)w(t* + P(h"), %)
— p(dxas .k, q°) + err™) = 0.

+(1-T

Remember here that ¢¢ is a function of {qk>0}. It is important to note
that there is no term in (5.12) with X10057kMtk, nor is there a term with
X1006,6/7% (¥, 7). Indeed, these two terms cancel because of Y (y + z)
is automatically a section of (2.15). In fact, (5.10) with #(x) is used
instead of (4.45) with w for the sole purpose of cancelling these two
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terms. (The reader should compare (5.12) with its linear version in the
top line of (4.49).)

For the time being, (5.12) should be viewed as a fixed point equation
to determine {h*} as a function of the data {err*} and {z*}. In this
regard, remark that for each k, there is a version of (5.12), and these
different versions are coupled through the appearance of ¢°.

The main result of this subsection is Lemma, 5.5, below, which is an
existence and uniqueness result for (5.12). In the statement of this
lemma, the norm ||z|[;2 on a section z of @i<q<mN? — C is the
L2 norm, ||z||l12 = (||Vz|[3 + ||z]|3)!/2. Here, V is the connection on
@1S‘I§qu which is defined by 0.

Lemma 5.5. For each k, fir a compact set N) in the (Cj, my)
version of ®1<q<mN9. This data determines dg, and given ¢ € (0, 1073
do), there are constants g > 0 and { > 1 with the following significance:
For each k, fix v* € N® and set ¢®) = Y(y*). Fiz r > ¢ and suppose
that for each k, (1 —II)err* is a smooth section over the normal bundle
of Cy of the k’th version of Vi which has L? norm less than eqr—/%.
And, suppose that for each k, z* is a section of the (Cy,my) version
©1<q<m N9 with the property that sup |z*| + ||z¥||12 < eo. Then, there
exists a unique sel {h*}, where each h* is in the (Cj,my) version of
L?(V1; K1), and the following two conditions are satisfied:

e Equation (5.12) is solved for each k.
o For each k, ||h*||o < Ceor™'/%.
Furthermore, each h* obeys
R4l <Cr™ 2 [2* (1o + [|(1 = T exe® ||

(5.13) , ,
+ 1S (2 |z + (1 - T er® |l2)).

Finally, each h* varies smoothly in the k’th version of L?>(V1; K1) as a
function of the data {err®} and {z*}. In fact, the derivative h'* of h¥
in the direction of ©'F satisfies

(5.14) 1172 < Crm Y2 |2 || e + 176728 V2 |2 || o).

Remark that err® is given by restricting (3.6) to where the distance
to Cy is less than 4 - 4. In particular, because of (3.8),

(5.15) [|(1 —II) -err® |2 < Cr_l,



294 CLIFFORD HENRY TAUBES

where ¢ depends on 6 and on the compact set A/ (k). Note that the L2
norm of err® may be only O(r—1/2).

Proof of Lemma 5.5. TLook at the k’th version of (5.12), and con-
sider the size of the various terms. To begin, note that if A* and /¥
are in L?(V;; K1), then the L? norm of v/rw(P(h¥), P(h'%)) is bounded
by /7 times the product of the L* norms of P(h*) and P(h'*). Mean-
while, the L* norm of P(h*) is bounded (using a well known Sobolev
inequality) by an r-independent multiple of ||V P(h¥)||2 + ||h*||2. (The
fact that N is non-compact has no bearing on this particular Sobolev
inequality.) This last norm is bounded (courtesy of Lemma 4.8) by a
uniform multiple of [|h*||s. Meanwhile, the L2 norms of QP(h*) and
Rem(P(h*)) are bounded (courtesy of Lemma 4.8) by (§||h*||s.

The bounds on the terms with {#*} are straightforward and left to
the reader.

As for the ¢° term, remember that, Lemma 5.3 controls its behavior
as a function of the data {h¥'}.

With these last points understood, the contraction mapping the-
orem provides r-independent constants {, dg and £y and simultane-
ous solutions {k*} to the n versions of (5.12) (all as described by the
lemma) when, for each k, both |[(1 — H)err® [|; < gor~'/? and also
sup, |7¥| + ||z*||12 < 0. The remaining assertions of the lemma also
follow as consequences of the contraction mapping theorem using Lem-
mas 4.8, 5.3 and 5.4.

f) The appearance of %

Suppose now that {c®)}, {zF} and err® obey the conditions of Lemma
5.5 for all sufficiently large r. As instructed by Lemma 5.5, use this data
to construct the set {h*}. Thus, each h¥ is in the (Cg,my,) version of
L%(Vi; K1), and the set {h*} satisfies (5.12) and (5.13) for each k. And,
with ¢° given by Lemma 5.3, the first line of (5.3) is also satisfied.

If {¢* = t* + P(h¥)} is further required to satisfy each of the versions
of bottom line in (5.3), then, for each k, the following additional equation
must hold:

(Tt + Qt* + Vr2w(u,, t*) + Rem(t¥) + Ly P(hF))
+ Iv/r(x1008. 2 (7, P(B¥)) + @ (P(hF), P(h"))]
(5.16) + 2xa000, (1 — Xas6)@(t* + P(hF),¢"))
+ T (—p(dxasr ¢°) +err®) =0
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In the problem at hand, consider the data err® to be a function of the
section y* of D1<g<m N9 (or, alternatively, as a function of the corre-
sponding ¢(®).) Then, the data {h*} is implicitly a function of {*} and
{z¥}. Thus, (5.16) defines an equation which constrains the possible
choices for the data {y*} and {z*}.

The purpose of this subsection is to point out that the subvariety Zg
of Section 3 appears through (5.16) through an analysis of the sizes of
the various terms. Indeed, the conclusion of the discussion in Sections
2 and 3b indicates that up to terms which have L? norm bounded by
¢r~1, the term ITerr* is equal to the following section of K :

7" *
(= s+ 01 = e Vs
(5.17)
+ 2\/5/);@872, —/r(vs + pd)pl[0y7] + p;n},l).

Here, (v,7) = ¢!¥) as defined by y*.

Use (4.30) to define the L? norm of a section of K1 — C, and it
follows from Lemma 5.5 that with y* and thus ¢*) fixed, all terms in
(5.16) save that from (5.17) have L? norm which is bounded for large
r by (- (eo + 7"_1/2). Here, ¢ comes via the bound in the assumptions
of Lemma 5.5 on the L? norm of z¥. Meanwhile, the L? norm of the
expression in (5.17) is independent of r. In fact, as remarked previously
(see (4.46)), the bundle K as defined by a given section ¢ of (2.15) and
r > 1 is canonically isometric to the r-independent bundle V¢ @ T%'C,
and under this isomorphism, the section of Kj in (5.17) corresponds to
the section in (3.5) of V¢ ® TU!C. Thus, if (5.16) is to have solutions
near a given y* for large r, it is necessary that the corresponding ¢(®)
lies close to Definition 3.1’s subvariety Zp.

g) Rewriting the K; equation

The purpose of this subsection is to begin a more detailed analysis
of (5.16) by rewriting (5.16) as pair of equations using the projection
Q. This rewriting of (5.16) is a five-part procedure.

Part 1. With the use of the rescaling isomorphism in (4.46), the
left side of (5.16) defines, for each k, a section of the bundle V¢®7T%'C,
for ¢ = ¢{®). As remarked earlier, this rescaling isomorphism identifies
the contribution of (5.17) with the expression in (3.5). Then, use the
isomorphism Y from Proposition 3.2 to identify the left side of (5.16)
as a section, 9%, of the (Cy, my) version of the bundle D1<g<m N9
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Part 2. TFor each k, fix a subspace K%®) in the (Cy,ms) version
of Zy (thought of as a subspace in the space of sections of ®1<4<;,N9)
with compact closure. Let Ay be a finite dimensional subvector space in
the (C},,my) version of C®(®@1<4<,mN7) with the property that for all
y € K*), the projection of Ag onto cokernel(A,) is surjective. Then, let
ICS\k) C C®(D1<qg<mN?) denote the submanifold which satisfies (5.1).
Given €1 > 0, one can require that each y € ICS\]C), there exists yg € 2y
such that

(5.18) |y — yoll2 < 1.

Note that elements in IC%) satisfy an elliptic equation, and thus,
if £ is small (though positive), then the bound in (5.18) determines
bounds for derivatives of all orders of y — yg. That is, one can assume
the following with no loss of generality: Given an integer p > 0, there
is a constant ¢, such that sup |VP(y — yo| < (p - €1. Furthermore, ¢,
can be assumed to be independent of y and yg. (This last assumption
exploits the fact that K®) is assumed to have compact closure.) An
r-independent choice for £; will be described below.

By a suitable choice for 1, one can assume, without loss of gen-
erality, that for each y € ICS\]C), the operator (1 — Qa)A, is surjective
onto (1 — Qa)C®((®1<g<mN¥) ® T%'C) because the latter is an open
condition which holds for each y in K.

Part 3. For each k and point y € ICSf), let Eék) C C®(®1<g<mN9)
denote the kernel of the operator (1 — Qa)A,, and let (,Cg,k))L denote
the L2-orthogonal compliment of Eék). Note that Eék) is naturally iso-
morphic to the tangent space at y to ICXC), while (,Cg,k))L is naturally
isomorphic to the normal bundle fiber to IC%) at y.

Part 4. Given the preceding, think of the condition ¥* = 0 (that
is, Equation (5.16)) as an equation for pairs {(y*,2*)}, where y* € ICS\k)
and z¥ € (,Cg(,k))L for y = y*. That is, use ¢®) = T(y*) and ¥ = ()
in defining (5.16) and thus 9*. In this regard, note that a bound of the
form

(5.19) sup ]:Jck] + kaHLg < g9,

for suitably small £y > 0 must be imposed in order to make (5.16) well
defined. An r independent choice of gy will be described below. (A
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bound as in (5.19) is required so that h* in (5.16) can be defined via
Lemma 5.5.)

With the preceding understood, the condition 9% = 0 (which is the
k’th version of (5.16) viewed in ®1<4<,,, N?) defines a pair of equations
which are obtained by taking the respective L? orthogonal projections
using first (1 — Q) and then Qx with A = A¥. It follows from Lemma
4.9 and (3.22a,b) that the former has the schematic form

(5.20) (1 —Qn)Ayz* + (1 — Qa)RF =0,

where R* is small (see below). Meanwhile, Lemma 4.9 implies that the
Q4 projection of ¥* has the schematic form

(5.21) YA (Y*) + Qa(Ayz* + RY) =0,

where 115 (-) is given by the left side of (5.1b). The term with R* is seen
below to be a small remainder.

To derive (5.20) and (5.21), remember that (5.17) translates to (3.5),
and (3.5) translates to (3.22a) via the inverse of the map T. Remember
as well from (5.1a) that the condition that ¢* lie in ICy is the vanishing
of the (1 — Q) part of the right side of (3.22a). Also, it is important
to note that the isomorphism from Ky through V¢ to ®1<4<, N? sends
M't(x) to = + O(|z|?). This last fact follows from (5.10). The Y, - z*
part produces that A,z* contributions to (5.20) and (5.21).

h) The equations for {z*}

The purpose of this subsection is to analyze (5.20) as an equation for
the data {z*} as functions of the data {y*}. The results of this analysis
will be fed back into (5.21) to find the data {*} and complete the proof
of Proposition 5.2. The latter step is deferred to the next subsection.
The analysis of (5.20) has three parts.

Part 1. This part summarizes the results of the analysis with
Lemma 5.6, below.

Lemma 5.6. For each k, fiz a compact set K& lying in the (Cj,, my)
version of Zy and fiz a vector space Ay so that for each y € K®),| the
projection from Ay onto cokernel(A,) is surjective. There exists g > 0
(which depends only on K®)), and given § € (0,103 - &), there ewist
gg >0, g1 > 0 and ¢ > 1 with the following significance: For each k,
construct the submanifold ICS\k) so that (5.18) holds, and then fiz y* in

ICSf). Use {y*'}, and v > (2 to define the terms in (5.20). Then the n
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versions of (5.20) have a unique solution, x = {z*'}, with the following
properties:

. Each «* € (L’XC))L.

.22
(5:22) . sup |z¥| + ||2"||1.2 < €0 for all .
C

Furthermore, for each k,z* obeys

(5.23) sup \xk\ + kaHl,g < Cr_1/2.
C

In addition, the data {z*} wvaries smoothly as a function of the data
{y*}; indeed, the L? norm of the differential of each x* as a function of
{yk”} is bounded by (r=1/2 also.

The proof of this lemma occupies Parts 2 and 3 of this subsection.
Part 2 (which is lengthy) contains a proof of the assertion that (5.20)
has at least one solution with the required properties. Then Part 3
(which is short) considers the uniqueness assertion in Lemma 5.6.

Part 2. The existence assertions of Lemma 5.6 are established below
by rewriting (5.20) as the fixed point condition z = (z!,... ,2") = T(x)
foramap T = (T",... ,T") on a particular closed subset, B, in a Banach
space which is described below. The existence of a fixed point will be
established using the contraction mapping theorem.

Note that Part 2 is subdivided into nine steps. There are seven steps
to the existence argument; there is an eighth step which establishes that
the solution from the previous steps satisfies (5.21); and there is a ninth
step which discusses the behavior of this solution as a function of {y*}.

Step 1. The Banach space in question will be a product xH¥, one
for each Cy. To define the Banach space ¥, let y = y*. The space H” is
the vector space of L? sections of ®1<g<mN? which are L? orthogonal to
kernel((1—Qa)Ay). The norm ||-||1,2 defines the Banach space structure
on H*. When z = (21,... ,2%) € x,H*, set ||z||12 = (EkakH%,Q)l/?

Step 2. This step describes the components, {T%}, of the map T.
In particular, note that 7% is given by

(5.24) TF = —((1 - Qa)Ay) (1 — Qa)RF),

where R¥ is considered as an implicit function of {z*'}. Of course, the
implicit assumption here (and below) is that 7" is defined on the subspace
of points 2 € xyH* which satisfy (5.19) for each k.
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For future reference, note that R* has the following schematic form:
(5.25) RF = fF(@")Vah + ¢ + > + ¢* + ¢*,
where the notation is as follows:

e The term f*(2#)Vz* corresponds to the term T(t*¥ — Y,z*) and
that part of Remt* which involves horizontal derivatives on t*.
(Remember that t¥(z) differs from X;2* by O(|2*|?) as described
in (5.10).) The part of Tt* which is linear in z* contributes to the
Ay term in (5.20). Note that f* is a fiber preserving map from
the radius €1 ball in ©1<4<m N to (D1<g<mN?) & T9%1C which
is smooth in its argument, and has a smooth limit as r — o00. In
particular,

15 (@)] < 2| +r7H2) and | fF[A] < CJA

where ¢ is independent of 2 (with |z| < £;) and r. Here, f¥ denotes
the differential of f*.

e The term g; contains the contributions from the following terms
in (5.14): First, from the term Q(¢¥ — X, z*) +/rw(u,, tF — X, z*);
second, from the terms in Rem(¢¥) that lack horizontal derivatives
on t*; third, from the term 2y/Tx005(1 — Xas%)w(t",¢%); and
finally, from TT'A¢(Y12) — A,z = —vyz, where v, is described
in Proposition 3.2.

e The term g contains the contribution from v/rx100s,5@(t*, P(h¥)).

e The term g3 contains the contribution from \/FXNO(;,kw(P(hk),
P(R¥)).

e The term g4 contains all of the remaining contributions to (5.14).
In particular, this term contains the terms in (5.14) with L P(h¥),

with 2v/rxa000,6(1 — Xas6)w(P(RY),q°), with —p(dxask,q"), and
with err®.

(5.26)

Step 3. The map T as defined above has the following important
property:

Lemma 5.7. For each k, fix a compact set K*) lying in the (C, my,)
version of Zy, and fiz a vector space Ay so that for each y € K®), the
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projection from Ay, onto cokernel(Ay) is surjective. There exists g > 0
(which depends only on K*)), and given § € (0,107 - &y), there exist
€ >0,e >0 and ( > 1 with the following significance: For each k,
construct the submanifold ICS\k) so that (5.18) holds, and then fix y* in

ICS\k), Use {y*"}, and r > (% to define the map T. Let x € xH* obey
o ||z]l12 <e,
e supg |zF| < € for each k.

Then ||T(x)||12 < (e + 7“_1/2)”35”172 ermlr?,

Proof of Lemma 5.7. It is important to remember that A, is
elliptic (it equals 0+ zero’th order term). Thus, when y = y*, there is
a constant {1 > 0 such that if p is a section of ®1<¢<p,/N? which is L?

orthogonal to the L’XC), then ||p||i2 < Gi||(1 — Qa)Aypl||2. This last fact
implies that [|T%(z")||12 < ¢1][(1 — Qa)R¥||2 for each k.
The following observations will be used to bound |[(1 — QA )R¥||2 :

e The L? norm of a section p of (B1<q<mnN?) ® T"'C is no greater
than (r'/2 times the L2 norm of the corresponding section Xip
of the vector bundle V; — N. (The latter bundle is defined in
(4.16).)

e According to a standard Sobolev inequality, the L* norm of a
section of the vector bundle Vy — N is bounded by a uniform
constant times its L? norm.

o [[VP(1)|l2 + vrl|P(R¥)[]2 < ClIR|l2.
o [IWFllz < <O P |zl + 7).
o [[d°l[12 < O3 |l l12 + 77),
e If w is a section of V¢ or V¢ ® TU!, then
(147 2s] 752 (] + /29 Van]) < G VIS
at points in V.

(5.27)

(The first point follows from (4.30). The third is a consequence of
Lemma 4.8, and the fourth follows from Lemma 5.5 and (5.15). The fifth
point follows from Lemma 5.3 and (5.4) with the help of the previous
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two points. The sixth point follows from the fact that elements in the
kernel of the operator O, in (2.12) decay expontentially fast to zero as
In| = oo in C.)

With (5.27) understood, the contribution of the various terms on
the right side of (5.25) to ||(1 — QA)RF||2 are as follows:

o The term f#(z¥)Va* contributes no more than (e||z||;2 when
supc: |zF| < e.

e The term g; in (5.25) contributes no more than
Cle+e1 4+ |ale,
Here are the reasons: First, the contributions from the terms with
QU ~Xyz") + Vrw(ur, * — X2")

are no more than ¢||z*||3 < Ce||z"||1 2 since [t — X, 2¥| is bounded
by |z¥|?e=V7IsI/<. (Invoke the last point in (5.27)). Second, the
contribution here from the term from Rem(t¥) is no greater than
(r=1/2)|z||1,2 since the norm of Rem(t*) is nowhere greater than
r1/2)gk|e=v7Isl/C (Tnvoke the last point in (5.27).) Third, the
contribution of the term with ¢° is no greater than e™"/¢||z|; 2.
This is because rw(t¥,q°) is at no point ever greater than
x2005.6(1 = Xxa5.)e”V7¢)2¥)|¢°|. (Invoke Points 2 and 5 of (5.27).)
Fourth, because of (5.18) and Proposition 3.2, the contribution of
vya¥ is no greater than Ceq||z¥||o.

e The term go contributes no more than Ce(||z||12 + r~1/2). This
is because /7 times L? norm of /rw(t*, P(h¥)) is bounded by
rsupe(|2¥]) - ||P(h¥)||2. And, this last expression is bounded using
Points 3 and 4 of (5.27).

e The term g3 in (5.25) contributes no more than
CrilP(h*)I1F < ¢rlin®I3.

And, this last expression is no greater than ¢ (e||z]|1,2 +771). (Use
Points 3 and 4 of (5.27).)

e The term g4 in (5.25) contributes no more than

S|zl g + 772,
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Tndeed, T - L P(h*) has L? norm bounded by ¢r~1/2||h¥||; the
latter follows from Points 3 and 6 in (5.27) after an integration by
parts. (Remember that IT annihilates the image of the operator M
in (4.28). Also remember that P(h¥) is L? orthogonal to the kernel
of M on each fiber.) Then, use Point 4 of (5.27). Meanwhile, the
contribution from the term with ¢° can be bounded using Points
2-5 of (5.27). Finally, the contribution from the term with err® is
no greater than (r~/2 because of (5.1a).

Step 5. 'This step establishes that T satisfies a certain contracting
property:

Lemma 5.8. For each k, fiz a compact set K*) lying in the (Cj, my)
version of Zy and fir a vector space Ay so that for each y € KW®) | the
projection from Ay onto cokernel(Ay) is surjective. There exists g > 0
(which depends only on K®)), and given § € (0,107 - &), then the
constants € > 0, 1 >0 and ( > 1 tn Lemma 5.7 can be chosen so that
the following additional assertion can be added to those of Lemma 5.7:
For each k, construct the submanifold ICS\k) so that (5.18) holds and then
fizy* in ICS\]C). Use {y*'}, and r > ¢? to define the map T. Let & € xHF
obey ||z||12 < € and sup |2*| < & for each k. Let ' € x,H¥ obey

o lla'liz < V.
e For each k, supg |2'%| < e1.

o For each k, and for each r > 0 and for each baoll B C Cy of radius
Ps

(5.28) / (Vz'*|2 < £2p!/%0,
B

Then ||T(z) — T(a")|l1,2 < 27|z — 2| |1.2-

Note that z and 2’ are not treated symmetrically here.

Proof of Lemma 5.8. As T(z) and T'(z') are L? orthogonal to the
kernel of (1 — Qa)A,, the size of ||T(z) — T'(z')||2 is no greater than
CII(1 — Qo) (RE(x) — R¥(z"))||2. The size of the latter will be bounded

by considering the contributions of the various terms in (5.25).
The first remark is that the contribution to

(1 = Qu)(R¥(2) = R¥(2"))l2
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from the terms g1, g3 and g4 in (5.25) is no greater than
e+ ) le —a'||r 2.

(With the use of (5.5), (5.14) and the chain rule, the discussion here is
similar in all essential respects to the discussion above concerning the
contribution of these same terms to ||(1 — Q2)R*||2.)

A bound for the contribution to |[(1 — Q)(R¥(z) — R¥(z"))||2 from
the term f*(z*)Va* in (5.25) requires the L? norm constraint for Vz'*
over balls in (5.28). A bound is obtained as follows: To begin, observe
that

fk(xk)ka—fk(x’k)Vx’k
(5.29) =M (@*)V(aF — %)
+ (") = R ™) Ve,
Set w = x¥ — 2" and then (5.29) and the first line of (5.26) imply that
175Vt = R (") T2

5.30
(5.30) < ¢l Va2 +ngp(\xk!)HVsz-

Thus, as |z¥| < ¢ by assumption, the last term on the right side of (5.30)
is bounded apriori by (e||w||1 2.

A bound in terms of ||w||12 on the first term on the right side of
(5.30) requires the following result from Morrey [13]:

Lemma 5.9. Let f be an L' function on a compact, connected, Rie-
mann surface C and let K, A > 0 be constants with the following property:
Let B C C be any geodesic ball of radius p > 0,

(5.31) /B\f\ < kp.

Then, the assignment of w € L3(C) to I ly|u? defines a bounded func-
tional on L3(C) which obeys

(5.32) /C Flw? < Crllwl2-

Furthermore, if w has support in a ball of radius p > 0, then

(5.33) /C\f\w2 < Cap M| |wlf3 ,.
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Here, ( depends only on the geometry of C.

Proof of Lemma 5.9. This follows immediately from Lemma 5.4.1
in [13].

By this last lemma, the first term on the right side of (5.30) is also
bounded by (e||w||12; and therefore

(5.34) 1/ (2")Va® — fE @)V [s < Cellz® — 2|1z

Now consider the contribution of the g, term in (5.25) to the bound
for [|(1 — Qp)(R*(z) — R¥(2"))||2. Tt is at this point where the bound
by 7~1/3 of ||z'||2 enters. Indeed, the go term contributes no more than

or[ [ (et —a P pu ) P

+a* 2P (" (@) — B () 2)]

(5.35) o

to the size of |[(1 — Qa)(R¥(z) — R¥(2'))||2. Here, the dependence of
Lemma 5.5’s h on z is noted explicitly. The second term in (5.35) can
be bounded using (5.14) and Lemma 4.8; and because |z¥| < ¢, the
resulting bound implies that this second term contributes no more than
Cellz® — a1z to |[(1 — Qa)(RF(z) — R¥(2"))]fa-

Meanwhile, the first term in (5.35) can be bounded by

Cr¥/ 1|~ P(h* ()]s

(5.36)
< ¢4 |ah — 2 (a2 |z + r 7).

This last estimate uses the L} to L* Sobolev embeddings in dimension
2 (for the z¥ — 2/* part) and in dimension 4 (for the P(h*(z')) part).
Points 3 and 4 of (5.27) have also been invoked.

Under the assumption that ||2/[|12 < 7~/3, the right-hand side of
(5.36) is bounded by ¢r~/12||zF — 2/%||, 5.

Step 6. This step states and proves Lemma 5.10, below, which
explains when the map T preserves the conditions which are imposed
in (5.28).

Lemma 5.10. For each k, fix a compact set K lying in the
(Cr,myg) version of Zy, and fix a vector space Ay so that for each
y € K, the projection from Ay onto cokernel(Ay) is surjective. There
exists 0o > 0 (which depends only on K*)), and given § € (0,102 - &),
then the constants € > 0, e¢1 > 0 and ¢ > 1 in Lemmas 5.7 and 5.8
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can be chosen so that the following additional assertion can be added
to those of Lemmas 5.7 and 5.8: For each k, construct the submanifold
IC%) s0 that (5.18) holds, and then fix y* in ICSf). Use {y*'}, and r > (2
to define the map T. Let B C x,H* consists of the set of ' which obey
(5.28). Then T maps B to itself.

Proof of Lemma 5.10. TLemma 5.7 asserts that T maps B to the
subset of x;H* where the first point of (5.28) holds. Thus, it remains
only to establish that 2’ = T(x) obeys the second and third points of
(5.28) when x € B. In this regard, note that the second point of (5.28)
follows from the first and third points if r is large relative to 1. To see
that such is the case, (and for other reasons), it is convenient to first
digress to introduce a new norm for the set of 2’ € x,H* where the
third line of (5.28) holds. This norm assigns to 2’ the number

1/2
(5.37) p(w’>:<2k sup  p /% / rw’kP> :
{(2,0)€Cx(0,1]} B(z,p)

here B(z,p) C C is the ball of radius p and center z.

With the digression ended, appeal now to Theorem 3.5.2 in [13]
to conclude that z’ which satisfies the third point in (5.28) is Holder
continuous with exponent 1/100 and

(5.38) sup |2 (z) — 2" ()] < ¢p(a!) dist(z, 2/) /190
z#2'eC

for each k. In this last equation, z'¥(z) is compared to 2'%(2') by an
implicit parallel transport of the latter from 2’ to z along a shortest
geodesic using the connection 6. It then follows from (5.38) that

(5.39) sup o] < (([[a"*||2p(2)1%) /1.
C

To derive (5.39), note first that if |z'*(z)| > b, then (5.38) insures that
|2’%| will be greater than b/2 on the ball of radius p = ¢(b/p(x'))'%. This
implies that the L2 norm of 2’% will be at least as large as (b(b/p(z'))'%C.
Equation (5.39) amounts to a rewording of this last sentence.

In the situation at hand, ||z%|| < r—'/3 and p(z') < € by assump-
tion, so (5.39) implies that

(5.40) Sup’(II’k‘ < C(T—1/38100)1/101
C
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for all & when 2’ obeys the first and third points in (5.26). Thus, given
£1, every 2’ in B will have each z'* bounded by & when r is sufficiently
large or ¢ sufficiently small.

The fact that 2’ = T(x) satisfies the third point of (5.28) is a direct
corollary to the next lemma.

Lemma 5.11. For each k, fix a compact set K*®) lying in the
(Cr,my) version of Zy, and fix a vector space Aj so that for each
y € K®) | the projection from Ay onto cokernel(A,) is surjective. There
exists 8y > 0 (which depends only on K% ), and given § € (0,10738),
then the constants € > 0, e¢1 > 0 and ¢ > 1 in Lemmas 5.7 and 5.8
can be chosen so that the following additional assertion can be added
to those of Lemmas 5.7 and 5.8: For each k, construct the submanifold
ICS\k) s0 that (5.18) holds and then fix y* in ICSf). Use {y¥'}, and r > ¢2
to define the map T. Let B C x, H* consist of the set of @' which obeys
(5.28). If x € B, then p(T(x)) < 27 'p(x) + ¢(||z]|12 +r1/?).

Proof of Lemma 5.11. The proof of Lemma 5.11 uses a special case
of Theorem 5.4.1 in Morrey’s book [13] to obtain estimates of p(T'(z))
from estimates of the L? norm of the function |(1 —Qx)R¥| over various
size balls in C. Here is Morrey’s result:

Lemma 5.12. Let C be a compact, connected Riemann surface and
let By C C be a geodesic ball of radius py > 0 which is much smaller
than the injectivity radius of C. Suppose that w is an L? section over
By of ®1<g<mN? and K, X € (0,1) are constants such that the following
1§ true:

o The L? norm of w over By is bounded by k.

e When B C By is a concentric ball of radius p < po/2, then
S |Byw|* < &2

Then, [g |[Vw|* < (k?2p* when ever B' C B is a concentric ball of
radius p < po/4. Here, ( is a constant which depends on A, but not on
By, w nor k.

Proof of Lemma 5.12.  As noted, this lemma is a case of Theo-
rem 5.4.1 in [13]. To apply Morrey’s theorem, remark that Theorem
5.4.1 in [13] does not refer directly to systems of equations. However,
the extension of Morrey’s result to this particular system is absolutely
straightforward. (Simply write the system out in components.) Remark
also that Morrey’s Theorem 5.4.1 refers to Equation (5.1.1) in [13]. The
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relevant version of Morrey’s Equation (5.1.1) reads [(A ¢, Ayw+e) =0
for all compactly supported sections £ of V¢ over By. Here e = —A“w.
It follows from Lemmas 5.7 and 5.12 that

(5.41) p(T(2)) < Sibg + C([|2h2 +7712),

where b} = SUDP{(2,0)eCx (0,1]} p1/50 fB(z,p) |(1—-QA)R|?. When deriving
(5.41), write the expression (1 — QA)A,T as AT + Ea0a<AL0a7T>2,
where {o,} is an L2-orthonormal basis for Ay, and (,) signifies the L?
norm. Then, control the contribution of this term with {o,} using
Lemma 5.7 and the fact that the basis {o,} is a finite set of smooth
sections.

The task now is to bound, for each k, the number b; in terms of
p(x) and ||z||1,2. For this purpose, fix attention on a ball B C C of some
radius p > 0. Let {g;};=0,... 4+ denote the various terms in (5.25). Here,
Gi=1,... 4 are as described, while gg = ¥ (x*)VzF. Clearly,

(5.42) /B (1 - QURM@)? < ¢ /B (- Qu)g;l*.

In all cases, one finds that
G:43) o™ [ (1-Quai < ¢+ (pla) Hlalh o+
B

The derivation of (5.43) mimics the proof of Lemma 5.7 in almost all
essential respects except for the case of g3 (see below). Thus, the deriva-
tion is left to the reader except for the following remarks:

e The contribution to the g4 term from err* is handled as follows:
Let Y w = Herr® and let w denote the corresponding section of
(©1<q<mN?) ® TO'C. Then (1 — Qa)w is smooth and has point-
wise norm which is bounded by ¢r~'/2. (This follows from (5.16).)
Thus, the square of the L? norm of this term over a ball B of radius
p is bounded by (p?r1.

e For the rest of g, and g;4, the derivation of (5.43) uses the fact
that Q4 is a finite rank projection operator whose image consists
of smooth sections to conclude that

(5.44) /B (1 - Qu)ail® <¢ /B ail” + ¢ lail 2
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e The L' norm of g; is bounded by
Clgill> < ¢t +)7 ([, +r717).

(The latter bound follows directly the arguments which prove
Lemma 5.7.)

¢ In the case of gg,

2
/ \f(xk>ka\2sc(sup\xk\) [ vt
B C B

(5.45) )
<¢ (sup \xﬂ) p(z)2p"/?.

C
For r > ¢, the latter is less than (1! + £)1/190p(2)2p!/50 because
of (5.40).

¢ In the case of g9, the integral in question is bounded by

2
v (suprm’fr) [ empabp
7~ 1(B)

C

2
(5.46) <¢ (sgprm’fr) P2 PRI

2
<¢ (sgp rx’fr) 2 plllelR s + ).

(The derivation of (5.46) uses (5.28).) By assumption, ||z||12 <
r=1/3, so it follows from (5.39) that the far right side of (5.46) is
bounded by (p(2)20%/1013:=1/6 5 which is consistent with (5.43).

To apply (5.44) for the case of g3, it is necessary to introduce some
new technology in order to obtain a useful bound for the L? norm of
g3 over balls. (Direct appeal to Lemma 5.5 will produce a bound on
the square of the L? norm of g3 over a ball B by r||P(h¥)||2, which is
O(||#][3 3 + 77%). Though small, this lacks any obvious p dependence.)
A digression is required to introduce the extra technology to use for the
g3 case.

To start the digression, consider:

Lemma 5.13. Let C be a compact, connected, Riemann surface,
let W — C be a Riemannian vector bundle with melric compatible con-
nection V. Given A € (0,1), there is a constant { with the following
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significance: Let g be an L? section of W and let x be a constant such
that ||g||2 < K and that for any p > 0 and any radius p ball B C C,

(5.47) [ 194l < wo
B

Then for any p > 0 and ball B C C of radius p, [ |g]> < (2P

Proof of Lemma 5.11.  The proof starts with the following claim:
There is a constant ¢ which is independent of g such that for any p > 0
and ball B C C of radius p, [5|g] < (kp' ™. Given this claim, the result
follows from a standard Sobolev inequality. (See, for example Theorem
3.5.3 in [13].) The claim is proved via an integration by parts. (Note
that for any z € C, the function |Vg| - dist(-, )™ is integrable.)

End the digression. In the case at hand (where g = g3),

/ Vgs| < ¢rf2 / VTSI P (K| PR
B 7=1(B)

1/2
(5.48) < PPV Pl [/ G TSt
7~1(B)

and thus
/B!Vg\ < ¢r¥Mp! 2| [V P (R ||o] | P(BF)] |4

(5.49) < ¥t k|3
<t (| |aR [ 4+ 7).

Because ||z]|; 2 < 77 1/3, the latter is therefore bounded by ¢p'/2r=5/12,

Step 7. This step completes the proof of the existence assertion
of Lemma 5.6. To begin the argument, reintroduce the domain B in
the Banach space x,HF. It is an exercise to check that B is closed.
According to Lemma 5.10, the map T sends B to itself. According
to Lemma 5.8, the map T is a contraction mapping on B. Thus, the
contraction mapping theorem insures that there is a unique point z € B
which is a fixed point of 7. That is, there is a unique solution = € B to
(5.20).

The fact that z satisfies (5.22) follows from the definition of B and
from (5.40).

Step 8. This step establishes that the fixed point solution z € B
to (5.20) satisfies the apriori estimate in (5.23). In this regard, remark
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that the bound on ||z]|12 by ¢r~'/? follows directly from Lemma 5.7.
Meanwhile, the sup norm bound on z* can be obtained from (5.39)
given that ||z[|12 < ¢r~'/? and that p(z) < ¢r~'/2. This last bound
on p(z) follows from Lemma 5.10 in light of the established bound for
[lzl|1,2 by ¢r=2,

Step 9. This last step considers (briefly) the behavior of the so-
lution in B to (5.20) as a function of the data {¢*}. In particular, the
smooth dependence of = on the data {y*} is a direct consequence of the
contraction mapping theorem. (See Subsection 4a.) The apriori bound
on the differential of z also follows from the contraction mapping the-
orem and Lemma 5.8 after using the chain rule to describe the change
in the map T with respect to changing the data {xk} The latter task
is tedious, but straightforward and will be omitted.

Part 8. The goal here is to establish the uniqueness assertion of
Lemma 5.6. In this regard, suppose that the various constants 6, eg = €,
€1 and ( are as given in Lemma 5.11. Then, Part 3 has established that
there exists a solution, z’, to (5.20) which sits in the space B and which
obeys the apriori estimates in (5.23). Furthermore, the norm p(z') is
bounded by ¢r~'/2. Now, let 2 be a second solution to (5.20) which
obeys the conditions in (5.22). Then, z is also a fixed point of the map
T. And, according to Lemma 5.8, the L? norm of x — 2’ is no greater
than half itself. This implies that 2 = z'.

i) Proof of Proposition 5.2

There are five steps involved in the proof.

Step 1. For all r sufficiently large, the solution {z*} to (5.20)
from Lemma 5.6 varies smoothly as a function of the data {y*} as the
latter varies in xleEf). Thus, the left side of (5.21) defines, for r large,

a smooth map ), : xles\k) — XgAg. By Lemmas 5.3, 5.5 and 5.6 and
Proposition 3.1,

(5.50) Wy — xpph| < ¢rmt/2,

where wlk\ is the map in (5.1b) whose zero set is homeomorphic to K,
The analogous bound for |d(¢p" — x5 )| by ¢r=1/? follows using the
Chain rule with (5.5), (5.14) and the last remark in Lemma 5.6.

Step 2. Meanwhile, the preceding constructions define a map V¥, of
xles\k) into the quotient by C°°(X; S') of the space of pairs consisting

of a connection on the line bundle E' and a section of the bundle S
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as defined by F in (1.9). This map is defined by first taking, for each
k, the section ¢®) of (2.15) to be equal to Y (y¥). One then defines the
image of W, as (¢, + 3754, (@, + o/, B, + (), where ¢' = (d, (c/, 3'))
is given in terms of ¢° and {¢*} by (4.6). Then, ¢° becomes an implicit
function of {¢*} through Lemma 5.3. Meanwhile, each ¢* is written
as in P(h¥) + t*, where t* is a function of z* (as described in (5.8).)
Lemma 5.5 then defines h* as an implicit function of {¢*'} and {z*},
and Lemma 5.6 defines z* as an implicit function of {y*'}.

By construction, ¥, maps {yk} into the moduli space M) of po =10
solutions to (1.13) precisely when 1, ({y*}) = 0.

Step 8. Except for (4.1.2) and (4.1.3), the assertions in Proposition
5.2 follow directly from the preceding remarks and the various estimates
in Lemmas 5.3, 5.5 and 5.6 plus (5.50). (The assertion that the restric-
tion of ¥, is continuous follows in a straightforward manner from the
properties of the contraction mapping constructions.)

Step 4. The last step proves the estimates in (4.1.2) and (4.1.3).
The arguments here occupy the final subsection, below.

j) Pointwise estimates

The purpose of this subsection is to establish the estimates in (4.1.2)
and (4.1.3) which concern the supremum norm for (a/,(¢/,')) and
Vid, (c,3)). The proof requires three steps.

Step 1. Let C denote one of the submanifolds from the set {C*},
and let m denote one of the corresponding my. The goal is to estimate
the L2 norm of the corresponding ¢* over balls of radius r~1/2, In this
regard, remember that ¢ = P(h¥) 4 ¥, where P(h*) is obtained from
Lemma 5.5, and t* is defined via Lemma 5.44 using z* from Lemma
5.5.

To estimate the L? norm of ¢*, note first that the sup norm of z*
from Lemma 5.5 is bounded by ¢ 7~1/2_This implies that the supremum
norm of ¢¥ is bounded by ¢(r~/2, and that its L? norm is bounded
apriori by ¢r~1. Thus, the L2 norm of t¥ over any ball of radius r~1/2
is bounded by ¢r~3/2,

To estimate the L2 norm of P(h¥) over radius #~'/2 balls, first ob-
serve that the L? norm of k¥ is bounded by ¢r~!. This follows from
(5.12), (5.15) and (5.22). Then by Lemma 5.5, the L2 norm of P(h¥) is
bounded apriori by ¢r~3/2

Moreover the remarks in the preceding two paragraphs imply that
|¢¥|]2 < ¢r~', and that the square of the L? norm of ¢* in any ball B
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—-1/2

of radius r is apriori bounded by

(5.51) [ 1e < e

Step 2. Construct ¢' from (¢°,{¢*}) as indicated in (4.6). The
preceding equations plus Lemma 5.3 imply that ||¢'||2 < ¢(r~!. And,
(5.51) plus Lemma 5.3 imply that the L2 norm of ¢’ over any ball B ¢ X
of radius r~'/2 is bounded apriori by ¢r~3/2. That is, (5.51) holds with
¢ replacing ¢*.

Step 8. 1If the data {y*} lies in the zero set of the map 4., then ¢’
obeys (4.2). In the general case, ¢’ obeys an equation of the form

(5.52) L +Vr-w(d,q) +err,

where err’ = 3gx1006k err’? . k

CeemVTIsI/C,

Since the operator L is elliptic, and elements in Ay satisfy apriori
derivative bounds to any desired order, (5.52) can be used to obtain
pointwise bounds on the derivatives of ¢/ in terms of the preceding L2
bound of ¢ over radius 7#~/2 balls. In this regard, standard elliptic
estimates (see, [13], Chapter 6) give (4.1.2) and (4.1.3).

Indeed, to obtain (4.1.2) and (4.13) from (5.52), first fix a geodesic
ball B C X of radius ~'/2 and let B’ C B denote the concentric ball
with radius 2717~1/2. Now, dilate B to have unit radius. The dilated ¢’
obeys an equation such as (5.52), but where

Here, err’” is pointwise bounded by

o the dilated version of L has irrelevant r factors,
e there is no /r factor before the w term, and

e the err’ factor is suitably dilated; infact, after dilating, its point-
wise norm is bounded by ( er—1/ 2;

e the dilated ¢’ has L? norm in the unit radius ball which is bounded
by ¢-r1/2,

Standard regularity theorems using the dilated equation bound the
supremum norm of the dilated ¢’ in the radius 1/2 ball by ¢ r~1/2; and
this is the bound in B’ for ¢'. Bootstrapping these theorems produces a
bound of ¢r~1/2 on the supremum norm of the covariant derivative of
the dilated ¢’ in this same radius 1/2 ball. After undoing the dilation,
the latter bound produces a bound of ¢ for V¢’ in B’.
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6. Analytic structures

The purpose of this section is to consider the map W, from Proposi-
tion 5.2 in greater detail, especially with regard to the topological and
smooth structure of M.

The precise statement of the first result requires a brief digres-
sion to review the topology on M. The digression starts by remark-
ing that Conn(F) (the space of smooth, Hermitian connections on E)
has the structure of an affine Frechet manifold which is modelled on
iQY(X). Meanwhile, C*®(S,) is a smooth Frechet vector space, so,
Conn(E)xC*®(S4) has the structure of a smooth Frechet manifold. The
group C®(X; S') acts smoothly on the latter, with quotient (Conn(FE) x
C®(84))/C®(X;SY). This last set is given the quotient topology. The
space M (") sits in this quotient, and, as stated in Section 1, the topology
on M) is the subspace topology which is inherited from its inclusion
inside (Conn(E) x C®(84))/C>®(X;Sh).

Proposition 6.1. Let £ — X be a complex line bundle with first
Chern class e. Fiz a finite set {(Cg,mp)}i<k<n of pairs, where {Cy}
is a pair-wise disjoint collection of connected, pseudo-holomorphic sub-
manifolds, and where {my} consists of positive integers. These are con-
strained so that pmy[Cy] is Poincaré dual to e. For each k, choose a
subspace K¥) in the (Cr,myg) version of Zy which has compact closure;
and choose a subspace Ay in the (Cg,my) version of C(D1<q<mN?)
with the property that the projection of Ay, onto cokernel(Ay) is surjec-
tive for each y € K%, Then IC%) in Proposition 5.2 can be chosen so
that the following are true:

o When r > 1, introduce
T, - x, K8 = (Conn(E) x C(84))/C(X; S")

as in Proposition 5.2. If r is sufficiently large, then this map s
an embedding.

o Introduce 1, : xleS\k) — XpAp as in Proposition 5.2. When r

is sufficiently large, U, maps 11 (0) homeomorphically onto an
open subset of M),

The action of C®(X;S') on Conn(E) x C®(X;S') is free at points
(a, (a, 3)) where the second pair is not identically zero. (Note that
M) misses this set when 7 is large.) Away from this set, (Conn(E) x
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C>®(S4))/C*®(X;S') has the structure of a smooth Frechet manifold.
Indeed, the tangent space at a point = = (a, («, 3)) consists of the vector
space Tz of elements (b, (,))) € iQ' @ C(S.) which satisfy the slice
condition

inT -
6.1 *xd * b+ —=im(an + ) = 0.
(6.1) e (an + BA)
Furthermore, a small radius ball 5 C 7= about 0 gives local coordinates
near = via the map which sends (b, (1, A)) to the orbit of (a + ﬁb, (a+

2v2
n,B+ A)). (This B can be defined using the L2 metric.)

Remark that it is customary in gauge theory circles to define a man-
ifold structure on such an orbit space by completing the latter using a
Sobolev space topology. Add some standard elliptic regularity results
to the proof of the slice theorem for the Sobolev topology to obtain the
C*° topology slice theorem used here.

The analytic structure of M) is essentially that of the zero set of a
smooth section of a finite rank vector bundle over a finite dimensional
manifold. In order to make this notion precise, re-introduce, for each
point E = (a, (o, 8)) € M), the operator

(6.2) L=Lz:iQ"(X)®C®(5.) = i(QUX) o Q*F) @ C>(S_)

from (4.3) and (4.4). As the next proposition demonstrates, the behav-
ior of I determines the local structure of M("),

Proposition 6.2. Suppose that r is large. Fiz & € MT). There
are non-empty balls B C kernel(L) and B C T= with 0 as center; and
there are smooth maps ¢ : B — cokernel(L) and ® : B — B with the
following properties:

e ¢(0) =0.
e & — 1 maps into the L?-orthogonal compliment of kernel(L).

o The ball B can be identified, as described above, with a neighbor-
hood of = in the orbit space (Conn(E) x C*®(5.))/C®(X;S1).
After doing so, the map ® defines a homeomorphism from the
subset ¢~ 1(0) C B onto an open neighborhood of E in M),

o ||®(v)—v|| < &-||v||?, where the former norm is any C* or Sobolev
norm, and the latter is the L? norm. Here, the constant & depends
on the norm in question (and on r), but not on the point v € B.
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e If cokernel(L) = @, then M) is a smooth near B, and ® gives a
coordinate chart for M) near B. In particular, at such a point,
kernel(L) C T= is naturally isomorphic to the tangent space to

M) gt =,

Given the preceding proposition, say that = € M) is a smooth
point when the operator L as defined from this data has no cokernel.
Perturbation theory insures that the set of smooth points of M) is
open; and it follows from Proposition 6.2 that this set has a natural
smooth manifold structure.

The following proposition describes a relationship between the ana-

lytic structures of M) and of {ICS\]C)} :

Proposition 6.3. Make the same assumptions as in Proposition
6.1, but assume here that each K is an open set. Then the sub-
manifolds {IC%)} from Proposition 5.2 can be chosen so that for oll v
sufficiently large, the following is true: When 2 € U, (¢ 1(0)), the ker-
nel of Lz is tangent to the image of U,. In fact, kernel(L=) at such =
is the image by the differential of W, of the kernel of the differential
of . In particular, if each K*) is in the (Cy,my) version of Z, then
U, maps x.K%*) onto an open subset of smooth points in MT) as a
diffeomorphism onto its image.

The image of x kICXC) by ¥, gives an example of a submanifold ¥ C

(Conn(FE) x C*®(X;8,))/C®(X;S") with the following special prop-
erty:

Y contains a nonempty open subset A" C M),

6.3
(6.3) e If = € NV, then kernel(Lz) C TY (as a subspace of 7z).

Such a submanifold Y of (Conn(E)x C*(S5,))/C>(X; S') will be called
a “Kuranishi model” for A/. Tt turns out that the local and also global
analytic structure of A’ can be described in terms which are intrinsic to
the Kuranishi model Y. In particular, the sequel to this article [22] ex-
plains how to compute the Seiberg-Witten invariants as the Euler class
of a certain section over Y of a certain finite dimensional vector bundle.
(The sequel also proves that M) always has a Kuranishi model.)

The remainder of this section is occupied with the proofs of these
propositions.
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a) Proof of Proposition 6.1: ¥, as an embedding

Given the first assertion (that the map U, is an embedding), the
second assertion follows with a demonstration that ¥, maps 1.~(0) onto
an open set. This subsection demonstrates that ¥, is an embedding,
and the next subsection considers the image of ¥, on 1, 1(0).

The argument that ¥, is an embedding starts with the definition of
a map, Y, from (Conn(E) x C*®(S,))/C>®(X;S') into a finite dimen-
sional, complex Euclidean space. The argument then establishes that
the composition of Y with ¥, defines an embedding. This implies that
W, itself must define an embedding.

The argument that Y e ¥,. embeds procedes by composing the map
Y with an auxilliary map, ¥2. Here, U0 sends y € xleSf) to the orbit of
(a,(y), (ar(y)B,(y))), where the latter is defined as in Section 3b using

{c®) = Y (y#)}. The map Y will be constructed so that its composition
with ¥0 gives an embedding whose differential is uniformly large. Then,
the proof that Y composes with ¥, to give an embedding reduces to
what is an essentially perturbative calculation.

The details of the argument are given in the six steps that follow.

Step 1. As g ranges from 1 to m, the integral in (2.6.3) exhibits
a smooth map, H, from the vortex moduli space &, to C™. As re-
marked in (2.6.3) the ¢’th component of H can be written in terms of
the zeros of 7 with their multiplicities: H? = Xy..(\)=om(A) - A9. Param-
eterize €, in the usual way by C™ (as in (2.6.1)) and then H defines
a diffeomorphism from C™ to C™. Indeed, it is a well known fact in
the theory of symmetric functions that if y = (y1,... ,ym) € C™, then
HY(y) = —q-yq+94, where g, is a universal polynomial in (y1,... ,yg—1)-
In particular, it follows that the differential of the map H : C™ — C™
is upper triangular (in the obvious sense), and its determinant is equal
to (=1)™ - ml.

For the purposes below, the map H is unwieldy because its definition
involves an integral over the whole of the complex plane. However, the
map H can be approximated on compact subsets of C" as follows: Fix
R large and consider the map Hp : C" — C™ whose ¢'th component
sends y to

(6.4) HY = (87)7! /quXR(l — |7%).

Here, xr is the cut-off function on C which sends 7 to x(|n|/R). (Re-
member that x g is defined in Step 4 of Section 2d.) The relevant prop-
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erties of the map Hp are summarized by

Lemma 6.4. Given € > 0 and o compact set K C C™, there exists
Ry such that for oll R > Ry, the map Hg obeys

(6.5) |Hr(y) — H(y)| + |dHR|y, — dH|,| <& when y € K.

Proof of Lemma 6.4. This follows from (2.5) and Lemma 2.3.

Step 2. This step defines a prototype for the map Y. The map
defined here requires the choice of the index k, a point z € C}, and
R > 1. The prototype will be denoted by Y . ry. Given this data,
choose a complex, hermitian identification of the normal bundle fiber at
z with C. Also, set m = my below.

Now characterize

Yik,zr)  (Conn(E) x C*°(S,))/C*®(X;S') = &C™

by the condition that it send (a, («, 3)) to the point ¢’th coordinate is
(6.6) Vo = 607 [ ans (1= ja).

Here, (1 — |a|?) is implicitly restricted to where |s| < 2Rr='/2 on the
fiber of the normal bundle to C} at z and the latter is identified with C
as described above.

Step 8. This step defines the map Y. The building blocks for the
construction are the maps Yy . g) of the previous step. The idea here
is to first choose a suitably large R, and subsequently choose, for each
k, a finite set U(k) of points z in Cj. Then set

(6.7) Y = ®u,)Y(h,2,R)-

To define R, remark that for each k£ and each z € C}, restriction to

the normal fiber of C}, at z (together with a complex hermitian identifi-
cation of this fiber with C) maps IC%) to a set in C™ whose closure, K,
is compact. Choose R so that (6.5) holds for this set K and & = 1073,

(k)

Because each K7 is compact, a choice of R can be made which works
for all k and all z € C,..
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The choice of the points for a given index &k will be made as follows:
Choose a finite set, U[k] C C, of points which has the property that the
evaluation map

(6.8) ev: stk) — @zeU[k}(@lgqgqu’z)

defines an embedding. (Such a finite set exists because IC%) has compact
closure in C®(D1<q<mN?).) Use the data {z € U[k]} for the definition
of the sets Y{;, , ) in (6.6).

The following lemma summarizes the properties of the map Y. In the
statement of this lemma, || - ||o denotes the norm on T(x kICS\k)) which
is obtained by taking the direct sum of the L? norms on the various
components. In this regard, remark that any given X, is a submanifold
in the space of sections of ®1<4<mNY, and so its tangent space inherits
the L? inner product from that on C*°(®1<4<m N?). Furthermore, since
KA has compact closure (by assumption), the L? topology on this space
is equivalent to the C* topology.

Lemma 6.5. The manifolds {ICS\]C)} in Proposition 5.2 can be chosen
so that there is a constant ( > 1 with the following properties: Construct
Y as just indicated. Reintroduce the map ¥, : xleS\k) — (Conn(F) x
C>®(8,))/C®(X;8Y) from Proposition 5.2, and let W2 denote the map
between the same two spaces which assigns to y in the domain the orbit
of the point (a,,(c,,3,)) in the range. When r is large, then

(6.9) (Y 0 p)up = (Y 0 T)up| < (r7 '] IpJ2.

at all y € xles\k) and for all p € T(xklcs\k))]y.
The proof of this lemma starts in Step 5, below.

Step 4. This step uses Lemma, 6.5 to complete the proof of Proposi-
tion 6.1’s assertion that the map W, is an embedding. To begin, remark
that the fundamental theorem of calculus plus (6.9) imply

(Y 0 ) (y) — (Y 0 T,)(y)] 2|(Y 0 T (y) — (Y 0 ) (y))|

(6.10) _
— ¢ 2ly =)l

for any two points 5,1’ € xleSf). Here, ¢ is independent of r and the

chosen points (y,y’).
Meanwhile, note that the range of Y decomposes in the obvious way
as a direct sum of vector spaces indexed by k and z € U[k]. And, the
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(k,z) summand of Y o ¥¥ is equal to the composition of restricting Kx
to the fiber of the normal bundle of C}, and then, after a complex,
hermitian identification of this fiber with C, applying the map Hpg.
Thus, given the properties of the set {z € U[k]}, it follow from Lemma
6.6 that

(6.11) (Vo i) (y) — (Y o u)(5)] = ¢ lly — o[l

where ( is independent of » and of y and y. (This ¢ will depend on the
initial choice for {K(*)}.)

When r is large, (6.10) and (6.11) imply that y and 3’ are mapped
to the same point only if y = 4. This implies that ¥, is one-to-one.
The fact that the differential is injective follows from (6.10) and (6.11)
by letting ' approach .

Step 5. This step contains the

Proof of Lemma 6.5. The first thing to understand is that both
U, and UY are defined in terms of maps (with the same names) from

xles\k) into Conn(E) x C*°(S4). (See Propositions 3.1 and 5.2.) And,
(5.2) describes ¥, in terms of U¥ and ¢’ = (', (¢, 3')); where the latter

defines a map from xleSf) into iQ' @ C*°(S,). With this understood,
it follows from (6.5) that

(6.12) (Y 0 Ty)p — (Y 0 B),p| < CR? sup \¢.p].

Here, ¢!, denotes the directional derivate of ¢’ in the direction of p. Thus,
Lemma, 6.5 follows from

Lemma 6.6. The assertions of Proposition 5.2 can be amended with
the following addition: As described above, think of ¢ = (d', (., 3)) as
a smooth map from xleSf) into iQ' ® C°(S,). Then

(6.13) sup g.pl < ¢ Ipllo.

The remainder of this step is occupied with the

Proof of Lemma 6.6. A slight modification of the argument in
Section 5j gives the bounds for ¢.p given a proof of the following claim:
Let B C X be a ball of radius 2r~/2. Then, the L? norm of ¢.p over
B is bounded by ¢r~3/2||p||, where ¢ is independent, of r (when large),
y and p.
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The proof of this claim procedes as follows: Remember that ¢’ is a
sum of parts (as in (4.6)), so there is a corresponding sum for ¢,p which
has terms involving the directional derivatives of (¢°, {¢*}). The latter
will be denoted by (qg,{q{; ). The subsequent arguments will bound
llapll2 and [f5 g5 I°]"/ by ¢r=3/||p|-

To bound ¢j), suppose first that the bound Hq;’,fHQ < ¢r~2||p|| has
been established. Then apply (5.5) with the Chain rule to prove that
llaplle < ¢r=32Ip]].

The key to L? norm bounds for q]’,f is an estimate for the norm of
the directional derivative, x’; of zF. In this regard, Lemma 5.6 gives
the bound HZE’;HLQ < ¢r=Y2||p||. With the preceding understood, write
q" = t# + P(h*). The directional derivative of t¥ will be denoted by
t’; . The latter can be computed (using the Chain rule) in terms of the
directional derivative of z¥, and this computation yields

(6.14) IVt5lle + Vrlltyll2 < Cllaplle < ¢rm'2(lpl.

This last equation (with the L? — L* Sobolev inequality) implies that

1/2
(6.15) [ / rt,‘;\g] < Ukl < 2 o))

Next, consider the contribution to q]’,f from the directional derivative
of P(h¥). The L? norm of the latter can be bounded using the Chain
rule with (5.14). The result is a bound by ¢r—3/2||p|| of its L? norm
over the whole of the normal bundle to Cj,. With (6.15), this last point
implies that [y [¢f|*)"/* < ¢r=/(|p|| and that [|¢*||2 < ¢r'/?|[p]|-

b) Proof of Proposition 6.1: The image by ¥, of 1, 1(0)

This subsection proves that the map W, of Proposition 5.2 maps

1, 1(0) onto an open set. The arguments in this subsection are arranged
in twelve steps.

Step 1. Fix a point yo = {yk} € xxk) which is in ¢1(0).
Consider a point £ € M) which is close to U, (y). The goal will be to
find a point y = {y*} € xleSf) which is close to 5y and is mapped by ¥,
to Z. Note that given any £ > 0 and positive integer p, it is sufficient for
the purposes of Proposition 6.1 to restrict attention to the case where
= has distance ¢ or less from W, (yg) in the CP topology. This freedom
to take = as close as desired to ¥, (yg) is used (often without comment)
extensively below.
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Here are some parenthetical remarks concerning the distance from
y to yo and from = to ¥, (yp) : First, in measuring the closeness of y to
1o, notice that it is sufficient to measure closeness in any Li>0 topology,
and this will imply closeness in the C? topology for any p. Thus, the
distance between y and yo will be denoted by ||y — yol||, without specific
mention of the particulars of the norm.

Second, remember that the Seiberg-Witten equations are elliptic
equations for the gauge orbit point. This implies, in particular, that
“close” in some Sobolev topology, say L2, implies “close” in any given
CP topology. Thus, in the discussion below, the phrase “Z is close to
U, (yo)” will be used without reference to the precise topology involved.

Third, remark that in previous sections, it was of critical import to
develop estimates which were controlled with respect to the parameter
rin (1.13). This kind of control is, for the most part, unnecessary here
because r is going to be fixed at some large value, and then the distance
from = to ¥, (yp) will be assumed to be small.

Step 2. Think of ¥, as a map into Conn(E) x C*(SL). (See
Proposition 5.2.) Then, ¥, (yg) can be written as

616) (ael) + 220/ 0), (o) + ). B, + ) )

Here, (a,(v0), (2, (v0), B, (y0)) are defined from yq as specified in Propo-
sition 5.2 and Sections 2 and 3b. Also, ¢'(yo) = (a'(yo), (¢ (o), 5'(v0)))
is given by Proposition 5.2.

Fix any point y € X leSf) which is close to yg. The point y will
act, for the time being, as a parameter in the ensuing discussion. A
particular value for y (determined by Z) is fixed at the end. Given y as

above, a point on a gauge orbit £ € M) can be written as

(6.17) == (a0 + ot lar ) + 5,0+ )

Note that the right side of (6.17) differs from the right side of (6.16)

by a term of the form (2—\\//2@”,(04”,&”)) ,where (a”, (", ")) can be

assumed small in any apriori chosen CP norm by choosing E sufficiently
close to U, (yo).

With y € xleS\k) chosen in a small diameter neighborhood of g,
a preliminary goal is to find a point on the gauge orbit of = so that

the resulting ¢’ = (¢, (¢/, 8’)) in (6.17) decomposes as in (4.6) in terms

321



322 CLIFFORD HENRY TAUBES

of data (¢°, {¢*}) where ¢° satisfies the first line in (5.3) and, for each
index k, ¢* satisfies the second line in (5.3). The operator L and the
{err¥} terms for (5.3) will be defined, using the point y € xleSf) to
define (a,(y), (2, (v), 8,(y)). Note that the interest here will be in finding
(¢°,{¢"}) which have suitably small norm.

The construction of (¢°, ¢*) requires a digression that occupies Steps

3 through 9.

Step 3. Remember that ¢'(yo0) = (a'(y0), (¢ (y0), B'(y0))) has, by
construction, a decomposition as in (4.6) where (5.3) are obeyed in
the case where L and {err*} are defined using the point gy € kuCSf).
This means that the failure for a given point on the gauge orbit E
to satisfy such a decomposition is small when y is in a small diameter
neighborhood of yy and the difference between (6.16) and (6.17) is small;

that is, when Z is in a small diameter neighborhood of W,.(yq).

Step 4. This step argues that a point on the gauge orbit of = can be
chosen (when y is in a certain neighborhood of g, and E is in a certain
neighborhood of ¥,(yg)) so that the resulting ¢ = (o, (¢/, 7)) from
(6.17) obeys the slice (gauge fixing) condition that (4.4) should vanish;
here, (4.4) uses the data (a, (o, 8)) = (a,(y), (2, (v), 8,(y))). Also, the
resulting ¢’ should be close to ¢'(yo) = (¢’ (yo), (¢/ (vo), 5 (y0))) when E
is close to U, (yo).

Here is an argument for the existence of such a point: To begin,
pick any point on the gauge orbit of Z and let ¢/, = (al4, (¢14: 814))
denote the data from (6.17) for this initial choice. Of course, if = is
close to W, (yp) and y is close to yg, then this ¢}, can be assumed to
be close to ¢'(yo) in the sense that the CP norm of the difference is less
than . Here, p and £ > 0 can be predetermined in advance. Given the
initial choice of gauge orbit point, the final choice will be determined
with the help of a function u on = as follows:

124/ 2 . .
(6'18) (a'la Oé,, '8,) - (agld B %du’ (€z~uagld + €z~ug7n (y)

~ oy (y), B + B () — g,xy») |

The function u will be found by considering the vanishing of (4.4) as an
equation for 4 on =. The latter equation is equivalent to an equation of
the form:

(6.19)  —sxdxdu+ 27" (o (wo)|” + |8, (wo)|*)u + Z(u) =0,
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where Z(u) is a non-linear function of u. For the present purposes, it is
suffient to know that Z(u) = v1 - u + v2 + O(u?), where 1 and o are
functions of ¢,y — ¢'(yo) and y — yo. In particular, their C? norms are
bounded by the CP*! norms of the latter. (The point here is that (4.4)
vanishes when modified by replacing y by yo and ¢4 by ¢'(yo).)

With the preceding understood, it becomes an exercise with the
contraction mapping theorem to find a small solution u to (6.19) when E
is in a certain neighborhood of ¥,.(yy) and y is in a certain neighborhood
of 4g. For such a solution, standard elliptic regularity results bound its
C? norm by a uniform (i.e., E-independent) multiple of ||y — yo|| and
the CP norm of ¢/, — ¢'(yo)-

Step 5. Given that (4.4) vanishes for the case

@ @ 0) = (a,0), (@ W), B, (1)),

the condition that 2 € M) implies that ¢ = (d/, («/, 3')) obeys (4.2)
for the case where y defines the term err, and defines L by (4.3) and
(4.4) using (a, («, B)) as above.

With the preceding understood, the purpose of this step is to define
(¢%{¢"}) so that (4.6) holds. In this regard, note that the data (¢°, {¢*})
are defined from ¢’ using some auxiliary data, {f*}. Here, f* is a section
over the normal bundle of the C = C}, and trivial E version of the bundle
Vo from (4.16a). The data {f*} is specified below. However, given this
data, here is (¢°, {¢*}) :

o ' = (1 — X2557k)q, + EleOO(s,k‘fk'

6.20
(620) o ¢ = xosod — (1 — xa50) f".

Note that (4.6) holds, as required. When interpreting the first line in
(6.20), use Lemma 4.4 to interpret X1005,kfk as a section of iT*X @ S g,
where S ¢ is the plus spin bundle for the canonical Spin® structure as
given in (1.7). In this regard, remember that ¢° should be interpreted
as a section of ¢T* X @© Sy o also. The latter interpretation requires the
identification of the given S; as in (1.9), and it requires the identifi-
cation using «, of E with the trivial line bundle where «, # 0. The
interpretation of the second line in (6.20) also uses Lemma 4.4 and the
identification via o, of F with the trivial bundle where o, # 0.

Step 6. The data {f¥} in (6.20) must be constrained by the require-
ment that (5.3) hold. Given that (4.2) holds, this constraint is implied
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by the requirement that f* obey

Li fP 4P (1 = xa5.1) x2005k[@ (¢, fF)

(6.21)
+w(q*, ¢")] — p(dxossr)d =0

on the normal bundle N of Cj. In (6.21), L;, is as defined in Section 4
but with the trivial vortex (v = 0,7 = 1) replacing the given section of
the (Cp,my) version of (2.15). This is to say that Ly is defined using the
my, = 0 version of (2.15). Note that when viewing (6.21) as an equation
to determine f* from ¢, one should look at ¢° and ¢* as functionals of
¢’ and f* through (6.20). In this way, (6.21) reads:

Lif* — /r(1 — xas.6)x1006,6@ (£, £F)

(6.22)
V(1 = Xos50) X250,k @(q', 4') — p(dx2s6,6)0" = 0.

It is left as an exercise for the reader to verify that (6.21) (or, equiv-
alently, (6.22)) insures that (¢°, {¢")}) solves (5.3).

Step 7. This step and the next verify that (6.22) has a small
solution when g is in a certain neighborhood of 1y, and Z is in a certain
neighborhood of ¥, (yg). In this regard, there are two key points to keep
in mind: First, there is a small solution to (6.22) when ¢’ is replaced by
¢ (yo), this being

(6.23) F5 = x256,60° (W0) — (1 = Xo55,6) 0" (o)

Here, ¢°(yo) and {¢"(yo)} are the data from (4.6) which are produced
by the construction of ¥, (yg) from .

The second key point to remember is that both L; and its formal
L?-adjoint are robustly invertible. Indeed, appeal to the m = 0 case of
Lemma 4.10 finds, for large r,

o [|1Lidll2 > ¢TH(IIVB][2 + V7lIbll2),

(6.24)

o [IL{bll2 > ¢ IVBlz + VrBll).
In both lines, ¢ > 1 is independent of b and r. (The top line holds for
all smooth sections b of Vy with compact support, and the second line
holds for all smooth, compactly supported sections of the bundle V;
from (4.16b).) With regard to applying the analysis in Lemma 4.10,
note that neither V¢ nor K arise in this case because the vortex which
defines L has vortex number zero.
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With the preceding understood, appeal to the m = 0 case of Lemma
4.10 to prove that L has a bounded inverse which maps Ls(V;) to
L2(Vy). Furthermore, this inverse obeys the following apriori bound:
VL (B2 + V7L (B2 < ¢]|h]|o- Here, ¢ is independent of r and
h.

Step 8. Write (6.22) as the condition for a fixed point of the map T’
on L2(V1) to itself which sends % to L (v/r(1 — Xask)X1006.% (hy h) +
®(q’)). The existence of a constant ( > 1 and a unique fixed point,
ho, of T with L? norm bounded by ¢~'r~/2 follows from standard
dimension 4 Sobolev inequalities when ||y — yo|| is assumed small, and
when ¢’ — ¢'(yp) is assumed to have very small Cy norm.

Step 9. Pointwise estimates for f¥ = P(hg) can be obtained by
employing the L? estimate for f* from the previous step with stan-
dard elliptic “bootstrapping” arguments. The result is a bound on the
derivatives of f¥ to any desired order given bounds for |jy — yo|| and
bounds on the appropriate derivatives of ¢' —¢'(yo). (The bootstrapping
arguments are of the sort given in Chapter 6 of [13].)

Step 10. 'The following has now been established: There are neigh-
borhoods, U, of yg in xk/cX“) and, U, of ¥,(yg) in M) such that when
y € U, each Z € U has a point on its gauge orbit as in (6.4) where
q = (d,(«/,8)) is given by (4.6) and where the data (¢°, {¢*}) satisfies
(5.3). Furthermore, the norms of (¢° — ¢°(y0), {¢* — ¢*(y0)}) and their
derivatives to any given order can be assumed as small as desired by
restricting the neighborhoods of yy and ¥, () so that points in these
neighborhoods have small distance to yg and ¥, (yg), respectively.

To complete the argument that ¥, maps 1, 1(0) onto an open set,
it remains still to verify that there is some choice of y € x;,B* near
for which the data (¢°, {¢*}) is constructed as described in Section 5.
(That is, for which ¢° = ¢°(y) and ¢* = ¢*(y), where (¢°(y), {¢"(v)}) is
given by the constructions in Section 5 which start from the point y.)

When Z is in a certain neighborhood of W, (1), the existence of
such a point y = y(=) follows directly from the uniqueness aspects of
the existence assertions in Lemmas 5.3-5.6 with an extra application of
the inverse function theorem. The details of this argument occupy the
remaining two steps.

Step 11. Because the CP norms of g — go(yo) and {g* —¢"(y0)} can
be made small by restricting to small diameter neighborhoods of yg and
U, (yo), the uniqueness assertion of Lemma 5.3 can be safely invoked
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to insure that ¢ from (6.20) is the function of ¢* (from (6.20)) and y
as described by Lemma 5.3. Likewise, the uniqueness assertions from
Lemmas 5.4 and 5.5 can also be invoked to insure that ¢* from (6.20)
has the form ¢* = P(h*) 4 t(2¥), where h* comes from Lemma 5.5.
Here, 2" is a section of the bundle D1<q<m N9 If z* is L? orthogonal to
the kernel of the operator (1 — @ A)Ayk, then the uniqueness assertion
of Lemma, 5.6 can be invoked to conclude that z* as defined above from
¢" is that which is given by Lemma 5.6. In this case, the point 3 must
solve (5.21) and so E = U, (y).

Step 12.  Thus, the issue comes down to this: Given = close to
U, (yo), is there a point y (which is close to yg) so that the corresponding
z* as defined above is L? orthogonal to the kernel of the operator (1 —
QA)Ay?

The answer here is yes. Indeed, the existence of a (unique) such
point is a consequence of the implicit function theorem. To see why,
consider first the case where the point 4 is chosen to equal yy. In this
case, the projection of the resulting 2* onto the kernel of (1 — Qa)A,,
is bounded by some uniform multiple of some C? measure of distance
between = and ¥, (yp). (Remember that this projection vanishes when
y = yo and X = W, (yo) because then (¢°, {¢*}) and (¢°(y0), {¢*(10)})
are the same.) Now, if y is changed to y = yo + v, with |v| small,
then (with E fixed), the resulting z* differs from the v = 0 version by
v 4 0 - v where o is also uniformly bounded by some C? measure of the
distance from = to ¥, (o). Here, one should think of Z as being fixed,
and changing the reference point y in some small neighborhood of 4. In
any event, this last estimate, with the inverse function theorem, finds
the desired point y when = is close to W, (y).

¢) Proof of Proposition 6.2

Propositions of this sort are standard in gauge theory circles. The
reader is referred to [12] or the forthcoming [8]. However, here is an
outline of the construction of ¢ and ® : Write E = (q, (e, 8)) and
suppose that w = (d,(</,8)) € Q' © C®(X;S,). Then the point
(@ + %a’, (a+d, B+ 7)) is in M) if w satisfies the equation:

(6.25) Lw + rw(w,w) = 0.

Here, y is defined as in (4.2).
To find solutions to (6.25) with w small, write w = v + ®¢, where
v € kernel(L), and ® is in the L? orthogonal compliment to kernel(L).
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Let TI;, denote the L? orthogonal projection onto the cokernel of L.
Then @ is found as a function of v € kernel(L) by solving the equation

(6.26) Ly + /(1 = T1)w(v + g, v + Bg) = 0.

The contraction mapping theorem (with some Sobolev inequalities and
the Fredholm alternative) can be used to show that (6.30) has a unique,
small solution, ®¢(v) whenever v has small norm. Here, the norm
on v can be taken to be its L? norm, and the norm on ®; its L%
norm. (The upper bound on the norm of v will be r dependent.)
When v has small norm, (6.26) has a unique, small solution, ®¢(v),
which depends smoothly (in fact, analytically) on v. (The small solu-
tion to (6.26) is found as a fixed point of the map which sends ® to
—/rL7 Y1 —T)w(v + ®,v + ). This map sends the L? completion of
the L2-orthogonal compliment of kernel(L) to itself.)

With ®y(v) understood, then the map ¢ for Proposition 6.2 sends v
to

(6.27) p(v) = (w(v + $o(v),v + Py(v))).

d) Proof of Proposition 6.3

Remark first that Proposition 6.1 insures that {IC%)} can be cho-

sen so that W, embeds X les\k) as a submanifold, Y, of (Conn(FE) x
C>®(84))/C*®(X;S') which contains a neighborhood of the ¥, image
of 171(0). Now, suppose that

(6.28) kernel(Ly, (y)) = (¥;)« - kernel(yy+y)

has been established for each y € 1/,71(0). Then, the proof of Proposition
6.3 is completed as follows: It is sufficient, after (6.28), to prove that
the index of L is equal to the sum of the indices of the operators {A  }.
(The argument here is as follows: If the dimension of the kernel of L is
equal to its index, then cokernel(L) is trivial and the point in question
is a smooth point. The dimension of the kernel of L is, according to
(6.28), that of the kernel of the differential of +,. As no A, has coker-
nel when y € Z, Assertion 4 of Proposition 5.2 insures that ¢, (0) is
a submanifold (when r is large) which is diffeomorphic to xK*). As-
sertion 4 of Proposition 5.2 also insures that i, vanishes transversally
along this submanifold. In particular, this implies that the dimension
of the kernel of the differential of ), at a point in t; 1(0) is the sum of
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the dimensions of the submanifolds K(*). The latter sum is equal to the
sum of the dimensions of the kernels of the operators {A ¢ }. And this
last sum is the same as the sum of the indices of the same set {Ax}
because each A, has trivial cokernel. Thus, if index(L) is also equal to
the sum of the indices of {A}, then dim(kernel(L)) = index(L).

To prove that index(L) = ¥y index(A i), note first that the index
of L is equal to 2d = ee e — cee. Since the set {C}.} consists of pairwise
disjoint submanifolds, this number 2d is equal to X2 dy, where 2-dy =
m% “eg ® e —my, - coep. And, the number 2 - dy is the index of A . (In
Proposition 3.2, the integer n is equal to e; e ex. And, by the adjunction
formula, ce ey = 2 - (genus(Cy) — 1) — e @ e.)

The proof of (6.28) is deferred to the next subsection. The remainder
of this subsection contains a necessary discussion of the operator in
(4.3) and (4.4) as defined by (a, (@, 3)) = ¥, (y). Lemma 6.7, below,
summarizes. In the statement of the lemma, use the notation N ®) to
denote the C' = C} and m = my, version of the vector bundle ®1<y< N9,

Lemma 6.7. The sels {IC%)} in Proposition 5.2 and a constant
¢ > 1 can be chosen with the following property: Suppose that r >  and

that y € xleS\k). There exist a pair of homomorphisms
¢ : @ LI(N®)) - L2(NW @ 701 ¢y

and
o L (i(er d Ay) @ S_) — L2(N®) @ TO1¢y)
which obey

o llgfullz < C(Ellu¥ll +r= /" Spllu¥ ||12), where &, is bounded by

the distance from y* to Zy. In particular, given e, then {IC%)} can
be chosen so that &, < .

o llgfg'llo < ¢ (11 =T0)g* |2+ 2|lg"| |2+~ Sp|| (1 -Tg* |12).

o Let Ly, denote the operator in (4.3) and (4.4) in the case where
(a,(a, B)) = W,.(y). Let ¢ € i(Q° @ Q>T) @ C®(S_). Then the
equation Ly, )p = g has an L? solution p if and only if there
exists u = (u',... ,u¥) € @, LI(N®)) for which

(6.292) Ayu + ¢ (u) = T (™) + ¢¥(g)
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holds for each k. Here, while z(g'") is defined by the condition that
z=TIg"*.

o In addition, if Ly, yp= g’ has a solution p, then

p = (1 — xa56)0° + Zkx1006.60",
where

a) p° obeys

IVP°l2 + v/r[p°]]2
(6.295) < ¢ (19”2 + Sk (r™ 2 k|1
+ 7 2] (1 =g 12));

b) pF = P(WF) + X u¥; here u* solves (4.62) while h'* is in the
¢ = ¢, version of L?(V1; K1) and obeys

(6.29¢) 11112 < (11 =g |l + 72 [ub |12 + 12°1l2),

where (6.29b) can be used to bound |[p°||2.

The remainder of this subsection is occupied with the
Proof of Lemma 6.7. There are three steps to the proof.

Step 1. Write ¥, (y) as in Proposition 5.2 in terms of data
(@, (@, 3,)) from Sections 2 and 3b and in terms of ¢' = (d', (¢/, §)).
Agree now to use L to denote the operator which is given by (4.3) and
(4.4) for (a, (o, B)) = (g, (q,,3,)). With this notation change under-
stood, the version of (4.3-4) for (a, (,)) = ¥,(y) has the schematic
form

(6.30) Ly, =L+ Vr2@'(d,),

where @'(-,-) is a certain natural, r-independent homomorphism from
®o(iT*® Sy ) to i(er ® AL) ® S_. In this regard, it is important to note
that the component of w’ in 1Ay & S_ is equal to the endomorphism w
which appears in (4.2).

Step 2. Now suppose that p € iQ' @ C*°(S,) obeys Ly, oyp=4"
Then p satisfies an equation of the form Lp + ¢p = ¢', where ¢p =
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V2w (¢, p). Since |¢'| < ¢r~Y2, the homomorphism ¢ has a point-
wise norm bound which is independent of r. This means, in particu-
lar, that one can invoke LLemma 4.11 with ¢ there set to equal p here.
Then, (6.29b) and (6.29¢) follow from (4.53b,c) using w* = Y1u*. Also,
(4.53a) for w* implies (6.29a) for u¥ if one sets ¢ (u) = YT VE(T1u) +
2v/r Y7 e (Mxass @' (¢, Xquk)) + vy (u”) where vy, is described by As-
sertion 5 of Proposition 3.2. (See also (4.49¢).) Also, to obtain (6.29a)
from (4.53a), it is necessary to set ¢¥ = YT 4%, Thus, Lemma 6.7 follows
with an appropriate bound for the L? norm of

(6.31) 2V YT e (Mxoss o (¢, Lyuh)).

Step 8. The first remark is that 2/ Y] ' (Txes5 5@ (g%, X u¥)) dif-
fers from (6.31) by a term whose L? norm is bounded by ¢e™V7/<||u¥||5.
This is because the ¢° contribution to (6.31) occurs where the projection
IT is O(e™V7/%). (See the last line in (5.27).)

Furthermore, the algebraic structure of II demands that

(6.32) o' (¢*, T1u*) = Mw(P(R*), X ub),

where h¥ is given by Lemma 5.5. (This last point is absolutely crucial
to the argument.) These last remarks imply that the L2 norm of (6.31)
is bounded from above by

(6.33) STy g PR + 72 S [uh]15).
Now, use Holder’s inequality to bound (6.33) by
(6.34) GO Lyad [all P s+ 28] 5)-

Next, note that ||P(h¥)||s < ¢r~! using Lemma 5.6 and the second,
third and fourth points of (5.27). And, note that, ||X;2¥||s < ¢r=V4|ju||,
because of the last point in (5.27). Finally, use the fact that ||u*||s <
¢|[uF||1,2 to deduce Lemma 6.7’s bound on ||¢&||2 from (6.34).

e) Proof of (6.28)

There are six steps to the proof. The first four steps prove that
the kernel of L at the ¥, image of any point in 4 1(0) is tangent to

\Ilr(kuCS\k))'

Step 1. Let v € T(xles\k)), and let p, denote the image under
the differential of ¥, of v. Then p, satisfies an equation of the form
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Ly, (ypv = g, Here, g, = Six10056A v and A¥v depends linearly on
v € T(xxkP).
Concerning this term A, remark that it is apriori a section of the

bundle V; in (4.16). However, the following observations follow from
the fact that t,(y) = 0 (and thus ¥, (y) € M)):

e The projection (1 —II) as defined by ¢ = YT(y*) annihilates X\ v.
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o Likewise, the projection (1—Q) for A = Ay annihilates Y7 'z(\v).

(6.35)

Thus, \*v = X, zF, where 2% € Ay.

Here is the argument for (6.35): When y € xleS\k), write U, (y) =
(a,(a, B)), and then the expression in (3.6) defines an element, H, in
the summand Q% ® C®(S_) of i(Q° @ Q?T) @ C°°(S_). By construc-
tion, H is given by EkX10057ka with both (1 — II)HF¥ = 0 and also
(1—Qa) YT HF = 0. The term Mo is the differential of HF at y € ¢1(0).
In this regard, it proves useful to remember the following: Suppose that
o(-) is a differentiable map from the interval (—1,1) into a vector space,
V. Then, let P be a family of projections on V' which is differentiably
parameterized by (—1,1). Finally, suppose that Pyo(-) = 0. Let o’ de-
note the derivative of o with respect to ¢, and let P’ denote the deriva-
tive of P with respect to ¢t. Then, Po’ = —P'o, so Po’ # 0 in general.
However, Po’ automatically vanishes at values of ¢ where o(t) = 0.

Step 2. Suppose now that p’ is annihilated by Ly, - Given
v € T(xleEf)), then p = p’ — p, obeys the equation Ly, ,p = ¢ =
Elegog,k/\kv, and thus is described by Lemma 6.7. More to the point,
for a particular choice of v, each u* which appears in (6.29a) can be
assumed to be L?-orthogonal to T(ICS\]C)). This is to say that u* is L%-
orthogonal to the kernel of (1 — Qa)A, in the case where y = y* and
A = AR

This last condition on the u = (u',... ,u") will be assumed in the
subsequent steps, with the goal to prove that p = 0. (This implies that
p’ is in the image of the differential of W,.) The proof that p = 0 is
completed in Step 4.

Step 8. Because of (6.35), each u” in (6.29a) obeys

(6.36) (1= Qu)(Ayu® + ¢ (w) = /%,
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where [|fxllz < Ce‘ﬁ/CEkaﬁHz. (Both (1 — xg55,k)x10057k/\kv and
(1 — M)x255.Afv are exponentially small because of (6.35).) Mean-
while, since u* is L? orthogonal to the kernel of (1 — Qr)Ay, one has
k|10 < ¢||(1 — Qa)AyuF||2. This last fact plus Lemma 6.7’s estimate
for qﬁ’g implies that

(6.37) Srlluf(l12 < Cem VS |ak|l2,

when r > ¢ and € < (! for some fixed constant .

Step 4. Now project (6.29a) onto A = Ay. Because Tl_lx(gkv) =k
by definition, the latter projection and (6.37) imply that for each k,

(6.38) |2k lo < Ce™VTE g |2

The latter equation is consistent at large r only if ¥ = 0 for all k. That
is, only if Moy = 0.

The condition z¥ = 0 for all k& implies via (6.40) that u* = 0 for all &.
This last conclusion yields (via (6.29b) and (6.29¢)) that p = p'—p, = 0.

Step 5. Tt has now been established that the kernel of L at points
in the U, image of 4 1(0) are tangent to the image of U,. This step
demonstrates that the kernel of L at such points lies in the ¥, image of
the kernel of the differential of ¢,.. For this purpose, consider a point y €
;7 1(0) and an element v in the kernel of L at W,.(y). Let y: (—1,1) —
xles\k) be a smooth path which obeys v(0) = y and (¥, ).(¥]o) = v.
Here, +' is the derivative of ~.

Because v is in the kernel of L, the norm of H (that is, (3.6)) at
U,.(v(t)) is bounded by a uniform multiple of #2. This implies that the
norm of 1,(y(t)) is also bounded by a uniform multiple of #*. (The
norm of Tyt ~at any y is bounded from above by a multiple of that of
H(P, (y)) since the former is obtained by projecting the latter.)

It follows from the preceding remark that the differential of ¢, anni-
hilates the derivative of «v at £ = 0. Thus, as claimed, v lies in the image
by the differential of W, of an element in the kernel of the differential of

(2

Step 6. The purpose of this last step is to prove that the differ-
ential of ¥, maps kernel(1),,) into the image of kernel(L) at points
in 171(0). To begin the proof, consider a point E = (a, (o, 3)) €
(Conn(E) x C®(81))/C>®(X;S") and, as described in the introduc-
tion to this section, identify a neighborhood of E with a ball B C 7=
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about the origin. The Seiberg-Witten equations in (1.13) restrict to B
to define a map F : B — iQ?T @ C°(S_). Together, the differential of
F at 0 € B and the slice condition in (6.1) define the operator L for Z.

Let y € 9, 1(0) and let y' € xles\k) be near to y. Then, ¥, (y)
satisfies an equation of the form

(6.39) F(U(y") = G (v),

where G is a smooth map from a neighborhood of y in kuCSf) into the
space of injective homomorphisms from x A, to 122+ © C(S_).

With the preceding understood, fix a non-zero vector v in the kernel
of the differential of ¢, at y. Let v : (—1,1) — xles\k) be a smooth path
with the property that v(0) = y and 4/(0) = v. Use (6.47) to compute
the derivative of F(v(-)) at ¢ = 0. The resulting expression proves that
the differential of ¥, maps kernel(¢,.) into kernel(L).
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