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ON DEFORMING CONFOLIATIONS

STEVEN J. ALTSCHULER & LANI F. WU

Abstract

We present a parabolic deformation of one-forms on compact, orientable,
odd-dimensional manifolds. The flow produces contact forms from the class
of initial conditions called “conductive confoliations”. We give applications
of these techniques to new constructions of contact forms on products of
contact manifolds with surfaces. In particular, we produce contact forms
on the product of any three dimensional manifold with any surface.

1. Introduction

1.1. Results. In this paper, manifolds are assumed to be smooth,
compact, orientable and endowed with a Riemannian metric. A one-
form 7 is contact on a 2n 4+ 1 dimensional manifold if at every point
n A (dn)" # 0. A global volume form may be chosen to reformulate the
(positive) contact condition as

(1.1) *x(n A (dn)"™) > 0.
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If i only satisfies the weaker inequality
(1.2) «(n A (dn)") > 0

it is a so-called (positive) “confoliation” [6].

Deformations of confoliations were studied in [1], and later [6], only
for the case of 3-dimensional manifolds. As in [1], we present a heat
equation tailored to diffuse the “positivity” of the form in the contact
region throughout the rest of the manifold. The transport mechanism
for this heat equation is related to the two-form

(1.3) T =% (77 A (dn)”_1> :

and conditions on this form are needed to ensure heat flow throughout
the manifold.

Loosely speaking, we call a confoliation “conductive” (see §1.3) if
every point on M?"t! can be connected to a point where 5 is contact
by a curve whose tangent vector is in the “range” of 7. The subset
of smooth one-forms that are conductive confoliations are denoted by
Con (M 2"H). Our main result is as follows:

Theorem 1.1. Ifn € Con (M2"+1), then 1 is C°° close to a contact
form.

The analytical program to prove this result may be summarized as
follows:

1. Define a diffusion equation on one-forms that preserves the con-
foliation condition for all time;

2. Prove a strong maximum principle so that under suitable condi-
tions confoliations become contact; this is subtle as the transport
mechanism for the equation does not produce diffusion in all di-
rections;

3. Characterize the class of so-called “conductive confoliations” that
satisfy the conditions necessary in step 2 for the maximum prin-
ciple.

We use this flow to demonstrate new constructions of contact forms
for certain products of contact manifolds with surfaces. The following
result resolves a case left open by the work of Lutz [10].!

We have been informed by Y. Eliashberg that M. Gromov has an unpublished
approach [8] using branched coverings over M? x SZ.
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Theorem 1.2. Let £2 be any compact orientable surface, and M?>
be any compact, orientable 3-manifold. Then M? x X2 is contact.

We next include an explicit construction of a conductive confoliation
on S312P x ¥22. The construction of conductivity is more sophisticated
than the one needed for the previous result and is included as a case
study. Tt is already established that S32P x 2 is contact.

At the end of the paper, we indicate a number of additional ap-
plications. In particular we extend the techniques to generalizations of
contact forms. For example, under analogous conductivity conditions, a
3-form 73y on a 7-manifold may be produced satisfying * (n(3) A dn(g)) >
0.

A second generalization is deforming differential forms that have a
notion of non-integrability when paired with a background structure.
For example, a precondition for a manifold M?"*! to be contact ([2])
is a 1-form 7 and a globally defined 2-form ® such that x (g A &™) > 0
everywhere. Again, under suitable conductivity conditions, “intermedi-
ate” measurements of non-integrability such as % (77 A dnF A <I>"_k) >0
are constructed.

1.2. Comments. The existence of a contact form (or a confoli-
ation) on a closed compact manifold is a topological condition. There
are known topological obstructions to the existence of contact forms.
When contact forms do exist, it is well known by the classical integra-
bility theorem of Darboux that all contact forms of the same dimension
are locally equivalent.

In three dimensions, the topological obstructions to finding contact
forms vanish. It was shown by Martinet [12] that all three manifolds
have contact forms. Work by Gonzolo [9] in fact demonstrated the
paralellization of every three manifold by contact forms. In five dimen-
sion, existence results were obtained by Lutz [10] for the case of tori
bundles over three-manifolds, and in particular for the cross-product of
3-manifolds with two-dimensional tori. However, this approach relied
on the special structure of tori and did not extend to general surfaces.
Results in this dimension were also obtained by Thomas [15] for simply
connected manifolds.

Many properties of contact and confoliation forms in low dimensions
have since been studied in depth (see [6]). In contrast, for higher di-
mensions, a general program for even demonstrating the existence of
confoliations and contact forms is lacking. On many spaces where all
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known obstructions vanish, such as the cross-product of a contact mani-
fold with a surface, contact forms are conjectured to exist. An indication
of the remarkable difficulty encountered in this subject is that the exis-
tence of contact forms, even on such spaces as the odd-dimensional tori,
is an open question.

There are several factors contributing to the difficulty of constructing
contact forms on manifolds of dimensions greater than three. Foremost
among these is that condition (1.1) places a non-linear condition on
the antisymmetrized matrix of first derivatives of n. This makes an
approach of adding locally defined contact forms together to form a
global contact form difficult. Adding to the formidable computational
difficulty of constructing contact forms is the seemingly non-geometric
nature of the hyper-plane distribution of the tangent bundle defined by
the null space of . In contrast to integrable distributions that define
foliations, contact distributions are “maximally twisted.” This makes
contact distributions difficult to visualize at scales larger than those
given by Darboux.

Since progress in producing high dimensional contact forms has been
difficult, new approaches such as those presented in this paper may prove
valuable for approaching the general problem of existence. Additionally,
the techniques presented in this paper may provide new examples of
non-homotopically equivalent contact forms.

1.3. Definitions. In this section we discuss the conditions needed
for the class of so-called “conductive confoliations.” Recall that these
are forms suited for perturbations by our heat equation techniques. Ex-
amples illustrating structures in this section will be given in § 1.4. Let
a € AY (M*71) and g be a metric on M**T!. Recall from (1.3) the
two-form

(1.4) T :*<oa/\ (da)”_1> :
The “square” of 7 is defined on two vector fields X and Y by
(1.5) (X,Y), = (ixTiv7),

or, in local coordinates,
(1.6) az-j = TimTjngmn.
The vector space of degenerate directions of a is denoted by

(1.7) Null(a) = {X|(X,Y), = 0,v¥}
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Null(a)" is its orthogonal complement with respect to ¢g. It may be
easily seen that Null(7) = {X|ix7 = 0} = Null(a) and Null(1)" =
Null(a)". With this in mind, we make the following definition.

Definition 1.3. A point p € M?"*! is accessible from g € M?"+!
if there is a smooth path z : [0,1] — M?"*! from p to ¢ with 2/(s) €
Null(a)" for all s.

We now define the class of confoliations amenable to perturbation
by our heat equation. These are confoliations that are able to conduct
heat, i.e., “contactness”, to all points of the manifold via paths in the
range of a.

Definition 1.4. The space of conductive confoliations, C'on (M 1
is defined to be the subset of o € A'(M?"*1) such that

1. « is a confoliation: * (a A (da)™) > 0;
2. every point is accessible from a contact point of «.

Note that at a point where Rank (doa]Null(a)) = 2n, « is contact. A
computation in coordinates given by Darboux’s theorem yields Rank(a)
= 2n.

At a point where Rank (da\ Null(a)) = 2n — 2 we choose an orthonor-
mal frame {Z, X1, -+, Xop_2,Y1, Y2} with the properties

(1.8) a(Z2)#0, aX;)=a(Y;) =0, do(Y;,)=0 Vi,j.

One may compute that 7(Z,-) = 0, 7(X;,-) = 0 for all 4, and 7(Y1,Ys) #
0. Hence, Null(a)* = Span{Yy,Ys} = Null(de) and Rank(a) = 2.

In contrast, if Rank (doa]Null(a)) < 2n — 2, then a A (da)"™ " = 0.
Hence 7 = 0 and Null(a)" = {0}.

1.4. Examples. We now give examples that help illustrate con-
cepts introduced in the previous section.

Example 1. In 3-dimensions, the previous discussion indicates that
Rank(a) = 2 whether « is contact or not. It is also the case that
Null(a)* = Null(c).

Example 2. Let R® be given with coordinates {z,z1,y1,%2,v2},
Fuclidean metric, and volume form dz A dzy A dyy A dze Adys. The one-
form a = dz 4+ z1dy; is a confoliation. Using 7 = dzs A dyo, it follows
that Null(a) = span{%, 3%1, 811}. Hence, (-,-), is proportional to the
Euclidean metric on the {z2, ygﬁ—plane and degenerate otherwise.

79
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If v is contact, say o = dz+x1dy1 +x2dys2, then the null space is one-
dimensional and given by Null(a) = span{% + xlaiyl + :cha%z}. This is
seen from the fact 7 = dx1 Adyy + dzo Adys — z1dxy Adz — zodao Adz.

Next, we construct an example of a confoliation that is not conduc-
tive. Let 1 = 1)(x1,y1,2) be a smooth function such that ¥(x1,y1,2) >
0 for |z1* + |31 + 2> < 1 and 4(z1, 41, 2) = 0 otherwise. Then for

a = dz + w1dyr +YP(z1, 91, 2)T2dy2
one may compute
aAdo® = 29p(x1,y1, 2)dz Adxy A dyp Adxs A dys.

Hence « is contact only in the region where 9 > 0. Outside this
region, & = dz + x1dy; and it follows from comments at the beginning
of this example that non-contact points are not accessible from points
in the contact region.

Example 3. We next look at a construction useful for constructing
contact forms in lower dimensions and examine why it fails to produce
a conductive confoliation in higher dimensions.

Let a be a contact form on M?**+!. Let (r,0) be polar coordinates
on a unit 2-dimensional ball B2. Then, for functions a(r) and b(r) we
consider the family one-form on M?"~! x B? defined by

n = a(r)a + b(r)do.

This form is similar to the “propeller” contact one-form (see [16],[1],[6]
for geometric interpretations). One may compute

dn = a(r)da + d (r)dr A o+ b (r)dr A d6
dp"tt = a" P (r)de" T 4 (n 4 1)a"d (r)de™ A dr A a

(1.10) + (n+ 1)a"b (r)da™ Adr A dO
!/
n A (dn)" ™ = (n+ 1)a” Z Z, aA(da)” Ndr A dO

To look for conditions on a,b that give a sign to (1.10), we call out
the following interpretation of the determinant condition.

Definition 1.5 (Propeller curves). Viewing X (r) = (a(r),b(r)) as
a curve in R? (see Figure(1)), we require

1. a=—1and b= —r near r =0,
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X = (a(0),b(r)

A X = @b

Figure 1: Propeller Curves

2. a— land ¢,b,b,—>0asr — 1,
3. X and X' are never collinear and X (r) # (0,0),
4. X rotates counter-clockwise, hence (ab’ — ba') > 0 for r < 1.

It is easy to find curves satisfying these conditions. For such a curve,
n is well defined. For n even, n A (dn)"*' > 0. However, for r¢ such
that a(rg) = 0, it is easily seen that n A (dn)"™" and 5 A (dn)" vanish
and hence n ¢ Con (M),

Example 4. Finally, we study two relevant degenerate quadratic
forms. Let 9(s) be a smooth function that is positive for —1 < s < 1
and 0 elsewhere. In R? with coordinates (z,y) define

(1.11) a = (ng”) ?) az = (%w (1)) .

Points outside of R = (—1,1) x R! are not accessible to points inside
of R by curves in the range of a;. This is essentially the situation in
example 2 above. In contrast, all points in R? are accessible to each
other by curves in the range of ay (see Figure(2)). This is the model of
the quadratic forms a given by conductive confoliations.

2. The flow

Many of the computations in this section may be found in [1] for the
special case of three-dimensional manifolds.
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Figure 2: Degenerate Quadratic Forms

2.1. Cross Term Energy. Let n = a+ ¢f. Then we may expand
n A (dn)" = a A (da)”
g (5 A (da)™ + ne A (da)™ ! A (dﬂ)) +0(é).

Definition 2.1. Let the first order cross terms be defined by the
function

2.2)  fla.B) = % * (8 (d0)" + na A (do)™ ™ A (48))

The normalization of 1/n is used for convenience in later equations.

(2.1)

The following is evident, and is justification for studying f more
carefully.

Proposition 2.2. If x(a A (da)™) > 0 and f(«, 3) > 0 then € may
be chosen small enough to make n contact.

Our problem then, may be neatly summarized by the task of making
f>0.

Note that f measures some of the first derivatives of 8. Working by
analogy with the derivation of the standard heat equation %u = Au
from E(u) = [ |Vul? di we define the cross term energy of @ and 8 by

(2.3) E(o, ) = / 7, B)du

We take the first variation of the energy with respect to 5 treating
« as a constant. That is,

(2.4 B(a,6) = 5o B0, 6+ ufumo
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We then integrate by parts.
gE’(oz, 3) = / I (5' A (de)™ + na A (dB') A (da)"_l)
= /ﬂ' A f(da)” +nfan (d8') A (de)"

(2.5) _ / B A [(da™) — nd(fa A B A (de)™1)
+nd(fa) AB' A (da)™ !

- /(n 1B A Fda)™ — nB Aa A (da)" Adf

From 2.5 we see that a gradient descent for the energy is given by
the variation

n+1

(2.6) B'=x%(aA(de)" P Adf) — [ * (da)™

2.2. The Evolution Equations. The deformation defined in
(2.6) has a number of interesting properties and deserves attention in
its own right. However, this article has the primary goal of turning
confoliations into contact forms; for this purpose it turns out that the
zero-order term in f may be dropped. The reduced evolution has the
advantages of simplifying later computations.

The deformation of 2.6 is therefore motivation for the following def-
inition.

Definition 2.3 (The contact flow). Let a(-),8(-,t) € A (M?*F1)
where « is a time-independent and J varies in time. We define the
contact flow to be

(2.7) {%5 = *(a A (de)" ™" A df)
6(-,0) = ()
where
(2.8) = *% <ﬂ A (de)™ + na A (do)™ ™ A (dﬁ)) .

Note that one may more generally write 5(-,0) = Sy(-). In our

case where fy(-) = «a(-) and « is a confoliation, the function f(-,0) =

”T"'l * (o A (da)™) and will be non-negative by assumption.

83
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It is important to study the induced evolution of f since, by Propo-
sition 2.2, f is the key to determining whether = eax + 8 can be made
contact. The quadratic form a;; as defined in §1.3 is used to define a
Laplacian-like second order operator

(2.9) Agf =adP IV, V,f
where a?? = gPlg¥a,;.
Proposition 2.4. The evolution of f may be writien as

(2.10) O f =l +Vx

where X = X (a, Va) is a vector field depending only on « and its first
derivalives.

Proof. From the definition of f and equation (2.7), one has

% = *% (%6 A (da)™ + na A (de)™ ™" A (d%5>)
(2.11) =% (a A (de)" ™ A <d* <0‘ A(da)"™" A df)))
(2.12) n *% (* <a A (do)™ " A df> A (da)"> :

Term (2.12) contributes only first derivatives of f while term (2.11)
contributes first and second derivatives. We leave it as an exercise to
rewrite (2.11) in local coordinates as

(2.13)  gUgPg" i,V (1in Vs f) = Dof + 67 (97 P17,V y70) Vs f

q.e.d.

The proof of existence of solutions follows the approach developed
in §3 of [1].

Theorem 2.5. The contact flow defined by equations 2.7 has a
unique, smooth solution on M?"+1 x [0, 00).

Proof. We start with the observation that the contact flow may be
viewed as a coupled system for the pair (5, f) defined jointly by equa-
tions (2.7) and (2.10) with initial data (e, f(-,0)) Now, the evolution
of f given in equation (2.10) above is decoupled from S and may be
studied separately.
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The second order operator on f is not strictly elliptic as ¢ will not
have full rank. However, one can regularize the equation for f by arti-
ficially adding in a positive multiple € of the full Laplacian

0
(2.14) afezeAfe"i_Aafe_‘_vae

By standard theory of parabolic equations, equation(2.14) has short
time existence on a positive time interval.

As in Theorem 3.4 [1], the modified equation is used to obtain esti-
mates independent of € on all derivatives of f.. We show below estimates
on f. and its first derivatives.

Using

Efe = eAfe + awvivjfe + szife

one may compute

B .
(2.16) afz = ¢ (A2 = 2|V fe|?) + Auf? = 2a9V,f Vi fe + Vi f?

and the weak maximum principle implies max f2(¢) < max f2(0) for all
time.
We then compute
0
E’erp =€ (A’Vf6’2 - 2’V2f6‘2 - 2gpqgrstrquevsfe)
+ D[V fe? = 2d7gPIVV, [ VY fe
(2.17) + 297UV ,a NV £V o fe
+ Qaijgpqngpijrvqfevsfe + XZVZ‘erP
+ QQPquXiVifevqfe

The evolution of |V f¢|?> may be estimated as follows
9 2 2 2
(2.18) 5| VI? < e (AIV I + 20V [ )
+ Aa]er‘Q + VX’er’2 + 2C‘Vf6‘2

for some constant C. To obtain this inequality, it is necessary to show
that there exists a constant Cy such that

(2.19)  ¢"IVa Y ViVif Ve < ¢"10TV V[V Vo fe + CLIV .

85
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Using al = g"gjsgklnmsl and
Vpa = g" g g (Vprek) T + 974 9 ek (Vpral)

equation(2.19) results from an application of Cauchy’s inequality.
Now, letting W, = |V f|2 + C f2,

0
(2.20) EWe < e AW+ AW+ Vx W, + CW,
and the weak maximum principle implies
max |V f|2(t) < max W(t) < max W,(0)e?

for all time. Hence the first derivatives of f. are bounded independent
of e.

The interested reader can consult [1] for similar computations of
higher derivative estimates.

A smooth solution to equation (2.10) for f may now be obtained as
a limit of solutions for f. as € = 0. The solution for f yields a solution
B to evolution (2.7). The estimates above give a solution (3, f) existing
for all time. The weak maximum principle implies the solution for f,
hence £, is unique. Thus condition (2.8) holds true for all time.  q.e.d.

The following is a straightforward application of the weak maximum
principle to the evolution equation for f (2.10). As desired, a flow that
preserves the confoliation condition has been produced.

Proposition 2.6. If f(-,0) >0, then f(-,t) >0 for all t > 0.

The strong maximum principle was developed in [3] for the case of
constant rank degenerate elliptic operators and later by [14] for a general
class of degenerate parabolic operators. For convenience, we present a
special case of the result in §4 of [14] as needed for our perturbation of
conductive confoliations to contact forms.

Let L be an operator on M2"+! x [0,00) of the form

(2.21) L=V, (a9V;)+ bV, — %
such that ¢ and b are smooth and ¢/ > 0. For a point zy € M?"*!
define A(zp) to be the closure of points (z(t), %) in M2+ x [0, 0c0) where
z(t) : [0,4] = M?**! is a smooth path satisfying 2(0) = z¢ and, for all
t >0, 2/(t)+b(t) = w(t) where w’ = av; for some v. Essentially, A(z)
contains points in M2"+1 x [0, 00) reachable from (zg,0) by graphs of
curves whose spatial tangent vectors are in the range of ¢ plus the drift
term b.
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Figure 3: Accessible Points

Theorem 2.7. [1/] Let u be a solution on M?"*'x[0,T) to L(u) <
0 such that uw > 0 at t = 0. If u(zg,0) > 0 then u(x,t) > 0 for all
(x,t) € Azg).

We encourage the reader to think about the diffusion properties L
in the case where ¢ is the degenerate form given by either a; or as in
§1.4, example 4.

The operator for f given in equation (2.10) may be written in the
form of equation (2.21). We are now ready to show that conductive
confoliations may perturbed to contact forms by the contact flow.

Theorem 2.8. Ifa € Con (M2"+1) then « is C™ close to a contact
form.

Proof. The definition of conductive confoliations (1.3) requires that
every point be accessible by a curve whose tangent is in the range of a.
To apply the strong maximum principle stated above, we need consider
curves that additionally incorporate the first order drift term b.

For a confoliation, if p is accessible from some point ¢ where f(g,0) >
0, then there exists a smooth path from ¢ to p satisfying z’ = w where
w' = a%v; for a covector field v on M?**L. However, by choosing k
large enough, one may find a path y(t) satisfying 4/(s) + b(s) = k - w(s)
connecting ¢’ to p where ¢’ is some point near g and f(q’,0) > 0 (see
Figure (3)).



88 STEVEN J. ALTSCHULER & LANI F. WU

Since every point on a conductive confoliation is accessible from a
point where the intial conditions are positive, it follows from the strong
maximum principle that conductive confoliations instantly become con-
tact under the contact flow. q.e.d.

3. New constructions of contact forms

In this section, we give applications of the contact flow to new con-
structions of contact forms. An interesting question is whether a contact
manifold crossed with a surface is contact. A general answer to this is
unknown. As mentioned in the introduction, the question of existence
even in the case of such standard spaces as the odd-dimensional tori of
dimension > 5 is open. Case studies of product manifolds can provide
insight for existence of contact forms on more general manifolds.

In [10], Lutz gave a construction for constructing contact forms on
torus bundles over manifolds that can be described as fibered knots.
The contact forms produced are invariant under the group action of the
tori on the total space. For dimension 5 his techniques yielded contact
forms on every T2 fiber bundle over a 3-manifold. In particular, Lutz
produced forms on M3 x T? and gave the first known contact form on
the torus 7°. The constructions in [10] make specific use the fact that
the fibers are tori and the techniques do not carry over to more general
types of product manifolds.

Below, we extend Lutz’s results to all surface cross-products in di-
mension 5. We do this by producing a very simple conductive confolia-
tion and then deforming it to a contact form.

Theorem 3.1. Let £2 be any compact, orientable surface, and M?>
be any compact, orientable 3-manifold. Then M3 x 32 is contact.

Proof. Let {11,2,43} be a frame of one-forms on M3 such that
11 is contact. In fact, by work of Gonzalo [9], the frame may be cho-
sen so that 19 and 13 are also contact, but these extra conditions are
unnecessary for our construction.

Let (z1,z32) represent coordinates on a ball B? C 2. Define

(3.1) a = a(zr,z2)P1 + b1, x2)s + (w1, 22) 3.
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X(®) = (a(0),b(),c(1)

Figure 4: Propeller Surface

Then

da = a(x1, zo)dipy + da(x1, x2) A4y
(3.2) + b((IIl, $2)d¢2 + db(xl,xz) Ao
+ C((L‘l, :Eg)d?bg + dC((IIl, (IIQ) A3,

Since a A da A da needs to contain dz A dy to be a non-zero mul-
tiple of the volume form, no terms arising from da in the collection
{dyp1,dpo, dips} can contribute to the final wedge product.

Hence,

aANdaANdo=2A%1 Aps Aps Adxy N dxo
2

where the subscripts on a, b, ¢ indicate derivatives with respect to o
and

a a; a9
(3.3) A=1|b b by
cC Cc1 €

The vector X = (a,b,c) defines a map X : B2 — R? that extends
to all of 32, Similar to the case of propeller curves (1.5), a geometric
interpretation of A # 0 is that X is never contained in the tangent plane
to its image. “Propeller surfaces” are maps X that have “spherical”
images, take the origin O € B? to (—1,0,0), and are constant (a, b, c) =
(1,0,0) outside of B?> C X2. An illustration of a propeller surface is
given in figure (4)

More explicitly, we see this by choosing a rotationally symmet-
ric map. If (z1,z9) are polar coordinates (r,8), then for functions
(u(r),v(r)) we may rewrite the conditions

a(r,0) u(r)
b(r,0) | = | v(r)sind
c(r,0) v(r) cos 6
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and

!/

(3.4) aAdaAda:—uZ Cah1 Aabo A by A dr A dO.

U
,Ul
Choose a product metric on M3 x %2, For convenience we choose

==t Npa ANp3 Adz N dwg

to be the volume form on M3 x ¥2. A propeller curve (u(r),v(r)) in
R?, defined by conditions (1.5), makes « well defined at the origin, a
non-negative multiple of the volume form, and a positive multiple of
the volume form on the interior of M3 x B2. Therefore, « satisfies the
confoliation condition in (1.4).

Outside M? x B? one has o = 1 and Null(a)® = T%2. Thus
diffusion for the evolution equation will occur along the surface 3 and
the conductivity condition of (1.4) is satisfied. q.e.d.

As mentioned in the introduction, the next result, namely that
5342 5 12 is contact, is already known. The interest in the case study
below is that the construction of the confoliation is explicit, high dimen-
sional, and uses more than one propeller to make the form conductive.

Theorem 3.2. Let ©2 be any compact, orientable surface then
53120 % %22 is contact.

Proof. Let m =2+ p and
h: 8Pl x B2 R¥™ x 12

be the standard embedding of the sphere into Euclidean space and the
identity on the other components. Let (&1, -+ , &9y, ) be Cartesian coor-
dinates on R?™,

Let {Bf}zl be disjoint balls in 2. Below, we will construct non-
intersecting propellers {;};~, over each space §2m=1 Bi2. Each 3,
is constructed by a different identification of R*™ with R* x R?" given by
the 2m coordinate re—labelings (521’—17 fgi, ce ,fgm_l,me, 517 fg s ,fQi_Q).

Other than the relabeling of the coordinates, the 3; are constructed
identically. So, below we will give a generic construction given any such
coordinate identification.

We now begin the construction of a propeller on

§312P « B2 c R* x R?? x B?
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and for convenience we further distinguish the coordinates on the Fu-
clidean factor by

(y,2) = (Y1, Ya, 21, -+ 5 22p)

As in the previous theorem, denote the coordinates on a ball B C ©2
by (21, 22).
We also introduce the notation

Vy:dyl/\---/\dy4
Y FR:

4
(3.5) Vy = Tydry = Zyidyi

=1

and similarly define V, and v,. Let

V=uy+1,

— Jp2 2
=Tyt

Finally, let V& be the volume form on 2.
Define the following forms

1 = y1dys — yady1 + y3dys — yadys
o = y1dys — ysdy1 + yadys — yodys
(3.6) 3 = y1dys — yadyr + y2dys — ysdyo

and

a1 = a(z1, 22)Y1 + b(@1, 22)he + c(@1, 22)1)3
P

o9 (22i—1dz0; — #2id2z9i—1)
i=1

(3.7) a =i + ao.

Though h*« is properly the one-form of interest, it is computation-
ally most convienent to check the conductivity conditions in R*T2P x £.2,
The user may verify that for any form X on R*?P x 32

)\ = i, (v AN ‘7:1
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Figure 5: Multiple propellers create a conductive confoliation

where 75, denotes interior product with respect to the radial vector in
R4+2p.

The formulas
(daz)? = 2P (pl) - V.,
(3.8) s A, A(da)P =271 (p -1V,
ar Avy A (da Ay +db Apy +de Aips)” = 2r) A - Vs AV,
(adipy + bdips + cdips) A (da A by + db A s + de A 1)
= —4r, A Vs AV,

are useful for deriving

9—(p+1)

p!

(3.9) * <V AaA (da)2+p> = —’I“;TQA
where A is as defined in equation (3.3).

We choose the propeller surface X = (a,b,c¢) as in the previous
theorem so that A > 0 in B? and (a, b,c) = (1,0,0) outside the ball. In
fact, we can also ask that a? + b> 4+ ¢ > 0. Hence, « is contact over B>
as long as ry # 0.

We now check for conductivity at points where « is not contact.
Either the point is contained in a propeller region or it is not. Two
such points are shown in Figure (5). We first show that any point in a
propeller for which « is not contact has the property that Null(a)" =
T%? and hence diffusion will take place along the surface direction.
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Next, we show that points outside the propellers also diffuse along the
surface directions. Finally, we demonstrate that « is actually conductive
in that every point is finite distance from a positive heat source, i.e.,
a contact region. First, in the region where r, = 0, one has r2 = 1,
v =1v,, a =ay but do = dog + dao, and (da1)” = 8 (a2 +b2 4+ 02) V.
One may verify that in this region

+1

(3.10)  vAaA(da)PT = (p 5

) (a2 A ) A (day)? A (dag)P ™t

hence from identities (3.8)

9—(p+1) *< Ao (d )p+1> ( 2442y 2) v
—* VA« o =—(a ) - Vso.
(p+1)! >
Equation (3.11) implies, for r, = 0 inside the propeller, that
Null(a)" = TX?. Hence diffusion occurs along the surface direction.
Next, outside the propellers o = 11 + a3 and one may compute

(3.12) * <h* <a A (m)?“)) — 7L (p + 1)1 - Vi

That is, « is a contact form for S3+2P (see also [10]). Hence Null(a)" =
T2 and diffusion occurs along the surface direction.

Finally, now that we have seen that heat diffuses along the surface
directions, we must demonstrate that there is actually some heat source
that can be reached. This is readily seen as follows. For any point
(p,z) € §2m=1 x %2 where p = (p1,--- ,pam) € SZ"1 C R?™ there is
at least one coordinate function po;_1 or po; that is nonzero. For this i,
by our construction of B;, a(p, ') is contact for all z' € B2, Therefore,
« is conductive.  q.e.d.

(3.11)

There are a number of different initial conditions that offer varying
degrees of symmetry. As an example, for S*~! x ¥? only one propeller
of the following type is necessary to provide a conductive confoliation.
For coordinates (y1,--- ,yap) € S~ C R let

p—1

1= (Yais1dysire — Yairodysivs + Yair3dyaira — Yaivadysiys)
-

o =) (Yais1dysits — Yairsdysivs + Yairadyaivor — Yaivodysiys)
-

Py = Z (Yait1dYai+a — YairadYsiv1 + Yai+2dYaivs — Yai+3dyaita)

i=0
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and let X (z1,x9) = (a(x1,22),b(x1, 22), c(x1, z2)) be a propeller surface.
For h: S%~1 x ¥2 5 R x 22,

(3.13) a = h (a(zy, z2)1 + b(x1, 22)e + (21, 2)93) -

One may compute inside the propeller that
(3.14) *(aA(mm%):(my—m!@m2+b?+8»”4A:>o

where A is as defined earlier.
Since 4 is contact on S*~1 « is a conducting confoliation on
Sar—1 % 332,

4. Other applications

In this section, we describe a number of new applications of the
program outlined above. First, we introduce a notion of integrability
for higher degree forms.

On M?"*! let j,k,m be non-negative integers such that n = (k +
D(j +m) +k, a € A1 (M2 1) and & € A?FT2(M?7F1). Define the
function

(4.1) * (a Adad A®™) € AWM.

Note that 4.1 agrees with the notion of non-integrability 1.1 for
contact forms when k& = 0 and m = 0. Note also that we ask for « to be
odd degree. This is because an even degree form o has d(aog A aoy) =
209y, A dagy, and Stokes theorem implies [ g A dagy, = 0. So there can
be no contact-like notion of positivity.

As with before, if (a Adad A <I>m) > 0, one can attempt to con-
struct a new (2k+ 1)-form n = a+¢f such that equation (4.1) is strictly
positive. As in §2.1, we expand the cross terms

nAdy AP = aAdad A D™
(4.2) +e(BAdY A + jo Adad ™1 AdB A D)
+ O(€?).

Again, defining

1 . .
(4.3) f:;*(6Ada3/\q>m—|—jo¢/\doﬂ_1/\dﬂ/\fbm)
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it is clear that if *(a/\ dod A <I>m) > 0 and f > 0, then for ¢ small
enough one can obtain x (a Adaod A <I>m) > 0.
So the more general “non-integrability” flow is as follows.
Definition 4.1. Let a(-), B(-, ) € A1 (M?7F1) and &(-) € AZF+2
where v and ® are time-independent and 3 varies in time. The general
non-integrability flow is

4) {%5:*(04/\daj—1/\<1>m/\df)

B(,0) = Bo()

Most importantly, this produces a nice evolution for f. As before,
we define the k-form

(4.5) T =x(aANdad LA D™
and define the “metric”
(4.6) (X,Y), = (ix7,iyT)

where the inner product < -, - > on the right hand side is the one induced
by ¢ on k — 1-forms. As before, we say that a point p is accessible from
another point ¢ if there is a curve z(s) connecting the two with z'(s) in
the range of a.

Then, it may be computed that the evolution of f is given by

0
(4.7) Ef =Aof +Vxf

where A, is defined as in the previous section and X = X(«, Va, &, VP)
is a vector field depending only on «, ® and their first covariant deriva-
tives.

As with the confoliation case, a maximum principle may be applied
to the evolution of f yielding the general result.

Theorem 4.2. Let 3, k,m be non-negative integers such that n =
(k-+1)(j+m)+k. Note that for a € A>T (M?" 1) and & € A%F+2 (M2+1)
the wedge-product * (a Adod A <I>m) €A (M2"+1). If a and ) satisfy

1. * (@ Adad A®™) > 0;

2. every point p is accesstble from a point q salisfying
* (@ Adad A®™) (q) > 0;

then a is C™ close to a (2k+1)-form n such that x (n A dn? A @™) > 0.
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We now give some examples designed to be representative and illus-
trative of some of the phenomena discussed above. All manifolds will
be assumed to be compact and orientable.

Example 1. If M2+ has a conductive confoliation one-form A and
N?F has symplectic form w then define the 3-form o = A A w. Then o
satisfies the two conditions of theorem 4.2 and is C'*° close to a 3-form
n satisfying n A (dn)* > 0.

Example 2. let M?"! be an almost contact manifold. That is,
M?"+! has a 1-form « and a 2-form @ such that x (o A ®7) > 0. If, for
some k, « additionally satisfies x (n A dnF A @”_k) > 0 and condition 2
of theorem 4.2, then a may be perturbed to one with a strict inequality.
This is interesting because it offers a range of non-integrability between
foliation and contact forms.

Example 3. For the product manifold M2~ x N2 there is (2k—1)-
form 7 such that x(n A dn) > 0. This is an example of a generalization
of contact forms on 3-manifolds to higher dimensions.

To see this, one may construct initial conditions similar to those in
example (5) of §1 and in the proof of theorem 3.1. Let u be a volume
form for M. In a ball B centered around a point in N, make the volume
form r**~1dr Av where r is the radial coordinate and v is a volume form
on the sphere §2"~1. For a = a(r)uar + b(r)v one has

o ayp

a N da = det b b,

wAdr Av

As with the previous propeller constructions, choose a propeller
curve X (r) = (a(r),b(r)) such that b(r) behaves as r?**1 near r = 0.
Therefore, a A dae > 0 for < 1 and a A da = 0 elsewhere. It is easy to
check that « satisfies the condition for heat conduction outside M x B
and the result follows.
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