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ANCIENT SOLUTIONS OF THE AFFINE NORMAL
FLOW
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Abstract

We construct noncompact solutions to the affine normal flow
of hypersurfaces, and show that all ancient solutions must be ei-
ther ellipsoids (shrinking solitons) or paraboloids (translating soli-
tons). We also provide a new proof of the existence of a hyperbolic
affine sphere asymptotic to the boundary of a convex cone con-
taining no lines, which is originally due to Cheng-Yau. The main
techniques are local second-derivative estimates for a parabolic
Monge-Ampere equation modeled on those of Ben Andrews and
Gutiérrez-Huang, a decay estimate for the cubic form under the
affine normal flow due to Ben Andrews, and a hypersurface barrier
due to Calabi.

1. Introduction

Consider a smooth, strictly convex hypersurface £ locally parametr-
ized by F(x) € R*"!. The affine normal is a vector field £ = £, trans-
verse to £ and invariant under volume-preserving affine transformations
of R"1. The affine normal flow evolves such a hypersurface in time t
by

O F(z,t) = &(x,t), F(z,0) = F(x).

In [7], Ben Chow proved that every smooth, strictly convex hyper-
surface in R"*! converges in finite time under the affine normal flow to
a point. In [1], Ben Andrews proved that the rescaled limit of the con-
tracting hypersurface around the final point converges to an ellipsoid.
Later, Andrews [2] also studied the case in which the initial hypersur-
face is compact and convex with no regularity assumed. In this case, the
affine normal flow, unlike the Gauss curvature flow, is instantaneously
smoothing. In other words, such an initial hypersurface under the affine
normal flow will evolve to be smooth and strictly convex at any positive
time before the extinction time.
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In the present work, we develop the affine normal flow for any non-
compact convex hypersurface £ in R"*! whose convex hull L contains
no lines (if £ contains a line, the affine normal flow does not move it
at all). As in [2] we define the flow by treating the £ as a limit of a
nested sequence of smooth, compact, strictly convex hypersurfaces £'.
Our main new result is to classify ancient solutions—solutions defined
for time (—oo, T")—for the affine normal flow.

Theorem 1.1. Any ancient solution to the affine normal flow must
be be either an elliptic paraboloid (which is a translating soliton) or an
ellipsoid (which is a shrinking soliton).

The proof of Theorem 1.1 relies on a decay estimate of Andrews for
the cubic form C;k of a compact hypersurface under the affine normal
flow [1]. In particular, the norm squared |C]? of the cubic form with
respect to the affine metric decays like 1/t from the initial time. For an
ancient solution then, we may shift the initial time as far back as we like,
and thus the cubic form C’; i s identically zero. Then a classical theorem
of Berwald shows that the hypersurface must be a hyperquadric, and
the paraboloid and ellipsoid are the only hyperquadrics which form an-
cient solutions to the affine normal flow (the hyperboloid, an expanding
soliton, is not part of an ancient solution).

In order to apply this estimate in our case, we need local regularity
estimates to ensure that for all positive time ¢, the evolving hypersur-
faces £'(t) converge locally in the C* topology to £(t). Thus Andrews’s
pointwise bound on the cubic form survives in the limit. We work in
terms of the support function. The C? estimates are provided by a speed
bound of Andrews [2] and a Pogorelov-type Hessian bound similar sim-
ilar to one in Gutiérrez-Huang [15]. These estimates provide uniform
local parabolicity, and then Krylov’s theory and standard bootstrapping
provide local estimates to any order.

Another key ingredient is the use of barriers. Here the invariance of
the affine normal flow under volume-preserving affine transformations
is important. The main barriers we use are ellipsoids and a particular
expanding soliton (a hyperbolic affine sphere) due to Calabi [4]. In
particular, Gutiérrez-Huang’s estimate can only be applied to solutions
of PDEs which move in time by some definite amount. Calabi’s example
is a crucial element in constructing a barrier to guarantee the solution
does not remain constant in time.

Solitons of the affine normal flow have been very well studied [4, 6].
They are precisely the affine spheres. The shrinking solitons of the affine
normal flow are the elliptic affine spheres, and Cheng-Yau proved that
any properly embedded elliptic affine sphere must be an ellipsoid [6].
Translating solitons are parabolic affine spheres, and again Cheng-Yau
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showed that any properly embedded parabolic affine sphere must be an
elliptic paraboloid [6].

Expanding solitons are hyperbolic affine spheres, which behave quite
differently. Cheng-Yau proved that every convex cone in R"*! which
contains no lines admits a unique (up to scaling) hyperbolic affine sphere
which is asymptotic to the boundary of the cone [5, 6]. (For example,
the hyperboloid is the hyperbolic affine sphere asymptotic to the stan-
dard round cone.) The converse is also true: every properly embedded
hyperbolic affine sphere in R"*! is asymptotic to the boundary of a con-
vex cone containing no lines [6]. Our definition of the affine normal flow
immediately provides an expanding soliton which is a weak (viscosity)
solution, and our local regularity estimates show that this solution is
smooth.

We should note that Cheng-Yau [6] proved results for hyperbolic
affine sphere based on the affine metric. In particular, a hyperbolic affine
sphere has complete affine metric if and only if it is properly embedded
in R**1 if and only if it is asymptotic to the boundary of a convex cone in
R"™*! containing no lines. Our methods do not yet yield any insight into
the affine metric of evolving hypersurfaces. If the initial hypersurface
of the affine normal flow is the boundary of a convex cone containing
no lines, then at any positive time, the solution is the homothetically
expanding hyperbolic affine sphere asymptotic to the cone. Cheng-
Yau’s result implies the affine metric in this case is complete at any
positive time ¢. It will be interesting to determine whether, under the
affine normal flow, the affine metric is complete at any positive time for
any noncompact properly embedded initial hypersurface. Presumably a
parabolic version of the affine geometric gradient estimate of Cheng-Yau
is needed, as suggested by Yau [25].

When restricted to an affine hyperplane, the support function of a
hypersurface evolving under the affine normal flow satisfies

(1.1) Ors = —(det@%s)_%ﬁ.

Gutiérrez and Huang [15] have studied a similar parabolic Monge-
Ampere equation

Ors = —(det ijs)_l.

They prove that any ancient entire solution to this equation which a
priori satisfies bounds on the ellipticity must be an evolving quadratic
polynomial. Our Theorem 1.1 reduces to a similar result for (1.1): The
ellipsoid and paraboloid solitons provide ancient solutions to (1.1) which
can be represented, up to possible affine coordinate changes, by

n+2
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respectively. Our result doesn’t require any a priori bounds on the
ellipticity. We do not require our solutions to be entire, but they do
solve a Dirichlet boundary condition. See Section 14 below.

We also mention a related theorem due to Jorgens [17] for n = 2,
Calabi [3] for n < 5, and independently to Pogorelov [21] and Cheng-
Yau [6] for all dimensions:

Theorem 1.2. Any entire convex solution to
det 82-2ju =c>0
18 a quadratic polynomial.

The graph of each such w is a parabolic affine sphere, and Cheng-
Yau’s classification provides the result. Our techniques do not yet yield
an independent proof of this classical theorem: We do not yet know if
the affine normal flow is unique for a given initial convex noncompact
hypersurface. Even though any parabolic affine sphere may naturally
be thought of as a translating soliton under the affine normal flow, the
flow we define, with the parabolic affine sphere as initial condition, may
not a priori be the same flow as the soliton solution, and thus may not
come from an ancient solution in our sense.

It is also interesting to compare our noncompact affine normal flow
with other geometric flows on noncompact hypersurfaces. In particular,
Ecker-Huisken and Ecker have studied mean-curvature flow of entire
graphs in Euclidean space [12] [13] and of spacelike hypersurfaces in
Lorentzian manifolds [9] [10] [11]. In [13], Ecker-Huisken prove that
any entire graph of a locally Lipschitz function moves under the mean
curvature flow in Euclidean space to be smooth at any positive time,
and the solution exists for all time. Ecker proves long-time existence for
any initial spacelike hypersurface in Minkowski space under the mean
curvature flow [10] and proves instantaneous smoothing for some weakly
spacelike hypersurfaces in [11].

In the present work, we prove instantaneous smoothing and long-time
existence for the affine normal flow on noncompact hypersurfaces for any
initial convex noncompact properly embedded hypersurface £ C R**H!
which contains no lines. In this case, the evolving hypersurface L£(t)
under the affine normal flow exists for all time ¢t > 0 (Theorem 8.2)
and is smooth for all ¢ > 0 (Theorem 13.1). Moreover, the following
maximum principle at infinity is satisfied: If £' and £? are_convex
properly embedded hypersurfaces whose convex hulls satlsfy e [,2

then for all ¢ > 0, the convex hulls satisfy El( ) C L'Q( ). This sort of
maximum principle at infinity does not hold for all evolution equations
of noncompact hypersurfaces. In particular, there is an example due
to Ecker [10], of two soliton solutions to the mean curvature flow in
Minkowski space, for which this fails.
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The affine normal flow is equivalent (up to a diffeomorphism) to the

hypersurface flow by K i v, where K is the Gauss curvature and v
is the inward unit normal. The techniques we use (the definitions and
ellipticity estimates) should apply to flows of noncompact convex hyper-
surfaces by other power of the Gauss curvature. Andrews [2] addresses
many aspects of the compact case of flow by powers of Gauss curva-
ture. In particular, he verifies that for o < 1/n, any convex compact
hypersurface in R"*! evolves under the flow by K®v to be smooth and
strictly convex at any positive time t. In essence, we verify this in the
noncompact case for & = 1/(n + 2) (see Theorem 13.1 below). We ex-
pect the same result to be true in the noncompact case for all & < 1/n.
We should note that for a@ > 1/n, flat sides of any initial hypersurface
remain non-strictly convex for some positive time. We note that in the
case of the Gauss curvature flow in R3 (o = 1), Daskalopoulos-Hamilton
[8] study how the boundary of such a flat side evolves over time.

Our treatment of the affine normal flow is largely self-contained. In
Sections 2 and 3, we recall the definition of the affine normal and the
basic affine structure equations. We develop the computations neces-
sary by using notation similar to that of e.g. Zhu [26]: let F': U — R"*!
represent a local embedding of a hypersurface for U C R™ a domain.
Then we derive the structure equations based on derivatives of F. Using
this notation, we develop the affine normal flow of the basic quantities
associated with the hypersurface in Sections 4, 5 and 6. The main
estimate we need on the cubic form is found in Section 5. These evo-
lution equations are all due to Andrews [1], and we include derivations
of them for the reader’s convenience. In Section 7, we introduce the
support function and some basic results we will need. We define our
affine normal flow on a noncompact convex hypersurface £ in Section
8, basically as a limit of compact convex hypersurfaces approaching £
from the inside, and we verify that the soliton solutions behave properly
under our definition in Section 9.

In Section 10, we turn to the estimates that are the technical heart
of the paper. We prove an estimate of Andrews on the speed of the
support function evolving under affine normal flow [2]. In particular,
we verify that this estimate survives in the limit to our noncompact
hypersurface. In Section 11, we prove a version of a Pogorelov-type
estimate due to Gutiérrez-Huang [15], which bounds the Hessian of
the evolving support function, and in Section 12, we construct barriers
to ensure that Gutiérrez-Huang’s estimate applies. Krylov’s estimates
then ensure that the support function is smooth for all time ¢ > 0. In
Section 13, we verify that the evolving hypersurface is smooth as well,
and relate the noncompact affine normal flow to a Dirichlet problem
for the support function in Section 14. The main results are proved in
Section 15.
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Our treatment of noncompact hypersurfaces as limits of compact hy-
persurfaces is a bit different from the usual analysis on noncompact
manifolds. Typically noncompact manifolds are exhausted by compact
domains with boundary (e.g. geodesic balls on complete Riemannian
manifolds or sublevel sets of a proper height function on a hypersurface
considered as a Euclidean graph), and then a version of the maximum
principle is shown to hold in the limit of the exhaustion. Our limiting
process is extrinsic, on the other hand: We apply the maximum principle
to |C|? to derive Andrews’s pointwise bound on compact hypersurfaces
without boundary, which in turn survives in the limiting noncompact
hypersurface. It is still desirable to implement an approach by intrin-
sically exhausting the hypersurface, to be able to use the maximum
principle more directly on the evolving noncompact hypersurface. Per-
haps the description in Section 14 of the affine normal flow in terms of
a Dirichlet problem for the support function will be of some use.

Acknowledgements. We would like to thank S.-T. Yau for introduc-
ing us to the beautiful theory of affine differential geometry, Richard
Hamilton for many inspiring lectures on geometric evolution equations,
and D.H. Phong for his constant encouragement.

Notation. Subscripts after a comma are used to denote covariant der-
ivatives with respect to the affine metric. So the second covariant deriv-
ative of H is H ;;, for example. Of course the first covariant derivative
of a function is just ordinary differentiation, which commutes with the
time derivative 0;. 9; will denote an ordinary space derivative. We use
Einstein’s summation convention that any paired indices, one up and
one down, are to be summed from 1 to n. Unless otherwise noted, we
raise and lower indices using the affine metric g;;.

2. The affine normal

Here we define the affine normal to a hypersurface in a similar way
to Nomizu-Sasaki [20], but using notation adapted to our purposes.
Let F = F(x!',...,2") be a local embedding of a smooth, strictly
convex hypersurface in R Let F: Q — R where Q is a domain
in R™. Let £ be a smooth transverse vector field to F. Now we may
differentiate to determine
(2.1) OZF = §i&+T50,F,
(2.2) € = 7€ — AJO,F.
It is straightforward to check that g;; is a symmetric tensor, f‘fj is a tor-
sion free connection, 7; is a one-form, and flg is an endomorphism of the
tangent bundle. With respect to &, g;; is called the second fundamental
form and A! is the shape operator.
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Proposition 2.1. There is a unique transverse vector field &, called
the affine normal, which satisfies

1) & points inward. In other words, & and the hypersurface F(Q) are
on the same side of the tangent plane.

2) 7, =0.

3) det g;j = det(O1F,...,0,F,&)?. The determinant on the left is that

of an n X n matriz, while the determinant on the right is that on
R

Note we have dropped the tildes in quantities defined by the affine
normal (the connection term is an exception: see the next section).
Condition 1 implies that the second fundamental form g;; is positive
definite, and thus we say g;; is the affine metric. Condition 2 is that &
is equiaffine. Condition 3 is that the volume form on the hypersurface
induced by ¢ and the volume form on R™! is the same as the volume
form induced by the affine metric.

The following proof of Proposition 2.1 will be instructive in computing
the affine normal later on.

Proof. Given an arbitrary inward-pointing transverse vector filed 3
any other may be written as § = ¢§+ Z'0;F', where ¢ is a positive scalar
function and Z*0; F is a tangent vector field. B

Condition 3 determines ¢ in terms of &: Plug & = ¢€ + Z'9;F into
(2.1), and the terms in the span of £ give
(2.3) 9ij = & Gij-

Now Condition 3 shows that
¢~ " det §i; = det g;j = det(O1F, ..., 0,F,€)? = ¢? det( F,...,0,F,€)?,

and so

B 1
(24) (Z) _ < det gij _ ) + ‘
det(alF, ey 8nF7 5)2

Finally, we use the equiaffine condition to determine Z*: Plug in for
&, set ; = 0, and consider the terms in the span of £ to find

—AJO;F 0;(¢€ + Z10;F)
= 0,0&+00,{+ 0,27 0;F + 7V O, F
= D&+ (7l — AJOjF) + 0,77 O;F + 77 (§ijé + T00F),
0 = &id+o7+ 273Gy,
(25) 77 = g0+ ¢ 7),

where §% is the inverse matrix of Gij- q.e.d.
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Corollary 2.1. The affine normal is invariant under volume-pre-
serving affine automorphisms of R, In other words, if ® is such an
affine map, and § is the affine normal filed to a hypersurface F(Q)), then
. is the affine normal to (P o F)(2).

Proof. The defining conditions in the proposition are invariant under
affine volume-preserving maps on R"*1. q.e.d.

3. Affine structure equations

Consider a smooth, strictly convex hypersurface in R"*! given by
the image of an embedding F = F(z!,...,2"). The affine normal is
an inward-pointing transverse vector field to the hypersurface, and we
have the following structure equations:

(3.1) O5F = &+ (U + CE)Fy,
(3.2) {i = —AjF).
Here g;; is the affine metric, which is positive definite. Ffj are the

Christoffel symbols of the metric. Since Ffj + ij is a connection, C’fj

is a tensor called the cubic form. Ai-“ is the affine curvature, or affine
shape operator. Equation (3.1) shows immediately that
k k
Now consider the second covariant derivatives with respect to the
affine metric

Fij = 05F— F@Ek
(3.3) = 9§+ ijﬂk
§ij = —AfjFr— AfFy,

= —AﬁjF,k — A€ — AfcﬁjF,e-

Since &;; = £ ji, we have

Aij = Aji
and the following Codazzi equation for the affine curvature:
(3.4) Al — AF = Alcy, — Alcy,

Ajii = Ajis + AlCiix — ALCli.
Finally, consider the third covariant derivative of F’
Fijx = i€k + ij,kFe + ijEzk
= —gijALF+ Cfj  Fy + Cijié + CJiChy Fe.

Recall the conventions for commuting covariant derivatives of tensors

by using the Riemannian curvature Rfj %
h h

_ ph .k g = _Rh
U,ji - U,’ij — szk'v 3 and wk’]l - wk}z‘] — lekwh
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Therefore,
~RFe = Fag— Fa
= —giwASF 4+ Ch jF o+ Cijé + CRCY i Fy
+ 9i ALF e — CijFi — Ciji€ = CFCrpFop.
From the part of this equation in the span of £, we see
Cikj = Cijk,
and so the cubic form is totally symmetric in all three indices. Lower
the index Rjiy; = R;’}ﬂgmg and compute 2Riy; = Rjre — Rjri to find
(3.5)
Rjkei = 59ikAje — 59ij Akt — 59k Aji + 590 Aki — CiiCrje + Cff Crnke,
Rb = 3(ginAS — gij Al — 61 Aji + 05 Aki) — CRRCh; + Ci Ch,
and the Ricci curvature of the affine metric

Ry = ¢ Rjpei = SgiuH + "5% Agi + CT™ Cre.

Note here that H = A! is the affine mean curvature.
On the other hand we may compute 0 = Rjzi¢ + Rjre to find the
following Codazzi equation for the cubic form:

(3.6) Cijer — Cikej = 59154k — 39k A0 + 5905 Aki — 5901 Aji-

Thus far, we have only used equations (3.1) and (3.2) to derive the
structure equations. The only constraint is that the transversal vector
field £ be equiaffine. The position vector and the Euclidean normal are
also equiaffine. Another important property of the affine normal is the
following apolarity condition

(3.7) Ci; =0,
which follows from taking the first covariant derivative of Condition 3
in Proposition 2.1:
0=0;det(F1,...,Fpn,§)
=det(F1j,...,Fn, &)+
+det(Fy, ..., Fpj, &) +det(Fy, ..., Fpn ;)
=Cljdet(Fy,...,Fn, &)+ -+ Cpidet(Fy,...,Fp, &) +0
= (C}j) det(F1,..., Fn,€).

The apolarity condition and (3.3) imply the following formula for the
affine normal in terms of the metric:

AF
£=""

n .
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4. Evolution of g;;, g;; and K

Let M™ be an n-dimensional smooth manifold and let F'(-,¢) : M"™ —
R™1 be a one-parameter family of smooth hypersurface immersions in
R™ 1. We say that it is a solution of the affine normal flow if

(4.1) ath(Wzg, zeM™, t>0

where ¢ is affine normal flow on F(-,¢).

In a local coordinate system {z;}, 1 < i < n. The Euclidean inner
product (-,-) on R™™! induces the metric g;; and the Euclidean second
fundamental form h;; on F(-,t). These can be computed as follows:

gij = <8ZF, (%F)
and
hij == <812JF, V>,

where v is the unit inward normal on F(-,t). The Gaussian curvature
is

_ det hi]’

~ det Gij ’

By (2.3) and (2.4), the affine metric is

R 1
gij:?], where ¢:Kn-1+2.

(Note that det g;; = det(01 F,...,0,F,v)?.) Proposition 2.1 shows that
the affine normal is

(4.2) £ = —hF 0,0 O F + v = —g~ 0;(In ¢) O F + ¢v.

(Note that v is equiaffine.) Also recall the affine curvature {Af} is
defined by

(4.3) ;¢ = —Ar o, F.

As we'll see below in Section 7, the support function of a smooth
convex hypersurface is defined by

s=—(F,v).
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Proposition 4.1. Under the affine normal flow,

OF; = —AFF,
ov = 0,
ojv = —hjlglmEm,
gy = —(Afgr; + Alge:),
og = Mg+ A",
Opdetg;; = —2H det gy,
Othij = —¢Ay,
O¢det hy; = —H det hyj,
oK — HEK,
00 = o
Orgij = nli2 gij — Aij,
Ors = —o.

Proof. We interchange partial derivatives and use equation (4.1) to
get
OF; = 0%F = ;6 = —AFFy.

Note we have also used the definition of affine curvature in equation
(4.3).
Since d,v is a tangent vector,
O = (Ow,F;)§"F,
= —(n,05F)§F,
= —(,—AfFR)FF,
= 0.

Opv = (O, Fi)§7F;
S
= —(v,0,F)g"F;
= ~hpg?F;.

01gij = O(0:F,0;F)
= (05F,0;F) + (0;F, 0}, F)
= (—AJOLF,0;F) + (0;F, - Ao F)
= —Afge; — A
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Ordetgi; = (det Gium)g" 0:gis
= (det Gim)g" (— AFgr; — Argr)
= —2(det gim) H.

6thij = 8t<812]F, 1/>
= (3;3-]-17, V) + (8isz, o)
= <ai2j§> V>
= (0i(—AFopF),v)
= —Alhy.

Opdet hij = (det hyy)h™ Ophij
(det Ay )0 (— A hyy)
= —(det hlm)H

Recall the formulas for the Gaussian curvature K, the affine metric
gij and ¢:

_ det by gl.j:h;j, 6= K,

~ det Gij ’
Thus, lowering the index on Af by the affine metric,

Orhij = —Afhy; = —oh* Ayhyy = —p Ay,

Y ) (det iy )

det g;;
_ (at det hzj) det Gij — det hij(at det g,])
(det gij)Q
= HK.
and
1
O = Ho.

n-+2
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hij
8tgij = 0 <¢J>

= (Oths;) (;) - Zgaﬂﬁ

- onn () ()

H
% Aij.

Thus

Os = —(OF vy — (F,0w) = — (v, v) — 0 = —¢.

5. Evolution of the cubic form

125

q.e.d.

We use the structure equation (3.1) to compute the evolution of the
cubic form. First, we need to find the evolution of the affine normal &

and of the Christoffel symbols.

Proposition 5.1. Under the affine normal flow,

1 . H
oE = — UH F:4 —
i€ naod Hiki+ =58
_ A + 2 HE¢ + 1 ymeitp
 on+2 n—+ 2 n4+2tTm ok

Proof. Recall £ = —g"(In ¢),iF ) + ¢v. First note

(51) 9" = —g"(Orgem)g™ = —g" (—

n+2
— a4 Al
n+ 29 +
Then compute using Proposition 4.1

01 = 0, (~g" (I ) F+ ov)
= —(0,g")(In 9) i Fi — ¢" (0, In ) ;) Fi
— " (In¢) {(0:F i) + (Oe)v + 0

_ H 4 ki _ wi[ H
— - (gAY wonime -t (1)

+ g"(In¢) ;ALF ) + v

n -+ 2

1 H
— IH.F+— ¢
wad Habi+ 58

9om — AZm) gmq
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From equation (3.3), we have
Ag = g6 = g7 (— AL Fi — Aigé — A{CFy)
= —HE + g7 (- Af; F i — ATCiyFy).
Now
9IAS Fr=g"g" Ay Fy = g7 g"(Aijy + AT Crtj — A7 Cri) F
= gMH Fy + AT Cy F.

Hence
AE = —HE — g"H F), — 2A7CHFy,
and
1 2 4 ,
——— A)t=—"_H¢+ ——A"C*F,.
<8t n+2 >§ T s S

q.e.d.
We also compute
LY, = 039" (Digje + 93 9ic — Ougij)-

Note 8tI‘§j is a tensor; therefore, we may choose normal coordinates so
that Org;; = I‘fj =0 at time ¢t = 0. In these coordinates,

H H
oy =g [61- (—ngg - Aj£> +0; (‘Mgiz - Az‘z)

H
— 0 (—Mgz’j - Aijﬂ

1
= —m[(aiH)af + (0, H)8¥F — g* (0, H) gi;]
- %(8“4? + 0;AF — "9, Ay)
1
= _m(H,i5f+H,j5f — g"H 4g:5)— 3(AF, + A, —g" Ay 0).

Now compute the evolution of F;;
OF 5 = 005 F — (D) Fy — TH0F
= (0iF) 5 — (DT};) Fi

1
=&+ m(ﬂﬁf + H ;07 — 9" H 49:5) F

+ L(AY + AF — gM A O F

= —AY;Fi — A€ — A{C[F i + 5(Af; + A — ™ Ay ) F

1
+ m(Hﬂfﬁg + I{J(SZI-g - gMH’ggij)ka.
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On the other hand,

O F 5 = 04(94i5€ + CZFk:)

H 1 H
— (- g — A I e 1 2
( n+2gm Z]>£+gl_]< n+29 ¥ ,k+n+2£>

+ (BCE)Fr — Ci Ay
Therefore,

0iCl; = —Al; — ALCH; + §(A; + AL — 9" Aij0)

1
+ W(Hﬁf + H ;67 — g* H 195)

1

L pk k¢

= —3AiCl; — 3AJCE — 36" Aij
1

+ m(H,i‘Sf + H ;67 — g* H 195)

1
+ CLAL + mgijgkéH,K-

The second line follows from the first by the Codazzi equation (3.4) for
Af . Furthermore,

8tCijm = at(gkmczkj)
H
B <_n+29km - Akm) Cj = 341Cim = 3 45C0m — 3 Aijm

! ¢ 1
+ m(flem + H jgim—H mgij) + Cij Aem + 9 Hm
H

= ———Cijm + (Higjm + H jgim + H 1n.9:5)

2(n+2)
— 3(Aijm — A%,Cuij) — 3 AiCtjm — 1 A5CHm — AL, Clij.

Note the first term in the last line is totally symmetric by the Codazzi
equation (3.4) for AF.

Now we compute the Laplacian of the cubic form. We use apolarity
(3.7), the Codazzi equations (3.4) and (3.6) for A and C' respectively,
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and the curvature equation (3.5).

0= ¢"*Cijkom
= ¢""(Citk,jm + 29§ Akem — 390 Aj1m + S0k Avim — S 9KeAjim)
= ¢"*Citjkm + S Aitm — SgieH m + 3nApim — 3 Avim
= 9" (Citjomk — RimipCl; — RimipCly — RimjpCh)
— 39i0H m + 3n A m
= ¢*Citjmi — 39ieH m + $nAsim
- ka[%(gikAmp — 9imAkp — GpkAmi + Gpm Aki)
— CiCrmrp + CiyCrry
— CP* 590k Amp — Gim Akp — Gok Ame + Gpm Are)
— CikCrmrp + CpnClerp
— 9 Citpl5 (91 Amp — Gjm Akp — GpkAmj + Gom Akj)
= C5iCrmrp + Cj Ciiry
= @*Cijomr — 29iH i + 31 Agm
+ L gim ALCl, — LAIChe; +2 108 Crg — C Ol Oy + 5 9im ARCy
— $ACL, — C,CP CF, — in AP Cpip — HCrpi — C5,,CI,CY,
= ¢*Citm,jk + 3 Amei — 29im AL g + 3 Amie
— 39im ALy — 39 H m + 3nApim
+ Lgim ALCE, — LAI gy + 2C5,C8, CF, — CL CP CF, + Lgp,, ADCE,

1 k r p ~k 1 p ) 1 o el
— LA Cl, — €, CF CE — In AP Cliy — LHCpg — €1, CE.

Now the Codazzi equation (3.4) for A¥ and the apolarity condition (3.7)
imply

Apy = Ak + ACy; — AiCj = H + ARGy

Apply this identity and the Codazzi equation (3.4) for A to the first
two occurrences of the covariant derivatives of A to find

ACivm = ¢*Cipm it = 2gimH 4
+ 2 gemH i + 2giH py + 3(n + 2) (AL, Chie — Avim)
— 203Ch, Cpy + Cin G, Cpo + Cion G, G
+ C},, CI,CY + S HCriy.
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Together with the evolution equation of C, compute

3H 2
i = ——ACy — Ci; cner ot
atcjk n+2 Cjk 2(n + 2) Jk+n+2 i~ km ' pj
1 m 14 m 14 m L
- (Czk Cgmcpj + C]kcgmcpl + kacmpcfj)

n+2
Lo ¢ ¢
_ i(AiCij + Angik + AkCgij).
To compute d|C|?, use (5.1) to show
at‘CP = at<Cijkgiqgjrgkqurs)
= 3Cijk(0tgiq)0;"5 + Q(OtC,]k)C”k
3H ) 2 g 3H
- |C[? + 3CpAlCh + — ZACZ-jkC”’f s 2
4 g 6 g o
+ 5 Cit Com Cpy €7 = — — SO CmCri P — 34 CY.C
2 ijk 4 i p gk 6 2
= g _ = A - |P
g OO L Gl O Cp O = 5P

for P = C{}C;k. Finally compute A|C|? = 2AC;;,C7* + 2|VC|? to
find

1 2 4 5 6

2 2 2 m P l vijk 2

9,|C)? = ——A|CPP———=|VCPP+——=Cpc? ct.cik——_|PJ2
4C n+ 2 €] n—{—Q‘ | n 42 % kmTpi n+2| |

Now if yz'jkl = C;”Cklm - CZZGjlm, we find

1 ..
0 < §|y|2 — |P|2 . CZTZLCP CZ'C”]C,

km~pj
and so
1 2 1 2
2<7A02—7P2<7AC2—7 4
alc “n+2 €] n+2| | T~ n+2 €] n(n+2)| "

since |C|? = P!, and thus Cauchy-Schwartz applied to the eigenvalues
of P implies |P|?> > 1|C|*. We note this estimate of Andrews [1] is
a parabolic version of an estimate of Calabi [4] on the cubic form on
affine spheres, and is related to Calabi’s earlier interior C? estimates of
solutions to the Monge-Ampére equation [3].

The maximum principle implies the following estimate for |C|? then:
If £ is any compact smooth strictly convex hypersurface evolving as
L(t) under the affine normal flow, then

1
sup |C]? < .
£(t) (supz(o) [C2) 71 + n(n2+2) ¢

Thus we get the following bound independent of initial data:
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Proposition 5.2 (Andrews [1]). Let £ be any compact smooth strictly
convex hypersurface evolving under the affine normal flow. Then

wmgpgﬁ@izl

6. Evolution of the affine curvature

In this section, we treat the evolution of the affine curvature A};, as
computed by Andrews [1], and also the evolution of the affine conormal
vector U. At each point, U is defined by

(6.1) U,¢)=1, (UF)=0, i=1,...,n.

(It should be clear that in this case, we are using the Euclidean inner
product (-, -) only for notational convenience. As its name suggests, the
conormal vector U is more naturally a vector in the dual space to R**1,
not a vector in R"*! itself.)

Proposition 6.1. Under the affine normal flow,
H 1

U = — U= AU,
t n+2 n+2

; 1 1 ; H
k _ AT Ak . Lk L k k

+2 n+2
OrAij = ! H;j+ H g% Cijn
J n-+2 8 n+2 IR
1 1
OH = ——AH+ A + ——H2.
n+2 n+2
1 1 K I I
&AM:EIEAAU—EIE@APqm¢$+ﬂAmCmﬂ+Aﬂ%MCF

+ Ol Clpm AT = 24 Comi O™ — i Al AT + AT Ay ).
Proof. Compute 0,U by differentiating its defining equation (6.1):
y H H

AU &) = —(U,0i) = — ( — YH;F,+ ——&)=— .
OU.8) = (0.0 =~ (~ 50 HiFy + 5 €) = 1
(OU, Fi) = —(U, 8 F;) = —(U, —AFF ) = 0,

H
s U.
Similarly, covariantly differentiate in space to find

(Ui, &) = —(U,&3) = —(U, —AfF ) = 0,
(Ui, Fg) = —(

(Uij &) = —(Us, &) = —(Us, —ALF)) = —gg A = — Ay,
(Uij. Fie) = —(Uys, Fiij) = (U, gii€ + Ci;Fu) = 9aClj = Cij

)

U = —
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Now for AU = ¢¥U;;, we have (¢"U;;,&) = —H, (¢"U;;, Fi) =
gijCl-jk = 0 by the apolarity of the cubic form. So AU = —HU and
U = S AU.
2T

To compute 9y A}, we use the defining equation for A: ¢, = —A?E k-
Take 0; to find

(—H,egf’fF,k + 5) =06 = —0(AF )
n n i
= — (O AN Fy + AFALF ;.

So we have

, 1 H
OWANF, = AFA P ——H,%*F, + ——
(O A7) F ), i AL < gt ,k+n+2£ i

. 1
= AT = S [ H g Fr = Heg™

+ H;& — HAFF,]

. 1 1 . H
B Y S S 15 LT B
<Z ]+n+2 L9 +TL+2 L9 ]7,+n+2 3 k
Here we have used the structure equation (3.1).
(6.2)
a1‘,14@'m = at (gk:mA;C)
. 1 1 , H
= AA+ —— H,d% ——_H, Y90k 4+ Ak
gkm(l j+n~|—2 9 +n+2 L9 jz+n+2 i

H
Ak - m_Am
+ z( n+29k k )

1 1
=— Hpi+——H,Ct .
n+2 ’ml+n+2 A am
Finally,
(9tH == (9tA§

o 1 ) 1 o H .
—AA + ——Hyug"+——H,g"Ch + ——A!

g ]+n+2 49 +n+2 9 ]’+n+2 t
2

n+2

1
= ——AH+|AP?+
n-+2

by the apolarity condition C’;Z =0. q.e.d.
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AAij = g" Aija = g™ Aji
= " (AP Crij + Ajri — AT Crnjic )i
= " (At O} + AR Conij + Ajrit — AmigClt — A7 Crnji)

Ajkit = Ajkai + Rijs Amk + R Ajm
= Akjii — [%(—gleT + 9i A" + 0" Aig — 67" Ayy)

+ O Cyt — Ch O] A

- [%(—gzkA;” + gik AT + 6 Ay — S A)

+ ROyt = OOt | Ay

Ajkpi = Arrgi + (A" Cjre — AT Crare)i
= Akl,ji + (Amz,i ;Z + A;ncmjk,i - Amj,z‘ClTkn - A;ncmlk,i)

G A = Hj + Amz,z’C}"l + A}”Ciw-,i - %gijA{”Alm + AT A

— C{}C{,?Afn + ijc;;Afn +Ch.Cp L AT

m
Al ij,i

= A"FC g

= A"FC ik

= A" [Crji e + 2 (gmeAji + gjnAmi — ImiAjk — GjiAmk)]
= A" Criji + SHAij — 59ij A A"

M Ajpa = Hj + Amz,icfll + A"k 1HA;
— 39ij Amp A — L0 ATV AL
+ BAT Ay — CLC AL + CEC AL, + CH.Ch AT

J Pt pm==J

AAi; = ¢ (A CFF + AL Crija + Ajiit — A1 Crmjk — A7 Crnjiey)
= " (At CJ} + AR Crniju + Ajrit — A iCrmjic — A7 Crnjk)-
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By the Codazzi equations (3.4) and (3.6),

G A CF = H O + APFCp C1F

G AT Crjie = g™ Aia Clit + AVCrp O — AP Crpopi O,

1
gAY Conjig = 5 (HAij + A7 Apj — AT Ay — n AT Apj)
1 m

Hence
AAy; = ¢ (ApigCFF + AL Cria + Ajiit — AT Crne — AT Conjie)

= H 3 Cf + AP Clpii O + A™ Crij
+ Hj + A O+ A Cliin
+3HA; — %gijAmkAmk - %QijA}nAfn + 5 A Amj — ClijgZAin
+ Ol O AL + CRCp AT — Ay O — 5(H Ay — n AT Ayj)

= Hj + HpmCj} 4+ 247 Clp O 4+ 2A™ Crijy
+ AL CpiCJ™ + AT Clpm CF
— 24P g CloiCinj — Gij Al AR + n AT Ay

By the evolution equation (6.2) of A;j,

1 1
— Ay - (zAP’fcpmkcg? + 24" it + AP Clpy O

+ OOl AT — 24V Clppi O — gy AR AT 4 nAT A,y >

8tAij =

7. The support function

In this section, we recall some standard facts about the support func-
tion of a convex body in R™*!, derive the equation satisfied by the
support function under the affine normal flow, and use convexity to
prove local C? and C' estimates for support functions of a family of
smooth bounded convex domains exhausting a general convex domain.

Below we will consider the following situation: Let K = |J;2, K be
a convex domain in R"*! exhausted by bounded convex domains K.
Our initial hypersurface £ = 9K will then be considered as a limit of
the more regular hypersurfaces £! = 9K*. Let L£'(t) and L(t) denote
the affine normal flow with initial hypersurface £ and £ respectively.

Then, for an initial convex hypersurface £ = 9K = 0 (Uf; ICi) , wWe
want local uniform estimates of the affine normal flow £'(t) as L' (t) —
L(t). In this section, we recall some standard facts about the support

function and use convexity to prove C° and C! estimates locally in
D°(sk)-
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Recall that for £ = 9K, the support function is defined for Y € R*+!

by
s(Y) = sup(z,Y).
e

Here are some important properties of the support function (see Rock-
afellar [22]). First of all, recall equation (7.2) that in the case L is
smooth and strictly convex, the total derivative of the support function
ds = F the embedding. In our case, £ may not be smooth and strictly
convex; but we may still recover the convex domain K from the support
function. Take the Legendre transform of s : For x € R"*!, let

d(z)= sup (x,Y)—s(Y).
YeRnt!

Then § is the indicator function of the closed convex set K. In other

words, ~
0 forzxek
o) = { +oo for x ¢ K.

Let D(s) = s !(—o00,+00) C R*! be the domain of the support
function s, and let D°(s) denote the interior of the domain. The support
function of a convex domain K is always a convex, lower-semicontinuous
function s: R"™! — (—c0, +00] of homogeneity one. Moreover, any con-
vex lower-semicontinuous function s: R"*! — (—o0, +00] of homogene-
ity one is the support function of a closed convex set so long as s is not
identically +00. The support function, since it is convex, is continuous
on D°(s) but may not be continuous on all of D(s).

The following lemma follows from the description above of the Le-
gendre transform of the support function:

Lemma 7.1. If Q1 and Q2 are closed convex subsets of R"1, then
Q1 C Q2 if and only if the support functions sq, < sg, on all Rt

All of our estimates will be uniform on compact subsets of D°(s) x
(0, T] for some positive time 7. So we need the following lemma to start

Lemma 7.2. If K is a convexr domain in R"! which contains no
lines, then for the support function sx, D°(si) # 0.

Proof. We prove the lemma by contradiction. If D°(sx) = (), then
since D(sk) is a convex collection of rays, D(sx) must be contained in
a hyperplane H = {Y : (Y,v) = 0}. Since sx|y is a convex function of
homogeneity one on H, there is a linear function (Y, w) which is < s on
H. Now consider the line L = {w+7v : 7 € R}, whose support function
is

_ +oo for (Y,v) #0

se(Y) = { (Y, w) for (Y,v) =0.
By construction, s;, < sx on R"*! and so L C K by Lemma 7.1. The
convex hull of L and any open ball in K then contains another line
contained in the open set I, and this provides a contradiction. q.e.d.
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Proposition 7.1. Let
o0
K=JK
i=1

be convex bodies so that k' C K1, Then the support functions s = si,
S; = Sici satisfy siy1 > s; and s; — s everywhere, and the convergence
is uniform on compact subsets of D°(s). If, in addition, each K' is
bounded with smooth, strictly convex boundary, then the C' norm of s;
is uniformly bounded on each compact subset of D°(s).

Proof. First of all, it is clear from the definition of s that s;11 > s;,
and s(Y) = lim;_o0 5;(Y) for all Y € Ry, 41:

s(Y) =sup(z,Y) = sup (z,Y) =sup sup(z,Y)
zeK zelJK? i gek?

= sup si:(Y) = lim s;(Y)

[e.o]

since {s;(Y)} is an increasing sequence for all Y.
Let C C D° be a compact subset. Choose a compact C’ C D° which
contains a neighborhood of C. Note that on all of D°, for all ¢,

s1 < s; < s.
Thus for Y € 9C', we have

maxgcr |s| — minge |s1|
(V)| = =i (@c7.00)
(Proof: For every direction v, consider s; restricted to the line L through
Y with direction v. Then the directional derivative of s; at Y is bounded
above by the slope of the secant line of the graph of s; through Y and
a point in L N oC".)

Since each s; is convex, the same estimate is true on all of C. There-
fore, the C'' norm of all the s; is bounded on C, and since we have point-
wise convergence, Ascoli-Arzeld implies uniform convergence of s; — s
on C. q.e.d.

Now we recall the standard formulas for the support function of a
domain with smooth and strictly convex boundary, in particular relating
it to the Gauss curvature. We also derive the parabolic Monge-Ampere
equation the support function satisfies under the affine normal flow.

Recall above that Oys = —¢p = — K #2 We now derive some standard
formulas relating the Gauss curvature K to the support function s.

Recall s(Y) is a convex function on R™*! which is homogeneous of
degree one. Let F(z) denote a local embedding of a smooth, strictly
convex hypersurface £ = 9K. Then at any F(z) € £ at which s(Y) =
(F(x),Y), Y is perpendicular to the tangent space T, L. By restrict-
ing to Y on the unit sphere S in R"*!, we have a natural parametriza-
tion of £, which is given by the inverse of the Gauss map —v. For
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F(x) € L, let Y = —v(x) be the outward normal. Then since L is
strictly convex, = +— Y is a local diffeomorphism for Y € S™, and we
can consider F' = F(Y) for Y € S”. We extend F' to be homogeneous
of order zero:

. pn+l _, Rntl — L
F:R"™\ {0} - R, F(Y) F(|Y|>.

Then s(Y) = —(F,v) and thus
(7.1) s(Y)=(FY)

for all Y € R**1\ {0}.

It is useful to consider the support function restricted to an affine hy-
perplane of distance 1 to the origin in R"*!. We may choose coordinates
so that

Y =(y,—-1) = (yl,...,y”,—l).

By projecting from this hyperplane to S™, we still have a local parametr-
ization of our hypersurface £, and (7.1) still holds. Now differentiate
(71) tofind fori=1,...,n

Js oF X )
(v VR
dyt <3y“ >+

since Y is normal to £. Moreover, we use Euler’s formula

n+1

OF
Zylai:()
i=1 Y
to show
OF 1 K OF K ,0F
oyn+l T _yn-i-:l;y &yi_;y By’
0s oF
_ +1
8yn+1 - <8yn+1,Y>—|—F”

= () e
o o
F’n+1

since Y is normal to the image of F. Thus at any Y € R"*1\ {0}, the
total derivative

(7.2) ds = (F',...,F"™) = F
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Now differentiate <g—5, Y)=0to find fori,j =1,...,n,

Moreover,

Gij

det g;;

o /OF
/ oy’ <8y“ >

— \oyioyl’ Ayt

0?%s B OFJ B 0*F
oyioyl Oyt Oy oyl
O*F
<8yz3y3’y‘ ‘>
0*F
VIFE (oror)
= hiiv/1+ [yl
we compute for i, =1,...,n
_ (oF oF
 \ oyt oy
B % oFt or*
= )

3F”+1 OF" 1 + " 9% 0%s
oyt Oy — Oy'oy* 33/3' oy*

OF"  OFJ Z”:
ayn—i-l ayn—l-l ayzayk 6y]8y

B — ay’é‘y’“ 81/3
_ i 5kl) 8 S
— ﬁy@ al Oyl oyl
_ 9%s k1 Kl d%s
- (ayay) derty +) de (g2 )

%5 \?
_ 2
= (1+|y| )det<ayiayﬂ') :

So the Gaussian curvature

K

det hij 2\ _nt2 628 -1
= =(1 det ———
det gi; SR < ooy )

1
1 1 825 T n+2
= Kn»+2 =(1 H72 [ det ——— .
(1)t (de 55 )

137
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In order to address the evolution of s, we note a priori that there are
two natural parametrizations F' of our hypersurface. First, the affine
normal flow defines a particular parametrization at time ¢ > 0 given an
initial parametrization at time ¢ = 0. On the other hand, for any hyper-
surface F'(y,t), there is a natural parametrization in terms of the inverse
of the Gauss map —v. These two parametrizations are compatible in
the following sense:

Proposition 7.2. Given a hypersurface L C R™ parametrized by
the inverse of its Gauss map F: S™ — L, under the affine normal flow,
F(y,t) is still a parametrization by the inverse of the Gauss map.

Proof. The two parametrizations are related by the Gauss map —v.
Under the affine normal flow, v satisfies 0, = 0 by Proposition 4.1.
q.e.d.

Thus if we assume the initial parametrization is via the inverse of the
Gauss map, the formulas developed in this section are still valid under
the affine normal flow (and in any case the two parametrization merely
differ by a diffeomorphism).

Denote by s(y)

s(y) =s(y',..y" - =V1+[yP s (\;>

for Y/|Y| € S™. Thus we find under the affine normal flow

1
y o5 \ T
0us() = VIF T 0 (1) = —ov/ T+ = — (det 5 )

where we have used 0;s = —¢ from Proposition 4.1.
We record this as

Proposition 7.3. For any smooth solution to the affine normal flow,
the support function s(y) as defined above satisfies

1
0%s \ 2

8. The flow

There is no question about the definition of affine normal flow begin-
ning at a smooth strictly convex compact hypersurface in R"*! (this is
true for any convex compact hypersurface by Andrews [2]). It is con-
venient to define the affine normal flow for an open convex domain in
R+ by performing affine normal flow on the boundary of the domain.
In this way we let ¥4J = J(t) denote the affine normal flow of J a
bounded domain with smooth strictly convex boundary in R"*!. For ¢
larger than the extinction time, define ¥,.7 = J(t) = 0.
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Note to pass from a convex embedded hypersurface £ to a domain J
with £ = 87, set J to be the interior of the convex hull (£)°.

Consider an open convex region K C R"*! which contains no lines.
Then the boundary 90K is a properly embedded convex hypersurface in
R"+1. We define the affine normal flow on the hypersurface 9K by its
action on the interior of its convex hull K. Now we define the affine

normal flow on the hypersurface 9XC and on the region K by

(8.1) Kity=J g,

JcK

where each J in (8.1) is a bounded domain with smooth strictly convex
boundary.

Lemma 8.1. If £ is a compact convex hypersurface in R"1, then
our definition of the affine normal flow L(t) corresponds with the usual
one.

Proof. If L is strictly convex and smooth, then this follows at once
from the maximum principle. Otherwise, Andrews [2] shows that there
is a viscosity solution £(t) to the affine normal flow which is unique
provided that the Hausdorff distance from L(t) to £ goes to zero as
t — 0. Moreover L(t) is smooth and strictly convex for positive ¢ less
than the extinction time.

Our definition £(t) is clearly a viscosity solution, and the Hausdorff
convergence property is satisfied by Lemma 8.3 below. Therefore, An-
drews’s uniqueness result implies £(t) = L(t), and so our definition
coincides with the standard one in the compact case. q.e.d.

Remark 8.1. We recall (see e.g., [2]) that a viscosity solution to a
hypersurface flow problem is a family of hypersurfaces £(t) with initial
condition £(0) = £ so that: 1) If 7 is a smooth hypersurface contained
in £, then the evolving hypersurface J(t) is contained in L£(t) for all
t € 10,T], and 2) If J is a smooth hypersurface containing £, then the
evolving hypersurface [J(t) contains £(t) for all ¢t € [0,T]. In short, a
viscosity solution L£(t) is one for which the maximum principle always
works, even if £(t) does not have C? regularity.

The following proposition depends on estimates proved by Ben An-
drews in the case of compact hypersurfaces [2]. Below, we prove local
versions of the estimates needed.

Proposition 8.1. Let K! and K be open convex bodies containing no
lines so that

K= G K, Kic Kt
=1
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Then for all t > 0,
K(t)=J K.
i=1

Proof. Let J C K be a bounded domain with smooth, strictly convex
boundary. Then

Jg=UJg, IT=7nkK.
i=1
Then we claim that
(8.2) J =7,
i=1

To prove the claim (8.2), we recall estimates of Andrews [2, Section
8] for compact convex hypersurfaces (we prove local versions of these
estimates below).

By exhausting J' = U‘;il I; by nested domains I; with smooth,
strictly convex boundary, the affine normal flow J%(¢) is defined as a
limit as j — oo of the affine normal flow Ijl(t) The support functions

Sgi = 87 uniformly on compact subsets of R"*! as j — oco. The result-

ing CY estimates automatically entail parabolic C?! estimates for posi-
tive t (see below), and then Krylov’s theory implies parabolic Crrelts
estimates. These estimates ensure that the limit si(t) of the szi(t)
exists and is smooth for ¢ > 0. Andrews shows this solution is unijque
by applying barriers and the maximum principle.

The key point is that C? estimates on the support function of convex
bounded regions imply local parabolic Ol estimates of the affine
normal flow for all times ¢ > 0. Since J = [J;2; J’, we have that
sz — sz locally in C°. Therefore, under the affine normal flow, s 7: (%)
converges to a limit s(¢) locally in parabolic C2T®!*2 for ¢ > 0. Since
J =2, T, the limit s(¢) converges uniformly on convex sets to s7(0)
as t — 0. Andrews’s uniqueness argument then shows that s(t) = s7(t)
and the claim (8.2) is proved.

Now use (8.2) to compute

ko= sm=U <fj J’(t)) c | (G/«‘(t)) :Q;ci(t).

Jck JCK \i=1 JCK \i=1

(J of course represents bounded domains with smooth, strictly convex
boundaries.) On the other hand,

k=UJan= U Jo>U| U ge|=UKwo.
= i=1

JckK JcUe, K =1 \JcK?
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This completes the proof of Proposition 8.1. q.e.d.

The following corollary ensures convexity:

Corollary 8.1. K(t) is convex for all t > 0 before the extinction
time.

Proof. Choose each K’ in the previous proposition to be a bounded
domain with strictly convex smooth boundary. Then C(t) is an increas-
ing union of convex sets. q.e.d.

We verify that our definition satisfies the semigroup property:
Lemma 8.2. U,V = V., K.

Proof. We work in terms of the support functions. Let s (Y, t) denote
the support function of the domain ¥,./C. We claim

(8.3) s(Yit+s) = sg (Y, 1).

To prove the claim, write K = (32, K, where each K’ is a bounded
domain with smooth strictly convex boundary and K* C JCH for all 1.
Since the semigroup property holds for each ', we have

Ui K= T 0K = sVt +5) = sy (Y1)

for all t,s > 0 and Y € R*"!. Now let i — oco. Propositions 7.1 and 8.1
then prove the claim (8.3).
The lemma follows from (8.3) because any open convex domain can

be recovered from its support function by taking the Legendre transform
[22]. q.e.d.

We also have a lemma on the continuity of the flow:

Lemma 8.3. For any T > 0, and K a convex body in R"! containing
no lines,

K(r)=JK®).

t>T1

Proof. By the semigroup property, we may assume 7 = 0. Consider
any point p € K. Since K is open, there is a small ball around p
contained in /C. This ball acts as a barrier under the affine normal flow,
and p € K(t) for t > 0 the extinction time of the affine normal flow of
this ball. q.e.d.

By means of outer barriers, we show our definition actually corre-
sponds to the usual definition of affine normal flow for a smooth, strictly
convex hypersurface. Let Aff(n + 1) denote the special affine group
SL(n + 1) x R+,
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Proposition 8.2. Let £ C R"! be a properly embedded convex hy-
persurface which contains no lines. Assume in a neighborhood of a point
p € L that £ is C? and strictly convex. Then

oL
a(p) = &, mod T,(L(t)).

Remark 8.2. This proposition should also follow from the estimates
proved below (what is still needed in addition is a local version of An-
drews’s speed bound).

Proof. Note that of course the derivative %(p) is defined only when
L(t) is locally parametrized. This parametrization defines the deriva-
tive, but different parametrizations may cause it to vary by an element
of the the tangent space T),(L(t)).

Since Wy is a semigroup, we may assume t = 0.

To proceed with the proof, we need a lemma on choosing nice coor-
dinates.

Lemma 8.4. Let p € L C R*!, and let £ be a C? strictly convex
hypersurface near p. Then there is an element ® € SL(n+1,R) x R"H!
so that p — 0 and the image locally is

(8.4) (L) = {a" = Tjaf? +o(|?) |

for xz = (z',--- ,2"), v > 0.

Proof. This amounts to using Aff(n+1) to choose coordinates. Use a
rotation to set the inward-pointing normal to be e, 1, and translate so
that p is at the origin. We can still move the tangent plane {z"*! = 0}
by an action of SL(n,R). Since L is strictly convex, we have

L=q2"™ = aja'a’ +of|z|?)
i?j
for (a;j) a positive definite symmetric matrix. Use the action of SL(n, R)

to send the ellipsoid aijxixj < (' to a sphere of the same volume. This
amounts to setting a;; = 30;; for a positive constant -. q.e.d.

Locally we write £(t) = {z""! = f(t,2)} for f(0,2) = f(z) given
in (8.4). Modulo a tangential piece, the affine normal to £ at 0 is

& = (det fij)%wen+1 (see e.g., Nomizu-Sasaki, p. 48). Thus we want to
show that

%:(0) = (det fi;)7.
In other words, we want to show
(8.5)
limsup 160 =700 (det f;;)7+ < liminf f(t,0) = £(0.0)

t—0+ t t—0+ t
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The left-hand inequality in (8.5) is equivalent to showing that for each
smooth strictly convex hypersurface H C L, p € H, the affine normal
of H at p is < (det fw)n%ri’ This is true by the definition. Consider
H a compact, strictly convex, C? hypersurface so that H C £ and H
coincides with £ in a neighborhood of the point p. Then the definition
gives £(t) D H(t) for all small positive t. Therefore, the left-hand
inequality in (8.5) is proved.

To show the right-hand inequality in (8.5), we find specific hyper-
boloid barriers whose e, 1 component of the affine normal at p ap-
proaches (det f”)n%2

So choose € > 0. Then consider hyperboloids of the form

{2n41 = G(2) = ValaP + 5 - B}
for o, 3 > 0. Then compute the Hessian matrix G;;(0) = ﬂféo@j. Fix
«a and (3 so that 67%04 = — € so that

G(z) = Gs(x) = \/VB(y — o2 + 8- /5.

Then for z in a small ball B near 0, Gi(x) < f(x) by (8.4). Now
since £ is convex, £ \ B lies above the graph of a function c|z| for ¢ a
positive constant. Gg(z) — 0 as 8 — 07, and moreover dG3/95 > 0.
So we may choose 3 close to zero so that Gg(z) < f(z) on B and also
Gg(z) < c|z|. Therefore, L lies above the graph of G(z), and the graph
of G is a barrier to all compact hypersurfaces contained in £. The e, 11
component of the affine normal of the graph of Gz at 0 is given by

922Gy "2 .
<det DB (O)> = (v —¢)ntz.

Therefore, by our definition of affine normal flow, we have

t,0) — f(0,0 n
g LEO SO0
t—0t t
for all € > 0. Now let ¢ — 0 and Proposition 8.2 is proved. q.e.d.

An important and easy consequence of our definition is the following

Theorem 8.1 (Maximum principle at infinity). Consider two convex
domains K1 C K2. Then for all positive t, K*(t) C K2(t).

Remark 8.3. There are other natural flows for which such a global
maximum principal fails. For example, there is an example in Fcker
[10] in which two spacelike soliton solutions to the mean curvature flow
in Minkowski space cross at infinity in finite time.

Theorem 8.2 (Long Time Existence). Let IC be an unbounded convex
domain in R"1 which contains no lines. Then for all t > 0, K(t) # 0.
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Proof. 1t is well known that such a I contains an infinite half-cylinder
in R"*!. Therefore, K contains ellipsoids of unbounded volume, which
in turn have unbounded extinction times (the ellipsoids are equivalent
under the action of Aff(n + 1) to spheres of unbounded volume; these
have unbounded extinction times, as in Example 1). The maximum
principle then completes the proof. q.e.d.

Proposition 8.3. If K is a convex domain in R™ ! which contains
a line, then the affine normal flow leaves K unchanged.

Proof. Let p € K and recall K is open. Then K contains a round
cylinder centered at p. This cylinder contains ellipsoids of arbitrarily
large volume centered at p, which act as barriers to the affine normal
flow. These barriers ensure that p is always in IC(¢). Thus K(t) = K for
allt > 0. q.e.d.

9. Soliton solutions

It is well-known that solitons of the affine normal flow are the convex
properly embedded affine spheres—see Proposition 9.1 below. These
were classified by Cheng and Yau [6].

Proposition 9.1. Under the affine normal flow, an expanding soliton
is a hyperbolic affine sphere, a translating soliton is a parabolic affine
sphere, and a shrinking soliton is an elliptic affine sphere.

Proof. This is a simple local calculation. F' = F(x) is a local embed-
ding of an expanding soliton which expands away from a central point
P at a given point in time if and only if

OF =€6=\F —P)+Z'F,;

for A a positive constant and Z'F; a tangent vector field.
The equiaffine condition of the affine normal (as in Proposition 2.1)
states that £ ; is contained in the tangent space. Thus we compute

§j=AFj+Z'Fij+ ZLF; = (\0' + Z,)Fi + Z'(gi;¢ + CLF ).

By comparing both sides of the equation in the span of £, we find Z'g;; =
0, and so the tangential piece Z¢ = 0. Therefore, ¢ = A\(F — P), which
is the equation for a hyperbolic affine sphere centered at P. The cases
of shrinking and translating solitons are essentially the same. q.e.d.

So shrinking solitons are elliptic affine spheres, and the only properly
embedded examples are ellipsoids [6], which are images under Aff(n +
1) of the Euclidean spheres discussed above. Since they are compact,
Lemma 8.1 shows our definition corresponds with the classical one. We
record the example of the round sphere.
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Example 1. For a sphere of radius  in R"!, the affine normal ¢ is
r n+2 times the unit inward normal vector. So then, the affine normal
flow 0,F = ¢ becomes the ODE dr/dt = —r™ »+2, and so the radius at

time t satisfies "
g2 9n 42 )\ 2nt2
r(t) = (r™ — t .
®) ( 0 n+2 )
The extinction time of a sphere with initial radius rq is

2n+2
n+2 28

To
2n + 2
Note that if the initial radius (or the initial enclosed volume) of a family
of spheres tends to oo, then the extinction time goes to oco.

Translating solitons are parabolic affine spheres, and the only prop-
erly embedded examples are elliptic paraboloids. Expanding solitons
are hyperbolic affine spheres, and for every convex cone in R"*! con-
taining no lines, there is a homothetic family of hyperbolic affine spheres
asymptotic to the cone (for the standard round cone, these are simply
hyperboloids). In the next few examples, we verify that our definition
of affine normal flow leads to the correct behavior for these solitons.

Example 2. We consider the paraboloid £ = {z""! = |z|?}. Our
affine normal flow W, is invariant under the action of Aff(n+1). Consider
a point P = (z!,...,2"!) on the paraboloid. Then the following map
in Aff(n + 1) preserves the paraboloid:

n
(..., 2" ") — <x1 + &ttt e et 223:%”) :
i=1
This map sends the origin to P, and also sends
0,...,0,¢) — P+(0,...,0,c¢).

Since VU, is invariant under such transformations, each V£ = L(t) must
be a paraboloid "1 = |z|?+¢(t), and since ¥y is the usual affine normal
flow pointwise, £(t) is the standard translating soliton.

Example 3. Let C be a convex cone in R™"! which contains no
lines and has the origin as vertex. Then C is invariant under scaling
by positive constants. Of course, such homothetic scalings are not in
Aff(n + 1) in general, but we can still use the scaling properties of the
usual affine normal flow to determine how W;C = C(t) scales in time.

It is straightforward to check that for each compact convex region IC
and scale parameter A > 0,

\Ijt (A’C) — )\\Ilt)\—(2n+2)/(n+2) IC

Because
KclC < M CC(C,
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and by our definition of Wy,
Ui (C) = Wi (AC) = AV, —2n42)/(nt2)C
for all A > 0. Thus for all ¢t > 0, we have

U,C = 32 0,C.

Thus the hypersurface evolving from any such cone C scales as a hyper-
bolic affine sphere under the affine normal flow. Indeed, this expanding
soliton is (homothetic scalings of ) Cheng-Yau’s hyperbolic affine sphere.
The local regularity results below will prove that this viscosity solution
is the same as Cheng-Yau’s smooth solution.

If the cone C is homogeneous, then we can use the full affine symmetry
group to conclude much more. Below we analyze the affine normal flow
of Calabi’s example [4]. The case of the hyperboloid is similar (the
symmetry group being the Lorentz group in this case).

Example 4. Let C = C(0) be the boundary of the first orthant. Then
since C is invariant under multiplying all the coordinates by positive
scalars, and the flow is invariant under Aff(n + 1), C(¢) is invariant
under the group

G={(\,- M) A >0, [N =1}
acting by
(.. 2" = (gt ™.
At time €, Calabi’s example does move (consider a hyperboloid contain-

ing the first orthant with vertex at the origin). By group invariance,
C(t) must be of the form

{H 2’ = const., z* > 0} ,
i

which is an orbit of G. Proposition 8.2 shows that at time ¢ > 0, our
flow is the affine normal flow pointwise. The radial graph of W;C must
solve an ODE in ¢, and so it must be the standard solution

n+2

C(t) = {(wl,...,xnﬂ) e R gt > O,Hg:i =cpt 2 }

(2

for cp = (n+1)2(-2;)"".

10. Andrews’s Speed Estimate

The following proposition is essentially found in Andrews [2], follow-
ing work of Tso [24], although the statement of the proposition in [2]
is slightly incorrect.
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Proposition 10.1. Let s be the support function of a smooth strictly
convex compact hypersurface evolving under affine normal flow. If s(Y,t)
>r>0 forallY € S" and t € [0,T], then

O] < (C+ Ot s

on S™ x [0,T], where C and C' are constants only depending on r and
n.
Proof. Consider the function

—8t8
s—r/2

q:

We apply the maximum principle to log ¢ = log |0;s| — log(s — r/2). In
particular, at a fixed time ¢ € [0,7T], consider a point Y € S™ at which
q attains its maximum. By changing coordinates, we may assume that
this point Y = (0,...,0,—1) is the south pole. Then, as in Tso, con-
sider the coordinates y = (y',...,y") for s restricted to the hyperplane
{(yh,...,y", —1)}. At y =0, we have for i =1,...,n

Sti Si

10.1 log q)i = 0 on .
(10.1) (logq) N

The condition for (logg)|s» to have a maximum at the south pole is

(10.2) (log q)ij + (log g)n410;5 < 0

as a symmetric matrix. Here we use subscripts to denote ordinary dif-
ferentiation f; = 0, f and f; = O¢f.
To compute the second term in (10.2), use Euler’s identities

n+1 n+1
Z Y'sti = st, Zg/zsi =S5
i=1 i=1
at the point Y = (0,...,0,—1) to conclude sy,+1 = —$¢, Spt1 = —S,
and
r/2
lo = .
For the first term in (10.2), compute
Stij  StiStj Sij 5;Sj
lo i = — — +
logds = = =~ s T G
Stij Sij

st s—r/2

at y = 0 by (10.1). Thus (10.2) becomes at y =0

7“/2 Stij Sij
10.3 ———0;; — <0.
(10-3) s—r/2 it s s—r/2
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Now, we compute using the flow equation (7.3)

(logq): = 0Olog|ds| — Oy log(s —r/2)

1 St
= - 0y log det(s;j) — ——
nt2t8 et(s) s—r/2

n+t2” T sy /2
for s the inverse matrix of s;;. Then (10.3) implies that

r/2 S¢ . 2n S¢

1 < UL JPP .
(logg)e =< n+2 s—r/2 i n+2 s—r/2
r/2 . 2n

— 5::5i
w2 %8 T TR
/2 oo 2n
< = 0,84 .
qt > n+2q ij S +n+2q

Now if we let p; be the eigenvalues of 5%/, or equivalently the reciprocals
of the eigenvalues of s;;, then we see

n

1 n
1 “ B 1 — n+2 1 N\ nte
|8t| - (det Sij) n+2 — (H M1> S (nzl'“l) — <n 5ij5w>
1=

i=1

by the arithmetic-geometric mean inequality. Therefore,

n+2 n+2
n

5ijs7 > nls)| m =mng nw (s— 7“/2)nT+2 > ngq

nt2 n+2
22"

since s > r. And so finally, at y = 0, and thus at any maximum point
of Q|S"7

n(r/2)¥ 3n42 2n

n+t2 17 nt2l:
Now define Q(t) = maxyesn ¢(Y,t). Then (10.4) implies that

2n+2 n+2
Qi < —Q? (cnr Qo — 621)

(10.4) ¢ <

for constants ¢, ¢, depending only on n. Therefore,

_ 2n+2

(10.5) @ < max {cnr n+2 ,c;@r_lt_ﬁ}

for ¢, ¢, new constants depending only on n. The result easily follows.

Remark 10.1. Q may not be differentiable as a function of ¢, but
the above estimate (10.5) still holds—see e.g., Hamilton [16, Section 3].

q.e.d.
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11. Gutiérrez-Huang’s Second Derivative Estimate

In this section, we follow Gutiérrez-Huang [15] to find an upper bound
of the Hessian of solutions to the equation satisfied by the support
function under the affine normal flow

1
0%s \ 2
0is = — <det 8yi8yj> .

This is a parabolic version of an estimate of Pogorelov for elliptic Monge-
Ampere equations. We will treat the slightly more general case

0?u \ “

for p(y) a smooth positive function on R™ and « a positive constant.
Gutiérrez and Huang considered the case p(y) = o = 1. The reason
we introduce p(y) is that the evolution of the support function of a
hypersurface by a power of the Gauss curvature involves a term p(y)
which is a power of 1 + |y|2. The calculations are essentially the same
as those in [15].

First we define a bowl-shaped domain in spacetime and its parabolic
boundary. A set 2 C R"™ xR is bowl-shaped if there are constants tqg < T'
so that

Q= J @ x{t},
to<t<T
where each € is convex and €2, C ), whenever ¢; < t3. The parabolic
boundary of € is then 0\ (Qr x {T'}).

Proposition 11.1. Let u be a smooth solution to (11.1) which is
convez in y, and let ) be a bowl-shaped domain in space-time R™ xR so
that uw = 0 on the parabolic boundary of €. Let 8 be any unit direction
mn space.

Then at the mazimum point P of the function

w = lul Opu 3O,
w is bounded by a constant depending on only o, p, u(P), Vu(P) and
n.

Proof. Choose coordinates so that 8 = (1,0,...,0) and so that at a
% is diagonal (in order to bound all
second derivatives ugg, it suffices to focus only on the eigendirections of
the Hessian of u).

Since w is positive in 2 and 0 on the parabolic boundary, there is a
point P outside the parabolic boundary of  at which w assumes its

maximum value. We work with logw instead of w. Then at P,

(logw); = 0, (logw)¢ > 0, (logw);j < 0.

maximum point P of w, u;; =
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Here we use 14, j,t subscripts for partial derivatives in %%, %/ and ¢, and

the last inequality is as a symmetric matrix. These equations become,
at P,

(11.2) Y M g = 0,
U U1l

(11.3) 2T g > 0,
U U11

Usgj UqUj U145 U11;U115
- — QJ + L — 5 L 4 wjur; + upuggy < 0.
U U

114
(11.4)

To use (11.3), we compute
ure = [—p(det ug;) ],
= (detugy)~*(—p1 + apuuij),
ury = (detu;;) ™
- [204/)1 uuijy — o p(uuin)? — pi
—ap uikuﬂuklluiﬂ + ap Uijuijll )

where u% is the inverse matrix of the Hessian u;;. Now plug into (11.3)
and divide out by (detu;;)~* to find

(115) Uill [204/)1 U”Uijl — Oé2p(’u,wuij1)2 — P11

o a -
—apuu’ U1 Ui51 + P U”Uijll

- 5 + u1(—p1 + Ozpuijuiﬂ) >0

The last term of the first line of (11.5) leads us to contract (11.4)
with the positive-definite matrix u* so that at P:

g Wi Wil Ul U1y
0>u | = — L+ —2 — —— fugjug; + uiwg;
u u Uuil Uty

ﬁ QUUUin + u”uluj u”uiululj u”ujululi
u

u? U1l U U
17,2 i i
— ujuluuulj —|—u]u1juu +u3u1uh~j (by (11.2))
n o 2uVuiu;  uYugggg 2u% 9 Iy
= - — 5 2 4 J 1 ujull +uig + u”uluuj
u u U1l u

(since w;; is diagonal at P)
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n 2uuuy 20, ” I piw
> — = 72] — — —wjuy +un +uugugg + — + ——
U U U ou ap
- 2p1uijul- 1 oz(uijum)2 P11 uikuﬂukllui‘l
— ulu”uijl — J + J + 1
pu11 U1 apul Ui
(by (11.5))

2uf p1U1
—J—u%uu—i—uu—&-i
u ap

1 o

> n+ 7 9 u;

) Z w2uy
=1

2 n 2
P P11 n Z U1
apuir  apuny =1 U1 Ui U5 5

by collecting terms, completing the square, and since u;; is diagonal at
P. Continue computing

1 n 2 2
n+ = us 2u 1U1
u Z U U4 Uu ap
=1
2 2 n 2
14 P11 U U714
. 21 + + 1311 + 2} : 2llz
ap U1l apuiy Uiy i— Uy Uiz
1 2 2
n+ = 2u 2u p1U1
= Q—Tl—il—u%ull—i-ull-i-i
u U1 U ap
2 2 2
P1 P11 Ll 2uy 2
-— + + 5 T — +ujun
ap Ul apuiyl U1u U

by (11.2) and since u;; is diagonal at P. Finally, collect terms so that

n+1 U 1 u? 2
()Zun—i-( “+pll>+<—§—p12+p”>
u ap uir \ u2  ap?  ap

and multiply each side of the inequality by w?uy1e¥l to find a quadratic
inequality

w+aw+b<0

for w = |u|une%“% at P the point in Q at which the maximum of w
is achieved. The coefficients a and b involve only n, «, p, u(P) and
u1(P), and so there is an upper bound of w on € depending on only
these quantities. q.e.d.

This bounds ijs away from infinity, which, together with Andrews’s
speed estimate, shows that the ellipticity is locally uniformly controlled
in the interior of appropriate bowl-shaped domains. In the next section,
we use barriers constructed from Calabi’s example to find appropriate
bowl-shaped domains.
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12. Applying Gutiérrez-Huang’s Estimate

In this section, we find bowl-shaped domains which are uniformly
large on any compact subset of D°(s) for s = s(+, t) the support function
of K(t). Upper barriers will be produced from Calabi’s example to
achieve this.

First, we give an outline of our approach: Given a sequence of smooth
solutions s to s = —(det sij)_n%ﬂ, and a point yo in D°(sp), modify s
by adding a linear function so that s|;—¢ has its minimum at yy. Adding
a linear function does not affect the flow. Then, if s(yg,0) = p, the
sublevel set {(y,t) : s(y,t) < p,0 <t < T} is a bowl-shaped domain
with (yo,0) at its vertex. In order to apply Gutiérrez-Huang’s estimate,
we must ensure that these bowl-shaped domains are uniformly large.
This amounts to showing that s must decrease by a definite amount in
a neighborhood of (yo,0).

We achieve this by using barriers made out of Calabi’s Example 4.
For each of the n+ 1 faces in Calabi’s initial orthant C = C(0), consider

the outward normal directions Y?, i = 1,...,n + 1. Under the affine
normal flow of Calabi’s example, the support function s¢(Y?,t) remains
constant in t for each i = 1,...,n + 1. Thus Calabi’s example, in and

of itself, is inadequate as a barrier to move the support function in
directions normal to these faces.

For our initial convex domain KC, we will obtain estimates only for
those Y € D°(sk) the interior of the domain of the support function.
For such a Y, there is a supporting hyperplane to IC with Y as its outer
normal which intersects the hypersurface 0K in a compact set W. Then
an appropriate barrier can be constructed as the intersection

n+1

xX=[)c
=1

of n+ 1 affine images C* of Calabi’s example so that the boundary of X
has one bounded face which contains W and is normal to Y, and n + 1
unbounded faces (for example, a U-shaped well in R? is the intersection
of two affine images of the first quadrant). Under the affine normal
flow, X (¢) must remain inside each C’(t), and the explicit solution to
Calabi’s example then shows that the support function sx(Y’) must
move as t increases away from 0. The discussion below proves this
geometric sketch by working with the support functions instead of the
hypersurfaces involved.

Here are the details of the construction. Recall Calabi’s Example 4
from above:
C(t) ={(z, ..., 2" e R" . 2* >0, le = cntnTH}

7
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for ¢, = (n + 1)%(—)%2 and ¢t > 0. Compute the support function

2
n+2
fort>0and Y = (yl,---aynﬂ)

400 if any y* > 0

— 1

(12.1) se(Y,t) —(n+1) <CntnT+2 H:‘L:Jrll ‘yz|) T all yi <0
In our analysis, we restrict the homogeneity-one function s¢ to an affine
hyperplane ~ R™ so that s¢(0) = 0 on a simplex in R"™ and is +o0
elsewhere.

Now consider the action of the affine group on the support function.
If K is a convex body and Y € R""1| recall si(Y) = sup,exc(z,Y).
Then for any matrix A and vector b,

(12.2) sacio(Y) = sc(Y)(ATY) + (b,Y).

Therefore, for any simplex S in R™ and any linear function ¢(y) on R™,
there is an affine image of C(0) whose support function restricted to an
affine R® ¢ R™*! is equal to /() on its domain S.

We will use n+ 1 of these copies of Calabi’s example to construct our
barrier. Consider a regular (n -+ 1)-simplex in R"*! with one vertex at
the origin and such that the face opposite this vertex is in a hyperplane
y"t1 = ¢ > 0 and intersects the positive 3! axis. Then the n + 1
remaining faces of this simplex form the graph of a piecewise-linear
convex function P whose domain is a simplex S, in R” centered at the
origin. Extend this function to be +o0o outside S,,. We refer to P as a
polyhedral pencil function, after the shape of the region above its graph.

Now consider our convex body K = U%_;K!, and let si(y) denote
the support function of K restricted to an affine slice of R?"*1. Let
N be a compact subset the interior of the domain of si(y) (i.e. N
is the intersection of the affine hyperplane R™ with a compact subset
of D°(sk)). Then we know that sxm = s, — s = sk uniformly on
N and that |ds,,| is uniformly bounded on N. This bound on the
first derivatives of s,, means that there is a uniform A > 1 so that by
replacing P(y) by \"P(\y), we have

n
128 P9 DD~ )+ 5n(0) 2 5m(0)
j=
forall g e NV, y € R™

So the polyhedral pencil function P provides an initial barrier at each
point § € N. We do not have an explicit solution for the evolution of
P, but we can conclude enough to apply Gutiérrez-Huang’s estimates.
Since P can be extended to be a convex, lower-semicontinuous function
of homogeneity one on R™*!, there is a corresponding convex body Kp

whose support function is P. The affine normal flow on Kp induces
a natural flow on P: P(Y,0) = P(Y) for all Y € R*"" and P(Y,t)
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is the support function of Kp(t). Assume that the affine hyperplane
R™ c R"*! is given by {y"*! = —1}, and then we have

Lemma 12.1. P(0,...,0,—1,¢) <0 for all t > 0.

Note that in the notation Y = (y, —1), P(0,...,0,—1,t) is just P(y,t)
for y = 0. (So the lemma may be restated as P(0,¢) < 0 for all £ > 0.)
We use this notation for the proof.

Proof. Note P(0,0) = 0.

As a function of y, the domain of P(y,0) consists of n + 1 simplices
in R", and P(y,0) is the restriction of a linear function on each one.
P(y,0) is then the minimum of n+1 copies Cy, . .. Cp41 of Calabi’s initial
example, each properly modified by an affine transformation. Each of
Ci(t),...Cny1(t) is an upper barrier for the evolution of P. Ci(0,t) =0
for all £ > 0, however.

To show that P(0,t) < 0, we use the fact that P(y, t) is always convex
and less than each Ci(y,t). The explicit formula (12.1), together with
(12.2), shows that each Ci(y,t) < 0 for y near zero on a ray Ry leaving
the origin—this is because, near the origin, the —(]] |y’\)%+1 term in
(12.1) will dominate any linear term coming from (12.2). Since P(y,t)
is convex in y and is less than each Ci(y,t), the graph of P(y,t) must
be below the convex hull of the graphs of {Cx(y,?)}}*]. Since 0 is in
the convex hull of the rays { Ry }?*] (because P was constructed using a
regular (n + 1)-simplex in R"*!) and since Cy(y,t) < 0 for y € Ry near

0, we conclude P(0,t) < 0 for each t > 0. q.e.d.
For each § € N, and for m = 1,2,3,..., consider
" Os , ,
Sm(y) = sm(y) —sm(9) = ) 55O — 7).
=1 Y

Then at t = 0, 5,,(y, 0) has its minimum value of 0 at y = 3. As
time goes forward, for each T > 0, the sublevel set {(y,t) : t € (0,T],
5m(y,t) < 0} is a bowl-shaped domain. This bowl-shaped domain must
contain the sublevel set

B={(y,t): t€(0,7], Py — ) <0},

which contains {0} x (0,7] by Lemma 12.1. Note that B is (except
for translation) independent of m and § € N. There is an increasing,
positive function of ¢ > 0 €(t) so that for each § € N, Gutiérrez-Huang’s
estimates can be applied uniformly on the ball B /2(7) x {t} to &, —
since &, satisfies the same flow equation (7.3) as s,.

Since the second derivatives of §,, are the same as those of s,
Gutiérrez-Huang’s estimate Proposition 11.1, Andrews’s speed bound
Proposition 10.1 and the convexity of s,, imply uniform C? estimates
on s, on each compact subset of D°(s) x (0,7, where T is chosen so
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that each s, > r on [0,T] (this is possible for some T' by choosing co-
ordinates so that an evolving sphere centered at the origin as a uniform
inner barrier.)

Proposition 12.1. If T is chosen so that each s, > r on S™ x [0, T],
then on each compact subset of D°(s) x (0,T] there are uniform spatial
C? estimates for s,, and the Hessian of s,, is uniformly bounded away
from zero.

Recall that sxm — sk everywhere on R™*! x [0, 7] by Propositions
8.1 and 7.1. The estimates will give greater regularity to this pointwise
convergence.

Note that the locally uniform spatial C? estimates in Proposition 12.1
imply, by the evolution equation (7.3), locally uniform parabolic C*!
estimates (i.e., two derivatives in spatial coordinates and 1 in ¢). Then,
since the logarithm of the Monge-Ampere operator is concave, Krylov’s
interior parabolic C?T®1%% estimates [18] are available. Ascoli-Arzels
then shows that the convergence must be in C?! on each compact subset
of D°(s) x (0,T]. Indeed, sx is a C2T*'*2 solution on D°(s) x (0,77,
and further bootstrapping shows si is smooth. See e.g. Gutiérrez-Huang
[15] for details on defining the C?*t*143 norm and on applying Krylov’s
estimates in the present case.

A remaining issue is long-time regularity. Since long-time existence
is already guaranteed, we need only apply the estimates again starting
at t = T. The only possible sticking point is that we still need to make
sure that the same r satisfying sxgm > r still works (in order to apply
Andrews’s speed estimate Proposition 10.1). This can be assured by
an affine change of coordinates. As in the proof of Theorem 8.2, K
contains ellipsoids of arbitrarily large volume. We can change the affine
coordinates so that an appropriate ellipsoid becomes a sphere centered
at the origin which is large enough to guarantee that si(Y,t) > 2r for
all Y € S™ and ¢ € [T,2T]. This is certainly enough to ensure that we
can choose new exhausting domains ™ satisfying sxm (Y, t) > r for all
Y e S and t € [T, 277.

Theorem 12.1. If K is an unbounded convex domain in R which
contains no lines, then, under the affine normal flow, the support func-
tion sk = si(Y,t) is smooth and spatially locally strictly convex on
D°(sx) x (0,00).

13. Regularity of the hypersurface

We’ve seen in the previous sections that under the affine normal flow,
if K is an unbounded convex domain in R"*! containing no lines, the
support function sx evolves to be smooth and strictly convex for all
positive time for all Y € D°(sx). In this section, we verify that, for
t > 0, every supporting hyperplane of the evolving hypersurface 9C(t)
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has its normal vector in D°(sx). Therefore, since the smoothness and
convexity of the hypersurface are determined by the regularity of the
support function, the hypersurface 9IC(¢) is smooth and strictly convex
for all t > 0.

Theorem 13.1. Let K be an unbounded convexr domain in R™H1
which contains no lines. Then, under the affine normal flow, the hyper-
surface OK(t) is smooth and strictly convez for all t > 0.

Moreover, if

K= U’Cly ]CZ C ]Ci+1’

where each K' is bounded and has smooth, strictly convex boundary, then
for allt >0, each p € OK(t) has a neighborhood on which the sequence
of hypersurfaces OK'(t) converges to OK(t) in the C* topology.

The proof will depend on finding appropriate initial barriers. We
begin with some easy results on the support function.

Lemma 13.1. If K is an unbounded convex domain in R™"*!, then
for every nonzero Yy € 9D(sx), there is a ray R perpendicular to Yy
which is contained in the closure K.

Proof. We work in terms of support functions. The support func-
tion sx is a homogeneity-one, convex, lower-semicontinuous function on
R™ ! with values in (—oco, +00]. Since K is unbounded, sx must assume
the value +oo, and the convexity of s implies si is infinite on an open
half-space of R"*!.

R C K if and only if sp < sx on all of R"*!. For the ray

(Y,w) for (Y,v) <0

R={w+7v:7>0}, SR(Y):{ +o0 for (Y,v) > 0.

Thus, given s and Yy € 0D(sx), we seek an R so that R L Y and
SR < SiKC.

Since D(sk) is a convex cone in R with vertex at the origin, if
Yy € 9D(sk), then D(sk) is contained in a closed half-space with Yy in
its boundary. Thus there is a nonzero vector v so that

D(sk) C {Y : (Y,v) <0}, (Yo,v) = 0.

In order to find R, we also need a vector w so that (Y, w) < si(Y)
for all Y € D(sx). This is easy: (Y, w) is the support function of the
convex set {w}. So for any w € K, (Y,w) < si(Y) for all Y € R*F1
and R ={v+ 7w : 7 > 0} is the ray to be constructed. q.e.d.

Lemma 13.2. If K is an unbounded convexr domain in R Y €
0D(sx), and R is any ray contained in K, there is a half-cylinder Q
pointing in the direction of R which is contained in the open set K.
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Proof. Let B be an open ball contained in K. Then the convex hull
of R and B contains such a half-cylinder. q.e.d.

We are now ready to prove Theorem 13.1.

Proof of Theorem 13.1. We show that for all ¢ > 0, every supporting
hyperplane of (t) must have outward normal vector Yp lying in D°(si).
Then the smoothness and strict convexity of the support function sy
imply that the hypersurface OK(t) is also smooth and strictly convex.

First we rule out the case Yy ¢ D(sk). In this case, there is a closed
half-space of R"*! containing D(sx) but excluding Y. In other words,
there is a nonzero vector v so that

D(sk) Cc {Y : (Y,v) <0}, (Yo,v) > 0.

Then, as in Lemmas 13.1 and 13.2 above, there is a half-cylinder Q in
the direction of v contained in K. Since there are ellipsoids of arbitrarily
large volume inside Q to act as barriers, Q always intersects K(t). Since
Qs in the direction of v and (Yp,v) > 0, this shows that s (Yo) = +o00
for all ¢ > 0. Since K(t) is convex, this shows it has no supporting
hyperplane with outward normal Yy ¢ D(sk).

Finally, we show that if Y € 0D(sk) is a nonzero vector, then there
is no supporting hyperplane to 9K (t) with outward normal Y. By
Proposition 13.1 below, si(;)(Yo) = sx(Yp) for all ¢ > 0. Thus, we
simply need to ensure that the hyperplane P = {z : (Yo, z) = sx(Yo)}
does not intersect K(t) for ¢ > 0. To achieve this, we choose an affine
image Z of Calabi’s example as an initial outer barrier. In particular,
one of the faces of Z can be chosen to be contained in the hyperplane
P. (Proof: The support function of Z is a linear function on a cone over
a simplex and is +oo elsewhere. To find such a function to be an upper
barrier to s at Yp, note that for any closed simplex contained in D(sk),
the support function sk is continuous on this simplex by Theorem 10.2
in [22]. So for any cone C over a closed n-simplex containing Yy and
contained in D(sx), we may find a linear function as an upper barrier
to s at Yp. Then extend this function to be +oo outside C.) The
explicit solution to Calabi’s example proves that P does not intersect
Z(t) D K(t) for all t > 0.

Thus all the supporting hyperplanes of 0K (t) have outward normal
in D°(sx), and Theorem 13.1 is proved. q.e.d.

Proposition 13.1. If K is a conver unbounded domain in R"H!
which does not contain any lines, then under the affine normal flow,
the support function s ) (Yo) = sx(Yo) for allt >0 and Yo € 0D (sk).

Proof. Tt is obvious that si()(Yo) < sx(Yo) since the effect of the
affine normal flow on support functions is to decrease them. We need
only show sy (Yo) > sx(Yo) for Yo € 0D(sk).
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We achieve this by using ellipsoids as inner barriers. Assume that
sk (Yo) < 400 and let € > 0. Then there is an = € K so that

(x,Yo) > sk(Yo) —e.

Lemmas 13.1 and 13.2 ensure that there is a half-cylinder @ C K which
points in a direction v perpendicular to Yy. Then, inside the convex hull
of @ and {x}, there is another half-cylinder Q" C K which points in the
direction of v and whose central ray contains a point z’ satisfying

(2, Yo) > s (Yp) — 2e.

Now there are ellipsoids of arbitrarily large volume contained in Q’,
and these inner barriers show that for all ¢ > 0, there is a point 2’ on
the central ray of Q' which is contained in K(¢). Now since z” — 2’ is
perpendicular to Yj,

s (Yo) = (2", Y0) = (2, Y0) > sk (Yo) — 2.

Thus sy (Yo) > sxc(Yp) so long as si(Yp) < +oo. The case si(Yp) =
400 is essentially the same. q.e.d.

14. A Dirichlet Problem

Proposition 13.1 above shows that the affine normal flow on noncom-
pact domains can be recast as a Dirichlet boundary problem for the
support function, although discontinuous and infinite boundary values
are allowed. In the interior D°(sx), the support function evolves by
the affine normal flow equation, while the value of the support func-
tion on the boundary 9D(sk) is fixed. At each positive time #, sx () is
lower-semicontinuous.

In terms of PDEs, we can take an affine slice of the domain of the
support function. Consider first the case when D(sk) contains no lines
(this is true if and only if K contains a nonempty open convex cone).
In this case, we can choose coordinates so that Q = {y € R" : (y,—1) €
D°(sk)} is bounded. The support function, when restricted to this
hyperplane, then satisfies the Dirichlet boundary problem for the flow

equation
Os 0%s ~i
— = — | det ———
ot < Wazﬂ)

with initial condition given by sx. If D°(sx) does contain a line, then
we must consider more than one affine hyperplane slice. Since s has
homogeneity one, this amounts to considering sx as a section of the
tautological bundle over projective sphere S = (R"*1\ {0})/R*, where
R acts on R"*! by homothetic scaling.

Alternately, we can consider s = sy restricted to the Euclidean sphere
S™. Define a subset of S™ to be convex if it is the intersection of S™ with
a convex cone in R"*! with vertex at the origin. Then T = S™ N D°(s)
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is a convex domain in S, and s evolves under the affine normal flow via
a Dirichlet problem on Y with equation, as in [2], for s = s|sn

s¢ = — [det (S0 + séab)}_ﬁr? .

Here s.,, denotes second covariant derivative of s with respect to the
standard connection on S™ and the subscripts a, b indicate an orthonor-
mal frame.

It is an interesting question to study under what condition this Dirich-
let problem admits a unique solution. We plan to study this problem
in detail later. We remark now that in the case where s is continuous
when restricted to the boundary 9D(s), s must be continuous on the
closure D(s) (see Lemma 14.1 below). Thus in the case s is continuous
and finite when restricted to dD(s), the Dirichlet problem has a unique

solution by the maximum principle.

Lemma 14.1. Let s be a convex, lower semicontinuous function from
R™ to (—o0,00]. If s is continuous when restricted to 0D(s), then it is

continuous on the closure of its domain D(s).

Proof. Let z; € D°(s), ©; — x € ID(s). Let z € D°(s) and let y;
be the intersection of dD(s) and the ray from z to z;. y; — = and so
s(yi) — s(x). Moreover, s is convex restricted to each such ray, and so

s() = s(02) 2 BTl 502
Thus, since |y; — x;|/|z; — 2| — 0,
limsup s(x;) < lim s(y;) = s(x).

Lower semicontinuity then shows lim s(z;) = s(z). q.e.d.

15. Proofs of Theorems

Here we restate Theorem 1.1 a bit more precisely:

Theorem 15.1. Let L(t) be a solution to the affine normal flow
defined for all t € (—00,0). Assume that at some ty € (—00,0), the

convezr hull L(ty) contains no lines. Then L(t) must be a paraboloid
translating in time or an ellipsoid shrinking in time.

Proof. Consider £'(t) defined for ¢t € [r,0) so that £'(7) is smooth,
compact, and strictly convex. Then Proposition 5.2 and the semigroup
property show that the cubic form

Cn
Ol < pa—
for all t € [1,0) for ¢, a constant depending only on the dimension.
Theorem 13.1 then shows that L(t), for t € [r,0), is locally a C*°

limit of such £'(t). Thus |C]%(t) < ¢, /(t — 7) also. Since L(t) is an
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ancient solution we may let 7 — —oo. So Cj;i = 0 identically on L(t)
for all ¢.

A well-known classical theorem of Berwald (see e.g. Cheng-Yau [6]
or Nomizu-Sasaki [20]) shows that £(f) must be a hyperquadric: an
ellipsoid, a paraboloid, or a hyperboloid. Only the ellipsoid (a shrinking
soliton) and the paraboloid (a translating soliton) are part of an ancient
solution. q.e.d.

We can also prove the following existence result on hyperbolic affine
spheres which is essentially due to Cheng-Yau [5]. The essential step,
due to Cheng-Yau, is to solve the Monge-Ampeére equation

2 1) 2
on a convex bounded domain  C R”. The radial graph of —% over € is
then a hyperbolic affine sphere asymptotic to the boundary of the cone
over €). We note that the proper embeddedness of the hyperbolic affine
sphere is contained in Gigena [14] and Sasaki [23]. See [19] for a more
complete discussion.

Theorem 15.2. For every open convex cone C in R which con-
tains no lines, there is a properly embedded hyperbolic affine sphere in
R asymptotic to the boundary of C.

Proof. Example 3 ensures that under the affine normal flow, the
boundary OC evolves as an expanding soliton OC(t). The regularity
result Theorem 13.1 ensures that for ¢ > 0 the hypersurface 9C(t) is
smooth and strictly convex. Thus, for each t > 0, dC(t) is a hyperbolic
affine sphere by Proposition 9.1. The discussion in Section 14 shows
that OC(t) is asymptotic to the boundary of the cone C. q.e.d.
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