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COMPACTIFICATIONS OF SYMMETRIC SPACES

ARMAND BOREL & LIZHEN JI

Abstract

Compactifications of symmetric spaces have been constructed
by different methods for various applications. One application is
to provide the so-called rational boundary components which can
be used to compactify locally symmetric spaces. In this paper,
we construct many compactifications of symmetric spaces using a
uniform method, which is motivated by the Borel-Serre compact-
ification of locally symmetric spaces. Besides unifying compact-
ifications of both symmetric and locally symmetric spaces, this
uniform construction allows one to compare and relate easily dif-
ferent compactifications, to extend the group action continuously
to boundaries of compactifications, and to clarify the structure of
the boundaries.

1. Introduction

Let X = G/K be a symmetric space of noncompact type. Com-
pactifications of X arise from many different sources and have been
studied extensively (see [GJT], [BJ1], [Os] and the references there).
There are two types of compactifications depending on whether one
copy of X, always assumed to be open, is dense or not. For example,
the Satake compactifications, Furstenberg compactifications, the conic
(or geodesic) compactification, the Martin compactification, and the
Karpelevic compactification belong to the first type, while the Oshima
compactification and the Oshima-Sekiguchi compactification belong to
the second type. In this paper, we will only study the case where X is
dense.

All these compactifications were constructed by different methods
and motivated by different applications. For example, the Satake com-
pactifications are obtained by embedding symmetric spaces X into the
space of positive definite Hermitian matrices as a totally geodesic sub-
manifold, which is in turn embedded into the (compact) real projective
space of Hermitian matrices; on the other hand, the Furstenberg com-
pactifications are defined by embedding X into the space of probability
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measures on the Furstenberg boundaries. The Martin compactification
was motivated by potential theory, and the ideal boundary points are
determined by the asymptotic behaviors of the Green function. On the
other hand, the conic (or geodesic) compactification X U X (oco) and

the Karpelevic compactification X are defined in terms of equivalence
classes of geodesics with respect to various relations. In all these com-
pactifications, parabolic subgroups play an important role in describing
the geometry at infinity.

In this paper, we propose a new, uniform approach, called the attach-
ment method in [BJ1], to construct most of the known compactifica-
tions of symmetric spaces by making direct use of parabolic subgroups.
Briefly, the compactifications of X are obtained by attaching bound-
ary components associated with parabolic subgroups, and the topology
is also described in terms of the Langlands decomposition of parabolic
subgroups. A basic feature of this method is that it uses reduction the-
ory for real parabolic subgroups; in particular, separation property of
Siegel sets and strong separation of generalized Siegel sets, and hence
relates compactifications of symmetric spaces closely to compactifica-
tions of locally symmetric spaces. In fact, this method is suggested by
the compactification of locally symmetric spaces in [BS].

This method allows one to show easily that the G-action on X ex-
tends continuously to the compactifications of X and to describe explic-
itly neighborhoods of boundary points and sequences of interior points
converging to them. Explicit descriptions of neighborhoods of bound-
ary points are important for applications (see [Zu] and the references
there), but they do not seem to be available in literature for the Satake
and the Furstenberg compactifications; in particular, the non-maximal
Satake compactifications. As explained above, this procedure is closely
related to compactifications of locally symmetric spaces, and it seems
conceivable that the method in §§4, 5 can be modified to give more
explicit descriptions than those in [Zu] of neighborhoods of boundary
points of the Satake compactifications of locally symmetric spaces.

Since compactifications of X are obtained by adding boundary faces
associated with real parabolic subgroups, this procedure relates the
boundary of the compactifications of X to the spherical Tits building
of X, a point of view emphasized in [GJT]. A basic geometric con-
struction in [GJT] is the dual cell compactification X U A*(X), which
is isomorphic to the maximal Satake compactification. The dual cell
compactification X U A*(X) is constructed by gluing together polyhe-
dral compactifications of maximal totally geodesic flat submanifolds in
X passing through a fixed basepoint in X and plays an important role
in identifying the Martin compactification of X, one of the main results
of [GJT]. Briefly, for each such flat, the Weyl chambers and their faces
form a polyhedral cone decomposition and their dual cell complex gives
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the boundary at infinity; and the K-action glues the compactification
of all such flats to give the compactification X UA*(X). Because of the
nature of the construction, the continuous extension of the G-action to
the dual cell compactification X U A*(X) is not clear. On the other
hand, from the construction in this paper, the continuous extension of
the G-action follows easily. This difficulty of extending the G-action to
the dual cell compactification is one of the motivations of this paper.

The organization of this paper is as follows. In §2, we recall Siegel
sets and generalized Siegel sets of real parabolic subgroups, and their
separation property for different parabolic subgroups. In §3, we outline
a general approach to compactifications of symmetric spaces. One key
point is to define boundary components for real parabolic subgroups and
to attach them by means of the horospherical decomposition. In §4, we
construct the maximal Satake compactification using this method. §§5,
6, 7, 8 are respectively devoted to the non-maximal Satake compactifi-
cations, the conic (or geodesic) compactification X U X (c0), the Martin
compactification and the Karpelevic compactification.

Some of the results in this paper have been announced in [BJ1].
This paper is mainly written up by the second author, who will bear
the primary responsibility for it.

Acknowledgments. We would like to thank an anonymous referee for
his extremely careful reading of preliminary versions of this paper and
for his numerous detailed, very helpful, kind suggestions, in particular
for a modification of the definition of convergent sequences for X, and
the proof of the second part of Proposition 5.3. After this paper was
submitted, Professor Armand Borel unexpectedly passed away on Au-
gust 11, 2003. This is a tragic loss to the math community, in particular
to the second author, who is very grateful for the experience of working
with Professor Borel.

Conventions. In this paper, for any x,y € G, define

¥ =y oy, Vo =yzy

The same notation applies when « is replaced by a subset of G. For two
sets A, B, A C B means that A is a proper subset of B; and A C B
means that A is a subset of B and could be equal to B. A reference to
an equation is to one in the same section unless indicated otherwise.

2. Parabolic subgroups and Siegel sets

In this section, we introduce some basic facts about (real) parabolic
subgroups and their Siegel sets.

Let G be an adjoint connected semisimple Lie group, K C G a maxi-
mal compact subgroup, and X = G/K the associated symmetric space
of non-compact type. We remark that the adjoint assumption is used
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in the proof of Proposition 2.4. Since every symmetric space X of non-
compact type is a quotient of such an adjoint group G, there is no loss
of generality in assuming this.

Let xg = K € X be the fixed basepoint. Then for every (real and
proper) parabolic subgroup P of G, there is a Langlands decomposition

P = NpApMp,
where Np is the unipotent radical of P, ApMp is the unique Levi com-
ponent stable under the Cartan involution associated with K, and Ap
is the split component. In fact, the map
Np x Ap x Mp — P, (n,a,m)+— nam
is a diffeomorphism and the right multiplication by P is given by
(1) noagmo(n, a, m) = (ng *°"n, aga, mem).

Let Kp = MpNK. Then Kp is a maximal compact subgroup of Mp,
and
Xp=Mp/Kp

is a symmetric space of noncompact type of lower dimension, called the
boundary symmetric space associated with P.

Since G = PK and Kp = K N P, the Langlands decomposition of P
gives a horospherical decomposition of X:

X:NPXAPXXP,

(2) (nya,mKp) € Np x Ap x Xp +— namK € X,

and the map is an analytic diffeomorphism. We note that this diffeo-
morphism depends on the choice of the basepoint xy and will be denoted
by

(3) ,UJO:NPXAPXXPHX

as in [Bo2, 4.1] if the basepoint zy needs to be specified. This map po
is equivariant with respect to the following P-action on Np X Ap X Xp:

noaomo(n, a, z) = (ng “°"™n, aga, myz).

In the following, for (n,a,z) € Np x Ap x Xp, the point py(n,a,z) in
X is also denoted by (n,a, z) or naz for simplicity.

The group G acts on the set of parabolic subgroups by conjugation,
and the subgroup K preserves the Langlands decomposition of these
parabolic subgroups and the induced horospherical decompositions of
X. Specifically, for any k € K and any parabolic subgroup P,

(4) NkP:kNP7 Mkp:kMP, AkkaAp,
and hence the Langlands decomposition of *P is given by

kP:kNp X kAp X kMp.
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To describe the K-action on the horospherical coordinate decompo-
sition, for any z = mKp € Xp, k € K, define

(5) k-z="m*Kpe Xip.
Note that ¥ Kp = Kip. Under this action k maps Xp to Xxp. Then for

(nya,z) € NpxApxXp =X, k € K, the point kug(n,a,t) = k-(n,a, z)
has horospherical coordinates with respect to P,

(6) k-(n,a,2) = (*n,*a,kz) € Nup x Acp x Xnp.

The reason is that K fixes the basepoint xy and these components
are defined with respect to xg. On the other hand, conjugation by
elements outside K does not preserve the horospherical decomposition
with respect to the basepoint xzg.

For a pair of parabolic subgroups P, Q) with P C (), P determines a
unique parabolic subgroup P’ of Mg such that
(7)

Xp/:Xp, NpINQNp/INQXINp/, APZAQAPIZAQXAPI,

where the split component Ap: and the boundary symmetric space X p
are defined with respect to the basepoint g = K¢ in Xg = Mg/Kg.
Conversely, every parabolic subgroup of M is of this form P’ for some
parabolic subgroup P of G contained in Q.

Let ®(P, Ap) be the set of roots of the adjoint action of ap on the
Lie algebra np, and A = A(P, Ap) be the subset of simple roots in
®(P, Ap). We will also view them as characters of Ap defined by a® =
exp a(loga). For any ¢t > 0, let

(8) Apy={a € Ap|a® >t,a € A}.

Then A'If, = Ap; is the positive chamber, and its image in the Lie
algebra ap is

af={H€cap|expH € AL} ={H €ap|a(H)>0,a € A}.
Define
(9) ap(oo) ={H € ap | [|[H| =1},
the unit sphere to be identified with the sphere at infinity of ap, and
ap(o0) = ab Nap(co),

an open simplex.
Then for any k € K,

Aipy="Aps,  af,(00) = ad(k)aj(c0).

For any subset I C A(P, Ap), there is a unique parabolic subgroup
Pr containing P such that

ApI:{aeAp|a°‘:1,oz€I},
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and A(Pr,Ap,) is the set of restrictions to Ap, of the elements of
A(P,Ap) —I. When I = (), Pr = P; when I} C I, P;, C Pj,. Any
parabolic subgroup containing P is of this form. If P is a minimal para-
bolic subgroup F, the parabolic subgroups Py ; containing it are called
standard parabolic subgroups.

For simplicity, in the following, we denote the subset A(P, Ap) — I
also by A(Pr, Ap) to indicate its relation to Py (i.e., to convey intuitively
that the roots in A(P, Ap) — I are in the directions of Pr):

(10) A(Pr,Ap) = A(P,Ap) — 1.

For each Pj, let af; be the orthogonal complement of ap, in ap with
respect to the Killing form. Then
(11) ap = ap, @ ab.

Let P’ be the unique parabolic subgroup in Mp, corresponding to P in
Equation (7). Then its split component with respect to the basepoint
o

(12) ap = ab.

Let a},(00) be the closure of aj,(c0) in ap(00), a closed simplex. Then

each aJISI(oo) is a simplicial (open) face of a}(c0), and

(13) ah(0) = ap(o0) U ] af, (00).
140
where I C A(P, Ap).
For bounded sets U C Np,V C Xp and t > 0, the set
(14) UxApy xV

is identified with the subset po(U x Apy x V) of X through the horo-
spherical decomposition of X and called a Siegel set in X associated
with the parabolic subgroup P.

An important property of Siegel sets is the following separation prop-
erty.

Proposition 2.1. Let P, P, be two parabolic subgroups of G and
S; = U; x Apy, x Vi be a Siegel set for P; (i = 1,2). If P # P, and
t; > 0, then

S1NSy; =0.

Proof. This is a special case of [Bol, Proposition 12.6]. In fact, let
P be a fixed minimal parabolic subgroup. Then P;, P» are conjugate to
standard parabolic subgroups Py, , Pj, containing P,

P=Mp,, P="p,,
for some ki, ko € K. If for all ¢; > 0,

U; x AP1,t1 x VinNnUsy x Ap%t2 x Vo #£ (Z),
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then [Bol, Proposition 12.6] implies that Iy = Iy and klk‘;l € Pp.
This implies that P, = Ps. q.e.d.

A special case of this proposition concerns rational parabolic sub-
groups and their Siegel sets. This separation property for rational par-
abolic subgroups plays an important role in reduction theory for arith-
metic subgroups and compactifications of locally symmetric spaces (see
[BJ2]). For compactifications of symmetric spaces, we need stronger
separation properties.

Proposition 2.2. Let Py, P»,S1,52 be as in Proposition 2.1 and let
C be a compact neighborhood of the identity element in K. Assume
that PF # Py for every k € C. Then there evists to > 0 such that
kS1NSy =0 for all k € C if t1,t9 > tg.

This proposition follows from the even stronger separation property
of Proposition 2.4 below, which plays a crucial role in this paper.

Let B(,) be the Killing form on g, # the Cartan involution on g
associated with K. Then

(X,)Y)=-B(X,0Y), XY €g,

defines an inner product on g and hence a Riemannian metric on G and
Np. Let By, (¢) be the ball in Np of radius ¢ with center the identity
element.

For a bounded set V in Xp and € > 0, t > 0, define

(15) Serv = Spesy = {(n,a,2) € Np x Ap x Xp = X |

zeV,ae Apy,n® € BNP(s)}.

We shall call Sp. ;v a generalized Siegel set associated with P, and P
will be omitted when it is clear.

Lemma 2.3. For any bounded set U C Np and € > 0, when t > 0,
U x AP,t xV C Sz—:,t,V-
Proof. Since the action of A;i by conjugation on Np shrinks Np

towards the identity element as ¢ — 400, it is clear that for any bounded
set U C Np and € > 0, when t > 0, a € Apy,

U® C By, (e),
and the lemma follows. q.e.d.
On the other hand, S ;y is not contained in the union of countably
infinitely many Siegel sets defined above. In fact, for any strictly in-

creasing sequence t; — 400 and a sequence of bounded sets U; C Np
with U72,U; = Np, we claim that

Sg’t7v §Z U?ZIU]' X Ap,tj x V.
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In fact,

Sg’t’V = UaeAp,taBNpQ?) X {a} x V.
For every j such that ¢;;1 > ¢;, there is an unbounded sequence a;, €
Apy; \ Apy,,,- Fix such a j and a sequence aj. Then * By, (¢) is not
bounded, and hence

U BN, () x {ap} x V ¢ U_ U; x Apy, x V.
On the other hand, since ay & Apy, for all I > j + 1,
*Bnp(e) x {ag} xV ¢ Uy x Apy, XV,
and the claim follows.

To cover S. v, we need to define Siegel sets slightly differently. For
any T € Ap, define

(16) AP,T = {a € Ap ‘ a® > Ta,Oé € A(P, AP)},

and
(17) SE,T,V = SP,&,T,V = {(n,a,z) S Np X Ap X Xp =X ‘

zeV,a e ApyT,na € BNP(e)}.

Siegel sets of the form U x App x V are needed for the precise re-
duction theory of arithmetic subgroups (see [Sap] for more details) and
will also be used in §5 to describe the topology of nonmaximal Satake
compactifications; and an analogue of Lemma 2.3 holds for them. Then
there exist sequences T; € Ap; and bounded sets U; C Np such that

S@;V C U;-)ilUj X AP,Tj x V.

In fact, Tj could be any sequence in Ap; such that every point of Ap;
belongs to a d-neighborhood of some T}, where ¢ is independent of j.

Proposition 2.4. For any two distinct parabolic subgroups P, P' and
generalized Siegel sets Se 1y, Se v+ associated with them, and a compact
neighborhood C' of the identity element in K such that for every k € C,
kP £ P, ift > 0 and € is sufficiently small, then for all k € C,

kSa,t,V n Sz—:,t,V/ = @

Proof. Let 7 : G — PSL(n,C) be a faithful irreducible projective
representation whose highest weight is generic. Since G is semisimple
of adjoint type, such a representation exists. Choose an inner product
on C" such that 7(6(g)) = (7(g)*)~!, where  is the Cartan involution
on G associated with K, and A — (A*)~! is the Cartan involution
on PSL(n,C) associated with PSU(n). Then 7(K) C PSU(n). Let
M, «n be the vector space of complex n x n matrices, and Pg(Myxn)
the associated projective space. Composed with the map PSL(n,C) —
Pc(My,xy), T induces an embedding

ir: G — Pe(Mpxn)-
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For each Siegel set Sc ;1 in X associated with P, its inverse image in
G under the map G — X = G/K, g — gxo, is {(n,a,m) € Np x Ap x
MpK =G|meVK,a € Apy,n* € By,(¢)} and denoted by S+ v K.
We claim that the images i,(kSc v K) and i,(S; 1K) are disjoint
for all k € C' under the above assumptions.
Let Py be a minimal parabolic subgroup contained in P. Then P =
Py, 1 for a subset I C A(Fy, Ap,). Let

anvul@'”@v“k

be the weight space decomposition under the action of Ap,. Let p, be
the highest weight of 7 with respect to the positive chamber ajgo. Then
each weight ; is of the form

Hi = Hr — Z Caly,
aEA
where ¢, > 0. The subset {ov € A | ¢, # 0} is called the support of y;,
and denoted by Supp(u;). For P = Py 1, let Vp be the sum of all weight
spaces V,,, whose support Supp(y;) is contained in I. Since 7 is generic,
Vp is nontrivial. In fact, Py leaves Vp invariant and is equal to the
stabilizer of Vp in GG, and the representation of Mp on Vp is a multiple
of an irreducible, faithful one, and hence 7 induces an embedding 7p :
Mp — PSL(Vp). The group PSL(Vp) can be canonically embedded
into Pc(My,xn) by extending each matrix in PSL(Vp) to act as the zero
linear transformation on the orthogonal complement of Vp. Under this
identification, for every A € PSL(Vp),
A(C™) = Vp.
Denote the composed embedding Mp — PSL(Vp) — Pc(Myxy) also

by 7p,
Tp : Mp — Pc(Mpxn)-

Similarly, for P’, we get a subspace Vp/ invariant under P’ and hence
under Mpr, a subset PSL(Vp:) in Po(Myxr), and an embedding

Tp : Mpr — PSL(Vpr) C Po(Mpxn)-

For any k € C, P # P', and hence
Vip # Vpr.
Since for any m € Mp, m’ € Mp:, and any g € G,
T (m)7(9)(C") = p(m)(C") = Vi,

o1 (m/)7(g)(C") = 7p/(m')(C") = Vpr,
it follows that for any g,¢' € G, m € Mp,m' € Mp:, and k € C,
(18) T(k)rp(m)7(9) # TP (M)7(9").

If the claim is false, then there exists a sequence g; in G such that

gj € k:jSSj,tj,VKm SE' t; V/K7

VRAVER!



10 A. BOREL & L. JI

where k; € C, g; — 0, t; — +oo. Since g; € k;jS, ¢+, vK, gj can be
written as
gj = kjnjajmjc;,

where n; € Np, aj € Apy,;, mj € Mp, and ¢; € K satisfy (1) for all
a € A(P,Ap), ai — +0o0, (2) n?j — e, (3) mj € V. By passing to a
subsequence, we can assume that k; — ko € C, m; converges to some
Moo € Mp, and c; converges to some ¢y in K.

By choosing suitable coordinates, we can assume that for a € Ap,,
7(a) is a diagonal matrix,

7(a) = diag (a",...,a""),

where the weights p; with support contained in I are puq, ..., y; for some

I > 1, and py is the highest weight p,. Since 7 is faithful and I is proper,
I <n. Recall that P = Py 1, and

Ap={a€ Ap, | a*=1,a € I}.

Then
) — di K1 o Hi41 n
7(aj) = diag (aj e altar LA >
_ w Br BT =2 Cltl,al Hr =3 o Cnya
_dlag(ajT,...,aj, j @ yeees O @ ,

where for each j € {l + 1,...,n}, there exists at least one « € A — T
such that ¢, > 0. Then as j — +o00, the image of 7(a;) in Pc(Myxn)

ir(aj) = [diag (1, o Lay 2o Ala® ,a; 2o C"”aaﬂ ,
— [diag (1,...,1,0,...,0)],
where the image of an element A € M,,x,, \ {0} in Pc(Myxy) is denoted
by [A]. This implies that

ir(95) = 7(ky)ir (a)7(n;")7(m;)7(c))
— 7T(koo)[diag (1,...,1,0,...,0)]7(mo)7(Coo)
= 7 (koo ) TP (Moo ) T(Co0)

since k; — koo, n?j — €, Mj — Moo, Cj — Coo, and the image of C"
under diag (1,...,1,0,...,0) is equal to Vp. Using g; € S, ¢, v/ K, we

can similarly prove that
ir(g5) = TP (m)7(cl)

for some m., € Mp: and ¢, € K. This contradicts Equation (18), and
the claim and hence the proposition is proved. q.e.d.

Remark 2.5. It seems that the proof of [Bol, Proposition 12.6]
does not apply here. Assume that P, P’ are both minimal. Then there
exists an element g € G, g € P such that P’ = 9P. In the proof
of [Bol, Proposition 12.6], g is written in the Bruhat decomposition
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uwzv, where w € W(g,ap), w # id, u,v € Np, z € Ap. For each
fixed g, the components u, v, z are bounded. This is an important step
in the proof. If w is equal to the element wgy of longest length, then
for a sufficiently small neighborhood C of g in G (or K), every ¢ € C
is of the form u'wgz’v’ with the same Weyl group element Wy and the
components u,v’, 2z’ are uniformly bounded, and the same proof works.
On the other hand, if w is not equal to wq, then any neighborhood C of g
contains elements ¢’ of the form u'wgz’v’ whose components v/, 2/, v’ are
not uniformly bounded, and the method in [Bol, Proposition 12.6] does
not apply directly. The reason for the unboundedness of the components
is that Npwg is mapped to an open dense subset of G/P.

Remark 2.6. The above proof of Proposition 2.4 was suggested by

the Hausdorff property of the maximal Satake compactification X, ..

In fact, Proposition 2.4 follows from the Hausdorff property of Yiax,

by computations similar to those in the proof of Proposition 4.7. But
the point here is to prove this separation property without using any
compactification, so that it can be used to construct other compactifi-
cations.

Proposition 2.4 gives the separation property for different parabolic
subgroups. For the same parabolic subgroup P, separation of Siegel sets
for disjoint neighborhoods in Xp is proved in Proposition 4.1 below.

As mentioned earlier, the separation property and the finiteness prop-
erty of Siegel sets for rational parabolic subgroups is a crucial result in
the reduction theory of arithmetic subgroups of algebraic groups (see
[Bo1l]|, [BJ2]) and plays an important role in compactifications of locally
symmetric spaces I'\ X. One of the main points of this paper is that the
above (stronger) separation property of the generalized Siegel sets for
real parabolic subgroups will play a similar role in compactifications of
X.

3. An intrinsic approach to compactifications

In this section, we propose an uniform, intrinsic approach to com-
pactifications of X, suggested by the method in [BS] to compactify
locally symmetric spaces. In the terminology in [BJ1], this method is
called the attachment method, in contrast to the embedding method for
the Satake, Furstenberg compactifications.

It consists of three steps:

1) Choose a suitable collection of parabolic subgroups of G.

2) For every parabolic subgroup P in the collection, define a bound-
ary face (or component) e(P) by making use of the Langlands
decomposition of P and its refinements.

3) Attach the boundary face e(P) to X via the horospherical decom-
position of X to obtain X U]][pe(P), and show that the induced
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topology on X U [[p e(P) is compact and Hausdorff, and the G-
action on X extends continuously to the compactification.

All the known compactifications can be constructed this way by vary-

ing the choices of the collection of parabolic subgroups and their bound-

ary faces. In fact, the maximal Satake compactification Yiax, the conic

compactification X U X (c0), the Martin compactification X Ud\ X, and

the Karpelevic compactification X" will be obtained by choosing the
full collection of parabolic subgroups. On the other hand, for the non-
maximal Satake compactifications, we can specify a sub-collection of
parabolic subgroups according to a dominant weight vector.

There are several general features of this approach which will become
clearer later.

1) It gives an explicit description of neighborhoods of boundary
points in the compactifications of X and sequences of interior
points converging to them, which clarifies the structure of the
compactifications and is also useful for applications (see [Zu]).
In [Sa] and other works [GJT], the G-orbits in the Satake com-

pactifications X and convergent sequences in a maximal totally
geodesic flat submanifold in X through the basepoint zq are fully
described, but there does not seem to be explicit descriptions of

neighborhoods of the boundary points in Yf .

2) It relates compactifications of symmetric spaces X directly to com-
pactifications of locally symmetric spaces I'\ X; in fact, for locally
symmetric spaces, the method of [BS] modified in [BJ2]| con-
sists of similar steps by considering only boundary faces associated
with rational parabolic subgroups instead of all real parabolic sub-
groups for symmetric spaces, and both constructions depend on
the reduction theory; in particular, separation property of Siegel
sets in Propositions 2.1 and 2.4.

3) By decomposing the boundary into boundary faces associated with
parabolic subgroups, its relation to the spherical Tits building of
G becomes transparent. (We note that the spherical Tits building
is an infinite simplicial complex with one simplex for each real par-
abolic subgroup whose dimension is equal to the parabolic rank
minus 1, and the face inclusion relation is opposite to the inclu-
sion relation for parabolic subgroups.) It can be seen below that
for many known compactifications, the boundary faces are cells,
and hence the whole boundary of the compactifications is a cell
complex parametrized by the Tits building, a fact emphasized in
[GJT].

4) By treating all the compactifications of X uniformly, relations be-
tween them can easily be determined by comparing their boundary
faces.
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5) Due to the gluing procedure using the horospherical decomposi-
tion, the extension of the G-action to the compactifications can
be obtained easily. In [GJT], the extension of the G-action to the
dual cell compactification X U A*(X) is obtained through iden-
tification with the Martin compactification, rather than directly.
This fact is one of the motivations of this paper.

6) Due to the definition of the topology at infinity, one difficulty is
to show the Hausdorff property of the topology. This will follow
from the strong separation property of the generalized Siegel sets
in Proposition 2.4 and Proposition 4.1.

Remark 3.1. Since there are continuous families of real parabolic
subgroups, we also need to put a topology on the set of boundary faces,
for example to measure whether points on different boundary faces of
conjugate parabolic subgroups are close to each other, while such a
problem does not arise for compactifications of locally symmetric spaces.
Using the parametrization of boundary faces by the spherical Tits build-
ing, we can use the topological Tits building in [BuS] to topologize the
set of boundary faces. In this sense, the compactifications in this paper
are more closely related to the topological Tits building than the usual
Tits building.

4. The maximal Satake compactification

In this section, we follow the general method outlined in §3 to con-
struct a compactification X max which will turn out to be isomorphic to
the maximal Satake compactification Yiax.

For X hax, we use the whole collection of parabolic subgroups. For
every parabolic subgroup P, define its boundary face by

C(P ) =X P,

the boundary symmetric space defined in Equation (2) in §2. Let
Xmax = X U] Xp.
P
By Equations (4, 5) in §2, the K-action on parabolic subgroups preserves
the Langlands, horospherical decomposition, and hence K acts on X .«
as follows: for k € K, z=mKp € Xp,
k-z="%me Xip.

The topology of X ax is defined as follows. First we note that X and
Xp have a topology defined by the invariant metric. We need to define
convergence of sequences of interior points in X to boundary points and
convergence of sequences of boundary points:

1) For a boundary face Xp and a point zo, € Xp, a unbounded
sequence y; in X converges to z. if and only if y; can be written in
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the form y; = kjnja;jz;, where k; € K,nj € Np,a; € Ap,z; € Xp
such that

(a) kj — e, where e is the identity element.

(b) For all « € ®(P, Ap), aj — +oo.

(c) n;j —e.

(d) zj = 2oo-

2) Let @ be a parabolic subgroup containing P. For a sequence
k; € K with k; — e, and a sequence y; € Xg, the sequence
kjy; € X, o converges t0 2z € Xp if the following conditions
are satisfied. Let P’ be the unique parabolic subgroup in Mg
that corresponds to P as in Equation (7) in §2, and write X¢g =
Nprx Aprx Xpr. The sequence y; can be written as y; = kjn’a’2",
where k) € Kq,n}; € Np,aj € Ap,2; € Xp = Xp satisfy the
same condition as part (1) above when K, Np, Ap, X p are replaced
by Ko, Np:, Apr, Xpr. Note that if @ = P, then P’ = Mg, and
Np:, Apr are trivial.

These are special convergent sequences, and combinations of them
give general convergent sequences. By a combination of these spe-
cial sequences, we mean a sequence {y;}, j € N, and a splitting N =
A1]]---]] As such that for each infinite A;, the corresponding subse-
quence y;,j € A;, is a sequence of type either 1 or 2. It can be shown
easily that these convergent sequences satisfy the conditions in [JM,
§6]. In fact, the main condition to check is the double sequence condi-
tion and this condition is satisfied by double sequences of either type
1 or type 2 above, and hence by general double sequences. Therefore
these convergent sequences define a unique topology on X max. In fact,
a neighborhood system of boundary points can be given explicitly.

For every parabolic subgroup P, let Py, I C A(P,Ap), be all the
parabolic subgroups containing P. For every Pr, Xp, contains Xp as a
boundary face. For any point z € Xp, let V' be a neighborhood of z in
Xp. Fore > 0,t > 0, let Sc ; v be the generalized Siegel set in X defined
in Equation (15) in §2, and let Sgl’t’v be the generalized Siegel set of Xp,
associated to the parabolic subgroup P’ in Mp, as in Equation (7) in
§2. Let C be a (compact) neighborhood of e in K. Then the union

C (sg,t,v ull s;ty)

IcA

is a neighborhood of z in X .. For sequences of ¢; — 0,t; — 400,
a basis V; of neighborhoods of z in Xp and a basis of compact neigh-
borhoods Cj of e in K, the above union forms a countable basis of the
neighborhoods of z in X pax.

It can be checked easily that these neighborhoods define a topology
on X % whose convergent sequences are exactly those given above.
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When a point y; € X is written in the form kjnja;z; with k; €
K,n; € Np,aj € Ap,z; € Xp, none of these factors is unique, since
X = Np x Ap x Xp and the extra K-factor causes non-uniqueness.
Then a natural question is the uniqueness of the limit of a convergent
sequence y; in X max, or equivalently, whether the topology on X payx is
Hausdorff.

Proposition 4.1. For a parabolic subgroup P and two different
boundary points z,z' € Xp, let V,V' be compact neighborhoods of z, '
with VNV = 0. If € is sufficiently small, t is sufficiently large and
C is a sufficiently small compact neighborhood of e in K, then for all
k k' € C, the generalized Siegel sets kSe v, k'S v are disjoint.

Proof. We prove this proposition by contradiction. If not, then for
all e > 0,¢ > 0 and any neighborhood C of e in K,

kServ NE Seyv # 0,

for some k, k' € C. Therefore, there exist sequences k;, kj e K, nj,n €
Np, aj,a}; € Ap, mj € VKp,m; € V'Kp such that

1) k;, K. — e,

) ]7 7
2) n — e, nj G e,
3) For all « € A(P, Ap) aJ — +00,

4) kjnja;m; K k:;n] a;m K
Since VKp,V'Kp are compact, after passing to a subsequence, we can
assume that both m; and m/; converge. Denote their limits by meo, mi,

By assumption, VKp N V'Kp = (), and hence
Mmoo K # ml K.

We claim that the conditions (1), (2) and (3) together with m K #
mb K contradict the condition (4).

As in the proof of Proposition 2.4, let 7 : G — PSL(n,C) be a
faithful representation whose highest weight 1, is generic and 7(6(g)) =
(1(g)*)~!, where @ is the Cartan involution associated with K. Let H,,
be the real vector space of n x n Hermitian matrices and P(H,) the
associated projective space. Then 7 defines an embedding

+:G/K = P(Hy), gK — [t(9)7*(9)],

where [7(g)7*(g)] denotes the line determined by 7(g)7*(g). We
will prove the claim by determining the limits of i-(k;nja;m;) and
ir (Knjaim?).

Let Py be a minimal parabolic subgroup contained in P. Then P =
Py 1 for a unique subset I C A(Fy, Ap,). As in the proof of Proposition

2.4, we can assume that for a € Ap,, 7(a) is diagonal,

7(a) = diag (a**, ..., a""),
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and the weights 1, ..., y; are the weights whose supports are contained
in I. Then

(1) ir(kjnjazm;)

= [r(kj)7(aj)r(n§" )7 (my)7(mj)*7(nf’ ) r(a;)*r(k;)*]

— [diag (1,...,1,0,...,0)7(Mmeo)T (M) diag (1,...,1,0...,0)7

= [Tp(Moc)TP(Mos)],
where

Tp: Mp — PSL(VP) — P(C(Mnxn)7
m — [diag (1,...,1,0,...,0)7(m)],
is the map in the proof of Proposition 2.4. Since 7p is a faithful repre-
sentation,
7p7p : Xp — P(H,), mKpw— [tp(m)mp(m)*]
is an embedding.
Similarly, we get

(2) i (Kynjazm}) — [rp(mig)Te(mig)"].

Since Mmoo, ms, € Mp and mo K # m. K, we get

[P (1M00) TP (Mo0) "] # [T (M) TP (m)"].
Then the condition (4) implies that Equation (2) contradicts Equation
(1) and the claim is proved. q.e.d.

As mentioned earlier, Proposition 2.4 concerns separation of general
Siegel sets associated with different parabolic subgroups, while Propo-
sition 4.1 here concerns Siegel sets associated with different points on
the same boundary face. They are both needed below.

Proposition 4.2. The topology on X max is Hausdorff.

Proof. We need to show that every pair of different points x1,x9 €
X max admit disjoint neighborhoods. This is clearly the case when at
least one of x1, z2 belongs to X. Assume that both belong to the bound-
ary and let P, P» be the parabolic subgroups such that z; € Xp,, 29 €
Xp,. There are two cases to consider: P; = P or not.

For the second case, let C' be a sufficiently small compact neighbor-
hood of e in K such that for k1, ks € C,

kip £k p,

Then C(S;+v, UL, Sg’t%) is a neighborhood of x;.
Proposition 2.4 implies that

CSE,t,Vl N CS&,t,VQ = @
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For all pairs of I, I, k1, ko € C, either
klPl,h 7£ k2P2,127

and hence
le],ll‘,Vl N kQSI?t,Vz =0,

g g
or
k k
‘P =Py,
In the latter case, Py, (*2P»)" are contained in Py 1, and correspond to

two different parabolic subgroups of Mp, I As in the case above for
general Siegel sets in X, we get

I I _
leE,t,Vl ﬂ kQSE,t,VQ — @.

This implies that the two neighborhoods are disjoint.

In the first case, P, = P». Since x1 # 3, we can choose compact
neighborhoods V1, V2 in Xp, such that V4 N'Va = (. Then Proposition
4.1 together with similar arguments as above imply x1, 2 admit disjoint
neighborhoods. This completes the proof of this proposition. q.e.d.

Proposition 4.3. The topological space X max is compact and con-
tains X as a dense open subset.

Proof. Let Fy be a minimal parabolic subgroup, and Fy 7, I C A =
A(Py, Ap,), be all the standard parabolic subgroups. Then

Xmax = XU [[ KXp, ;.
IcA
Since K is compact, it suffices to show that every sequence in X and

Xp,, has a convergent subsequence. First, we consider a sequence in
X. If y; is bounded, it clearly has a convergent subsequence in X.

Otherwise, writing y; = kjajzo, kj € K,a; € AIJSO, we can assume,
by replacing by a subsequence, that the components of y; satisfy the
conditions:

1) kj — koo for some ko € K,

2) there exists a subset I C A(FPp, Ap,) such that for « € A — 1,
a(loga;) — +oo, while for 8 € I, 3(loga;) converges to a finite
number.

Decompose
I I I
logaj = H]J + Hj, HLj S aPO,I7Hj € ap,-
Since A(FPy, Ap,) — I restricts to A(FPy 1, Ap, ;), it follows from the defi-
nition that k:j_lyj = a;xo converges to eHoo zo € Xp,; in X max, Where zg

also denotes the basepoint Kp, ; in Xp, ;, and H! is the unique vector
in a{;o such that for all 8 € I, B3(HL) = lim;_ o B(loga;). Together
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with the action of K on parabolic subgroups and the Langlands decom-
position in Equation (6) in §2, this implies that y; = (kjk!) kwajxo
converges to a point in X(koopw) in X max.

For a sequence in Xp,;, we can similarly use the Cartan decompo-

. T :
sition Xp,, = Kp, , exp aP’::):o to extract a convergent subsequence in

Xmax- q.e.d.

Proposition 4.4. The action of G on X extends to a continuous
action on X max.

Proof. First we define a G-action on the boundary 90X ax = [pXp,
then show that this gives a continuous G-action on X ay.
For g € G and a boundary point z € Xp, write

g = kman,
where k € K,m € Mg,a € Ap, n € Np. Define
g-z=k-(mz) € Xip,

where k - (mz) is defined in Equation (5) in §2. We note that k, m are
determined up to a factor in Kp, but km is uniquely determined by g,
and hence this action is well-defined. As pointed out earlier, under this
action, k- Xp = Xkp.

To prove the continuity of this G-action, we first show that if g; — goo
in G and a sequence y; € X converging to z,, € Xp, then g;y; — goo2oo-

By definition, y; can be written in the form y; = kjnja;z; such
that (1) k; € K, kj — e, (2) aj € Ap, and for all a« € ®(P, Ap),
a(loga;) — 400, (3) nj € Np, n?j — e, and (4) z; € Xp, 2j — Zoo.
Write

_ 1t AN

where k; € K,m} € Mp, aj € Ap, n; € Np. Then a,n} are uniquely
determined by g¢;k; and bounded, and k;m; converges to the K Mp-
component of g. By choosing suitable factors in Kp, we can assume

that k7 — k, and m}; — m, where g = kman as above. Since

,.
J

/.
J

/

I NN AN AN | 3 mla
9jY; = k:jmjajnjnjajzj = kj i%(ning)a ajm;z;,

and
/
J
it follows from the definition of convergence of sequences that g;y; con-
verges to k - (Mzeo) € Xk p in X max, which is equal to g - z« as defined
above.

The same proof works for a sequence y; in Xg for any parabolic

(n;nj)agaj —e, m;—m,

subgroup @ O P. A general sequence in X . follows from combinations
of these two cases, and the continuity of this extended G action on X pax
is proved. q.e.d.
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Remark 4.5. From the above proof it is clear that the Np-factor in
the definition of convergence to boundary points is crucial to the con-
tinuous extension of the G-action. In [GJT], convergence to boundary
points in the dual cell compactification X U A*(X) is defined in terms
of the Cartan decomposition X = K A+zg. Because of this difference,
the extension of the G-action to X U A*(X) is not easy. In fact, the
continuity of the G-action is not proved directly there. As mentioned
earlier, this is one of the motivations of this paper.

Next we identify this compactification with the maximal Satake com-
pactification of X. We first recall the Satake compactifications. As
mentioned in §2, G is assumed to be an adjoint semisimple Lie group in
this paper; otherwise the faithful projective representations below need
to be replaced by locally faithful representations.

As in the proof of Proposition 2.4, for every faithful projective repre-
sentation 7 : G — PSL(n,C) satisfying

7(0(9)) = (r(9)") ™", g€G,
there is an embedding
7:X — PSL(n,C)/PSU(n), ¢gK > 7(9)PSU(n),

which is in fact a totally geodesic embedding (see [Sa]). Let H,, be the
real vector space of n x n Hermitian matrices, and P(H,) be the real
projective space. Then 7 induces an embedding

ir: X — P(Hy,), gK — [1(9)7(9)"],

where [A] represents the line in P(H,,) determined by A. The closure
of i;(X) in P(H,) is the Satake compactification associated with 7 and

denoted by Yf .
Let Py be a minimal parabolic subgroup, and pu, € a}JSO(oo) the high-
est weight of the representation 7. Then it is shown in [Sa] that as a

topological G-space, Yf only depends on the degeneracy of u, i.e., the
Weyl chamber face which contains . as an interior point. The set of
Satake compactifications is partially ordered. The following fact was
first proved in [Zu, Proposition 2.11], though it was expected and un-
derstood earlier by others. We will obtain another proof in Remark 5.8
below, which gives an explicit surjective map between the two compact-
ifications.

S

Proposition 4.6. For two Satake compactifications 771,752, let
a;(” ,a;OI be the Weyl chamber faces containing the highest weights
41 42

W s by QS interior points respectively. If ab  contains af,  asa face
1 2 Po, 1, Po,1y

in its closure, i.e., Wy, s more reqular than ., then the identity map
on X extends to a continuous surjective G-equivariant map
X2 X0,

T2
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When g is generic, i.e., belongs to the positive chamber aJ]S, Yf is

the unique maximal Satake compactification, denoted by Yiax.

In [Fu], Furstenberg defined compactifications of X by embedding X
into the space of probability measures M(G/P) on G/P, where P is
a parabolic subgroup. Specifically, since G = K P, there is a unique
K-invariant probability measure vp on G/P. Define a map

ip: X > M(G/P), gK r g*vp.

Since vp is K-invariant, this map is well-defined. Assume that P is a
standard parabolic subgroup containing Py and does not contain any
simple factor of G. Then ip is an embedding, and the closure of ip(X)
in M(G/P) is a Furstenberg compactification. Moore showed in [Mo]
that this compactification is isomorphic to the Satake compactification

Yf whose highest weight p; belongs to the interior of a}t. The above
condition on P is equivalent to the condition that p, is connected to
every connected component of A(Py, Ap,), which is satisfied for every
faithful projective representation 7. In particular, for the minimal para-
bolic subgroup Py, the associated Furstenberg compactification ip,(X)

is isomorphic to the maximal Satake compactification Yiax. Due to
this connection, the Satake compactifications are also called Satake-

Furstenberg compactifications.

Proposition 4.7. For any Satake compactification Yf, the iden-
tity map on X extends to a continuous G-equivariant surjective map

~ =S
Xmax - XT.

Proof. Since every boundary point of X . is the limit of a sequence
of points in X, by [GJT, Lemma 3.28], it suffices to show that for any
unbounded sequence y; in X which converges in X .y, then y; also

converges in 75. By definition, there exists a parabolic subgroup P
such that y; can be written as y; = kjn;ja;m;Kp, where k; € K,n; €
Np,a; € Ap, mjKp € Xp satisfy the conditions: (1) k; — e, (2)
n;-lj — e, (3) foralla € ®(P, Ap), a(loga;) — +00, (4) m; K p converges
to moo Kp for some my,. Then under the map i, : X — P(H,),

ir(y;) = [r(kjnjaym;)T(kjnja;m;)”]
= [r(kj)7(a;)T(nj" )7 (my)m(my) r(n3’ ) r(a;)7(k;)*]-

Let Py be a minimal parabolic subgroup contained in P. Write P = P.
As in the proof of Proposition 2.4 (or 4.1), we can assume, with respect
to a suitable basis, that 7(a;) = diag (aé”, .. ,a?”) and that py, ...,
are all the wrights whose supports are contained in I. Then as j — +oo,

[diag(a;“,...,a?")] — [diag (1,...,1,0,...,0)];



COMPACTIFICATIONS OF SYMMETRIC SPACES 21

and hence
ir(y;) —[diag (1,...,1,0,...,0)7(ms)7T (Mmoo ) "diag (1,...,1,0,...,0)%].

q.e.d.
s

Proposition 4.8. For the maximal Satake compactification X, .,

the map X max — Yiax in Proposition 4.7 is a homeomorphism.

Proof. Since both X nax and Yia
suffices to show that the map X pnax — x°

max

« are compact and Hausdorff, it

is injective. It was shown in
[Sa] that Yiax = XU[[p Xp. By the proof of the previous proposition,
a sequence y; = k;n;jajm;Kp in X satisfying the conditions above with
m;Kp — meKp in X max converges to the same limit as the sequence

a;m;jKp. Under the above identification of Yiax, a;m;jKp converges
to meoKp € Xp in Yiax. This implies that the map X pax — Yrsnax is
the identity map under the identification X pax = X U [Ip Xp = Yiax,
and hence is injective. q.e.d.

Recall that the dual cell compactification X U A*(X) in [GJT] is
constructed via the Cartan decomposition. Specifically, let AT = AJISO
be a positive chamber, where Py is a minimal parabolic subgroup. Then
a sequence y; in X converges in X U A*(X) if and only if y; admits a
decomposition y; = kja;xo, where k; € K, a; € AT satisfy the following
conditions:

1) k; converges to some ko,

2) there exists a subset I of A(Fy, Ap,) such that for a € I, af

converges to a finite number, while for a € A — I, a — +o0.

Proposition 4.9. The identity map on X extends to a continuous
map from X UA*(X) to Xmax, which is a bijection and hence a home-
omorphism.

Proof. For an unbounded sequence y; = kjajrg in X that converges
in X UA*(X), let I be the subset of A in the above definition. Write

I I I
aj = ajra;, logajr € ap, 1, logaj € ap,.

Then for a € I, a(log ajl) = a(logaj), and hence ajl has a limit al_ in
a{;o. This also implies that for « € A—1I, a(loga; ;) — +o0. Since y; =
ijLjJGéCCO and ajl-azo € Xp,,, it is clear that y; converges to k:ooaéoKp S
koo Xpy; = Xnoo Po.r in Xmax. This implies that there is a well-defined
map from X U A*(X) to Xyax which restricts to the identity on X.

Since X U A*(X) is a metrizable space, it can be shown as in [GJT,
Lemma 3.28] that this map is continuous, and hence is automatically



22 A. BOREL & L. JI

surjective. By [GJT, Proposition 3.44],

XuA*(X)=XU]]Xp,
P

and the above sequence y; also converges to kOOaCI)OK P € kooXpy1-
Therefore, the map Xpax — X U A*(X) is bijective and hence is a
homeomorphism. q.e.d.

5. Non-maximal Satake compactifications

In the previous section, we constructed the maximal Satake compact-
ification following the general method in §3. In this section, we use it
to construct non-maximal Satake compactifications.

For Yiax in §4, we used the whole collection of parabolic subgroups.
In this section, we choose a sub-collection of parabolic subgroups and

attach only boundary faces associated with them at infinity. Let Py be

a minimal parabolic subgroup, and pu € a;%“, a dominant weight. For

each such u, we will construct a compactification Yu- Before defining
the boundary components, we need to choose the collection of parabolic
subgroups and to refine the horospherical decomposition of X which are
needed to attach the boundary components at infinity.

A subset I C A(Py, Ap,) is called p-connected if the union I U {u}
is connected, i.e., it can not be written as a disjoint union I; [ ] Iz such
that elements in I; are perpendicular to elements in I with respect to
a positive definite inner product on ap invariant under the Weyl group.

A standard parabolic subgroup Py s is called p-connected if I is p-
connected. For any standard parabolic subgroup Fy s, let Py, be the
unique maximal one among all the u-connected standard parabolic sub-
groups contained in I y, i.e., I; is the largest p-connected subset con-
tained in J. Then Py, is called a p-reduction of Fy ;. In general,
a parabolic subgroup P is called p-connected if P is conjugate to a
u-connected standard parabolic subgroup, and for every parabolic sub-
group @, there are maximal subgroups P among the collection of all
the p-connected parabolic subgroups contained in ). Such parabolic
subgroups P in @) are not unique. In fact, for any g € Q \ P, 9P is
also a maximal p-connected subgroup in this collection, but 9P # P;
all such p-connected parabolic subgroups P are conjugate by elements
in @, and called the p-connected reductions of Q.

On the other hand, for every p-connected parabolic subgroup P, there
is a unique maximal subgroup ) among all the parabolic subgroups
which contain P as a p-connected reduction. Such a @) is called the
p-connected saturation of P, denoted by S, (P). A parabolic subgroup
Q is called p-saturated if it is equal to the p-saturation of a u-connected
parabolic subgroup P.
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For each dominant weight p as above, we will construct a compactifi-
cation of X which is isomorphic to a Satake compactification. Instead of
the whole collection of parabolic subgroups, we choose the sub-collection
of p-saturated parabolic subgroups Q.

For each such @, let Py be a minimal parabolic subgroup contained
in Q. Then Q = Py, J C A(Py,Ap,). Let I C J be the maximal
p-connected subset as above, and I the complement of I in .J, which
is orthogonal to I and p. Then I spans a sub-root system X, and
I spans X;.. Let g be the Lie subalgebra generated by ZanI o,
g;L by Zaez“ go; and Gy, Gyo the corresponding subgroups in G.
Then K NG, KNG;1L are maximal compact subgroups in Gy and G .
respectively. Define

X]ZG[/KQG]ZXPOJ, XIl:GIi/KmGIl:XPOIL'
Then
(1) XQ:XIXXIJ-:XPO,IXXPOJJ_'

In fact, Mg = G;G;. M’', where M’ is the identity component of the
intersection of Mp, with the centralizer of G IGIl.
Define the boundary component e(Q) by

e(Q) = Xr.

To extend the group action to the compactification and to show that
X7 and the splitting in Equation (1) do not depend on the choice of
the minimal parabolic subgroup Py C @, we realize X as a different
quotient. Define

Z(e(Q)) = NoAQG 1+ M.

Then X can be canonically identified with Q/Z(e(Q))K¢g, where Kg =
K N @, by the map

g(KNGr) e X1 — gZ2(e(Q)Kq € Q/Z(e(Q))Kq-

Since all minimal parabolic subgroups Py contained in @) are conjugate
under K, Z(e(Q)) is independent of the choice of Py. In fact, it turns
out to be the centralizer of e(Q) defined below. Similarly, X;1 is well-
defined, and hence the splitting in Equation (1) is independent of the
choice of P.

As mentioned earlier, the u-connected reductions P of @) are not
unique. On the other hand, for any such P, Xp can be canonically
identified with X; and is hence independent of the choice of P.

To define the topology of the compactification, we need the following
lemma.

Lemma 5.1. Let Q) be a p-saturated parabolic subgroup, Py a minimal
parabolic subgroup contained in Q, and Py the p-connected reduction
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of @ as above. For any parabolic subgroup R satisfying Po1 C R C Q,
write R = Py y and J' = I UI', where I' is perpendicular to I. Let

XR :X] X XPO,I’

be the decomposition similar to that in Equation (1). Then the horo-
spherical decomposition of X with respect to R

X:NR X AR X XR
can be refined to
(2) X:NRXARXX[XXPOI,.

Proof. When R = Q, the decomposition Xg = X; x Xp, , was de-
scribed above. The general case is similar. q.e.d.

As commented earlier in the case R = @, the decomposition Xp =
X1 x Xp,,, is independent of the choice of the minimal parabolic sub-
group Fy. In the following, Xp, ;7 is denoted by X and the decompo-
sition in Equation (2) is written as
(3) X:NRXARXX[XX[/.

Now we are ready to define the compactification Yu of X by attaching

only the boundary components associated with p-saturated parabolic
subgroups. Define

X,=xu JI e«@=xu ] x
p-saturated Q u-saturated Q
=xu JI ZXro:
p-saturated Q

where P(Q) is a p-connected reduction of Q.
We can define a G-action on X, as follows. For a p-saturated para-
bolic subgroup @), a point

z€e(Q) =Q/Z(e(Q))Kq,

and an element g € G, write z = hZ(e(Q))Kqg, and g = kg, where
ke K, qe Q. Then

hZ(e(Q))Kq € e(Q), k- (ahZ(e(Q)Kq) € e("Q) = e(*Q).
Though the decomposition g = kq is not unique, the point
k- (ahZ(e(Q))Kq) € e(*Q)
is well-defined. Define the group action by
g-z=k- (¢hZ(e(Q))Kq) € e(*Q).

With respect to the above action of G, the group @ is the normalizer
of e(@), i.e., the set of g € G such that g-e(Q) = e(Q) and is often
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denoted by N(e(®)), and the subgroup Z(e(Q)) defined above is the

centralizer of e(Q),

Z(e@Q)={geGlg-z=2z forall zece(Q)}.
It is a normal subgroup of N (e(Q)) and we have

N(e(Q)) = Gr- Z(e(Q)),
where G N Z(e(Q)) is finite.

A topology on X, is given as follows:

1) For a p-saturated parabolic subgroup @, let Py C @ be a minimal
parabolic subgroup, and Py be a p-connected reduction of Q.
Then an unbounded sequence y; in X converges to a boundary
point zo, € e(Q) = X if there exists a parabolic subgroup R
that is contained in @ and contains Py r such that in the refined
horospherical decomposition X = Nrx Ar X X; x X in Equation
(3), y;j can be written in the form y; = kjnja;z;2} such that the
factors k; € K, nj € Ng, a; € Ag, zj € X, Z} € X satisfy the
following conditions:

(a) the image of k; in the quotient K/K N Z(e(Q)) converges to
the identity coset,

(b) for a € A(Py, Ap,) \ (IUIY) = A(Q, Ap,) (see Equation (10)
in §2 for the definition of A(Q, Ap,) and related sets below),
a$ — +o0, while for o € I\ I' = A(R, Ap,) — A(Q, Ap,), ay
is bounded from below.

(c) n?j — e,

(d) zj = 2oo,

(e) 23 is bounded.

2) For a pair of p-saturated parabolic subgroups @1 and Q2 such
that a p-connected reduction of () is contained in a p-connected
reduction of @2, let @} be the unique parabolic subgroup in M,
determined by Q1 N Q2. For a sequence k; € K whose image in
K/K N Z(e(Q1) converges to the identity coset, and a sequence
y; in e(Q2) = X(q,), the sequence k;y; in X, converges to zoo €
e(Q1) = Xp(q,) if y; satisfies the same condition as in part (1)
above when G is replaced by the subgroup Grp(g,) of Mg, whose
symmetric spaces of maximal compact subgroups is Xy(q,), and
Q by Q) NGy,

These are special convergent sequences, and their (finite) combi-
nations give general convergent sequences. We note that all the u-
connected reductions of @ are conjugate under Z(e(@)). Hence in (1),
it does not matter which p-connected reduction is used, and we can fix
a minimal parabolic subgroup Py C @ and the p-connected reduction
Py of Q. Then there are only finitely many parabolic subgroups R
with PO,I CRCQ.
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Note also that in §2 (Equation 10), for any R containing Py, A(R, AR)
is identified with the subset A(R, Ap,) of A(FPy, Ap,). Then A(Py, Ap,)\
(I UTItY) is equal to A(Q, Ap,), and I+ \ I’ is equal to A(R, Ap,) \
A(Q, Ap,) as above in the condition 1.(b), which says roughly that
the component a; has to go to +oo in the direction of @ but is only
bounded below in the other directions. To relate this condition better
to convergence of sequences in Ymax, we note that one consequence of
condition 1.(b) is that for any subsequence y; of y;, there is a further
subsequence y;» for which there exists a parabolic subgroup R, R C
R’ C @Q, such that with respect to R', all conditions 1.(a), (c), (d) and
(e) are satisfied by this sequence y;~, and condition 1.(b) is replaced
by a stronger condition 1.(0'): For a € A(R', Ap,), a% — +oo, and

J

for A(Po, Ap,) \ A(R', Ap,), a$y is bounded. The reason for using the

weaker condition 1.(b) instead of 1.(0) is that a sequence y; may split
into infinitely many such subsequences y;» satisfying condition 1.(b'),
and hence we could not use combinations of only finitely many special
sequences to get general convergent sequences.

The definition of the convergent sequences is motivated by the fact

that the maximal Satake compactification Yiax of X dominates all

non-maximal Satake compatifications and the characterizations of con-

vergent sequences of Yiax in §4, together with the observation that

the action by elements in the centralizer Z(e(Q)) will not change the
convergence of sequences to points in e(Q).

Proposition 5.2. The topology on Yu defined above is Hausdorff.

Proof. It suffices to show that if an unbounded sequence y; in X con-
verges in Yﬂ, then it has a unique limit. Suppose y; has two different
limits 21 00 € €(Q1), 22,00 € €(Q2), where Q1, Q2 are two p-saturated
parabolic subgroups. By passing to a subsequence, we can assume that
there exist two parabolic subgroups Ri, Re, R1 C @1, Ro C @9, such
that y; satisfies the condition (1) in the definition of convergent se-
quences with respect to both Ry and Ry. Let Py (resp. Fp2) be a mini-
mal parabolic subgroup contained in R; (resp. Rs) as above. By passing
to a further subsequence, which is still denoted by y; for convenience, we
can assume that there exist parabolic subgroups R}, R,: Q1 2 R} 2 Ry,
Q2 O R, O Ry such that in the condition with respect to Ry, a§ — +00
if and only if o € A(R{, Agy), and for o € A(R1, Ap,) — A(R}, Ap,),

¢ is bounded. The same conditions hold for 5. This implies that

(4) Yj € Cjk1,00SR) e;.6;,v1 N Cik2,005Ry 5.1,V

where C; C K is a sequence of compact neighborhoods of e converging
toe, kico € KN Z(e(Qi)),i=1,2,¢; — 0, t; = 400, and Vi,V are
bounded sets in X R, and X R, respectively. Specifically, V; is the prod-
uct of a compact neighborhood of z; « in e(@Q1) = Xy, and a bounded

a
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set in X/, where Xp, = Xy, X X7 as in Condition (1), and V5 is given
similarly. By replacing R} by ¥~ R! we can assume that k; o, = e for
i=1,2. If R} # R}, Equation (4) contradicts the separation property
of general Siegel sets for R}, RS in Proposition 2.4. If R} = R}, we can
take Vi, V5 to be disjoint since 21 o # 22,00. Then Equation (4) contra-
dicts the separation property in Proposition 4.1. These contradictions
show that y; must have a unique limit in Yu' q.e.d.

For the sake of explicitness, we also describe neighborhoods of bound-
ary points explicitly. For any p-saturated parabolic subgroup @) and a
boundary point 2z € e(Q), let V' be a neighborhood of z., in e(Q).

Fix a minimal parabolic subgroup F, contained in (). Let ap, be the
Lie algebra of its split component Ap,, W be the Weyl group of ap,,
and T € aa be a regular vector. The convex hull of the Weyl group
orbit W T is a convex polytope X in ap,, whose faces are in one-to-one
correspondence with parabolic subgroups R whose split component ag
is contained in ap,. Denote the closed face of ¥ corresponding to R by

OR.
Then
(5) ap, = Sr U [(or + afy),
R
where ar C ap, as above. Define
(6) 0,1 = Upcrcq (0r + af),

where P ranges over all the p-connected reductions of ¢ with ap C ap,,
and for each such P, R ranges over all the parabolic subgroups lying
between P and Q. Then for any such pair P and R, a, g r Nap is a
connected open subset of ap; when R # P, it has the property that
when a point moves out to infinity along ar in the direction of the
positive chamber, its distance to the boundary of a, g7 Nap goes to
infinity.

More precisely, write R = Pj, J # (. Recall from Equations (10)
and (11) in §2 that ap = ap, @ a} and ay, is the split component of the
parabolic subgroup of Mp, corresponding to P. Then for a sequence
H; € af, with a(H;) — +oo for all & € A(R, Ag) and any bounded set
QC a}{ﬁ, when j > 1,

(7) (Hj + Q) Caygrnap.

The positive chamber aE intersects the face or at a unique point T'g,

and
exp(aE N (UR + aE)) = AR’ expThr = exp(aE + TR),
the shifted chamber defined in Equation (16) in §2. The face op is

contained in the shift by Tx of the orthogonal complement of ar in ap,,
and Krexpopg - xg is a codimension 0 set in Xg. Denote the image of
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Kgrexpopr - xg in X under the projection Xg = X7 x Xpr — Xy by
WrT.

For each such parabolic subgroup R which is contained in @ and
contains a p-connected reduction P with ap C ap,, define

(8) SR,s,eTR,VxWR,T = {(”76‘7272/) € Nr x Ap x X1 x Xy |

a € AR76TR,n“ € Bn,(e),z€V,2' € WR,T},

a generalized Siegel set in X associated with R defined in Equation (17)
in §2. Then

9) €xp a1 - T0 C UPCRCQ SpeeTh vxWi.ro

where P ranges over all the p-connected reductions of @ with ap C ap,,
and for each such P, R ranges over all the parabolic subgroups lying
between P and Q.

Define

v
(10) Serv = YUPCRCQ SR eTr vxWir

where P ranges over all pi-connected reductions of @) with ap C ap,, and
for any such P, R ranges over all parabolic subgroups lying between
P and Q. It is important to note that there are only finitely many
parabolic subgroups R in the above union.

For each p-saturated parabolic subgroup @’ such that one of its u-
connected reductions contains a p-connected reduction P of @ with
ap C ap,, we get a similar set Sgér‘{/ in e(Q").

For a compact neighborhood C' of the identity coset in K/KNZ(e(Q)),
let C' be the inverse image in K of C for the map K — K/K N Z(e(Q)).
Then

(11> C(S::L,T,V Uu—saturatedQ’ ng:f{/)
is a neighborhood of 2z in X .

Proposition 5.3. With the above notation, for a basis of neighbor-
hoods C; of the identity coset in K/K N Z(e(Q)), a sequence of points
T; € aJISO with a(T;) — +oo for all a € A(Py, Ap,), a sequence g; — 0,
and a basis Vi of neighborhoods of zo, in e(Q), the associated sets in
Equation (11) form a neighborhood basis of z in 7“ with respect to
the topology defined by the convergent sequences above.

Proof. We first show that any unbounded sequence y; in X converges
t0 200 € €(Q) if and only if for any OSZT,W when j > 1, y; € C’SZTy.
If y; — 200, then by definition, it is a combination of a finite number of
sequences of the type in Condition (1). Since each of these sequences
can be handled in the same way, we can assume for simplicity that there
exist a p-connected reduction P of () with ap C ap, and a parabolic
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subgroup R, P C R C @, such that the condition (1) is satisfied with
respect to R. It suffices to show that for any subsequence y;:, there is
a further subsequence y;~ such that y;» € CN’Sf TV when j > 1. By the
comments on condition (1) of the definition of convergent sequences (be-
fore Proposition 5.2), there exist a parabolic subgroup R, R C R’ C Q,
a subsequence y;~, which is denoted by y; for simplicity, and a sequence
C; C K/K N Z(e(Q)) of neighborhoods of the identity coset shrinking
to it, a sequence V; of neighborhoods of z,, shrinking to z., €5 — 0,

a sequence T; € Ag with T) — +oo for all a € A(R/, Ar/), and a
bounded set W C X such that for j > 1,

/ A /
Y; = k:jnjajzjzj, kj S Cj, (nj,aj,zj,zj) c SR’,ej,Tj,ijW'

When R’ = P, I’ is empty and X/ is reduced to one point, and hence
W C Wg p. This implies that for j > 0,

Yj € CN'SR’,a,expTR,,vXWR,,T
and hence
yj € C’Sﬁ TV
Otherwise, R' # P. Write 2% = K’ exp H}xo, where k} € K P> and

H} € a%f. (Recall from Equation (11) in §2 that af is the split com-
ponent of the minimal parabolic subgroup of M Py pr corresponding to
Py.) Since W is bounded and H is bounded, Equation (7) implies that
when 7 > 1,

log aj; + HJ, cagQrnap,
and hence by Equation (9),

Y; € OSZTV‘

Conversely, suppose that for a sequence Tj € ap, with «a(7}) — +oo
for all @ € A(Py, Ap,), €5 — 0, C; shrinks to the identity coset, and V
is a sequence of neighborhoods of z,, shrinking to z,

. L gh
Yj € G352, 1y v;

It can be shown that we can assume without loss of generality that
a(Tj) is monotonically increasing for all o, £; — 0 monotonically, C;
shrinks to the identity coset monotonically, and that V; shrinks to {2z}
monotonically.

Since there are only finitely many R in Equation (10), we can assume
without loss of generality that there exist a u-connected reduction P of
Q@ with ap C ap, and a parabolic subgroup R, P C R C @, such that

Yj S CjSR,sj, exp T} r,V; XWRyT]. .

When j — +oo, Wrr; is expanding, and the sequence y; may not
satisfy the conditions 1.(b) and 1.(e) with respect to R.



30 A. BOREL & L. JI

We need to divide SR,ej,cxijyR,Vj xWr 1, into finitely many regions
and hence to show that the sequence y; can be split into finitely many
subsequences {y;;}, | = 1,...,m, such that for every {y;;}, we can
find a parabolic subgroup R’, P C R’ C @, so that the sequence y;,
satisfies condition (1) with respect to R’ in the definition of convergent
sequences.

Since «(T}) is monotonically increasing for all a € A(FPy, Ap,), it
follows from the definition in Equation (6) that for any pair j, k& with
J <k,

(12) anQ7Ti :—> a:u'anTk'

Using the above equation (12), by a compactness argument and the
method of proof by contradiction, we can show that there exists a se-
quence €; — 0 such that for £ > j,

(13) St oSt

&1y v, = YerTh vy,

By Equation (10), S* e Ty, 1S & union of pieces S, It

,€ T R Vk XWR Tk
follows that, more generally, for any R, for any k 2 j,

(14) U SR’ e RV, *Wt 1, 2 SR:5k73Tk‘R7Vk><WR,Tk7

PCR'CR
where P ranges over all y-connected reductions of () with ap C ap, and
R’ ranges over all parabolic subgroups lying between P and Q.

Now let Rj,...,R), be all the parabolic subgroups which satisfy
P C Rj. C R for some parabolic subgroup P which is a p-connected
reduction of @) with ap C ap,. We are going to define a splitting of
{y;} into subsequences {y;}, K = 1,...,m, such that each {y;} sat-
isfies condition (1) with respect to Rj. Specifically, let {y;;} be the
subsequence of those y; which satisfy

Yj S CISR;C,gl,eTLR;C 7V1><WR;C,T17
in other words, include those y; which lie in the Rj-piece of the first
neighborhood S% . iy, Note that by Equation (14), such a finite de-
composition is poss1ble By Equation (14) again, such a y; lies in the
R-piece of the j" neighborhood for some RD R}

Next we show that for each k = ,m, the subsequence {y;}
satisfies condition (1) with respect to R;. The definition of {y;} and
the above observation show that the only conditions to check are those in
1.(b) on the af. The condition that for a € +t-r, aj is bounded from
below follows from y; ; being in the R} -piece of the first neighborhood
above. The condition that for a € A(Py, Ap,) — (I U T), af — 400
follows from the fact that the lower bound of every o € A(Po7 Ap,) —
(TuTlt) = A(Q,Ap,) (see Equation 10 in §2) on 0,,Q.1; (S ap,) goes
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to +o0 and the fact that for any pair of parabolic subgroups R, R with
R O R, the lower bound of a on o + a}; is greater than or equal to

the lower bound of a on or + aE. This latter inequality follows from
the fact that o + Cl;gL and op + ajg are pieces of the complement of the
convex polytope Y1 contained in ap, (see Equation (5)), and X7 is the
intersection of half spaces defined by a(H) < «o(T), o € A(FPy, Ap,),
and their images under the Weyl group.

Similar arguments show that for any u-saturated parabolic subgroup
@' such that one of its pu-connected reductions contains a p-connected
reduction of @, an unbounded sequence y; in e(Q’) converges to zo €
e(Q) if and only if for any C’SSQIT%/, y; € CN'SS/T’{/ when j > 1. This
completes the proof of the proposition. q.e.d.

The construction of the neighborhoods described in the above propo-
sition is motivated by a result in [Ca] and [Ji]. In fact, it was shown
in [Ca] and [Ji] that the closure of the flat ap, = ap,xzo in the Sa-

take compactification Yf is canonically homeomorphic to the closure
of the convex hull of the Weyl group orbit W, of the highest weight
tr. When p, is generic, we can take T = p., and the closure of the
convex hull is X7 given in Equation (5). For non-generic p,, there is a
collapsing from Y7 to the convex hull of W, and all the faces og for
P C R C Q collapse to the face op. The domain S|, was suggested
by this consideration. o

Proposition 5.4. For any two dominant weights 1, pto € ﬁ, if o
is more regular than uy, i.e., if p; € a*P;rIi and I C I, then there exists

a continuous surjective map from X,, — 7#1. If p1, po belong to the
same Weyl chamber face, then X, is homeomorphic to X,,. For any
7“, there is a continuous surjective map from X max to 7“.

Proof. Since us is more regular than ug, every pi-connected para-
bolic subgroup is also po-connected, and every subset of A perpen-
dicular to po is also perpendicular to p;. This implies that for any
p1-connected parabolic subgroup P, its pg-saturation (), is contained
in its pi-saturation Q.

For every ps-saturated parabolic subgroup @, let P, be a p1o-connect-
ed reduction, and P, a uj-connected reduction contained in P,,. Then
P,, is also a maximal pj-connected parabolic subgroup contained in
P,,. In Lemma 5.1 and Equation (3), for R = P,,, the decomposition
of Xp = X1 x XPo,ﬂ gives

Xp,

uo
Let Q,, be the pi-saturation of P,,. Then @,, C Q.

Define a map 7 : X, — X,, such that it is equal to the identity
on X, and on the boundary component e¢(Q) = Xp,,, a point (z, 2') e

= XPM X XPO,I"
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XPM X XPO,I’ = XPHZ
surjective. o

Since the convergence in X, is determined in terms of the refined
horospherical coordinates decomposition, using Ag,, € Aq, and Xp, =
Xp,, X Xp, ,, it can be checked easily that any unbounded sequence
y; in X that converges to (z,2') € Xp,, X Xp,, = Xp,, C X i, also
converges to z € Xp, C X,,. By [GJT, Lemma 3.28], this proves that
the map m is continuous. q.e.d.

is mapped to 2z € Xp, = e(Qy,). Clearly, 7 is

Proposition 5.5. For any dominant weight p € ﬁ, Yu s compact.

Proof. It was shown in Proposition 4.3 that X .. is compact. By
Proposition 5.4, X, is the image of a compact set under a continuous
map and hence compact. q.e.d.

Proposition 5.6. The G-action on X extends to a continuous action
on X,.

Proof. The proof is similar to that of Proposition 4.4. It uses the
more refined decomposition in Lemma 5.1, instead of the horospherical
and Langlands decompositions. q.e.d.

Proposition 5.7. Let 7 be a faithful projective representation, T :
G — PGL(n,C), whose highest weight p, belongs to the same Weyl

chamber face as p. Then the Satake compactification 75 is isomorphic
to Yu-

Proof. We first show that for any unbounded sequence y; in X, if it

converges in 7“, then it also converges in 75. For simplicity, we can
assume that p is equal to ..

It is known that every weight p; of 7 has support equal to a u-
connected subset, i.e., p; = pr — > ca Ciae and Supp(p;) = {a €
A(Py,Ap,) | ¢ia > 0} is equal to a p-connected subset. Conversely,
every p-connected subset is equal to the support of a weight of 7.

Let P = Py be a p-connected parabolic subgroup, and @ = S,(P)
its p-connected saturation. For any point 2o = Mmoo Kp € Xp, let
Yy; = gjro be a sequence in X converging to 2z, i.e., there exists a
parabolic subgroup R satisfying P C R C @ such that with respect
to the refined horospherical decomposition of X determined by R in
Equation (3), y; = kjnja;m;m/xo, the components satisfy (1) k; € K,
kj — koo € KNZ(e(Q)), (2) aj € Ag, forall € A(Q, Ag), a(logaj) —
+o00, and for o € A(R,Ar) — A(Q, Ag), a(loga;) is bounded from
below, (3) n; € Ng, n?‘j — e, (4) mj € Mp, mj — me, (5) mj € Mp, |,
is bounded.
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Then we have

iT(yj)

= [7(g5)7(9;)"]

= [r(kj)7(aj)r(ng" )7 (my)7(mf)r(mf) r(my) 7 (05 ) (a;) r(k;)*],

which has the same limit as the sequence
7(kjmy) [ (@) (m}) 7 (m}) 7 (ay) ]7 (kjm;)”

= T(koomoo)[T(aj)T(m;)T(m;)T(aj)*}T(kzoomoo)*,

if the latter converges. To determine the limit of this sequence, order
the weights p1, ..., 1y (with multiplicity) of 7 so that the weights with
support contained in I are g = pr, ..., i, and the rest of the weights
are i4+1,.--5MUn-

Note that Py is a p-reduction of Q). By definition, for any j >
I + 1, Supp(p;) is p-connected and hence contains at least one root
a € A(Q, Ag) = A(Py, Ap,) — (TUT1), which satisfies a(log a;j) — +o0.
For other roots in Supp(y;), a(loga;) is bounded from below. Then as
in the proof of Proposition 2.4,

[T(a;)] — [diag (1,...,1,0,...,0)],

where the first [ entries are equal to 1. On the other hand, write the
Cartan decomposition m} = kja’;k for the elements in Mp, . Since m/
is bounded, we can assume, by passing to a subsequence 1f necessary,
that all the components converge, i.e., k:’ — kL, a] — al, and k‘;’ —
kZ_ . Since the roots in I" are the simple roots of Mp, ,, with respect to
afglo and perpendicular to I, this implies that for a € I, a(log a;-) =0,
and hence for p = 1, ..., w, (aj)" = (aj). It follows that

()] — [diag (1., 1, (ale )1 7A7 . (alg i rn)],

1
[7(a;)7(a})7(a}) r(a;)*] — [diag (1,...,1,0,...,0)],
and

[ (az)7(mj)7(m})"7(a;)"]

= [r(a;)7(k ) 7(a}) (k)T (/f") 7(a}) 7(k}) 7 (as)7]
= 7(kj)[7(a;)7(aj)7(a})"T(az)"|7(K})"
— 7(kL)[diag (1 ,...,1,0,...,0)]T(kéo)*,

since 7(k7)7(k})* = id, and k; commutes with a;. Because k; commutes
with a;, 7(kL,) commutes with diag(1,...,1,0,...,0), and hence

7(kL)[diag (1,...,1,0,...,0)]7(k.)*

= [diag (1,...,1,0,...,0)]7 (k. )7T(k.)*
= [diag (1,...,1,0,...,0)].
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Since koo also commutes with a; and mq, it implies that

ir(yj) = T(koo)T(Mmoo)[diag (1,...,1,0,...,0)]7(moo) 7 (koo)™
= 7(mu)[diag (1,...,1,0,...,0)]7(ms)",

and hence y; converges in the Satake compactification Yf .
This gives a well-defined map

X, — X
By [GJT, Lemma 3.28], this map ¢ is continuous.
In [Sa], it is shown that

Yf:XUG H XPO,I )

I is p-connected

where Py is a minimal parabolic subgroup, I C A(Py, Ap,), and that
X7 can be identified with X U T Xp(@), where the union is over p,-

-
saturated parabolic subgroups () and P is a p-connected reduction of

Q. Under this identification, the map ¢ is the identity map. Since both
Yf and YH are compact and Hausdorff, ¢ is a homeomorphism. g.e.d.

Remark 5.8. Propositions 5.4 and 5.7 give a more explicit proof of
Proposition 4.6. In [Zu], Proposition 4.6 was proved by comparing the
closures of a flat in these compactifications of X. On the other hand,
the proof here gives an explicit map and its surjectivity is immediate.

Remark 5.9. Another application of the construction of Yu in this
section is that it gives an explicit description of neighborhoods of the
boundary points.

6. The conic compactification

The symmetric space X is a complete Riemannian manifold of non-
positive curvature and hence admits a compactification X UX (co) whose
boundary is the set of equivalence classes of geodesics. In [GJT], this
compactification is called the conic compactification. It will also be
called the geodesic compactification below. In this section, we con-
struct X U X (c0) by following the approach in §3. This construction is
less direct than the geometric definition, but is needed for the Martin

compactification in §7.

. . . S .
As in the compactification X ., we use the whole collection of par-

abolic subgroups. For every parabolic subgroup P, define its boundary
face to be

Define o
X=X U]]af(0).
P



COMPACTIFICATIONS OF SYMMETRIC SPACES 35

We note that the K-action on the set of parabolic subgroups preserves
the Langlands decomposition with respect to zop = K (see Equations (4,
5) in §2) and hence K acts on X as follows: for k € K, H € a}(c0),

k-H=Ad(k)H € a;f,(c0).

The space X is given the following topology.

1) An unbounded sequence y; in X converges to Ho, € ap(00) if
and only if y; can be written as y; = k;jnja;z; with k; € K,n; €
Np,a; € Ap, z; € Xp satisfying the conditions:

(a) kj — e,

(b) for all & € A(P, Ap), a(loga;) — +oo and loga;/| loga;| —
-HOO)

(c) n¥ — e,

(d) d(zj,20)/||logaj|]| — 0, where g € Xp is the basepoint Kp,
and d(z;,xo) is the Riemannian distance on Xp for the invari-
ant metric.

2) For a sequence k; € K, k; — e, and a parabolic subgroup @
contained in P and a sequence H; € ag(oo), k;H; converges to

H., € ap(oc0) if and only if H; — Hu, € a(g(oo). (Note that
ap(00) C aj(c0).)
Combinations of these two special types of convergent sequences give
general convergent sequences.

Neighborhoods of boundary points can be given as follows. For any
parabolic subgroup P, let Py be a minimal parabolic subgroup contained

in P. Then a}(00) C af, (00). For H € ajf;(co) and & > 0, let

Ut = {H' € aj (o) | |H' — H| < <},
a neighborhood of H in m. For t > 0, let
Verw ={(n,a,2z) e Np x Ap x Xp=X
| a € Apy, loga/||logal € Uesm, n* € By, (€),d(2z,20)/||logall < e}
Let C be a compact neighborhood of e in K. Then the set
CVermn UCUe

is a neighborhood of H in X
For sequences ¢; — 0, t; — 400, and a basis C; of neighborhoods_ of
ein K, C;Vz, 4, U CU., i forms a basis of neighborhoods of H in X .

Proposition 6.1. The space X isa compact Hausdorff space.
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Proof. To prove that X is compact, we note that

X°=K [expafzoU H ap, ,(00)
pCICA

=K <exp a_JISOxO U aIJSO(oo)> ,

where Py is a minimal parabolic subgroup. Since K and aJ]SO (c0) are
compact, it suffices to show that every unbounded sequence of the form
exp Hjxg, H; € a—J]SO, has a convergent subsequence. Replacing by a
subsequence, we can assume that H; /|| H;|| converges to Hy € aIJSOJ (00)
for some I. By decomposing

I I I
Hj=Hj+Hj, Hjr€ap,, Hj €ap,,

it follows immediately that exp Hjzo = exp H; (exp H jl xo) converges
to Hoo in X

To prove the Hausdorff property, let Hy, Hy € X  be two distinct
points. Clearly they admit disjoint neighborhoods if at least one of them
belongs to X. Assume that H; € aJISi(oo) for some parabolic subgroups
Py, P

First consider the case that P, = P». Let Py be a minimal parabolic

subgroup contained in P;, and Ug 1, Uc 2 be two neighborhoods of Hy, H

in aJISO(oo) with U, 1NU 2 = . Let C be a small compact neighborhood

of e in K such that for all ki, ke € C, k1U.1 NkaUz2 = 0. We claim
that the neighborhoods CV,; g, UCU. 1, CV.4 g, U CU; 5 are disjoint
when ¢ > 0, € and C are sufficiently small.

By the choice of C,

CUEJ N CUE,Q = 0.
We need to show that
C‘/&t,ftﬁ N C‘/&,t,HQ = @
If not, there exist sequences €; — 0,t; — +o00, C; — e such that
CiVie, ;.1 VOV, 4 H1, 7# 0.

Let y; € CjVe, t;,0,NC; Ve, ¢ 1, Since y; € CV;, 1. gy, yj can be written
as y; = kjnja;z; with the components k; € K,n; € Np,, a; € Ap,, z; €
Xp, satistying (1) kj — e, (2) [[loga,|| — +oo, loga;/|/loga;| — Hi,

(3) ny’ — e, (4) d(zj,w0)/||loga;|| — 0. Similarly, y; can be written

j
as y; = kjnlalz; with K, n’, a}, 2}, satisfying similar properties and
loga;/| | logaj|| — Ha. We note that

d(yj, o) = (1+ o(1))|[log aj|| = (1 + o(1))log aj,
hence
[log || = (1 + o(1))]| log a;];
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and
d(y;, kjajxo) = d(kjnja;zj, kjajze) = d(nja;zj, ajxo)
= d(nj’ zj, ) = o(1)|| log a;],

d(yj, kjajxo) = o(1)| log a%|.

Since X is simply connected, nonpositively curved, Hy # Hs, and
kjajxo, k‘;agmo lie on two geodesics from zg with a uniform separation
of angle between them, comparison with the flat space gives

d(kjajzo, k:;a;-xo) > colllog ajl|
for some positive constant c¢g. This contradicts with the inequality

d(kjajzo, Kaszo) < d(yj, kjazzo) + d(y;, kKjajze) = o(1)] log aj.

The claim is proved.

The case P} # P» can be proved similarly. In fact, for suitable neigh-
borhoods U, g, , U., 1, and a neighborhood C of e in K such that for all
kl, ko € C s

klUs,Hl N k2U5,H2 = 07

the same proof works. q.e.d.

Proposition 6.2. The G-action on X extends to a continuous action
on X

Proof. For g € G and H € alt(oo), write ¢ = kp with k& € K and
p € P. Define

g-H=Ad(k)H € arp.
Since k is uniquely determined up to a factor in Kp and Kp commutes
with Ap, this action is well-defined. Clearly, P fixes a},(c0).

To show that it is continuous, by [GJT, Lemma 3.28], it suffices to
show that for any unbounded sequence y; in X, if y; converges to Hy, in
X, then gy; converges to gH,,. By definition, y; can be written as y; =
kjnja;z; with (1) kj € K, kj — e, (2) a; € Ap, for all a € A(P, Ap),
a(loga;) — 400, loga;/||loga;|| = H, (3) n; € Np, n?j — e, and (4)
zj € Xp, d(zj,x0)/| loga;|| — 0. Write

I NIV
gkj = k]m]ajn],

where k7 € K, m}; € Mp, n; € Np and a; € Ap. Then m,n’, a’; are

bounded, and K p converges to *P. Since

/4
J

I.
J

aj(m}z;),

it is clear that gy; converges to Ad(k)Hx € ajp(oo), which is equal to
gHso by definition. q.e.d.

g 30 mlad )
gy; = kymyasningaiz; = k; "% (ngng)a

Proposition 6.3. The identity map on X extends to a continuous
map X~ — X U X(00), and this map is a homeomorphism.
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Proof. First we recall the construction of X U X(oc0) (see [GJT],
[BGS]). Two unit speed geodesics 71,72 in X are defined to be equiv-
alent if limsup, . d(71(t),72(t)) < +o00. Let X(oco) be the set of
equivalence classes of geodesics. X (00) can be identified with the unit
sphere in the tangent space T, X and is endowed with the topology of
the latter. The topology of X UX (00) is defined such that an unbounded
sequence y; in X converges to a geodesic class [7] if the geodesic passing
through zg and y; converges to a geodesic in [7].

To prove that the identity map extends to a continuous map X' —
X U X(o0), by [GJT, Lemma 3.28], it suffices to prove that if an
unbounded sequence in X converges in X, then it also converges in
X U X(o00). For an unbounded sequence y; in X which converges
to He € af(00) in X, y; can be written as y; = kjnja;z; where
the components satisfy (1) k; € K, k; — e, (2) |[logaj|| — oo,
loga;/|loga;|| — Hoo, (3) nj’ — e, (4) d(z;,20)/|| log a;|| — 0.

Clearly, the geodesic passing through a;zo and xo converges to the
geodesic exp tHxg. Since k; — e, the geodesic passing through k;a;xo
and zq also converges to exp t Hooxg. We claim that the geodesic passing
through y; and ¢ also converges to exp tHooxo.

Since

d(kjnjajzj, kijnjaj$0) = d(zj’ iUo),
and hence
d(kjnja;zj, kinjajzo)/| log asl| — 0,

comparison with the Euclidean space shows that the two sequences y;
and kjnjajxg will converge to the same limit if kjnjajzo converges in
X U X (o0). Since

d(kﬁjﬂja]’l‘o, kijCLj.To) == d(n?jSUo, CC()) — 0

and the geodesic passing through kja;zo and zq clearly converges to
the geodesic exptHuxo, it follows that kjnja;re converges to Hy €
X U X(00).

To show that this extended continuous map is a homeomorphism, it
suffices to prove that it is bijective, since X and X UX (c0) are both
compact and Hausdorff. We note that [[p a5(c0) can be identified with
the unit sphere in the tangent space 15, X (see [GJT, Chap. III]), and
hence under this identification, the map X — X U X (c0) becomes the
identity map and is bijective. q.e.d.

7. The Martin compactification

For any complete Riemannian manifold X, there is a family of Mar-
tin compactifications parametrized by A < A\g(X), where \o(X) is the
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bottom of the spectrum of the Laplace operator of X. For each A, de-
note the corresponding Martin compactification by X Ud,X. For more
details about Martin compactifications, see [GJT] and [Ta].

When X is a symmetric space of noncompact type, the Martin com-
pactifications are completely determined in [GJT]. In fact, it is shown
that for A = Ao(X), X U0\ X is isomorphic to the maximal Satake com-

S . and for all A < Ao(X), X U0,\X are the same and

max?

equal to the least common refinement Yiax VX U X (c0) of Yiax and

X U X(00). In the following, we always assume that A < A\g(X), and
call X U0y X the Martin compactification. In this section, we follow the

pactification X

method in §3 and construct a compactification YM, which will turn out
to be isomorphic to the Martin compactification X U 0, X.
For every parabolic subgroup P, define its boundary face to be

e(P) = aj(o0) x Xp.
Define
xV = XUHaJlg(oo) x Xp,
P

where P runs over all parabolic subgroups. We note that the K-action
on the set of parabolic subgroups preserves the Langlands, horospherical
decompositions with respect to g = K (see Equations (4, 5) in §2) and
hence K acts on X as follows: for k € K, (H,z) € ah(c0) x Xp =
e(P),

k- (H,z) = (Ad(k)H,k - z) € a/ ,(00) X Xip.

A topology on XM s given as follows:

1) For a boundary point (Heo,2) € af5(00) X Xp, an unbounded
sequence y; in X converges to (Hx, 200) if y; can be written in
the form y; = kjnja;z; with the components k; € K, n; € Np,
a; € Ap, zj € Xp satisfying the conditions:

(a) kj — e,

(b) for all & € A(P, Ap), a(logaj) — +o0, loga;/| logaj|| — He,
(c) n?j — e,

(d) zj = 2oo-

2) For a pair of parabolic subgroups P,Q, P C @, let P’ be the
unique parabolic subgroup of Mg determined by P. For a sequence

k; € K with k; — e and a sequence y; = (Hj,z2;) € ag(oo) X

Xg, the sequence kjy; converges to (Hoo, 200) € ap(00) X Xp if

Hy € aa(oo), H; — Hy, and z; can be written in the form

zj = kgn;a;zg, where k; € Ko, n; € Npr, a;- € Aps, zé- € Xp/

satisfy the same condition as part (1) above when the pair (G, P)
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is replaced by (Mg, P’) except (b) is replaced by (b’): for all
a € A(P', Apr), a(loga)) — +oo, and loga’/| log || — Heo.
These are special convergent sequences, and their combinations give
the general convergent sequences.

Remark 7.1. As mentioned above, X U )X is the least common
refinement Yiax V X U X (00), but its boundary faces are not products
5 and X U

a}(00) X Xp of the boundary faces Xp and a}(co) of Yilax
X(00). The reason is that the fibers over Xp must be compact and

hence equal to a compactification a*(co) of a™(oc0).

Remark 7.2. In the previous sections for the Satake compactifica-
tions and the conic (or geodesic) compactification, for a pair of parabolic
subgroups P, @, P C @, their boundary faces e(P), e(Q) satisfy either
e(P) C e(Q) or e(Q) C e(P). For YM, neither inclusion is true. It will
be shown in the next section that the same phenomenon occurs for the
Karpelevic compactification.

Neighborhoods of boundary points can be given explicitly as follows.

For a parabolic subgroup P and a point (H,z) € aj(c0) x Xp, there
are two cases to consider: H € a}(00) or not.

In the first case, let U be a neighborhood of H in a}(c0) and V a
neighborhood of z in Xp. Let

S%,U,V = {(n,a,z) ENpxApx Xp=X ’
a € Apy,loga/||logall € U,n® € By, (€),2z € V}.
For a neighborhood C' of e in K, the set

C(SMyyuUxV)

3

is a neighborhood of (H, z) in X" The reason is that (H, z) is contained
in the closure of other boundary components only when H € da}(c0).

In the second case, H € aa;(oo). Let @ be the unique parabolic
subgroup containing P such that H is contained in ag(oo). Let Q = Pj.
Then Py with I C J are all the parabolic subgroups containing P such

that H € a}, (00), and Xp is a boundary symmetric space of Xp,. Let
I

SEIJ,V be the generalized Siegel set in X p, associated with P’ as defined

in Equation (15) in §2, where V is a bounded neighborhood of z. Let

U be a neighborhood of H in a}(cc). Then

(ah, (00) NU) % Sy



COMPACTIFICATIONS OF SYMMETRIC SPACES 41

is the intersection of a neighborhood of (H, z) with the boundary face
a;SI (00) x Xp,. Let C be a neighborhood of e in K. Then

SMuv U H ap, )NU) x SL,y
IcJ

is a neighborhood of (H, z) in x"
Proposition 7.3. The topology on xM s Hausdorff.

Proof. We need to show that every pair of distinct points x1,z9 € x
admit disjoint neighborhoods. If at least one of them belongs to X, it
is clear. Assume that they both lie on the boundary, z; = (H;, 2;) €
a';i(oo) x Xp, for a pair of parabolic subgroups Pi, P>. There are two
cases to consider: P; = P or not.

In the first case, (Hi,z21), (Ha,22) € a;gl(oo) X Xp. If 21 # 29, ex-
istence of the disjoint neighborhoods follows from the corresponding
results for X ay in Proposition 4.2. If z; = 2y, then H; # H,, and the
existence of disjoint neighborhoods follows from the similar result of X
in Proposition 6.1.

In the second case, P; # P», existence of the disjoint neighborhoods
follows similarly from the results for X max and X°. q.e.d.

Proposition 7.4. The G-action on X extends to a continuous action
on X
Proof. First we define a G-action on the boundary of XY, For

(H,z) € aJIS(oo)xXp, g € G, write g = kman, k € K,m € Mp,a € Ap,
n € Np. Define

g-(H,z)=(Ad(k)H,k-mz) € a,fp(oo) X Xk p,

where k - Xp is defined in Equation (5) in §2. To show that this is a
continuous extension of the G-action on X, by [GJT, Lemma 3.28], it
suffices to show that if an unbounded sequence y; in X converges to a
boundary point (H, z), then gy; converges to g - (H, z).

By definition, y; can be written in the form y; = k;jnja;z;, where
k‘j € K, n; € Np, a; € Ap, zZj € Xp satisfy (1) /{j — €, (2) for all
a € A(P,Ap), a(loga;) — 400, loga;/| loga;|| — H, (3) n?j — e, (4)
zj — z. Write

AW aNN

gkj = k]m]ajnj,

where k), € K, m; € Mp, n; € Np, a; € Ap. Then n, a); are bounded

and kim) — km. The components k7, m’; are not uniquely determined,
but determined up to an element in Kp. By choosing this element
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suitably, we can assume that k:;-, m; converge to k, m respectively. Then

g g ombali N
gy; = kymiaininja;z; = k; "% (ning) aja;m}z;
k.mlal /1 KL 11
= "% (nyny) Y (ajaz) (kj'mjz;)
=1\ kmlal /1 ki 1 /
= (kk™") "M% (ngny) " (aja;) (kmjz;).
From the last expression it can be checked easily that the conditions for

convergence in XM are satisfied, and gy; converges to (Ad(k)H, kmz) €

af (00) X Xip. q.e.d.

Proposition 7.5. The space XM s compact.

Proof. We need to show that every sequence in XM has a convergent
subsequence. Since X is dense and every point in XM is the limit of a
sequence of points in X, it suffices to consider sequences y; in X.

If y; is bounded, it clearly has a convergent subsequence. Otherwise,
we can assume that y; goes to infinity. Using the Cartan decomposition
X = Kexp aJ]SO:UO, y; = kj exp H;jxg and replacing H; by a subsequence,
we can assume that

1) k; converges to some k € K,

2) there exists a subset I C A(Py, Ap,), such that for a € I, o(Hj)

converges to a finite number, while for a« € A — I, a(H;) — 400.

3) H;/||Hjl| — He € af, (c0).

Writing H; = Hjr + HjI, where Hj; € ap,,, H]I € a{;o, epojIxO
converges to a point 2o, € Xp, ;, and H; 1/||Hj || — Hoo. From this, it
is clear that y; = k; exp HjJHjIxO converges t0 k(Hoo, Z00) € a,fPOJ (00) x

Xip,, in X g.e.d.

_ Proposition 7.6. YM_iS isomorphic to the least common refinement
Ximax VX of Xmnax and X

Proof. By [GJT, Lemma 3.28], it suffices to show that an unbounded
sequence y; in X converges in XM if and only if y; converges in both

X max and X U X (00).

If y; in X converges in X to (H,z) € ap(o0) x Xp, then it can
be written in the form y; = kjnja;z; with k; € K, n; € Np, aj € Ap
and z; € Xp satisfying (1) k; — e, (2) a(loga;) — +o00, a € A(P, Ap),
loga;/||logaj|| — H, (3) z;j — 2. Since these conditions are stronger
than the convergence conditions of X .y, it is clear that Y; converges
in Xmax to 2 € Xp. On the other hand, let P; be the unique parabolic
subgroup containing P such that a},(co) contains H as an interior point.
By decomposing log a; according to ap = ap;® afg, it can be seen easily
that y; converges to H € a;SI(oo) in X°.



COMPACTIFICATIONS OF SYMMETRIC SPACES 43

Conversely, suppose that y; converges in both Xmax and X°. Let
z € Xp be the limit in X .. Then y; can be written as y; = k;jnja;z;
with the components satisfying similar conditions as above except (2)
is replaced by (2’): a(loga;) — +oo, o € A(P,Ap). We claim that
the second part of (2) is also satisfied, i.e., loga;/||loga;|| — H for
some H € afb(co). In fact, since y; converges in X, the proof of
Proposition 6.1 shows that ajzg also converges in X°. This implies
that loga;/| loga;|| converges in ap(co) and the limit clearly belongs

to aj(00). Since all the conditions (1)—(4) are satisfied, y; converges in
X to (H,z) € aj(cc) x Xp. q.e.d.

Corollary 7.7. The compactification xM s isomorphic to the Mar-
tin compactification X U0 X, A < Ao(X).

Proof. It was proved in [GJT] that X U\ X, A < Ao(X), is isomor-
phic to the least common refinement X, . \/ XUX (o). By Proposition
4.8, anax >~ X nax, and by Proposition 6.3, X* = X U X (c0). Then the
corollary follows from the previous proposition. q.e.d.

8. The Karpelevic compactification

Karpelevic [Ka] defined a compactification XX of X using structures
of geodesics; in particular, he refined equivalence relations on them. The
original definition is given by induction on the rank and is quite involved.
A simplified, more direct approach is given in [GJT] by first identify-
ing the closure of a flat. But in the latter approach, the continuous
extension of the G-action is not clear. In this section, we follow the
general approach in §3 to construct a compactification of X admitting
a continuous G-action, to be denoted by X g, which will turn out to
be isomorphic to the Karpelevic compactification X" Consequently,
we obtain another non-inductive explicit description of the Karpelevic
topology.

The boundary faces of X i are refinements of the boundary faces of

XM, Recall that for any parabolic subgroup P, A = A(P, Ap) is the
set of simple roots in ®(P, Ap). For a pair of J, J' C A(P,Ap), J C J',
let

(1) a) = ap, N ap.

The restriction of the roots in J' — J yields a homeomorphism a? =
R7'~7. Define

2) o) (o) ={Hea) ||H|=1aH)>0ac ] —.J}
For any ordered partition
Y:hu-- Ul =A,
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let J;=LU---Ulp, 1 <i<k, Jyr1 =0, be the induced decreasing
filtration. Define
Jo,+ Jie,+

=4
ap " (00) = a} (c0) x a? " (00) X -+ x aje” (00).

Note that aﬁ;(oo) = aé’“—(oo). If we use the improper parabolic
subgroup Pa = G, az(oo) = a}SJ (00) can be identified with ai’Jr(oo).
2

When ¥ is the trivial partition consisting of only A, a]ZD’Jr(oo) = a}(c0).
Other pieces are blow-ups of the boundary of af(co) in as shown in
Proposition 8.1 below.

Define

(3) ap " (00) = [Jap*(c0),

where Y runs over all the partitions of A.
The space is given the following topology:

1) For every partition ¥, aIED’+(oo) is given the product topology.
2) For two partitions X, ¥, aIED’Jr(oo) is contained in the closure of
alzgl’+(oo) if and only if ¥ is a refinement of Y, i.e., every part in X’
is union of parts of 3. Specifically, the convergence of a sequence of
points in a]z;/’Jr(oo) to limits in aIED’+(oo) is given as follows. Assume
Y:hU---Ul, ¥ : [JU---UIj,. For any part I}, in ¥/, write I}, =
I, U---UlI,_, where the indexes n1,...,ns are strictly increasing.
Then it suffices to describe how a sequence in ai’;m"fl (00) converges

Inqgyt Ingst .
Tt 41 (00) X -+ X aanH(oo). Let H; be a sequence in

J7,n7+ JTL 7+ J 5,+
aJ,’n+1(°O)7 and (Hp, ooy« - Hn, 00) € aJn1+1(OO)><' . .an:SH(oo).

Then H; converges to (Hp, oo, .., Hn, ) if and only if the fol-
lowing conditions are satisfied:

(a) For a € I, o(H;) — a(Hp, ), in particular, a(H;) # 0.
(b) For a € I}, — I,,, a(Hj) — 0.

(c) Forael,,, f€l,, a<b,

to a limit in a
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For & > 0, define a subset U> (Hy) in aIEDI’+(oo) as follows:
(4)
U¥ (Hoo) = {(H1,.... Hy) € a3 (00) |
for l<m <K, I, =1, U--- UL,
(1) for a € I, |a(Hp) — a(Hp, 00)| <€,
(2) for a € I}, — I,,, |a(Hp)| < e,
B(Hm)
o(Hm)
Hm Hn o
B(Hm) _ B(Hn,, )‘ <€}'

(3) for a € I, B € Ip,,a < b,

<e

o(Hy,) a(Hna7OO)

(4) for a,f e I,,,1 <a<s,

Proposition 8.1. There exists a continuous surjective map m :

ﬁ§’+(oo) — af(00). This map is a homeomorphism if and only if diim Ap

<2.

Proof. Recall that

ap(o0) = [T af, (00).

ICA

For each partition ¥ : I; U--- U I = A, define a map by projecting to
the first factor:

E7+ J 7+ J ’+
mrap” (00) = aj (00)x a2 (00) X - xajt T (00) — aj (00) = aJISJQ(oo),
7T(ILILOOa o 7Hk;,oo) = Hl,oo
where J; = I; U --- U I, as above. This gives a surjective map
T ﬁ§’+(oo) — a} (o).

If H; € a},(c0) converges to (Hi o, - - Hioo) € a?’Jr(oo), it is clear

from the description of the topology of ﬁg’Jr(oo) that in particular con-

ditions (a) and (b) H; converges to Hi s in af(co). Since afh(oo) is

Hr( ,+(

dense in a§ oo) and hence every point in ﬁg 00) is the limit of a
sequence of points in aIJS(oo), this proves the continuity of 7.

When dim Ap = 1, this map 7 is clearly bijective. When dim Ap = 2,
there are only two nontrivial ordered partitions, 1 : I1Uls, Yo : IsUI; of
A, and each of alzjl’Jr(oo), a1§2’+(oo) consists of one point, corresponding
to the two end points of the 1-simplex af(c0), and hence the map =
is bijective. On the other hand, if dim Ap > 3, there are nontrivial
ordered partitions ¥ : A = I; Ul where |I1]| =1, |I2| > 2. For such a X,
a]ED”L(oo) has positive dimension and is mapped to the zero dimensional

space a}; (c0), and hence 7 is not injective. q.e.d.
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For each parabolic subgroup P, define its boundary face to be
e(P) =apt(c0) x Xp.

Define
Xx=XU[[ag"(c0) x Xp,
P

where P runs over all parabolic subgroups. By Equations (4), (5) in
§2, the K-action on parabolic subgroups preserves the Langlands de-

composition, and hence K acts on XX as follows: for k €K, (H,z) €
_K,+
ap (00) X Xp,

k- (H,z) = (Ad(H), k- 2) € @7 (00) x Xip,
where for H = (Hy,...,H;) € aIED’Jr(oo) C E?”L(oo) and ¥ : [1U---UIj,
Ad(k)H = (Ad(k)H, ..., Ad(k)H;)) € ap3 (c0),

where ¥ induces an ordered partition of A(*P, Axp) by Ad(k) : ap —
axp, which is denoted by ¥ also in the above equation.

Before defining a topology on X i, we need to define a topology of
ap U Hg’Jr(oo). Given an ordered partition ¥ : I; U - - U I and a point
Hy = (Hioo---, Hioo) € a§’+(oo), an unbounded sequence H; € ap
converges t0 (Hi oo ..., Hi o) if and only if

1) For all « € A, a(H;) — +o0.

2) For every pair m <n, o € I, 8 € I, B(H;)/a(H;) — 0.

3) For every m, o, 3 € I, B(H;j)/a(H;) — B(Hm,oo)/(Hpmoo)-

Neighborhoods of boundary points in ap U Hg’+(oo) can be given
explicitly. For any Hoo = (Hio...,Hroo) € alg;"Jr(oo), and € > 0,
define

()
U (Ho) = {H € ap |
1
(1) for a € A,a(H) > o
(2) for every pair m < n,a € I,, 5 € I, |B(H)/a(H)| < ¢,
(3) for every m, a, B € L, |B(H) /a(H) = B(Hon,o) /a(Hip )] < £}
Combining with the set U>' (Hy,) in Equation (4), set
(6) Us(Hoo) = U (Hoo) U U U (Hoo),

where ¥/ runs over all the ordered partitions for which ¥ is a refinement.
This is a neighborhood of Hy, in ap Ut (c0).
The space X  is given the following topology:
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1) An unbounded sequence y; in X converges to (Hoo, 2o0) € aP’+(oo)
x Xp if y; can be written as y; = k;jnja;jz; with k; € K,n; € Np,
a; € Ap, zj € Xp satisfying the conditions:
) kj —e.

(a
(b) log a; — Ho inap UEIIE’JF(OO) in the topology described above.

d) zj — Zoo-

2) Let @ be a parabolic subgroup containing P, and P’ be the para-
bolic subgroup in Mg corresponding to . We note that a parti-
tion ¥¢ of A(Q, Ag) and a partition of 2 of A(P’, Ap:) combine
to form a partition ¥p = YoUXF" of A(P, Ap), where the roots in

A(Q, Ag) and A(P’, Apr) are identified with the roots in A(P, Ap)
whose restrictions are equal to them.

For a sequence k; € K with k; — e, and a sequence y; =

(Hj, z;) in ag*( 00) x X, the sequence k;y; converges to (Hoo, Zoo)

€ a? T(0) x Xp if and only if zj can be written as z; = kjn’a’z;
with k; € KQ,nJ € Np, aJ € Aps, zj € Xps, and these compo-
nents and H; satisfy the conditions:

(a) There exists a partition ¥ of the form ¥ = Yo U X ie., a

combination of two partitions ¥, »F, such that Hy € aIED’+.

Write Hoo = (HOOQ,H{,O) € ag2 ™ (00) X ap, "+ (50). The com-
ponents k’ n , ], z] satisfy the same condition as in part (1)
above When the pair X, P is replaced by X¢, P’ and the limit

by (HC/X),ZOO) € a§;+(00) X Xpr.

(b) (Hj, H.) — Ha in ap Uds " (c0).

Neighborhood systems of boundary points can be described as fol-
lows. For a point (Hs, 200) € aIPer(oo) x Xp, let V be a bounded
neighborhood of zo in Xp, and U. = U.(Hs) a neighborhood of Hy,

inap UH§’+(OO) defined in Equation (6) above. For € > 0,¢ > 0, define

(1) SK., = {(n,a,z) € Npx Ap x Xp=X |

loga € Usya € Apy,n® € By, (€), 2 € V}.

Let 3 be the partition of A(P, Ap) such that Hy, € am (c0). For
a parabolic subgroup P; containing P, if a partition X is of the form
Xp, U ¥ in the above notation, we call P; a Y-admissible parabolic
subgroup. For example, when ¥ = A, the only Y-admissible parabolic
subgroup is P.

For each Y¥-admissible parabolic subgroup Py, write Heo = (Hoo 1, HL)

o
€ @p (00) x @pT(00). For e > 0, let Uy = Us(Hooy) N (00), a
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neighborhood of Hy 1 in Eg+(oo). (Recall that Uz(Ho,r) is a neigh-
borhood of Hy 1 in ap, U Hg+(oo) as defined in Equation (6) above).

Let SEKt’IV be the corresponding neighborhood of HZ in X p; defined as
in Equation (7). For a neighborhood C' of e in K, the set

K K,I
(8) C|SE.,u 11 Ure x S5
Y. —admissible P

is a neighborhood of (Hyo, 200) in X .
Proposition 8.2. The topology on X g is Hausdorff.

Proof. We need to show that any two distinct points z1, 22 in X g
admit disjoint neighborhoods. This is clearly the case when at least one
of them belongs to X. Assume that xz; = (H;,z2;) € Eg’Jr(oo) x Xp,.
There are two cases to consider: P; = P, or not.

In the first case, if z; # 29, it follows from the proof of Proposition
7.3 (or rather the corresponding result for X max in Proposition 4.2) that
when ¢t > 0, ¢ is sufficiently small, C is a sufficiently small neighborhood
of e, and V; a sufficiently small neighborhood of z;, i = 1,2, the neigh-
borhoods C’(Sgyl_ UL Ur.e; % ngfvi) of z; are disjoint. On the other
hand, if z; = 2o, then H; # Hs. We claim that the same conclusion
holds.

If not, there exists a sequence y; in the intersection of Cj(Sg,tj,w .
11 UL e; X Sg:{j7%7j) for sequences €; — 0, t; — 400, C; that shrinks to
e, and V; ; shrinks to z;, i = 1, 2.

Assume first y; € X. Then y; = kjnja;z; with k; € K, n; € Np,
a; € Ap, z; € Xp satisfying the conditions (1) k; — e, (2) loga; —
H, € ﬁg’Jr(oo), (3) n?j — e, (4) 2z — z1. Similarly, y; = Kjnla’z]
with the components satisfying the same condition except log a;. — Hs,

zj — z. Since Hy # Hy,

9) | loga; — log a3~|| — +00.
Since

aj

d(kjnja;zj, kjajzj) = d(n;

2j,25) — 0
and
d(kja;zj, kjajzo) = d(zj, xo)
is bounded, it follows that
d(kjajxo, kjajro) < c
for some constant ¢. By [AJ, Lemma 2.1.2],

d(kja;wo, Kjajwo) > || loga; —log dj|,
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and hence

[ loga; —logas|| < c.
This contradicts Equation (9), and the claim is proved. The case where
y; belongs to the boundary of X j can be handled similarly.

In the second case, P; # P,, and we can use the fact that Sft’v is
contained in the generalized Siegel set S ;y defined in Equation (15)
in §2 and the separation result in Proposition 2.4 to prove that x1, o
admit disjoint neighborhoods. q.e.d.

Proposition 8.3. The G-action on X extends to a continuous action
on Xg.

Proof. For any g € G and (H,z) € ﬁg’Jr(oo) x Xp, write ¢ = kman
with k € K,m € Mp, a € Ap, n € Np. Define
g-(H,z)=(Ad(k)H,k -mz) € Hfl’f(oo) X Xkp,

where k canonically identifies E?Jr(oo) with ﬁfl’f(oo), and the K-action

on Xp is defined in Equation (5) in §2. This defines an extended action
of G on X g. Arguments similar to those in the proof of Proposition 7.4
show that this extended action is continuous. q.e.d.

Proposition 8.4. The space X i is compact.

Proof. Since X = Kexp a}ﬁoxo, X = Kexp a}ﬁoxo, where Py is a

minimal parabolic subgroup, and exp aJ]SO:UO is the closure of exp gl‘o
in Xg. Since K is compact, it suffices to prove the compactness of

exp aJISOxO, which follows easily from the definition. In fact, for any
unbounded sequence H; € aJISO, there exists an ordered partition Y’ :
LU---Ul;UJ = A of A(Py, Ap,), where J could be empty, such that,
after replacing by a subsequence, H; satisfies the conditions:

1) For all o € J, a(H;) converges to a finite limit.

2) Foralla ¢ J, a(H;) — +o0.

3) For o, 8 € I, a(H;)/B(Hj) converges to a finite positive number.

4) For a € I, B € I,, m < n, a(H;)/B(Hj) — +o00.
Then it follows from definition that exp H;zo converges to a point in
a?’j(oo) X Xp, C Hgﬁ(oo) x Xp,, where X is the partition Iy U---U I}
of A\ J = AP, Ap,,)- q.e.d.

Proposition 8.5. The identity map on X extends to a continuous
surjective map ™ : X — X, and for every point H € a;(oo), the fiber

7 Y(H) is equal to (Xp); in particular,

Xi =X UJJap(oo) x (Xp)g.
P
where P runs over all parabolic subgroups.
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Proof. For any unbounded sequence y; in X, if it converges to (Hu, 2)
e agy“l‘
sequences that y; converges to 7(Hy) in X°, where 7 is the map in

Proposition 8.1. By [GJT, Lemma 3.28], this defines a continuous map
T: XKk — X =XUX(c0).
For any point H € X = HQ aa(oo), let @ be the unique par-

abolic subgroup such that H € ag(oo). For any parabolic subgroup
P contained in @, let P’ be the corresponding parabolic subgroup
in Mg. Let J C A(P,Ap) such that Q = P;. For any partition
Y : L U-- Ul of A(P, Ap) satisfying I; = A —J, ¥ induces a partition
Y :LhU---Uly of A(P', Apr). For every point H' € a]z;‘/,’Jr(oo), z€ Xp,
then (H,H') € a§’+(oo), (H,H"),z2) € E§’+(oo) x Xp, and the fiber
7 1(H) consists of the union

Upcq Us {((H,H'),2) | H' € aj"(c0), 2 € Xp}

where for each P C @, write ) = Py as above, the second union is over
all the partitions X with I; = A — J. This set can be identified with

in Xg, then it follows from the definitions of convergence of

>/ —K
UP’QMQ Usy ClP,’+(OO) X Xpr = XQ U UP/CMQOP;+(OO) X Xpr,

which is equal to (X¢g)x by definition.
q.e.d.

Proposition 8.6. The identity map on X extends to a continuous
map X g — YM, and this map is a homeomorphism if and only if the
rank of X is less than or equal to 2.

Proof. Tt is clear from the definitions that if an unbounded sequence

y;j in X converges to (Hoo, 200) € H§’+(oo) x Xp in Xk, then y; also

converges in X" to (T(Hso)s 200) € ah(00) X Xp, where 7 is the map
defined in Proposition 8.1. By [GJT, Lemma 3.28], this defines a con-
tinuous map X g — xM By Proposition 8.1, this map is bijective if
and only if 7k(X) < 2. In this case, it is a homeomorphism. q.e.d.

_ Proposition 8.7. Let X be the Karpelevic compactification, and
X i the compactification defined in this section. Then the identity map

. <K =
on X extends to a homeomorphism x : X — Xg.

Proof. The Karpelevic compactification X" is defined in [Ka, §13]
and the construction is fairly complicated. The original definition of

the Karpelevic compactification X" is also recalled in [GJT, Chap. V]

using notations similar to those in this paper. Briefly, X = is defined
inductively on the rank of X. When rk(X) = 1, X" is defined to be
X UX(00) = X°. When rk(X) > 1, for any H € X(c0) = [[pap(c0),
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let P be a unique parabolic subgroup such that H € aj(c0), i.e., P
is the stabilizer of H in G. Let Xy = Xp. Then X is a symmetric
space of rank strictly less than rk(X). By induction, we can assume

that X—HK is defined already. Then define

Xt=xu ] xx"
HeX(o0)
Neighborhoods of boundary points are also defined inductively.

To prove the proposition, by [GJT, Lemma 3.28], it suffices to prove
that any unbounded sequence y; in X that converges in X also con-
verges in X g, and hence we only need to describe the intersection with
X of neighborhoods of boundary points in X which is given in [Ka,
§13.8], [GJT, §5.5] and show that it is contained in the intersection
with X of the neighborhoods of boundary points in X .

For a point (Heo, 200) € Gy’ (00) X Xp, let Hog = (Hoo 1, - - -, Hoo k) €
a]ZJ’Jr(oo), where ¥ : [;U- - -UI} is an ordered partition of A(P, Ap). The
subset Ja = IpU- - -UI} determines a parabolic subgroup Pj, containing
P. Let P’ be the unique parabolic subgroup in M Py, corresponding
to P as in Equation (7) in §2. Then Io U --- U I} can be identified
with A(P’, Aps) and gives an ordered partition ¥’ of the latter. Hence

(Hso, 200) defines a boundary point (H._, zo0) € (XPp,,) » Where H =

[e.9]

(Hoo2s- - -y Hoo ), (Hlo, 200) € Gt (00) X Xpr.

[e.9]

For any point « € X, the directed geodesic from xg to x is denoted by
To, 2, and the geodesic issued from x¢ with direction H 1 by zo, Hoo 1.
Since X is simply connected and nonpositively curved, the geodesic
Tg, x is unique. Denote the angle between two such geodesics at xy by
£ To, T, 9, Hso 1. Let W be the intersection with Xp,, of a neighbor-
hood of (H.,, z0) in (Xsz)K. Identify Ap, x Xp, with a subset of X
by (a,2) € Ap,, x Xp, + az € X. For e > 0,t > 0, define

GK
$Ew ={(a2) € Ap, x Xp, |
d(xo,az) > t, £ Tg,az, x0, Hoeo1 < €,z € W}

Let D be a neighborhood of e in G. Then DS’ft’W is the intersection
with X of a neighborhood of (Heo, 260) in X"

In the following, we use the induction on the rank of X to prove
x5 = X . When rk(X) = 1, both X" and X are isomorphic to
X U X(00), and hence X" =~ Xg. Since rk(Xp,,) < rk(X), we can
assume by induction that

(Xr,) = (Xpy,)




52 A. BOREL & L. JI

Hence, W can be taken to be a subset in XPJ2 of the form

(10) CIS(QI(/J/’V/ = C'{(n/,al,z/) S Np/ X Ap/ X Xp/ |
loga' € Us,d' € Aplyt/,n/a/ € By, (¢), 7 € V’},

where V' is a bounded neighborhood of 2o in Xpr = Xp, Us =
U (HL,), C" a neighborhood of e in Kp,,, and other sets are defined
similarly to those in Equation (7).

For any C’Sft,V, we show that if ”, W, D are sufficiently small and
t” > 0, then

DSy € CSE 4.

We first show that Sg,t”,W is contained in CS{EK%V. We need to show
that for any (a, z) € Sﬁ o w» there exists k € K such that k= € C, and
k(a,z) € Sf,t,v- Write the horospherical decomposition with respect to
P:

(11) kaz = (np,ap,Zp) € Np x Ap x Xp.

Then we need to check the following conditions: (a) ap € Apy, (b)
logap € U, (c) n € Bn,(e), (d) zp e V.
Since W is of the form in Equation (10) and z € W, we can write
z = k'n'd’z, where ¥ € ' C Kp,, n' € Np, d € Api, 2/ € V',
and (n/,d,2') € SEK,7 - When W is sufficiently small, &' € C. Take
= k'~ in Equation (11). Then

[y / !/
kaz = akz =an'a'z’ =n'aa’z’,

where we have used the fact that a € Ap 5, commutes with k,n’ € M Py, -
Hence

np=n', ap=ad, zp=72.
For condition (a), we note that for o € Jo, a® = 1, and hence
a __ & /
ap=a >1

since a’ € Apry, and hence a$, — +oo as W shrinks to (Hx, 200). We
need to show that for o € It = A(Py,, Ap,, ), ap — 400 as well when
e’ — 0, t" — 400, and W shrinks to (H.,, 2o0). By the definition of
GK
Sel/’tll’Wy

4%, az, w0, Hoon < g’
Since k — e as W shrinks to (H., zo0),

LZg,npapzp, To,Hoo1 = Lxg, kaz, xo, Hoo 1

= Lk(To, az), zo,Hsoq — 0
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as W shrinks to (H._, z) and €” — 0, where k(Zg,az) is the geodesic
through z obtained from Zp, @z under the action (or rotation) of k. We
note that

z Zo,apo, anHoo,l < z To,Npapzp, x():Hoo,l-

The reason is that in the decomposition X = NpxApx Xp, Ap = Apxg
is a totally geodesic submanifold in the simply connected, nonpositively
curved manifold X, the geodesic xg, Hx,1 C Ap, and picking out the
Ap-component ap is the orthogonal projection to Ap. Note that there
exist positive constants ci, co such that

cilllogap/[logap| — Heopl| < £ T0,apT0, 0, Hoo,1

< czl|logap/|logap| — He

and hence
(12) [logap/|logap| — Hoo || — 0

as W shrinks to (H.,, zo) and ¢’ — 0. Since Hoo1 € a;SJ (00), for
2

a € I,

a(logap) _ a(Hoo1) 0.

[ogapll  [[Hoonl

To use this result to prove a% — +o00, a € I, we need that ||logap| —

+o00 as t” — +oo. Consider the triangle with vertexes xg, apzo and
kza =npapzp. Since zp € V', d(zp, x¢) is bounded. Since

(13)

(14) ny =n""" = n = p € By, (€')
is bounded,
d(kaz,apxo) = d(npapzp,apxo) = d(n% zp, xg) = d(n,a/ZP,iL‘o)
is also bounded. Then
d(apzo,xo) > d(kaz,z¢) — d(kaz,apxp)

=d(az,x9) — d(kaz,apxp)

> t" — d(kaz,apxo)
goes to infinity as ¢’ — +o0, and hence

|logap| — +o0.

Combined with Equation (13), it implies that as ¢’ — 0, W shrinks to
(H.,2) and t"" — +o0, for « € I,

o0
ap — +oo.
Hence the condition (a) is satisfied.

For condition (b), we need to check the conditions in Equation (5).
Condition (1) follows from condition (a) above. Equation (12) implies
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that for every pair a € I, 3 € Jo, as €’ — 0, " — 400 and W shrinks
o(HL, 2),
flogar)  B(Hea) _ 0
a(logap)  a(Hwa) — a(Hs)
For o, 8 € Ja, a(logap) = a(logd’), B(logap) = B(loga’), and hence

B(logap) _ B(loga’)

a(logap) a(loga’)’
Since loga’ € U.(HL,), the other conditions in Equation (5) are also
satisfied.

To show that the condition (c) is satisfied, we note as in Equation
(14) that

=0.

ng =n'" e By, (€").
Since Np = NPJ2NP/)
naPP € BNP (5)
when & < e. Condition (d) that zp € V is clearly satisfied when
V' C V. This proves that when &”, W are sufficiently small and ¢’ > 0,
SE w C CSE .

3 b
Next we prove that when D is also sufficiently small,

(15) DSE, oy c CSE .
In fact, the only remaining problem is that D is a neighborhood of e in
G instead of in K as C is. To overcome this problem, we note that for
any g; — e, we can write
gj:k‘jmjajnj, kjEK,ijMp,ajEAp,njENp
such that
kj,m;,a;,n; — e.
Then the inclusion in Equation (15) follows from Equation (1) in §2 and
the inclusion S o C CS "+ v 1s proved above.

As pointed out at the beglnnmg of the proof, the inclusion in Equation
(15) implies that any unbounded sequence y; in X which converges in

X" also converges in X . By [GJT, Lemma 3.28], this implies that
the identity map on X extends to a continuous map

XN o X

As mentioned earlier, by induction on the rank, for any H € X (o0),

By Proposition 8.5,

X'=xu [ X" =xu [ Enx
HEX (c0) HeX (o)

I
>
A
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This implies that x is bijective. Since both X" and X g are compact
and Hausdorff, y is a homeomorphism.

Remark 8.8. A corollary of the identification of the topologies of X"
and X g in the above proposition is that the two collections of subsets

DS€K¢,W, CS;(,t,V of X are co-final when ¢ — 0, t — +00, and V ranges

over a neighborhood basis of zo, in Xp, and W over the intersection

with Xp, of a neighborhood basis of (H(, z250) in EK. It does not
seem to be easy to prove this co-finality directly. The reason is that
there is an extra factor np in Sf’ty which does not appear in DS’ft’W.
Since n € Bnp(¢) and npap = apny, it is intuitively clear and
basically implied by the above co-finality that this factor np (or rather
ny’) can be absorbed into C, i.e., npapzp = kapzp, where k € C and
a’p, zp satisfy similar conditions to those satisfied by ap, zp; but it is
not obvious how to do this, because apn’ # n% ap. The issue is how
to relate the two basic decompositions: the Cartan decomposition and
the Iwasawa (or Langlands, horospherical) decomposition. This is also
the basic difficulty in [GJT, Chap. III] to show that the G-action on
X extends continuously to the dual-cell compactification X UA*(X) as
mentioned in the introduction.

q.e.d.
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