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SEQUENTIALLY COHEN-MACAULAYNESS
VERSUS PARAMETRIC DECOMPOSITION OF
POWERS OF PARAMETER IDEALS

SHIRO GOTO, YOSUKE HORIUCHI AND HIDETO SAKURAI

ABSTRACT. This paper proves that parametric decom-
position of powers of parameter ideals characterizes, under
some additional conditions, sequentially Cohen-Macaulayness
in modules together with a certain good property of corre-
sponding systems of parameters.

1. Introduction. Let A be a commutative ring, and let x =
x1,T2,...,24 € A (d > 0) be a system of elements in A. Let M
be an A-module. For each integer n > 1 we put

Agn = {Oé:(al,aza--- ,0q) €Z% | a; > 1

d
for 1 <Vi <d, Zai—d+n—1}.

i=1
Let @ = (z1,22,...,2q) and Q(a) = (a7, 252,...,25") for each
a = (a1,a2,...,0aq) € Ag,. Then we say that the system z sat-

isfies condition (PD) for M, or all the powers of () have parametric
decomposition in M, if the equality

QM= () QoM

a€Mgn

holds true for all n > 1. Here we notice that Q"M C Q(a)M
for every o € Agq, and so, condition (PD) requires the inclusion

Q"M 2 ﬂaeAd,n Q(a)M only.
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The study on condition (PD) started from the paper [7] of Heinzer,
Ratliff and Shah, in which they investigated the case where M = A and
the sequence r = xy,%2,...,xq is A-regular and eventually, showed
that every A-regular sequence satisfies (PD). Subsequently, the first
author and Shimoda [4, 5] focused their attention on the case where
z is a system of elements in the maximal ideal m in a Noetherian local
ring (A, m) and proved several basic results on condition (PD) with
respect to z. Among them one can find that A is a Cohen-Macaulay
local ring if and only if some (hence every) system z = x1, ®a, ... ,z4 of
parameters of A satisfies condition (PD) and each z; is, furthermore,
a non-zerodivisor of A (cf. [4, Theorem (1.1)]). The latter condition
in the if part is, unfortunately, not superfluous ([4, Example (3.6)]).
They then tried to understand the reason why this additional condition
is required for [4, Theorem (1.1)] to hold true, and explored in [5] the
natural question of what happens on a Noetherian local ring (4, m),
if every system of parameters for A satisfies (PD). Their answer [5,
Theorem 1.1] shows that A/HS (A) (here HY (A) denotes the 0% local
cohomology module of A with respect to m) is a Cohen-Macaulay ring
and mHY (A) = (0) whence A is a very special kind of Buchsbaum
local ring, if every system of parameters for A satisfies (PD), provided
d = dimA > 2. In [5, Proposition 2.2] they showed also, focusing
their attention on some special systems of parameters, the parametric
decomposition of powers of parameter ideals holds true in the case
where A is, so-called, an approximately Cohen-Macaulay local ring (see
[3] for the definition of approximately Cohen-Macaulay local rings).

Noetherian local rings whose systems of parameters always satisfy
condition (PD) and approximately Cohen-Macaulay local rings are nat-
urally sequentially Cohen-Macaulay rings (see Section 2 for a brief sur-
vey on sequentially Cohen-Macaulay rings). Therefore, the researches
[4, 5] seem to suggest, overall, that there should be some relation be-
tween the parametric decomposition of powers of parameter ideals and
the sequentially Cohen-Macaulayness in rings and modules. The final
achievement is, however, recently performed by Cuong and Truong [2].

Let us note here their result.

Theorem 1.1 [2, Theorem 1.1]. Let A be a Noetherian local ring
and M a finitely generated A-module with d = dimaM > 0. Let
T = T1,T2,...,Lq be a system of parameters for M, and assume that
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x s a good system of parameters, that is,
(2;1q<j <dMNL=(0)

for every A-submodule L (# (0)) of M with dimaL = gq. Then the
following two conditions are equivalent to each other.

(1) M is a sequentially Cohen-Macaulay A-module, that is M admits
a filtration M = {M;}o<i<¢ (t > 0) of A-submodules

My=0)C M CM G- CMy=M

such that dimaM;_; < dimaM; and M;/M;_; is a Cohen-Macaulay
A-module for all 1 < i <t, where dimyg My = —oo0.

(2) The system z satisfies condition (PD) for M, that is

QM= () QoM

a€Agn

for all n > 1, where Q = (z1, 22, ... ,Z4)-

This remarkable theorem contains [5, Proposition 2.2] as a special
case and one obtains [5, Theorem (1,1)] as a fairly direct consequence of
it. At this moment it gives the most general assertion on the parametric
decomposition of powers of parameter ideals in sequentially Cohen-
Macaulay rings and modules.

The theorem provides, however, no practical way to check whether
a given system x of parameters is good or not, and furthermore, says
nothing about the relation between condition (PD) and the condition
that z is a good system of parameters. This observation has argued the
present research and we are now eager to report a different approach
for the analysis of condition (PD).

Our result is summarized into the following Theorem 1.2, where our
contribution is the implication (2) = (1). Conditions (2) (ii) and (iii)
are automatically satisfied, when z is a good system of parameters for
M (|2, Lemma 2.1]).

Theorem 1.2. Let A be a Noetherian local ring and M a finitely
generated A-module with d = dimqaM > 0. Let x = x1,x3,... ,zq be
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a system of parameters for M. Then the following two conditions are
equivalent to each other.

(1) M is a sequentially Cohen-Macaulay A-module and z is a good
system of parameters for M.

(2) The following three conditions are satisfied.

(1) Q"M = Naen,, Q)M for alln > 1, where Q = (x1,22,... ,q).
(ii) [(0) :pr 2] =1[(0) :pr 4] for alln > 1 and 1 <i < d.
(iii) [(0) :ar 3] C[(0) :pr @wiy1] for all 1 < i < d.

Although conditions (2) (ii) and (iii) play very important roles in
Theorem 1.2, the theorem may still have some significance in the further
analysis of parametric decomposition of powers of parameter ideals,
indicating that condition (PD) involves, more or less, the sequentially
Cohen-Macaulayness in modules and the good property of systems z of
parameters as well.

Let us explain how this paper is organized. We shall prove Theo-
rem 1.2 in Section 3. The proof of the implication (1) = (2) (i) given
in [2] is essentially the same as that of [5, Proposition 2.2]. We will
briefly note the proof for the sake of completeness. In order to prove
the implication (2) = (1) in Theorem 1.2, we need some basic theory
of dimension filtrations, which we will summarize in Section 2. As is
suggested in [2], if @ is an ideal of A generated by a good system of pa-
rameters for a sequentially Cohen-Macaulay module M, the associated
graded module Gg(M) = ®,>0Q"M/Q" M over the graded ring
Go(A) = ®,>0Q"/Q™T! is again sequentially Cohen-Macaulay with
the dimension filtration {G¢(D;) = ®,>0Q"D;/Q" ' D;}o<i<e, where
D = {D;}o<i<¢ denotes the dimension filtration of M. In Section 4 we
shall give a brief proof of this result.

Unless otherwise specified, throughout this paper let A be a Noethe-
rian local ring with the maximal ideal m. Let M be a finitely generated
A-module, and let £ = z1, 22, ... ,z4 (d > 0) be a system of elements in
m. Weput Q = (21,2, ...,2q) and Q; = (21, 22,... ,z;) for 0 < i < d.
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Let Q(a) = (z7*,252,... ,x5?) for each o € Ay, where

Adn:{a:(a17a27"'5ad)ezd|ai21

)

d
for 1 <Vi <d, Zai—d+n—1}.

i=1

Let dimy M = —o0, when M = (0).

2. A brief survey on dimension filtrations. In this section we
shall give a brief survey on dimension filtrations of rings and modules,
which we will need later in this paper.

Let A be a Noetherian ring, which is not assumed to be a local
ring. Let M (# (0)) be a finitely generated A-module with finite Krull
dimension, say d = dim4 M. We put

AsshqyM = {p € SuppsM | dim A/p = d}.

Then
AsshqaM C Ming M C Asss M.

Let S = {dim4L | L is an A-submodule of M, L # (0)}. We then have
S={dimA/p|pe AssgM}.

Let ¢ = #S. We number the elements {d; }1<i<¢ of S with di < da <
-+ < dg and put dy = 0. Then, because the base ring A is Noetherian,
for each 1 < i < £ the A-module M contains the largest A-submodule
D; with dimyD; = d;. Therefore, letting Dy = (0), we have the
filtration D = {Di}OSiSZ

Dy=(0)CDCDyC---CDy =M

of A-submodules of M, which we call the dimension filtration of M.
The notion of dimension filtration was firstly given by Schenzel [8],
where he gave several characterizations of dimension filtrations. Our
notion of dimension filtration is somewhat different from that of [1, 8],
but throughout our paper let us utilize the above definition. It is then
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standard to check that {D;}o<;<; (respectively {D;/D;}i<j<¢) is the
dimension filtration of D; (respectively M/D;) for every 1 <i < /.

We put Ci = Di/Di,1 for 1 S i S /.

Definition 2.1 [8, 9]. We say that M is a sequentially Cohen-
Macaulay A-module, if C; is a Cohen-Macaulay A-module for all
1<i</.

Let us note here two characterizations of the dimension filtration
D= {Di}OSiSE of M. Let

©= ) M@

pEAssa M

be a primary decomposition of (0) in M, where M (p) is an A-submodule
of M with AssaM/M(p) = {p} for each p € AssyM. With this
notation we have the following.

Proposition 2.2 [8, Proposition 2.2, Corollary 2.3]. The following
assertions hold true.

(l) D; = anASSAM, dimA/pZd,urlM(p) for all 0 <7 < £.

(2) Let 1 <i < (. Then AsssC; = {p € Ass,M | dim A/p = d;} and
AssgaD; = {p € AssaM |dim A/p < d;}.

(3) AssaM/D; = {p € AssaM | dim A/p > dj11} for all 1 <i < L.

The second characterization of the dimension filtration is the follow-
ing, which plays an important role in our proof of Theorem 1.2. The
result might be known but let us include a brief proof.

Theorem 2.3. Let M = {M;}o<i<: (t > 0) be a family of A-
submodules of M such that

(ii) dimaM;_1 < dimaM; for all 1 < i < t.

Assume that AssgM;/M; 1 = Asshy M;/M; 1 for all 1 <i <t. Then
t =4 and M; = D; for every 0 <i < /.
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Proof. We put m; = dimaM; for 1 < ¢ <t¢. Then dimaM;/M;_1 =
m;, thanks to condition (ii). Let p € Ass4 M. Then since

t
Assa M C UAssAMi/Mi_l,
i=1

we have p € AssqaM;/M;_; for some 1 < i < ¢, whence dim A/p =
m; because AssgM;/M; 1 = AsshaM;/M; 1. Therefore dim A/p €
{my,ma,... ,m;} for all p € AssgM, whence S C {my,ma,... ,m:}
because S = {dim A/p | p € AssaM}. Thus t = £ and m; = d; for all
1 <4 <4, sothat M; C D; for all 0 < ¢ < £ by the definition of D;. We
want to show M, = D;. To see this, since {D; }yg<;<; is the dimension
filtration of D;, without loss of generality we may assume that ¢ = £—1.
Suppose Dy_1/My_1 # (0) and choose p € AssgDy 1/M;_;. Then
because p € Assgy M /M, 1, we have dim A/p = d, so that [D;_;], = (0)
since dimyDy_; < d, which is impossible. Thus Dy_; = My,_; as is
wanted. ]

Corollary 2.4 [8, Proposition 4.3]. Suppose that A is a local ring.
Then M 1is a sequentially Cohen-Macaulay A-module if and only if M
admits a Cohen-Macaulay filtration, that is, a family M = {M;}o<i<t
(t > 0) of A-submodules of M with

My=(0)C My G My G- C My =M
such that
(1) dimyM;_; < dimgM; and
(ii) M;/M;_1 is a Cohen-Macaulay A-module for all 1 <3 <'t.

Remark 2.5. Let R = ®,czR,, be a Noetherian H-local graded ring
with the unique H-maximal ideal 9t ([6, Definition 1.1.6]). Assume
that 9 is a maximal ideal in R, and let M (# (0)) be a finitely
generated graded R-module. Then M admits the dimension filtration
D = {D;}o<i<¢ consisting of graded R-submodules. Thanks to The-
orem 2.3, Corollary 2.4 holds true also for the graded R-module M,
because

ASSRMi/Mi,:l = ASShRMi/Mi,]_

for all 1 <7 <t, once M;/M; 1 is Cohen-Macaulay.
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Let f : A — B be a flat local homomorphism of Noetherian local
rings, and assume that M is a finitely generated A-module which admits
the dimension filtration D = {D;}o<i<¢. Then the family

D®aB={D; ®a B}o<i<e
of B-submodules of M ® 4 B is a filtration
D0®AB:(0) §D1®AB§D2®ABQ gD£®AB:M®AB

OfM®AB with [DZ®AB]/[D1,1®AB] = Cz®AB and dimBDi®AB =
d; + dim B/mB, where m denotes the maximal ideal of A. Hence

dimpD;_1 ®4 B < dimpD; ®4 B

for all 1 < i < {. Recall that AsspC; ®4 B = Upcass,c; AssgB/pB for
1 <i < /. We then furthermore have the following.

Proposition 2.6. The following conditions are equivalent.
(1) D®4 B is the dimension filtration of M ® 4 B.
(2) AsspB/pB = AsshgB/pB for every p € Assa M.

Proof. (1) = (2). Let p € AssaM, and let dim A/p = d; with
1< </{. Then p € Ass4C; by Proposition 2.2 (2). Hence for each q €
AsspB/pB we have q € AsspC;® 4 B, so that dim B/q = dimpD; ® 4 B
again by Proposition 2.2 (2), because D® 4 B is the dimension filtration
of M ®4 B.

(2) = (1). Thanks to Theorem 2.3, we have only to show
AsspC; @4 B = Asshp(C; ®4 B

for every 1 < ¢ < {. Let q € Assg(; ®4 B and choose p € AsssC;
so that q € AssgB/pB. Hence p € AssyM and dim A/p = dim4C;
by Proposition 2.2 (2). We then have AsspB/pB = AsshpB/pB by
assumption (2), whence
dim B/q = dim B/pB = dim A/p + dim B/mB
=dimC; + dlmB/mB =dimgC; ® 4 B.

Thus AsspC; ®4 B = AsshgC; ® 4 B. ]
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Corollary 2.7 (cf. [8, Theorem 6.2]). The following conditions are
equivalent.

(1) M s a sequentially Cohen-Macaulay A-module and B/mB is a
Cohen-Macaulay ring.

(2) M ®4 B is a sequentially Cohen-Macaulay B-module and
ASSBB/pB = ASShBB/pB
for every p € Assa M.

Proof. (1) = (2). The B-module C; ® 4 B is Cohen-Macaulay for all
1 <i< /. Hence M ®4 B is, by Theorem 2.3, a sequentially Cohen-
Macaulay B-module with D ® 4 B the dimension filtration, so that
AsspB/pB = AsshpB/pB for every p € Assy M by Proposition 2.6.

(2) = (1). By Proposition 2.6 D ®4 B is the dimension filtration of
M ® 4 B. Because C; ® 4 B is a Cohen-Macaulay B-module, so is the A-
module C; for all 1 <7 < ¢, whence the ring B/mB is Cohen-Macaulay
and the A-module M is sequentially Cohen-Macaulay. o

Corollary 2.8. Suppose that A is a local ring with the mazximal ideal
m. Then the following two conditions are equivalent.

(1) M is a sequentially Cohen-Macaulay A-module.

(2) Misa sequentially Cohen-Macaulay A-module and for every p €
AssgM the ring Afp is unmized, that is, Ass;A/pA = AsshA/pA,
where ¥ denotes the m-adic completion.

When this is the case, the dimension filtration of M is given by the
completion D = {D; }o<i<¢ of the dimension filtration D = {D;}o<i<s
of M.

Since A/p is unmixed for every prime ideal p in a Cohen-Macaulay
local ring A, by Corollary 2.8 we readily get the following.

Corollary 2.9. Suppose that A is a homomorphic image of a Cohen-
Macaulay local ring. Then M is a sequentially Cohen-Macaulay A-
module if and only if so is the A-module M.
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Remark 2.10. Unless A is a homomorphic image of a Cohen-Macaulay
local ring, the A-module M is not necessarily a sequentially Cohen-
Macaulay A-module, even though M is a sequentially Cohen-Macaulay
A-module. For instance, let us look at Nagata’s bad example, that is,
a non-regular Noetherian local integral domain (A, m) with dim A = 2
and e (A) = 1, where €% (A) denotes the multiplicity of A with
respect to the maximal ideal m. Then A is certainly not a sequentially
Cohen-Macaulay local ring, while so is the completion A, because
A2 E[X,Y, Z]]/((X)N(Y, Z)) with k[[X, Y, Z]] the formal power series
ring over a field k.

Suppose that A is a local ring and d = dimgaM > 0. Let z =
T1,T2,...,Tq be a system of parameters for M. Let D = {D;}o<i<s
be the dimension filtration of M.

Definition 2.11 [1, Definition 2.2]. We say that z is a good system
of parameters for M, if

(0 1a<j <MNL=(0)
for every A-submodule L (# (0)) of M with dimaL = gq.

Since every A-submodule L of M with dim 4L = q is contained in D;
such that dim 4 D; = g, this condition is equivalent to saying that

($J|d1<]§d)MﬂD1:(0)

for all 1 < i < £. Therefore, when A is a local ring and d = dim o M > 0,
good systems of parameters for M do exist (see [1, Lemma 2.5]).

We close this section with the following.

Proposition 2.12 [2, Lemma 2.1]. Suppose that A is a local ring and
d=dimasM > 0. Letz = x1,x2,... ,24 be a good system of parameters
for M. Then [(0) :pr ;] = D; for all 0 < i < £ and 1 < j < d such
that d; < 7 < di+1.

3. Proof of Theorem 1.2. The purpose of this section is to prove
Theorem 1.2. For the purpose we need a few results of [2, 4]. Let us
note them for the sake of the reader’s convenience.
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Let A be a Noetherian local ring with the maximal ideal m, and

let M be a finitely generated A-module. Let z = z1,z9,...,24
(d > 0) be a system of elements in the maximal ideal m. We put
Q= (z1,22,...,2q4) and Q; = (z1,22,...,2;) for 0 < i < d.

We begin with the following, which are also summarized in [2, Lemma
3.3.

Lemma 3.1 [4, Lemma (3.1)]. Let a € A, and assume that
[(0) :ar a™] € aM for all n > 1. Then a is a non-zerodivisor on
M.

Proposition 3.2 [4, Proof of Lemma (3.2)]. Suppose that z =
x1,T2,...,2q satisfies condition (PD) for M. Then the following
assertions hold true.

(i) [Qa—1M :ar zl] € QM + [(0) :as z7] for all n > 1.

ii) For all 1 < i < d the system x1,x2,...,x; satisfies condition
(PD) for M.

The following result is also summarized in [2, Lemma 3.4]. But let
us include a brief proof for the sake of completeness.

Corollary 3.3. Assume that z satisfies condition (PD) for M and
that [(0) :ar 2] = [(0) :ar @;] for alln > 1 and 1 < i < d. Then
for all integers 1 < i < j < d, the element x; is a non-zerodivisor on
M/(Qi—1M +[(0) :p z;]), and hence the equality

[Qi—1 M :py @3] = Qica M +[(0) 21 ]
holds true.

Proof. Since condition (PD) is independent of the order of the
elements x1, 2, ... , x4, without loss of generality we may assume that
i =j. Let 1 < i < d, and put N = M/(Qi—1M + [(0) :ar zi]).
Let ¢ € M, and assume that 2@ = 0 in IV for some integer n > 1,
where @ denotes the image of ¢ in N. Then by Proposition 3.2 (ii) the
subsystem z’ = 1, x2,... ,x; of z also satisfies condition (PD) and so,
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n+1

because z; "¢ € Q;_1M, applying Proposition 3.2 (i) to the system

z', we get
(RS [QiflM M ZL‘?+1] - QiM + [(0) M m?ﬂ] = QiM =+ [(0) M a:,]

Hence ¢ € z; N, so that by Lemma 3.1 z; is a non-zerodivisor on N. O

We are now ready to prove Theorem 1.2. Let d = dimyM > 0 and
assume that £ = xq,xs2,..., %, is a system of parameters for M. The
proof of the implication (1) = (2) (i) given in [2] is essentially the same
as that of [5, Proposition 2.2]. Let us briefly include the proof for the
sake of completeness.

Proof of Theorem 1.2. (1) = (2). See Proposition 2.12 for assertions
(ii) and (iii) (for assertion (ii) notice that zi*,z5%,...,z}* is also a
good system of parameters of M for all positive integers n;’s). We
shall prove that z satisfies condition (PD). Let D = {D;}<;<¢ be the
dimension filtration of M. By induction on ¢ we will show that

Q"M= () QoM

UteAd,n

for all n > 1. If £ = 1, then M is a Cohen-Macaulay A-module,
whence the assertion follows from [7] (see [5, Lemma 2.1] also; recall
that zq, z3,... , 24 is an M-regular sequence).

Suppose that £ > 1 and that our assertion holds true for £ — 1. Let
n > 1 be an integer. Then because N = M/D,_; is a Cohen-Macaulay
A-module with dimy N = d and z is a system of parameters for IV, we
get

Q"N= (] Qa)N.
aGAd’n
Let € Naea,,, Q(a)M. We then have T € Q"N where Z denotes the
image of x in IV, whence

x € QnM—FDe,l.

Let us write x = y 4+ z with y € Q™M and z € Dy_;. Then, because
z € Q(a)M, we have z € Q(a)M N Dy_1 so that z € Q(a)Dy_4 for
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each o € Ay, (recall that z{*,25?,... ,25¢ forms a regular sequence
on N=M/Dy_1). Weput ¢ =dimsDy ;. If ¢ =0, then @D, ; = (0)
because z is a good system of parameters for M, so that z = 0 whence
x =y € Q"M. Suppose that ¢ > 0. Let B8 € A, , and look at the
element

a = (ﬂlaﬁ%"' 7/8(1’]-7"' a]-) S Ad,n-
‘We then have

z€Q(a)Dp_y = (2,28, . .. ,xf‘I)Dg,l,

because (z; | ¢ < j < d)D¢-1 C(zj | qg<j<dMnNDy=(0). Thus

ze [ Qu(B)Di-s,

BEAgn

whence, thanks to the hypothesis of induction on ¢, we get z € Qf D1,
because z,x2,...,7, is also a good system of parameters for the
sequentially Cohen-Macaulay A-module D, ;. Hence z € Q"M so
that we have © € Q™M as is claimed.

(2) = (1). Foreach 0 < i <d+1 let

(0) (i =0),
M (i=d+1).

Then £ = {L;}o<i<d+1 is a family of A-submodules of M such that

Lo=(0)C L C---CLgC Lgy1 =M.
We need the following.

Claim 3.4. The sequence x1,Za,...,2z; 18 M/L;-reqular for all
1<i<d.

Proof of Claim 3.4. Let 1 < k <iand ¢ € [(Qr_1M + L;) :pr ]
Then
(zizk)p € Q1 M,
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whence
zip € [Qk1M inr 2] C [Qr 1M s 23] = Q1 M +[(0) :ar @]
C Qr—1M + [(0) a1 w4,
thanks to conditions (i), (i) and (iii) together with Corollary 3.3. Hence
z?p € Qr_1M, so that
¢ € [Qk 1M iy &F] = Q1M +[(0) :ar 2]

again by Corollary 3.3. Thus zy is M/(Qr—1M + L;)-regular, whence
x1,T2,...,2; is an M/L;-regular sequence. u]

We then have the following. Consequently the filtration £ =
{Li}o<i<d+1 of M involves the dimension filtration D = {D;}o<i<¢
inside (cf. Theorem 2.3), so that M is a sequentially Cohen-Macaulay
A-module.

Claim 3.5. Let 1 <i < d and assume that L;/L;_1 # (0). Then

(1) dims L; =i — 1.

(2) L;/L;_; is a Cohen-Macaulay A-module with dimaL;/L; 1 =
1 — 1.

Proof of Claim 3.5. Apply the depth lemma to the exact sequence
0— Li/Li,1 — M/Li,1 — M/Li — 0

and we get depthyL;/L; 1 > i — 1, because depthayM/L; 1 > i —1
and depthqaM/L; > i by Claim 3.4. Hence

dll’nALz Z dlIl’lALl/Lz_l Z depthALi/Li_l 2 1 — ].,

so that dimsL; = i — 1 and the A-module L;/L; ; is Cohen-Macaulay
of dimension ¢ — 1, because dimsL; < ¢ — 1 (recall that (z; | i < j <
d)L; = (0) by condition (iii)). O

Let us now check that x = x1,22,...,z4 is a good system of
parameters for M. To see this, it suffices to show that

(Ij|dl<]§d)MﬂD1:(0)
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for all 1 < ¢ < ¢. We have nothing to prove when ¢ = 1. Suppose that
¢ > 1 and that our assertion holds true for ¢ — 1. Let

Then 1 <i<dand L,y € L; = Dy_1. Hence

QDy 1 = (z1,22,... ,&i-1)Dy_1,

because Dy_1 = L; and (z; | ¢ < j < d)L; = (0), thanks to condition
(iii). Therefore if # = 1 (hence ¢ = 2), then QD,—; = (0), so that
QM N Dy 1 =QDp 1 =(0) (recall that the sequence x1,zs,... ,Zq is
regular on M/D,_;). Hence z is a good system of parameters for M.
Suppose that ¢ > 1. Then z1,z2,... ,z;—1 is a system of parameters

for Dy_y, as dimyDy—1; = ¢ — 1 by Claim 3.5. On the other hand,
thanks to Proposition 3.2 (ii), letting q = (21,22, ... ,2;—1), we get

N a@Derc () a@M=q"M,
a€Ni_1,n a€li—1,n

whence

(| a(@)Dey =q" Dy

a€Ni—1,n

for all n > 1, because q"M N Dy_; = q"Dy_1 (use the fact that
x1,&2,... ,T;—1 is aregular sequence on M/D,_1). Thus conditions (i),
(ii) and (iii) of assertion (2) are satisfied for the system z1,x2,... ,;—1
of parameters of the sequentially Cohen-Macaulay A-module Dy,
whence the hypothesis of induction on ¢ yields that z1,z2,... ,z;_1 is
a good system of parameters for D,_;. Consequently the whole system
x is a good system of parameters for M, because the A-module D,
admits the dimension filtration {D;}o<;j<¢—1 and

(Ik|dj <k§d)MﬂDg_1 :(l‘k|dj <k§d)D5_1
:($k|dj<k§i—1)Dg_1

for all 1 < j < £. This completes the proof of Theorem 1.2. ]
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4. Sequentially Cohen-Macaulayness in the graded modules
associated to sequentially Cohen-Macaulay modules. In this
section let us maintain the same notations as in Section 3. For each
A-module L we put

Ro(L) =P QL
nez

Ro(L) =@ Q"L, and
n>0

Go(L) =P Qe L/Q 'L,
n>0

where we regard graded modules over the graded rings

R'o(4) =P Q", Ro(4) = Q", and Go(4) = P Q"/Q"™

neczZ n>0 n>0

respectively. The purpose is to prove the following, which fairly readily
follows from the argument in [2, Section 4]. Let us note a quick proof.

Theorem 4.1. Assume that M is a sequentially Cohen-Macaulay
A-module and that x = x1,T2,... ,Tq 1S a good system of parameters
for M. Then Ry (M), Ro(M) and Gq(M) are sequentially Cohen-
Macaulay modules over the graded rings Ry (A), Rq(A), and Gg(A)
respectively.

Proof. Let D = {D;}o<i<¢ be the dimension filtration of M and
C; = D;/D; 4 for 1 < i < £. Then, since z is a good system
of parameters for the sequentially Cohen-Macaulay A-module M, by
induction on the length ¢ of the dimension filtration we have the
equality

Q"D;ND;1 =Q"D;_1=Qy,_,D;_1 and
Q"MND; =Q"D; = Qy.D;

for all integers 1 < i < fand n € Z. Let 1 < i < ¢. We then have,
thanks to the first equality, the canonical exact sequence
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of graded R, (A)-modules, which involves the exact sequences
0— RQ(Di_l) — RQ(D;) — RQ(CZ) — 0 and

0— GQ(Di_l) — GQ(DZ) — GQ(CZ') —0

of graded R (A)-modules and graded Gg(A)-modules respectively. We
similarly get by the second equality the embeddings

0 — Rg(Di) = Rp(M),
0—)RQ(D1') —)RQ(M), and

0— GQ(Di) — GQ(M)

of graded modules. On the other hand, letting q = (21, 2,... ,z4,),
we see that Ry (C;) = Ry(C;) since QC; = qCj, so that Ry(C;) is a
Cohen-Macaulay graded Rj(A)-module, because q is a parameter ideal
for the Cohen-Macaulay A-module C;. Since RH(A) = Ri(A)[z] |
di < j < d| where z} denotes z; considered to be the element
of degree 1 in the graded ring Ry(A) = ®nez@" and since the
elements z7 (d; < j < d) kill R;(C;), we then have that Rg(C;)
is a Cohen-Macaulay graded Rg,(A)-module of dimension d; + 1. This
argument works also to show that Rg(C;) is a Cohen-Macaulay graded
Ro(A)-module of dimension d; + 1 (respectively dimension 0) if d; >
1 (respectively d; = 0) and Gg(C;) is a graded Gg(A)-module of
dimension d;. Hence, thanks to the graded version of Corollary 2.4 (cf.
Remark 2.5), all of them are sequentially Cohen-Macaulay modules
with the dimension filtrations {R{,(D;)}o<i<e, {Rq(Di)}o<i<e, and

{Go(D;)}o<i<e respectively. O

Remark 4.2. Even though G (M) is a sequentially Cohen-Macaulay
graded Gg(A)-module for some ideal @) generated by a good system of
parameters for M, a finitely generated module M over a Noetherian
local ring A is not necessarily sequentially Cohen-Macaulay. For
instance, let us again look at Nagata’s bad example, that is a non-
regular Noetherian local integral domain (A4, m) with dim A = 2 and
9 (A) = 1. The completion Aof Aisa sequentially Cohen-Macaulay
local ring. Let us choose an ideal q of A so that q is generated by a
good system of parameters for A. Let Q =qNA. Then q = QA and
so, @ is a parameter ideal in A also generated by a good system of

e
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parameters; actually every system of parameters for A is good, because
A is an integral domain. We have by Theorem 4.1 G (A) = G4(A) to
be a sequentially Cohen-Macaulay graded ring, while A itself is never
sequentially Cohen-Macaulay.
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