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This paper presents a set of fully analytical solutions, together with explicit expressions, in the time and frequency domain for
the heat conduction response of homogeneous unbounded and of bounded rectangular spaces (three-, two-, and one-dimensional
spaces) subjected to point, line, and plane heat diffusion sources. Particular attention is given to the case of spatially sinusoidal,
harmonic line sources. In the literature this problem is often referred to as the two-and-a-half-dimensional fundamental solution
or 2.5D Green’s functions. These equations are very useful for formulating three-dimensional thermodynamic problems by means
of integral transforms methods and/or boundary elements. The image source technique is used to build up different geometries
such as half-spaces, corners, rectangular pipes, and parallelepiped boxes. The final expressions are verified here by applying the
equations to problems for which the solution is known analytically in the time domain.

1. Introduction

Problems in thermodynamics can often be solved with the aid
of formulas or expressions known as Green’s functions. These
functions, or fundamental solutions, relate the field variables
(heat fluxes and temperatures) at some location in a solid
body caused by thermodynamic sources placed elsewhere in
the medium.

The fundamental solutions most often used are point
sources in a three-dimensional (3D), infinite homogeneous
space; line sources acting within two-dimensional (2D)
spaces; and plane sources heating one-dimensional (1D)
spaces. The reason for these choices is that these three
fundamental solutions are known in closed-form in time
domain and have a relatively simple structure [1].

They are frequently combined to simulate heat conduc-
tion in the time domain or in a transform space defined by the
Laplace transform, in half-spaces, infinite plates, rectangular
2D spaces, wedges, and rectangular 3D spaces [1-3]. Solutions
have also been proposed to deal with multilayer systems, and
they include the matrix method [1], the thermal quadrupole

method [3], the thin layer method [4], and methods based on
the definition of potentials [5-7]. Chen et al. have described
the use of image method to solve 2D and 3D problems in
unbounded and half-space domains containing circular or
spherical shaped boundaries [8-10].

This paper compiles alternative fundamental solutions
in explicit form, specifically Green’s functions for harmonic
2D and 3D and harmonic (steady state) line sources whose
amplitude varies sinusoidally in the third dimension. This last
solution, which is often referred to in the literature as the 2.5D
problem, can be of significant value when formulating 3D
thermodynamics problems via boundary elements together
with integral transforms. In addition, the proposed Green’s
functions are combined using an image source technique
to model a half-space, a corner, a layer system, a laterally
confined layer system, a solid rectangular column, a solid
rectangular column with an end cross section, and a 3D
parallelepiped inclusion. To the best of our knowledge, this
is the first such derivation that promises to be efficient for
formulating 3D thermodynamics problems using boundary
elements and integral transforms.
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Time domain solutions are obtained by applying inverse
Fourier transforms, using complex frequencies to avoid alias-
ing phenomena. These solutions are validated by comparing
computed responses with those obtained directly in the time
domain.

2. Fundamental Solution

The transient heat transfer by conduction in an infinite,
homogeneous space can be described by the diffusion equa-
tion in Cartesian coordinates:

a_2 + a_z + a_z T = la_T (1)
ox2  oy* 0z2) Kot
in which ¢ is time, T(x, y, z,t) is the temperature at a point
(x,y,2) in the domain, and K is the thermal diffusivity
defined by A/(pc), where A is the thermal conductivity, p is
the density, and c is the specific heat of medium.
The solution of (1) can be obtained in the frequency

domain after the application of a Fourier transform in the
time domain, which leads to the following equation:

<v2 . (J%))m P )

where i = V-1, k; = v/—iw/K and w is the frequency.

Consider first an infinite, homogeneous space subjected
at (xy, ¥p»2y) to a harmonic point heat source of the form
O(x —x0)0(y — y)0(z — zo)eiwt. In this expression, §(x — x;),
0(y—y,), and 8(z — z,)) are Dirac delta functions, and w is the
frequency of the source. The response of this heat source can
be expressed by

e—\/iw/K\[r2+(z—zo)2
-, ()
22 + (z - zp)

where r = \/(x —x0)% + (¥ — yp)*

Consider next an infinite, homogeneous space subjected
to a spatially varying line heat source of the form &(x —
x0)0(y — y,)€"“ %2 with k_ being the wavenumber in z.
This source acts in one of the three coordinate directions,
passes through (x,, ¥,), and varies sinusoidally in the z (i.e.,
third) dimension. This type of source is often referred to in
the literature as a 2.5D source. The response to this source can
be obtained by applying a spatial Fourier transform in the z
direction to the equations for a point heat load.

Applying a Fourier transformation in the z direction leads
to the solution

Tf (x, y,z,0) =

- —i
Tf (x’ Y kz’ w) = aHO (klzr) > (4)

\/—iw/K — k2, Hy() are Hankel functions of the
second kind and order 0.

The full 3D solution can then be achieved by apply-
ing an inverse Fourier transform in the k, domain. This

where k,, =
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inverse Fourier transformation can be expressed as a discrete
summation if we assume the existence of virtual sources,
equally spaced at L, along z, which enables the solution to
be obtained by solving a limited number of 2D problems,

: . (5)
H, (\/—E - kﬁmr) ¢ tkam?,
K

with k,,, being the axial wavenumber given by k., =
(2m/L ,)my,. The distance L, chosen must be big enough to
prevent spatial contamination from the virtual sources.
Equation (4) can be further manipulated and written as a
continuous superposition of heat plane phenomena,

T¢(x . 2,w)

. M
_2m—i y
L4\,

="M

Ty (5 ko)
= __l JH)O _e_iklley_ynl e*ikx(xfxo)dk (6)
47A Jooo kypx *

where k,,, = /-iw/K -k - k% and Im(k,,,) < 0, and the
integration is performed with respect to the horizontal wave
number (k, ) in the x direction.

Assuming the existence of an infinite number of virtual
sources, we can discretize these continuous integrals. The
integral in the above equation can be transformed into
a summation if an infinite number of such sources are
distributed along the x direction, spaced at equal intervals L.
The above equation can then be written as

_ n=+00 E
ko5 (L) o

n,=—oo 1zn

where EO = _l/(ZALx)’ E = e*ik]zn|}’|, Ed — e*ikn(X)) k —

1zn
\-iw/K — k2 — k% and Im(k,,,) < 0, and k, = (27/L)n,,
which can in turn be approximated by a finite sum of
equations (N). Note that k, = 0 is the 2D case, T f(x, Y, w) =

Ey Y1 (E/k,,)E, with ky,, = \|-iw/K — K2,

Nn,=—00

Next, the above Green’s functions are combined so as
to define Greens functions for a half-space, a corner, a
single layer system, a U system, a solid rectangular pipe, a
solid open box, and a 3D parallelepiped box. Expressions in
frequency and time solutions are provided. The time solutions
obtained after the application of inverse spatial and frequency
Fourier transforms are compared with those given by Green’s
functions defined directly in the time domain.

Green’s functions for the different spaces are determined
using the image source method. By this method a distribution
of virtual sources and sinks are combined so as to give
null temperatures (Dirichlet boundary conditions) or heat
fluxes on the required boundaries (Neumann boundary
conditions). Other boundary conditions, such as Robin,
are not studied in this paper. In the case of solid bodies
bounded by two parallel surfaces the number of sources,
placed perpendicular to the surfaces, is theoretically infinite.
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TABLE 1

mn — \2

ll]k \/(x ) + " (zi)
X=X~ X, =Y~ Zy =Z -2
X, =X+ x,—2d,l yl—y+y0—2d2m Z,=2+2zy-2dsn
X, = x+xy+2d,(1-1) Y, =Y+ Y +2d,(m—-1) Z,=2+2zy+2d;(n—1)
X3 =X —x,—2d,l V=Y~ Y —2d,m Zy=2—2y—2dsn

X4 =X — Xy +2d,1

Vi=Y— Yo t2dm

Z,=2—2y+2d;n

The superscripts I, m, and n identify the position of the virtual sources along the x, y, and z directions, respectively. The upper value of [, m, and » is defined
by the convergence criteria. Each value of [, m, and n is associated with four possible source positions, which are identified by the subscripts i, j, and k for the
x, ¥, and z directions, respectively. Thus, i, j, and k may take the values of 1, 2, 3, and 4.

The use of complex frequencies allows the contribution of
the sources placed at greater distances to vanish and so to
limit the number of the virtual sources. The use of complex
frequencies with a small imaginary part, taking the form w, =
w—in (where w = 0.7Aw and Aw is the frequency increment),
has the additional effect of avoiding the aliasing phenomena.
This shift in the frequency domain is subsequently taken
into account in the time domain by means of an exponential
window, e, applied to the response.

Green’s functions are validated assuming that the medium
is subject to a Dirac delta source. This type of source would
require the solution to be computed in the frequency domain
[0.0,00] Hz. However, the response does not need to be
computed for a very large number of frequencies since it
decays very quickly as the frequency decays. Note that the
static response for the frequency 0.0 Hz can be calculated
thanks to the use of complex frequencies.

The number of virtual sources used depends directly on
the predefined convergence criterion. As we move from one
dimension to two dimensions and then to three dimensions,
the number of sources grows significantly. Thus, although
the method converges rapidly, the cost of computation grows
significantly as we move from a one-dimensional to a three-
dimensional problem.

3. Green’s Functions

Green’s functions in the time and frequency domain will be
grouped for the following three cases:

(i) unbounded space, which includes Green’s functions
for 1D, 2D, and 3D sources;

(ii) two-dimensional space, which contains Green’s func-
tions for a half-space, a space bounded by two perpen-
dicular planes, a single layer system, a U system, and a
solid rectangular pipe, when subjected to 2D and 3D
sources;

(iii) three-dimensional space, which compiles Green’s
functions for point sources placed in a solid open box
and in a 3D parallelepiped box.

Special attention is given to the 2.5D solution in all cases since
itenables the computation of the 3D heat field as a summation

of 2D sources with varying spatial wavenumbers. Different
boundary conditions are assumed and combined, namely,
null temperatures or null heat fluxes. For each case, a scheme
of the geometry is first illustrated (Figures 9-16) and then
Green’s functions are presented in the time and frequency
domains. To verify the proposed solutions, responses in the
time domain are included and computed directly in the
time domain and in the frequency domain. A selection of
results is presented in Figures 1-8 to illustrate the agreement
between different solutions. Each figure includes a legend that
indicates the comparisons performed.

All results showed a good agreement between the differ-
ent formulations for all cases.

In the examples provided the Dirac delta source is
positioned at the coordinate (x, = 0.2m, y, = 0.1m,z, =
0.15m). This medium is homogeneous and is characterized

by a thermal conductivity of A = 426.0 W-m™'-°C ", a density
p = 10500.0kg - m~, and a specific heat ¢ = 235.0] - kg ™' -

ol Computations are performed in the frequency range
[0.0,40.96] Hz with a frequency increment of 0.01 Hz. The
heat field is computed at the receiver point R (x = 0.25m, y =
0.15m,z = 0.05m). The responses obtained with the time
formulation (used to validate the frequency formulation) are
determined for a time window [0.0, 100.0] s with a time step
of 0.0061 s. Depending on the type of geometry the medium
may be bounded by planes placed at x = 0.0m, y = 0.0m,

=00m,x =d, = 030m,y = d, = 0.25m, or/and
z=dy=020m.

The notation in Table 1 is used.

o

3.1. Unbounded Space. See Figure 9.

Equations for an Unbounded Space, Assuming 1D, 2D, and 3D
Heat Sources. 1D source is as follows:

e—|yo|2/41<r
T )t =T
(y.t) pC(47‘[KT)1/2 ©
7 _ik1|70|
—ie
T(y,w)=—
(nw) =5 k
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FIGURE 1: Responses for an unbounded space: (a) 1D heat source; (b) 2D heat source; (c) 3D heat source.
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FIGURE 2: Response for the half-space (Case 1): (a) 2D heat source; (b) 3D heat source.
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FIGURE 3: Response for the bounded space defined by x < d; and y > 0 (Case 3): (a) 2D heat source; (b) 3D heat source.

1.0 . . . . 2'0
508 _
by SR
2 06 2
ot 210
2 04 g
= <
g 0.5
< 0.2
0 : : : : 0
0 10 20 30 40 50 60 70 80 90 100
Time (s) Time (s)
— Time formulation —— Time formulation
—— Frequency formulation —— Frequency formulation
—— Frequency formulation (as the sum of 2.5D sources)
(a) (®)
FIGURE 4: Response for the horizontal layer (Case 3): (a) 2D heat source; (b) 3D heat source.
1.0
2‘0 ...........................................
~ 0.8 ~
& &
‘2 06 IE 1.5
3 3
'é 0-4 Vé 1.0 T
= &
g g
< 02 < 05
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (s) Time (s)
—— Time formulation —— Time formulation
—e— Frequency formulation —— Frequency formulation
—s— Frequency formulation (as the sum of 2.5D sources)
(a) (b)

FIGURE 5: Response for the U system (Case 3): (a) 2D heat source; (b) 3D heat source.
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FIGURE 6: Response for the solid rectangular pipe (Case 3): (a) 2D heat source; (b) 3D heat source.
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FIGURE 7: Response for the solid open box: (a) Case 2; (b) Case 3.
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Case 1
z

Y

FIGURE 9: Unbounded space.

2D source is as follows:

e—(r33)2/41<r

T X, ;t e e—)
(. 71) pc (4nK7)
00
T (x, y,w) = Ho (kl”oo)>
)
i 2.8 e_ikannl ik %
T (x, y,0) = [ o Hea(Xo)
2)‘Lx nX:Z—:oo kln
as the sum of plane sources.
3D source is as follows:
e rggg /AKT .
T(x,y,Z,t)=Fm WlthT=t—t0,
1
T (x’ A a)) = z)w.oooe \/zw/Krggg’
000 (10)

T (%, y,z,w) = 2;111 i [Ho (klzré’g) e—ikZ(EO)]

Z m=—00

as the sum of 2.5D sources.

3.2. Two-Dimensional Space

(a) Half-Space Defined by y > 0. Boundary conditions
prescribed for the half-space (Cases 1 and 2) are shown in
Figure 10.

Equations for the half-space (Cases 1 and 2), subjected to
a 2D heat source, are as follows.

Case 1. Consider

1 1 ()2 /4K
T(x)y’t) = e (rOj) /4 Ta
pc (471KT)].;)
(1)
T 0) = 5 2 ()

Case 2. Consider

T (xp.0) (1) e ]

>

1
- pc (47TKT 2[
(12)

T (xy,0) = 4AZ[( 1Y Hy (kig; )]

Equations for the half-space (Cases 1and 2), subjected to
a 3D heat source, are as follows.

Case 1. Consider

1
00042
T (x) ¥, 2, t) = —wze*(mjo) /4K-r)
pc (4nKt) 15
1 1 e—\/iw/Krg?g
T (x,y,2,0) = W
=0 Tojo (13)

_' 1 & o —
T(xyz0) =50 Y [Ho(kurl))e ™)

X j=0 my=—00

as the sum of 2.5D sources.

Case 2. Consider

1
B v S /4K
[z = pc(4n1<r) Z[( e,
1 d je—mrg%)
T(x,y,2z,0) = ag [(—1) W] ’
14
T (x, y,z, w) "
ZAL Z [HO (klzr(())j)) ﬂkZ(EO)]

My =—00

as the sum of 2.5D sources.

(b) Bounded Space Defined by x < d, and y > 0. Boundary
conditions prescribed for the bounded space defined by x <
d, and y > 0 (Cases 1-4) are shown in Figure 11.

Equations for the bounded space defined by x < d; and
y > 0 (Cases 1-4), subjected to a 2D heat source, are as
follows.

Case 1. Consider

11
’0) /4Kt
T (x 1) _PC(4”KT););)[ ]
(15)
11 ,
P 133 [ )]
i=0 j=0
Case 2. Consider
R () (04K
Tnt)= s (M@;; (-1 e |
(16)

T (x,7.0) = Mzzﬁ D' Hy (kyrif )]

i=0 j=0
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FIGURE 10: Boundary conditions prescribed for the half-space (Cases 1 and 2).
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FIGURE 11: Boundary conditions prescribed for the bounded space defined by x < d, and y > 0 (Cases 1-4).
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FIGURE 12: Boundary conditions prescribed for the horizontal layer (Cases 1-4).
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FIGURE 13: Boundary conditions prescribed for the U system (Cases 1-4).



Journal of Applied Mathematics

X
d N\ d
d, 1
y y

Null heat fluxes

(a) (b)

[ Null temperatures

Case 4

L Sx

dy

y 4

Null heat fluxes
[] Null temperatures

Null heat fluxes
[ Null temperatures

(©) (d)

FIGURE 14: Boundary conditions prescribed for the solid rectangular pipe (Cases 1-4).
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FIGURE 15: Boundary conditions prescribed for the solid open box (Cases 1-4).
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FIGURE 16: Boundary conditions for the 3D parallelepiped box (Cases 1-4).
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Case 4. Consider

1« - ek 1 ¥y
T(x))/’t) = PC(4nKT)i_OjZ()[( 1) e ], T(x,)/’t) - pc(4ﬂKT)i:Z()j=()
17)
11 ) ] 54 d . .
T(x @) = 52 2 [0 Hy (k)] T(x5.0) = 52 X[V Hy (kuri)]
i=0 j=0

i=0 j=0

Z [(—l)j ef(r;?)z/“KT] ,

(18)



10

Equations defined for the bounded space defined by x <
d, and y > 0 (Cases 1-4) and subjected to a 3D heat source,
are as follows.

Case 1. Consider

11
T (x, 9, 2,t ~(rp )’ /K
(oy.at) = pc(47'rK‘r) Z‘)Z‘[ ]
1 1 1 e \/zw/Kr,JO
T (xa .z, (U) = [(_1)(l+]) — 00 |
2922 -
(19)
T (x, y,z,w)
_ - ii © [ (k 7’10) e—ikz(Eo)]
- 1z%
2AL9€1 0]—0 M =—00 “u
as the sum of 2.5D sources.
Case 2. Consider
T (x, y,2,t)
e (U
—_ e ij N
pc (47'[K1')1 £ 370
1 1 1 e—\/lw/Kr:jO(?
T(x,y,2,w0) = [( e
ZA;JZ‘) T (20)
T (x, y,2,w)
-ik, (Z,
= 0 i NETE I S (kizriy ) e "]
X i=0 j=0 M=—00
as the sum of 2.5D sources.
Case 3. Consider
T (x, y,2,t)
1 1 . ( i00)2/4K
-1 ’e_ Tijo T ,
pC(47‘[KT) S;JZ‘)[( ) ]
1 lez Vzw/Kr,’]og
T(x,9,2w0)=— [(—1)'i—:|
2Az:0 j=0 ri%) (21)
T (x, y,z,w)
(1) 0\ —ik,(z,)
2/\L ZOZO( D Z [Ho (Fkiriy) ]
X =0 j= M =—00

as the sum of 2.5D sources.
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Case 4. Consider

T (x, y,2,t)

eRgE L D]

pc (47'[KT)1 =0 j=0

I v« e Viw/Krly
Tloyaa) = ZZ [(—I)JT],
i=0 j=0 rijO (22)
T (x, y,z, w)
RS CACE B

as the sum of 2.5D sources.

(c) Horizontal Layer Defined by y = 0 and y = d,. Boundary
conditions prescribed for the horizontal layer (Cases 1-4) are
shown in Figure 12.

Equations for the horizontal layer (Cases 1-4), subjected
to a 2D heat source, are as follows.

Case 1. Consider

T (x, y,t)
1 [ 00\2 NS, 4 omy2
—_ e—(rgo) /4Kt + Z Ze—(ro;") /4Kt i
pc (4nK) Y 23)

( 1r00) :ii

T (x, y,w) = ;_)L

Case 2. Consider

0042
T (x, y.t) = —(r20)? /4Kt
(x.7%) pc (4nKT)

4
Z Yo e—(rS}"ﬁ/m] ,

ﬁMZ

(24)

—i
T (x, y,0) = a H, (klrgg)
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Case 3. Consider

NS,
00
T(x,y,t) = ——— e_(r"ﬂ) [AKT 1)mv
( Y ) pc (4nKT) mzl( )
4
z (_1)((j—1)!(j+1)+1) e—(rg;")z/ler
=1
(25)
; NS,
- 00 -1
T (x, y,w) = o | Ho (kyryg) + Y (-1
m=1
|
z( 1)(] 1)(;+1)+1)H (kﬁ’o] )
j=1
Case 4. Consider
1 —(r0) J4KT
T(x,y,t) = ——— | e "
(x.7.1) pc (4nKT1)
+ Z (-1 D Z(—l)(j!ﬂ)e_(rg;n)z/‘lm ,
m=1 j=1
(26)

—i
T (x, y,0) = o H, (klrgg)

NS,

4
£ 3 DY )Y Hy (k)
m=1 j=1

Equations for the horizontal layer (Cases 1-4), subjected
to a 3D heat source, are as follows.

Case 1. Consider

1 00
T (x, V> 2, t) =——= e roog )"/AKT
pc (4nKt)™

gt ~(roi0 ) /4KT
" 3 Yo,

m=1 j=1
1 e —iw/KrS
T (x, y,2z,w) = oy T
To00

NS, 4 e x/iw/Krg%O

+ Z 0m0

m=1j=1 Tojo

S [Hy (kiurlt) )]

my=—00

[Ho (kizra)') e ]

—in
T (x, y,z,w) = 2L,
NSy 4 )
DN}
m=1 j=1 my=—00

Case 2. Consider

T (x,y,2,t) =

NS 4

as the sum of 2.5D sources.

—(roo)? 14K

pc (4nK7)'®

! _(,,0m0 4K
+ZZ( 1)(] ) (rojg)/ T ,

m=1 j=1

T (x,y,z,w) = 2)&

NS 4

m=1 j=1

e

—\/iw/Krggg

000
00

Py Y e o |

00

) lkz(zo)]

T (x, y,z,w) = —in H, (ky,r%) e @
2L, mk_z_oo[ (rerio) e
NS, 4 . o
+ 2 2 DI Y [Hy (k)
m=1 j=1 mM=—00

Case 3. Consider

T (x,y,2,t) =

NS,

0m0
+ Z ( 1)(m 1) Z( 1)(] DI(j+1)+1) _(’010) /4Kt ,

m=1

1
T(xyzw) =

((-D'(+1)+1) e
Z( 1) 0m0

j=1

j=1

e

as the sum of 2.5D sources.

—(roo0)? [4KT

pc (4nKT)"®

—\/iw/Krggg NS,

000
T000 m=1

Tojo

+ 3 (=

1

(27)

(28)
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T(x .2, w)— —in Z [Ho(k 700) —ik, ( )]

2AL, |

NS), 4
DI VN W Vi
m=1 j=1

[ee)

- Y [Ho(karg)) ]

mME=—00

as the sum of 2.5D sources.

(29)
Case 4. Consider
00042
T(x,v,2,t) = ——— | ¢ o) /4KT
(oy21) pc (4nKT)'?
sty ( 1>i (141) - 80? /4K
P Yy oy g |,
m=1 j=1
NS
1 zw/Krggg y )
T(x,;v,z,w)_a T Z(_l)m
000 el
: i (~1)D R
“ rOmO >
J=1 050 (30)
—in
T (x,y,2,0) = L. Z [Hy (kpr20) e 0]

mM=—00

NSy 4
+ Z (_1)(m—1) Z (_1)(]!+1)
m=1 j=1

()

2 [Ho(kiery]) e ™)

My=—00

as the sum of 2.5D sources.

(d) U System Bounded by y > 0, y < d,, and x < d,. Boundary
conditions prescribed for the U system (Cases 1-4) are shown

in Figure 13.
Equations for the U system (Cases 1-4), subjected to a 2D
heat source, are as follows.

Journal of Applied Mathematics

Case 1. Consider

T (x, y,t)

21: —(r,’8 V/aKT z Ze (riM? /4Kt ’

pC (47TKT) i=0 m=1 j=1
(1)

T (x, y,w)

! i0 pag im
S5 | Ho (k) + Y Y H, (kurf?)

i=0 m=1 j=1

Case 2. Consider

1
T (x, y,t) = —(47TKT) Z (-1

0 Nsy 4 .
,(rfo ’ /4Kt + Z Z (_1)(j71)‘. ef(r;;") /4Kt ,
m=1 j=1

(32)

— ] l .
TM%@ZﬁZGW
i=0

' NS, 4 ) )
Hy (kyrig) + ). > (DY Hy (kyrf)")
m=1 j=1

Case 3. Consider

1 —(r0)? 4Kt
T(x, y,t) = ——— i
(x.5.1) pc (47‘[KT);

NSy 4
. . imy2
+ Z (_1)(m—1) Z (_1)((1—1)!(J+1)+1) e—(r,-j )" /4Kt ,
- =

(33)

(k r:g)

[\4N.

T (x, y,w) =

NS,

+ Z ( 1) m—1) Z( 1)(] 1)|(]+1)+1)H (k )

m=1 j=1
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Case 4. Consider

~(ri9)? /4Kt

Tlx 1) = pC(47TKT)Z( e

4 .
(m-1) Z (_1)(j!+1) ef(r;;")z/41<1 i
=1

NS,
+ Y (1)
m=1

(34)

7 1 . .
T (x, y,w) = ﬁ;(—W H, (k,rlo )

NS, 4 ) )
+ 3 DY DY Hy (k)
m=1 j=1
Equations for the U system (Cases 1-4), subjected to a 3D

heat source, are as follows.

Case 1. Consider

1

1 ~(r%)2 /4K
T(x,y,2,t) = ———— e Vi
(o y.2.0) pc (47TKT)1'5;
NS, 4 .
+ Z Ze—(rgg )° /4Kt ,
m=1 j=1
1 Z \/zw/Kr,’gg
Ty zw)=—) | ————
i00
205 "i00
NS, 4 x/zw/Kr"go
Z Zl 11]7610 i (35)
—im
T(x,y,z,w) =
(x, 3, 2,0) L.

> [H (ki) )

AMH

i=0 | mp=—o00
NSy 4 ) y )

im\ —ik,(z,
#20 Y [Ho(kir) e ]
m=1 j=1 my=—00

as the sum of 2.5D sources.

Case 2. Consider

—(rfgg)2/4K‘r

T (x,y,2,t) = (47TKT)ISZ( 1) |e

+ Z Z( 1)(] 1)' _(r:;g()) /4KT >
m=1 j=1

13

1S e TR
T(x,p20) = —Y (-1)' | ——
i00
25 100
4 —iRrin®
(j-1)! e 7
+ Z Z( 1) rsz
m=1 j=1 ijo

s S0

X i=0

3. [Hy (ki) e )

4
3T B (h () )
m=1 j=1 my=—00

as the sum of 2.5D sources.

(36)
Case 3. Consider
i0042
T (x, y,2,t) = (=1) | ¢ o) /4KT
( y ) = (47_[KT)1SZ
NS,
N Z (- 1)(m 1) Z( 1)(] DIG+1)+1) —(r;;g") /4Kt i
m=1 j=1
14 e —iw/Krioy
T(x,y,2z,0) = —Z(—l)’ —_—
225 "io0
—Viw/Krjy’
+ Z( pord Y e
j=1 rz]O
I (37)
T(x,y,z,w) = -1)
(xyz0)= =) (1)

X i=0

[e) _ NSJ'
Y [o(kr)e )+ 3 o
mM=—00 m=1

4
) Z (_1)((j—1)!(j+1)+1)

j=1

Y (k) )

mMy=—00

as the sum of 2.5D sources.
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Case 4. Consider

T (x,9,2,t 1y} | g rioo) /4K
(x,y,2,t) = pe (47 KT)lsz( )

NS,
im0
£ ()Y Y (U g ]
Zers
1 1 e —iw/Krig
T (x, y,z,w) = —Z(—l)' —_—
205 ioo
NS, Wr,’;g"
+ 1 m—1) 1 (jl+1) € ,
Z( ) le( ) o (38)
T(x,y,2z,w) = 1
(% y,2,0) = mx;( y
00 ) _ NS,
S [ ()] 3
mp=—00 m=1

4 0 -
T ) )
2

My =—00

as the sum of 2.5D sources.

(e) Solid Rectangular Pipe Defined by y > 0, y < d,, x > 0,
and x < d,. Boundary conditions prescribed for the solid
rectangular pipe (Cases 1-4) are shown in Figure 14.

Equations for the solid rectangular pipe (Cases 1-4),
subjected to a 2D heat source, are as follows.

Case 1. Consider

T(xp.t) = ———— | & 100)/H
(e 1) pc (4nK7)

Nsy 4 0my2
+ Z Ze—(roj )*/AKT

m=1 j=1

NS,
+

M-

4
_lO K —('™)?JaK
(r;9)° /4 T+§ ze (r )* /4Kt , (39)
m=1 j=1

—

=1 i=1

. NSy 4
)= g1 | (ar) + 3 3o ()
m=1 j=1

Z

x

HM

33 )+ 3 S )

m=1 j=1

Journal of Applied Mathematics

Case 2. Consider

0042
T (x, y.t) = —(r20)? /4Kt
(x.7.1) pc (4nK)

NS, 4

+ z Z( 1)UDE gl 4KT Y (i

m=1 j=1 I=1i=1

NS,

4
ef(r§8)2/41<1 n Z( 1)(1 1) n - rzm) JaKr ,
m=1 j=1
(40)

T (x, y,0) = ;_A

H, (klrg(()))

NS, 4

PN

1=1 i=1

NSy 4 )
+ 2 ) O Hy (i) +

m=1 j=1

y 4 . .
H, (klrzo) + Z Z (—1)(1—1). H, (klr;]'.")

Case 3. Consider

NS,
e—(roo) /AKT + Z ( 1)(m 1)

m=1

1

T (x, y,t) = ———
(x7.1) pc (4nKT)

4 NS,
'Z( 1) (G-DIG+1)+1) 7(1*8;" /4KT Z 1)(171)

J=1 =1

(_1)(l'+1)

AM%

10\2 NS,
e—(rm) /4Kt + Z (_1)(m71)

i=1

4
. Z (_1)((j—1)!(j+1)+1) e—(rf}")z/thT

(41)
~; NS,
T (x, y,w) = | Ho (kyryg) + Y (-1

m=1

NS,

'Z( DU (e 0 4 f(—l)“‘”

j=1 I=1

4 NS,
S DY Hy (kyrig) + Y (-1
m=1

i=1

24: (=)D g f,m)
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Case 4. Consider

NS
T Ly, t) = —(rgg) /AKT + 1 m—1)
(. 3:1) pc (4KT) ¢ mzl( S

0my2 NS,
e—(rnj) JAKT + Z (_1)(1—1)
I=1

4
X Z (_1)(j!+1)
j=1

4
. Z (_1)((i—1)!(i+1)+1) e_(rt((()))z/4KT

i=1

+ Z ( 1)(m 1) Z( 1)(]'+1) r ™2 J4AKT

15

4 ‘ NS,
> DIV Hy (k) + Y (<D
I=1

j=1

4
i—1)1(i+1)+1 I
. Z (_1)((1 N(i+1)+1) H, (klrig)
i=1

NS}, 4
3 DY )Y H (k)
m=1 j=1

(42)

Equations for the solid rectangular pipe (Cases 1-4),
subjected to a 3D heat source, are as follows.

—i
T (x,y,w) = o H,y (kyrgy ) + Z (-1)mD
Case 1. Consider
T( ) 1 —(r20Y 4Kt I§ i —(rM™Y jaKr Nsxi —(r0Y2jaKr IE: i —(rmY2jaKr
X, 9,2,t) = ———= | e + e o + i + e Vi ,
PC (47TKT)15 m=1 j=1 1=1 i=1 m=1 j=1
ooy [T N S S 4 [ B 4
ZA 7000 m=1j=1 rg%o =1 i=1 ngg m=1j=1 rggo ,
—in 00\ -ik,(Zy) p JE R 0 G (43)
() = S [Ho (k) e @]+ 35 S [Hy (k) e 6]
M =—00 m=1 j=1 m=-00
NS, 4 o0 ' NS, 4 oo ‘
22 Y [Ho(kerg)e™™@ ]+ 3 5 ¥ [Hy(kpry')e ™)
1=1 i=1 | m=—00 m=1 j=1m=-00
as the sum of 2.5D sources.
V$ o T B
+ ( 1)] om0 (_1)1_ )
Case 2. Consider m=1 j=1 076 I=1 i=1
efx/zw/Krfgg NS, 4 G-1)1 € —iw/K r,lj"go
T (x, y,2,t) = ————— | ¢ (o) /4K a0 * Z 2 DV e
» Y2, 1) = pC(47TKT)1'5 Tioo m=1 j=1 ijOo
NS, 4 - NS, 4 ' T (x, y,2,) = —in OZO: [Hy (kyr) e )]
+ Z Z( 1)(] ! —(7010) /AKT z Z(_l)(l_l)! A ZALx I
m=1 j=1 =1 i=1
NSy 4 . fove) .
o /KT Z Z( 1yu! o) /4K + Z Z(—l)(]_l)' Z [HO (klzrg;")e_’ Z(z")]
m=1 j=1 ’ m=1j=1 =m0
7\/? 000 NS, 4 ) [e%e) o
e~ Viw/Krog n Z Z (_1)(1—1)! Z [HO (klzrfg)e_lkZ(ZO)]

1
T (x,y,z,w) = N 556

T000

I=1 i=1 My =—00
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NS,

4
+ Z (_1)(1'*1)!

m=1 j=1

Y [ ()]

M=—00

as the sum of 2.5D sources.
(44)

Case 3. Consider

T(x y,2z,t) = ———— o~ (ro00)”/4KT
pc (4nK1)"?
NS,
0mo0
+ Z( 1)(m=D Z( 1)(G-DIGEDHD (Y 4K
j=1

NS, 4
. 1002
+ Z (_1)(l71) Z (_1)(z!+1) e*(’ioo) /4Kt
=1 i=1

NS,
+ 3 (=™
m=1

Z( 1)U DIG+D+D) Ui ) 14Kt

j=1
o~ ViwlKrgy NSy )
T(x,y,2,w) = ZA T Z (=)™
000 m=1

—iw/KrJm® NS,
((-DIG+1)+1) € 4 (I-1)
'Z( D om0t +) D

j=1 0j0 I=1
4 ~iw/Krip
. _\a-p e (m-1)
> ) +Z< D
i=1 i00
1m0
3 g €T
lmO >
j=1 1]0
T(x%9,20) = —2 i [Hy (ky.r) e 0]
M =—00
NS,

+Z( 1)mlz( 1)(]1 (j+1)+1)

(o) o NS
Z [HO (klzrggn) e_’kz(z")] +

m;=-00 1=1

Journal of Applied Mathematics

S [Hy (kiur) )]

myE=—00

4
) Z (_1)(1'1—1)
i=1

NS,

+ Z ( 1) m—1) Z( 1)(] DIG+1)+1)

I MCACRO R

m=—00

as the sum of 2.5D sources.
(45)

Case 4. Consider

000
T(x,y.z,t) = —— | ¢~(row0)’/4Kx
( 4 ) pc (47TKT)1‘5
NS,
+ Z( 1)y Z( 1)UHD) g lrap) /4K
m=1 j=1

67(7588)2/4Kr

NS, 4 ) ’
+ Z (_1)(1—1) Z (_1)((1—1)I(z+1)+1)
=1 i=1

NS,
1m0
+Z( DY e e | |
j=1
o J [
X 20)= = | —0—
24 000
NSy 4 - \/iw/Krg”'O
(m-1) (j+1) € 70
# 2 | DM Y Y
m=1 j=1 1’0%
TRl
(1-1) ((G-DIG+D)+1) | €
+Z( 1 Z( 1) —
i=1 i00
~iw/Krl
(m-1) jl+1) € Y
* Z( b Z( DI |
j=1 1]0

T(xy2w0) = A’f i [Hy (ky 7)) e )]
mME=—00

NS, 4
+ Z (_1)("1_1) Z (_1)(]!+1)
m=1

j=1
o)

NS,
S [ ()t @] 3
I=1

m=—00
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1(j+1)+1) i [H() (klszg) e*ikz(zo)]

mE=-00

Z( ey

Nsy 4
+ Z (_1)(m71) Z (_1)(]!+1)
m=1 j=1

17

3.3. Three-Dimensional Space

(a) Solid Open Box Defined by y > 0, y < d,, x > 0, x <
d,, and z < d5. Boundary conditions prescribed for the solid
open box (Cases 1-4) are shown in Figure 15.

Equations for the solid open box (Cases 1-4), subjected
to a 3D heat source, are as follows.

Case 1. Consider

> [Ho (ki) e 5]
m=—00
as the sum of 2.5D sources.
(46)
iR, N S G N | o | N Sk
T (x’ y, z, t) rOOn T + 67 Tojn T + rr()n T + 67 Tijn T )
pc (47TKT)ISZ 1’”21; I=1 z:zl rnzljzl
1 & | o ViwlKrg, NS, 4 o~ Viw/Kryi! Se & | o Viw/Krig, Nsy 4~ Viw]Kr)"
T('x’ Y% w) - 2AZ 00n + Z Z Omn Z Z lOn Imn >
Toon m=1j=1  Tojn I=1 i=1 Tion m=1j=1  Tijn
im < 00\ ik, (,) PR 0 ik, (,) (“47)
—ik,(z, my ik (2,
ol IO CACR RS i W PACRUR)
k m=1 j=1 m=-00
R N 0\ -ik pL QRS I ik, (Z,
) [Ho (kirig) e ™=+ 37 5 30 [Hy (kier") e ]
1=1 i=1 | m=—00 m=1 j=1 m=-00
as the sum of 2.5D sources.
T (x,y,2,w) = Z( "
) ZALX :
Case 2. Consider n=
T (x,y,2.t) = Z( 1)" | e oo /4Ke 3 [Hy (Kyr20) )]
» Y2, pc(47‘[KT)15 mk;m 012700 ) €
IE i (=1t =Gy 4k %i (i1 P x
+ (-1) oV /AKT (-1) N _)U-D! o 0\ gikeZ,)
2.2 22 WIZUZl( ) mk;)o[ o (Riergy') e
o~ (rion)* /4K +§ i( 1)UD! g /K NSy 4 | o\ ik (s
’ + Z Z (—1)(1_1)' Z [Ho (klzri(())) e’ Z(Z")]
m=1j=1 =1 i=1 m;=—00
1 ¢ o | e VierKm NS, 4
T(x,y.2w)= ﬁ;(_l) 7 LYY o
m=1 j=1
T oy T Ny
+ (-1 -n% . _ik.(Z
m=1 j=1 8}4;” =1 i=1 Z [ (klzrz] ) IkZ(Z")]
My=—00
n NS n
e lw/Kr!lg" 'S J e wlKr; as the sum of 2.5D sources.
T don Z T lmn >
rtOn m=1 j=1 rl]}’l (48)
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Case 3. Consider

00n\2
T (x,y,2,t) = ~(rgon)*/4K7
(oy.2t) = pc(47TKT)15Z
NS, 4 0
(m-=1) 1)(UDIG+DH) = 2 laKT
+ Z (_1) Z 0jn
m=1 j=1

e*(rng)ZMK‘r

NS, 4 ‘
+ Z (_1)(1*1) Z (_1)(l!+1)
I=1 i=1

NS},
+ 3 (=™
m=1

Z( 1)(G-DIG+D+D i) 14KT
j=1

1 & | e Viw/Kn, NS, )
e
T(x’%z’w>=52 —oo > D

n=0 000 m=1

—iw/Kry"
((G-DI(j+1)+1) € J (-1
' Z ( 1) Omn Z ( 1)
j=1 O]n
4 iw/Krldn NS,
(i-1) e (m-1)
(1) —— + Z (-1)
i=1 rlOZ m=1 (49)
—iwlKrly"

Imn

4
. Z (_1)((j71)!(j+1)+1) e
=1 Tijn

o0
—in H (. 720 gk
2AL, ZOO[ o (kizro) € ]

T(x,y,2,w0) =

+ Z( 1)m 1) Z( 1)((] DIG+1)+1)

j=1
O NS,
Z [H(, (klzrg;")e—ikz(zn)] n Z (_1)(1-1)
e =1
4
.Z(—1)(i!_1) Z [Ho (klzr ) —ik,(Z,) ]
i=1 oo

+ Z ( l)m 1) Z( 1)((] DIG+1)+1)

[ee)

5 [rh (k) )

My =—00

as the sum of 2.5D.

Journal of Applied Mathematics

Case 4. Consider

T (x,y,2,t) = o )152( o~ (roon)*14KT

NS,

Omn
+ Z (- 1) m=1) Z( 1)(J'+1 —(rymy? 14K

)(=DHGED+1) o~ (rion)’[4KT

NS, 4
+ Z (-nD Z (-1
I=1 i=1

lmn
+ Z( 1)(m 1)2( 1)(]r+1) —(ri™"? /4Kt i

1 1 Wrgé’ﬁ
T(x,y,z,w) = — -1 ——
(x, 72, 0) 2%;0( ) o
) (jery € VTR
+Z( 1)"‘ Z( 1)]+ Omn
Ojn
NS, 4 1w/Kr]8”
L e eV ion
+ Z (_1)( 1)2(_1)((1 DI(i+1)+1) e
=1 i=1 ion
1) (ji+1) W’ZJYT 0
m— j+
Z ( 1) Z( 1) lmn ’
1]n
T (x,y,z,w) = D"
ZALX nzo
o o NS,
Z [ (k 00) —lkz(zn)] N Z (_1)(m—1)
M =—00 m=1
SRS k. )
jl+1 01 (2,
2 DV ST [Hy (kry)) e ]
j=1 M=—00
NS, 4
(I-1) (G-1)1(i+1)+1)
+ ) DYy (-1
=1 i=1
. - NS,
5 [ (k)] 3
ME=—00 m=1
: ) I ik, (z
. Z (_1)(]~+ ) z [HO (klzri;n) e" z(zn)]
j=1 m=—00
as the sum of 2.5D sorces.
(b) 3D Parallelepiped Box Defined by y > 0, y < d,, x > 0,

x <d;,z > 0,and z < d;. Boundary conditions for the 3D
parallelepiped box (Cases 1-4) are shown in Figure 16.
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Equations for the 3D parallelepiped box (Cases -  Casel. Consider
4), subjected to a 3D heat source, are as follows.

NS, 4 NS,
T (x, y,2,t) = 1 [ (50 4K Z Ze—(rngO) JaKT Z [ 9 4k Z Z (o /4KT}

15
pc (4nKT) el o =~ 5 _a

NS, NS,

Sz

4 [
Z (i) AKT Z —(r"]';:")z/4KT:| } jl

m=1j=1

=1 i=

n=1 k=1 m=1 j=1

4 00n NSy 4 Omny2
Z (o)’ [4KT Z Ze—(fgjk Vl4KT |

L[V N 8 TRy
T(x,y,z,w):ﬁ 000 *ZZ 0mo +ZZ

To00 m=1j=1  Tojo I=1 i=1

100 + im0
ij0

[

{ o VTR NS, 4 oKl

Tioo m=1 j=1

) 00n + Z )

l[)n Imn
n=1 k=1 Took m=1j=1  Tojk =1 i=1

" (51)

Tiok m=1 j=1

NS [ VTR NS, 4 il NS, 4[ TR N g emm
.

ijk

» o0 o NS, 4 o
T(x,y,z,w)_yf[ > [Ho(kr®) e @]+ Y SN [Hy (kyrtr) e @)

m=—00 m=1 j=1 m=-00

NS, 4 0 o NS, 4 I o
, z{ pINCACEATRIES W M LA CRAT 1]

I=1 i=1 | m=—0c0 m=1 =1 my=—co

¥ 3 —ik_(z,,) PEEENS om\ —ik,(z,) Ve S 10\ —ik,(z,) NS, 4 oo G
DI IR CACR EEES 5 i CACRS E E D I M TR B B WD WA CRS Pl

n=1 k=1 | m=-00 m=1 j=1m=-00 55| mE POy P

as the sum of 2.5D sources.

NS, 4 (1) o llw/K'rg%O NS, 4 1
LD IDNC I R DI N Y
Case 2. Consider m=1 j=1 Tojo I=1 i=1
*W";oo iw/K rllrgo
(-1 € !
0 " ZIZ( 1) om0
1 (0002 Ti00 m=1 j=1 1]0
T(xp2t)= ———3 oo 145
pc (4nKt)~ NS, 4 iR
" z z (_1)(k—1)! €
rOOn
4 oo NS, 4 n=1 k=1 00k
— i 1
+ Z Z( 1)(] n! (70]0 )? /4Kt + Z Z( 1)(1 n!
m=1 j=1 I=1 i=1 " )Ie lergy,‘(" NS, 4 1)
1 1
+ZZ( 1)] Omn +Zz( 1)1
m=1 j=1 0]k =1 i=1
o~ (rio0)*14KT (D! (5" 14Ke
i00 +n;l;( 1) jo o ViaTRr NS, 4 e NG
J=
T _dom z Z( 1) T mn ’
Tiok m=1 j=1 rz]k
NS, 4 ' 001y2
+ Z Z (_1)(k—1). o B0 /4K ' N
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as the sum of 2.5D sources.
(54)

4. Conclusions

Fully analytical solutions for heat conduction for unbounded
and rectangular spaces subjected to point, line, and plane
sources have been presented. Two boundary conditions were
assumed, namely, the Dirichlet and Neumann boundary
conditions. Particular attention was given to the two-and-
a-half-dimensional fundamental solution or 2.5D Green’s
functions defined for spatially sinusoidal, harmonic line
sources. The final expressions were validated by applying the
equations to the problem of a Dirac delta source, for which
the solutions in the time domain are known in analytical
form. Excellent agreement was found between the numerical
solutions given by Fourier synthesis and the exact solutions.
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