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The direct task of the subsurface exploration of a homogeneous medium with surface relief by the resistivity method is analyzed.
To calculate the resistivity field for such a medium, the method of integral equations was successfully applied for the first time.The
corresponding integral equation for the density of secondary current sources on the surface of the medium was established. The
method of computational grid construction, adapted to the characteristics of the surface relief, was developed for the numerical
solution of the integral equation. This method enables the calculation of the resistivity field of a point source on a surface that
is not smooth and allows for steep ledges. Numerical examples of the calculation of resistivity fields and apparent resistivity are
shown.The anomalies of apparent resistivity arising from the deviation of the surface shape from a flat mediumwere quantitatively
established as model examples. Calculations of apparent resistivity for the direct current sounding method were carried out using
modifications of the electrical tomography approach.

1. Introduction

Accounting for the impact of ground surface relief during the
solution of direct electrical problems is an important issue
in the field of electrical resistivity tomography. Currently, the
most commonly used methods for solving direct and inverse
problems are gridmethods (e.g., finite differencemethod and
finite element method) [1–6]. Within these grid methods,
several approaches to account for the influence of surface
relief were developed.

In the finite difference method, two basic algorithms
accounting for the effects of surface topography were devel-
oped. The first and most widely used algorithm is the
geometric transformation of cells (node position) in the grid
in accordance with the relief of the ground surface [7]. The
second method of accounting for ground surface topography
for the finite difference method is the approximation of the
transition from a five-point cross pattern to a triangular
pattern, which allows the use of triangular cells, similar to
cells used in the finite element method [8, 9]. It is more
efficient to transition to triangular cells (generalized finite

difference method) in combination with a specific approach
to the elliptic problem, in which the task is carried out along
the borders of the grid lines [10]. Clearly, all the circuits of
the cell that have a rectangular shape contribute to geometric
error when considering the effect of surface topography. It is
possible to reduce the error only by increasing the number of
cells, which leads to a significant increase in computational
cost.

The finite element method, in conjunction with the direct
problem solution methods of direct current, is rapidly devel-
oping. This applies to both the configuration of the grid and
the mathematical apparatus. In the finite element method,
there are several approaches to accounting for surface topog-
raphy in solving direct problems [11–13]. As with the finite
difference method, the first method of accounting for surface
topography is a transformation of cells. The second approach
is to construct a special irregular grid depending on the form
of the topography [14] and the degree of heterogeneity of the
section. It should be noted that BERT systems [15] use these
approaches.
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Finite difference methods for modeling direct current
problems are based on the numerical solution of an elliptical
equation using finite difference schemes:

div (𝜎 ⋅ grad𝜑) = 𝑑𝐼

𝑑𝑉
. (1)

𝐼 is the extraneous current flowing into the volume unit
of land 𝑑𝑉, 𝜎 is a conductivity of the medium, and 𝜑 is a
potential.

The idea of the method is to divide the modeled field into
a grid of rectangular blocks, each of which is characterized
by its value of resistivity. In the boundary nodes of the grid,
the solution of (1) must satisfy the boundary conditions,
including Dirichlet (the field must be equal to zero at large
distances from the source, in the lower and side corners of the
grid), Neumann (the normal component of the field is equal
to zero at the ground surface boundary), or mixed boundary
conditions:

𝜕𝜑

𝜕𝑛
+
𝜑

𝑟
cos 𝜃 = 0, (2)

where 𝜃 is the angle between 𝑟 (the radius-vector from the
source to the node) and 𝑛 (outward normal to the boundary).

The idea of the finite element method consists of dividing
cells into triangular shapes (elements) and presenting poten-
tial 𝜑 in the form of

𝜑 (𝑥) =
𝑁

∑
𝑖=1

𝜑
𝑖
𝑓
𝑖
, (3)

where 𝑓
𝑖
is a set of basic functions. In this form, the desired

function for each of the elements, based on the values of its
nodes, is approximated. Equations forminimizingmisties are
used for each node and, together with the equations for all
other elements of the grid, are used to form a general matrix
equation. Solving this equation, the desired potential is
defined.The boundary conditions for the boundary elements
of the grid are the same as in the finite difference method.

They are universal and useful formany practical purposes
but have several disadvantages. In particular, these disadvan-
tages are as follows:

(1) low accuracy of the field’s first derivative computation
and low accuracy of subsequent computations of
apparent resistivity;

(2) problems with producing artificial boundary condi-
tions on boundaries of the computation domain and
big distortions of the apparent resistivity [16];

(3) problems with creating the grid, resulting from the
complicated formof the boundary of the computation
domain.

On the other hand, purposes of geophysics have high
requirements on accuracy and speed of field computations.
Therefore, to control the operation of grid methods, it is
appropriate to apply other methods based on different ideas
that enable the solution of the problem related to the direct
method of mapping electrical resistivity.

As an alternative method of solving the direct problems,
satisfying both of these requirements is themethod of integral
equations. The main new feature of the presented work is
that we apply themethod of integral equations for calculation
of fields in a medium with a relief surface for the first
time. Different applications of the integral equations method
in geophysics are considered in articles [17–24] and are
well established among the methods of mapping electrical
resistivity.

Advantages of the method of integral equations in com-
parison with grid methods are the following:

(i) A three-dimensional problem is reduced to two-
dimensional one, which significantly decreases the
calculations.

(ii) It has a higher accuracy of calculations of an electrical
field and apparent resistivity.

(iii) It allows taking into account the shape of the relief and
the contact boundaries of themedium almost without
distortions.

(iv) It has a clear physical meaning.

The main disadvantage of the method is that it is
intended for a special class of models of mediums. Namely,
it is required that medium has sharply defined geoelectrical
boundaries, and it is not as versatile as the grid methods.
However, because of its specialization, the method is highly
efficient for its class of mediums’ models.

2. The Problem with the Effect of
Ground Surface Relief

The electrical exploration method is a method of excitation
and observation of the electric field in order to obtain
information about the structure of a geological section.
One of the main methods of modern electrical exploration
is vertical electric sounding with the modification of 2D
electrical tomography.

Essentially, electrical tomography uses a chain of ground-
ed metal electrodes on the ground surface, placed along
the observation profile at equal distances from each other.
At a certain point, an electrical voltage is applied on two
electrodes, which are included in the mentioned system.
Connections of certain pairs of electrodes are held alternately,
according to the protocol. Voltage on the source electrodes
excites an electric current in a conducting inhomogeneous
medium. In turn, this current produces electric fields in the
subsurface medium, and the spatial and amplitude character-
istics are strongly dependent on factors such as the structure
of the geologic section, subsurface heterogeneity, and ground
surface relief [8–11, 13, 14, 25].

Ground surface relief greatly complicates the task of
solving the inverse problem of finding the distribution of
𝜌(𝑥, 𝑦, 𝑧) according to physical measurement of the com-
ponents of the electric field (𝐸

𝑥
(𝑥, 𝑦, 𝑟), 𝐸

𝑦
(𝑥, 𝑦, 𝑟)) on the

ground surface. In almost all methods of electrical prospect-
ing, the measurements are influenced by the ground surface
topography due to a near-surface heterogeneity, which causes
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a change in the flow lines. In [11] the general effects of
topographic relief for a remote current source are discussed.
In this case, the current flow lines diverge on the convex part
of the surface and converge on the concave part. As a result,
the directions of the electric field lines change. Because of this
effect, the concave shape increases and the convex shape of
the surface decreases the value of the apparent resistivity.

The complexity in the description of the resistivity field
near the corner points of the ground surface should be noted.
The disadvantages of these effects are more important when
we have sharp boundaries and sharp corners in the model
because even their insignificant smoothing will significantly
change the field of apparent resistivity.

The overlay of distorting effects caused by the inho-
mogeneity of ground surface topography creates a complex
picture of the resulting geoelectric pseudosections. Excluding
these distorting factors in the solution of the inverse problem,
or some version of a two-dimensional or three-dimensional
inversion, it is impossible to get closer to the construction of
final sections that are reasonably accurate.

3. Application of the Method of
Integral Equations to the Solution of
the Direct Problem of Electrical Prospecting
with Direct Current under Conditions of
Ground Surface Relief

3.1. The Method of Integral Equations and Its Development
Based on Ground Surface Relief. The idea of this method
is to provide the electric field as a sum of the primary
field (generated by current electrodes, in this case, by one
electrode) and the field of secondary charges (occurringwhen
the electric current flows in points of homogeneity violation
of the subsurfacemedium and on the surface of themedium):

𝐸 = 𝐸0 +𝐸sec, (4)

where 𝐸
0
is the vector of the primary electric field and 𝐸sec is

the vector of total electric field of the secondary charges.
Contact boundaries and heterogeneous inclusions of the

geoelectric section act as secondary creators of the electric
field.The field computation problem is reduced to the system
of integral equations on the current density of secondary
sources, inducted on contact surfaces of conductivemediums
and on the ground surface of the medium.Themathematical
description of this event leads to the Fredholm equations of
type II, which, after discretization of the problem, leads to a
system of linear algebraic equations (SLAE).

Let us consider a three-array of Schlumberger 𝐴𝑀𝑁,
with one source (𝐴) and two receiver (𝑀,𝑁) electrodes.
Source electrode 𝐴 is located in the center of the coordinates
(Figure 1).

The electrostatic potential at points in the medium sat-
isfies the differential equation of Laplace for stationary fields.
The condition of decreasing the potential at infinity𝜑(∞) = 0

M1 M2
N1

N2

Mi Ni

r (m)

z (m)

𝜌 = ∞
A

𝜌 = const

Figure 1: Scheme of vertical electrical sounding on a ground surface
with relief.

and the condition at the ground surface boundary must be
satisfied:

𝜕𝜑

𝜕𝑛

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑧=0
= 0. (5)

Compared with a case when the surface is plain, the pres-
ence of ground surface relief makes a problem formulation
for the method of integral equations more complicated. This
is because we can use the method of reflections at a plain
surface of discontinuity at the ground surface, which allows
us to use a relatively simple system of integral equations [23,
24] (in the case of multiple internal contacts of boundaries)
[22]. To calculate the field at the ground surface, we define
a distribution of current densities at the surface, which
compensates for an external source to satisfy the physical
boundary condition without current normal to the ground
surface boundary:

𝐼
𝑛

󵄨󵄨󵄨󵄨Γ = −𝐼(0)
𝑛

󵄨󵄨󵄨󵄨󵄨Γ . (6)

Here, 𝐼(0)
𝑛

is current in a direction normal to the surface,
which might arise from a source electrode in the absence of
compensatory secondary currents. According to Ohm’s law
(6), the condition can also be written in terms of the field
strength of the external source:

𝐼
𝑛

󵄨󵄨󵄨󵄨Γ = −𝜎
𝜕𝑈0
𝜕𝑛

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨Γ
= −𝜎𝐸0

󵄨󵄨󵄨󵄨Γ . (7)

Here, 𝐸
0
is the normal to the surface of the component of

the electric field created by the source electrode.
We write the integral equation for the distribution of

secondary sources using boundary condition (7). Let𝑀 be a
point on the surface of the medium Γ, denoted by 𝐼

𝑆
(𝑀), the

current density of the secondary source at point 𝑀 (Green’s
function of a point source); the mutual influence of all other
sources on the source of𝑀 is calculated under the integrand.
From the integral equation, it is required to calculate the
current density of the secondary source, 𝐼

𝑆
(𝑀):

𝐼
𝑆 (𝑀) = − 2𝜎(∬

Γ

𝜕𝐺 (𝑃,𝑀)

𝜕𝑛
𝐼
𝑆 (𝑃) 𝑑𝑆𝑃 +𝐸0 (𝑀)) , (8)

where 𝐸
0
(𝑀) is the normal of the component of the electric

field from the primary source at the point 𝑀; 𝐺(𝑃,𝑀)
is the potential of a point source placed at the surface
point 𝑃 generated at point 𝑀 (the source point of the
Green function); 𝐼

𝑆
(𝑃) is the electric current density of the

secondary source at point𝑃; and 𝑑𝑆
𝑃
is the area of the surface
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element at point 𝑃. Thus, integral equation (8) expresses the
physical fact that the points𝑀 of the total surface current are
equal to zero, except for the point of application of the source
electrode.

3.2. The Transition from the Integral Equation to the System of
Linear Algebraic Equations. The solution of integral equation
(8) can be obtained by transforming the system of linear
algebraic equations. To describe the distribution of current
density on the surface, we will apply a grid with a logarithmic
scale expanding radially, adapted for the source electrode
position and the shape of the surface relief (Appendix).Thus,
the surface Γ is divided into elementary cells with vertices at
grid nodes.

Discrete approximation of integral equation (8) can be
written in system form as

(𝐼
𝑠
)
𝑖
+ 2𝜎
𝑁

∑
𝑗=1

𝐶
𝑖𝑗
(𝐼
𝑠
)
𝑗
= − 2𝜎 (𝐸0)𝑖 ; 𝑖 = 1 ⋅ ⋅ ⋅ 𝑁, (9)

where

𝐶
𝑖𝑗
= ∫
𝑆𝑗

𝜕𝐺 (𝑃,𝑀
𝑖
)

𝜕𝑛
𝑖

𝑑𝑆
𝑝
, 𝑝 ∈ 𝑆

𝑗
, (10)

𝑁 is the number of cells broken on the surface Γ; 𝑖, 𝑗 are the
number of cells; 𝑆

𝑗
is the cell with index 𝑗; (𝐼

𝑠
) is the required

value of the current density of secondary sources; and (𝐸
0
)
𝑖

is the value of the electric field from the primary sources.
𝐶
𝑖𝑗
determines the influence of coefficients at the 𝑗th points

on the power in the 𝑖th point. 𝐶
𝑖𝑗
is calculated by numerical

integration at the normal to the surface at𝑀
𝑖
of the derivative

of Green’s function in the coordinates of the sources, located
within cell 𝑆

𝑗
. Point 𝑀

𝑖
is the geometric center of cell 𝑆

𝑗
.

Function (10) can be written in the following way:

𝐶
𝑖𝑗
=

𝜕𝐺 (𝑃
𝑗
,𝑀
𝑖
)

𝜕𝑛
𝑖

Δ𝑆
𝑗
, (11)

where 𝑃
𝑗
is the geometric center of cell 𝑆

𝑗
and Δ𝑆

𝑗
is area of

cell 𝑆
𝑗
.

In our case (homogeneous half-space with conductivity
𝜎), 𝜕𝐺/𝜕𝑛, it is calculated as

𝜕𝐺 (𝑃,𝑀)

𝜕𝑛
=

1
𝜎 ⋅ 4𝜋

⋅
⃗𝑟
𝑃𝑀

𝑟3
𝑃𝑀

⋅ 1⃗, (12)

where ⃗𝑟
𝑃𝑀

is the vector connecting points 𝑃 and𝑀.
Thus, the coefficients of linear algebraic equations (9) are

calculated and the system can be written in matrix form

𝐴
𝑖𝑗
⋅ (𝐼
𝑠
)
𝑖
= 𝐵
𝑖
, (13)

where𝐴
𝑖𝑗
is a square matrix of coefficients of the system, (𝐼

𝑠
)
𝑖

is a vector of unknown values of the density of secondary
sources, and 𝐵

𝑖
is a vector of independent terms (right parts)

of (9).

3.3. Stages of Solving a Problem by the Method of
Integral Equation

(1) Creating the Model and Grid Construction. The medium is
described, and the function of the surface relief is determined.
The grid is constructed to break the boundaries of the
cells approximating the secondary current source and the
parameters of each cell (number, location of the geometric
center, and area) are defined.

Construction of a grid and determination of the geometry
of the cells are described in detail in the Appendix. To
calculate the total current flowing through the surface of the
cells, it is necessary to calculate the area for each cell.The area
of the cell is identified by the following formula:

Δ𝑆
𝑗
= ∫
𝛼(𝑘+1)

𝛼𝑘

∫
𝑟(𝑙+1)

𝑟𝑙

𝑟 ⋅ 𝑑𝑟 𝑑𝛼,

𝑘 = 1 ⋅ ⋅ ⋅ 𝑁, 𝑙 = 1 ⋅ ⋅ ⋅ 𝑁,

(14)

where 𝛼
𝑘
, 𝛼
(𝑘+1)

are low and high angles and 𝑟
𝑙
, 𝑟
(𝑙+1)

are top
and bottom radii of the cell with the number 𝑗.

(2) Construction of the Matrix with Coefficients of Mutual
Influence. The coefficient matrix, the vector of unknown
values, and vector of independent terms of system (13) are
identified as follows:

𝐴
𝑖𝑗
= (

1 𝑎12 ⋅ ⋅ ⋅ 𝑎1𝑛

𝑎21 1 ⋅ ⋅ ⋅ 𝑎2𝑛
...

... ⋅ ⋅ ⋅
...

𝑎
𝑛1 𝑎
𝑛2 ⋅ ⋅ ⋅ 1

),

(𝐼
𝑠
)
𝑖
= (

𝐼
1

𝐼
2

...

𝐼
𝑛

),

𝐵
𝑖
= (

𝑏
1

𝑏
2

...

𝑏
𝑛

),

(15)

where
𝑎
𝑖𝑗
= 𝛿
𝑖𝑗
+ 2𝜎𝐶

𝑖𝑗
,

𝑏
𝑖
= − 2𝜎 (𝐸

0
)
𝑖
;

(16)

here,

𝛿
𝑖𝑗
=
{
{
{

1, 𝑖 = 𝑗

0, 𝑖 ̸= 𝑗.
(17)

𝐶
𝑖𝑗

= ∑𝑁
𝑗=1(1/(𝜎 ⋅ 4𝜋)) ⋅ ( ⃗𝑟

𝑖𝑗
/𝑟3
𝑖𝑗
) ⋅ 1⃗ ⋅ Δ𝑆

𝑗
, 𝑖 =

1 ⋅ ⋅ ⋅ 𝑁, ⃗𝑟
𝑖𝑗
is a vector directed from point 𝑖 to point 𝑗;
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Figure 2: Effect of ground surface relief, current densities of secondary sources for different shapes of surface relief.

(𝐸
0
)
𝑖
= 𝐼
𝐴
⋅ (1/(𝜎 ⋅ 4𝜋)) ⋅ ( ⃗𝑟

𝐴𝑖
/𝑟3
𝐴𝑖
) ⋅ 1⃗, 𝐼

𝐴
is the value of the

current flowing from the current source electrode, and ⃗𝑟
𝐴𝑖

is
the vector directed from point 𝐴, where the source electrode
is placed, to the point with the number 𝑖.

(3) Solving the System of Linear Algebraic Equations and
Determining the Density of the Secondary Current Sources
(𝐼
𝑠
)
𝑖
. System (15) is fulfilled and can be solved by the

elimination method of Gauss or any iterative methods.

(4) Calculating the Potential on the Surface. After solving the
system of equations and finding the distribution of secondary
sources, the values of the potentials on the surface are
calculated by use of numerical integration. Below, the formula
for calculating the potential of the secondary source𝑃 at point
𝑀 is presented:

𝜕𝜑

𝜕𝑟
(𝑀) = 𝑈0 (𝑀) +∬

Γ

𝐼
𝑆 (𝑃)

𝜎 ⋅ 4𝜋
⋅

1
󵄨󵄨󵄨󵄨𝑟𝑃𝑀

󵄨󵄨󵄨󵄨
𝑑𝑆
𝑃
,

𝑈0 (𝑀) =
𝐼
𝑆 (𝑀)

𝜎 ⋅ 2𝜋
⋅

1
󵄨󵄨󵄨󵄨𝑟𝑃𝑀

󵄨󵄨󵄨󵄨
.

(18)

Here, 𝑈
0
(𝑀) is the potential of the source electrode at

point𝑀.

(5) Calculating the Functions of Apparent Resistivity. Calcu-
lating the functions of apparent resistivity along the surface
is defined by the relation

𝜌
𝑎
= 𝐾

𝜕𝜑

𝜕𝑟

1
𝐼
, 𝐾 =

2𝜋 ⋅ 𝐴𝑀 ⋅ 𝐴𝑁

𝑀𝑁
, (19)

where 𝐼 is the current source electrode and𝐾 is the geometric
coefficient for the three-electrode Schlumberger array.

4. Numerical Results and Discussion

For a full explanation of the anomalies due to surface relief,
the electric current density of the surface (with secondary
sources for different surface shapes) computed by the integral
equation (8) is shown in Figures 2(a), 2(b), and 2(c).

The results obtained from the numerical simulations are
presented in Figures 3–7. Calculations were made for a three-
electrode Schlumberger array for severalmodels of the Earth’s
surface relief for a medium with resistivity 𝜌

1
= 1Ωm.

Here, we examine the simulation results for the model
with a positive form of ground surface relief in the form
of a hemispherical (semicircular) crown with sharp angles
(Figure 3) and also for the same model results with smooth
angles.
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Figure 3: The shape of the surface relief and curves of 𝜌
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for a three-electrode array on a hemispherical crown. A star indicates the position

of the current source electrode. — indicates surface with sharp angles; ---- indicates surface with smooth corners.
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Figure 4: The shape of the simulated ground surface and 𝜌
𝑎
curves, for a three-electrode array on a hemispherical recess surface. A star

indicates the position of the current source electrode. — indicates surface with sharp angles; ---- indicates surface with smooth corners.

From these curves of apparent resistivity, the anomalies
can be observed in the vicinity of the surface irregularities,
especially at the corners. On the flat areas of the surface, the𝜌

𝑎

of the curves are close to the resistivity of themedium. As you
approach the corner point, there is a rise and a sharp increase
in 𝜌
𝑎
, and the uppermost minimum apparent resistivity is at

the vertex. Then, 𝜌
𝑎
is found to increase in the vicinity of the

next corner point. This is followed by a smooth decrease in
𝜌
𝑎
as it approaches the resistivity of the medium. From the

results of the simulation of the curves of 𝜌
𝑎
for ground surface

forms with smooth angles of inclination, it can be seen that
the magnitude of the anomaly decreases with smoothing of
the corner points. Increased races are explained by distancing
receiver electrodes from the current source electrode.

Figure 4 presents the results of the simulationmodel with
the surface in the form of a hemispherical (semicircular)
recess. In the corner points of the surface, a decrease in 𝜌

𝑎

is observed, and the center of the recess corresponds to the
maximum. For the surface model with smooth angles, the
anomaly is less apparent. It should be noted that, at the cor-
ners of the hemispherical (semicircular) recess surface, the
anomaly is significantly smaller than for the hemispherical
(semicircular) convex surface.

Here, we examine the results of the simulation model in
which there are two shapes of the ground surface: a positive
(hemispherical convexity) and a negative (hemispherical
recess) relief (Figure 5). For this model, there are similar
patterns of behavior of the 𝜌

𝑎
curves, as with previousmodels.

The value of 𝜌
𝑎
increases near the top of the concave corner

of the 𝜌
𝑎
curve and decreases near the vertices of the convex

corner. Additionally, there is a smooth transition from a
minimum to a maximum corresponding to the transition
from the positive to the negative forms of the surface.

The simulated 𝜌
𝑎
values of models where the surface is in

the form of a symmetrical triangle, with positive and negative
forms, are shown in Figures 6 and 7. The calculations are
made for two slope angles: 𝛼 = 45∘, 22.5∘. For positive relief,
increases in the angles of inclination result in a decrease in
𝜌
𝑎
found in the extreme corner points of the 𝜌

𝑎
curve. For

negative relief, the opposite behavior is observed. It should
be noted that the magnitude of the anomalies increases with
increasing angle of slope for either positive or negative reliefs
in the symmetrical triangles. For the same angles of slopes
and for positive relief, anomalies are greater than those for
negative relief.

5. Conclusion

This paper presents a mathematical model that allowed us
to construct a function of apparent resistivity that is con-
structed using the basic laws of formation of the electric field
associated with the influence of ground surface relief. The
numerical mathematical algorithm and computer program
solve the direct problem of electrical prospecting with direct
current for arbitrary two-dimensional and three-dimensional
media and account for the effects of ground surface relief.
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Figure 5:The form of the ground surface and 𝜌
𝑎
curves for a three-electrode array where the model surface has both positive (hemispherical

convexity) and negative (hemispherical recess) shapes. A star indicates the position of the current source electrode. — indicates surface with
sharp angles; ---- indicates surface with smooth corners.
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Figure 6:The form of the ground surface and 𝜌
𝑎
curves for a three-electrode array where themodel surface has positive shape of symmetrical

triangle. A star indicates the position of the current source electrode. (a) The angle of 𝛼 = 45∘; (b) the angle of 𝛼 = 22.5∘.

The results will improve the quality of work and the devel-
opment of computer technology used in geophysics.

This research can be continued in several different direc-
tions. Firstly, the method should be adapted and tested on
real formats of surfaces obtained in the field measurements.
Secondly, it is necessary to generalize the method to the
case of more complex models of medium containing local

inclusions, buried relief, or embossed layered structures. The
last option is the most common for geophysical research.
Further, it is necessary to develop a quantitativemethodology
of accounting of anomalies associated with the relief, in the
interpretation of data.This problem requires the formulation
and solution of inverse problem in terms of the integral
equations method.
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Figure 7:The form of the ground surface and 𝜌
𝑎
curves for a three-electrode array where themodel surface has negative shape of symmetrical

triangle. A star indicates the position of the current source electrode. (a) The angle of 𝛼 = 45∘; (b) the angle of 𝛼 = 22.5∘.

Appendix

Construction of a Computational Grid on
the Ground Surface Relief

One of the important steps in solving direct problems of
electrical exploration with direct current is to build a com-
putational grid. The quality of the computational grid affects
the accuracy of the results, the convergence of the iterative
method, and time of the decision of the whole problem.

In the method of integral equations the grid is con-
structed of the cells broken on the surface, approximating the
secondary current source.

To describe the distribution of current density on the
surface, we create a grid with a logarithmic scale expanding
radially, adapted for a source electrode position and the
shape of the surface relief. In [26], the comparison of the
results of calculations of the potential for homogenous and
inhomogeneous grids with a logarithmic scale expanding
is presented. It is shown that, in calculations based on
inhomogeneous grids condensing in the vicinity of the source
electrode, the relative accuracy of the calculation is higher
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Figure 8: Computational grid in the polar coordinate system tied to
the surface.

than on a homogeneous grid. Initially the grid nodes are
defined in the polar coordinate system associated with the
surface (Figure 8). This method allows one to parameterize
the complex structured relief including vertical plumb lines
and even recess.

The initial values and steps for each coordinate ℎ𝛼 and
ℎ𝑟 are set. Then the coordinates (𝛼

𝑖
, 𝑟
𝑖
) are determined. Step

of the corner is defined by a constant ℎ𝛼 = const, and the
step of the radius is determined by the logarithmic expanding.
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Figure 9: Computational grid in the Cartesian coordinate system
with the surface topography with elevation function 𝑧 = 0 when
𝑥 < 0 and 𝑧 = sin(𝑥) when 𝑥 > 0, 𝑥 ∈ (−4.5; 4.5).

Logarithmic expanding step along the radius is calculated
by the change of variables in the domain of integration Γ:
𝑟󸀠 = ln(1 + 𝑟). The results obtained in the polar coordinate
system (𝛼

𝑖
, 𝑟
𝑖
) are converted into Cartesian (𝑞

𝑖
, 𝑦
𝑖
) and the

coordinates of grid points (𝑥
𝑖
, 𝑦
𝑖
, 𝑧
𝑖
) are calculated by taking

into account the surface relief 𝑧
𝑖
= 𝑓(𝑥

𝑖
). Coordinates 𝑥

𝑖

are found by solving the differential equation 𝑑𝑧/𝑑𝑞
𝑖

=

1/√1 + 𝑓󸀠(𝑥
𝑖
)2 by Runge-Kutta method; the coordinates 𝑧

𝑖

are determined by the function of relief 𝑧 = 𝑓(𝑥). In Figure 9
a grid is constructed by the described algorithm for the relief
function 𝑧 = 0 when 𝑥 < 0 and 𝑧 = sin(𝑥) when 𝑥 > 0,
𝑥 ∈ (−4.5; 4.5).

Incremental algorithm of constructing a grid on the
surface of the relief:

(1) determination of the relief function 𝑧 = 𝑓(𝑥);

(2) calculation of the polar grid nodes (𝛼
𝑖
, 𝑟
𝑖
), 𝑖 = 1 ⋅ ⋅ ⋅ 𝑁,

𝑁 = 𝑚 ⋅ 𝑛:

𝛼
𝑗
= 𝛼
(𝑗−1) + ℎ𝛼,

𝛼 ∈ [0; 𝜋] , 𝑗 = 1 ⋅ ⋅ ⋅ 𝑚, ℎ𝛼 =
𝜋

𝑚
,

𝑟
𝑘
= (𝑟
(𝑘−1)

+ 1) ⋅ 𝑒ℎ𝑟
󸀠

,

𝑟 ∈ [0; 𝐿] , 𝑘 = 1 ⋅ ⋅ ⋅ 𝑛, ℎ𝑟󸀠 =
ln (1 + 𝐿)

𝑛
;

(A.1)

(3) conversion of coordinates obtained in the polar coor-
dinate system (𝛼

𝑖
, 𝑟
𝑖
) to Cartesian coordinate system

(𝑞
𝑖
, 𝑦
𝑖
):

𝑞
𝑖
= 𝑟
𝑖
⋅ cos𝛼

𝑖
,

𝑦
𝑖
= 𝑟
𝑖
⋅ sin𝛼

𝑖
;

(A.2)

(4) calculation of the coordinate functions of the relief
(𝑥
𝑖
, 𝑦
𝑖
, 𝑧
𝑖
):

𝑑𝑧

𝑑𝑞
𝑖

=
1

√1 + 𝑓󸀠 (𝑥
𝑖
)
2
,

𝑧
𝑖
= 𝑓 (𝑥

𝑖
) .

(A.3)
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