Hindawi Publishing Corporation

Journal of Applied Mathematics

Volume 2015, Article ID 875850, 12 pages
http://dx.doi.org/10.1155/2015/875850

Research Article

Dynamic Output Feedback Robust Model Predictive
Control via Zonotopic Set-Membership Estimation for

Constrained Quasi-LPV Systems

Xubin Ping' and Ning Sun’

!'School of Electro-Mechanical Engineering, Xidian University, Xian 710071, China
?School of Electronic Engineering, Xidian University, Xian 710071, China

Correspondence should be addressed to Xubin Ping; xbping@xidian.edu.cn

Received 5 July 2014; Revised 11 September 2014; Accepted 7 October 2014

Academic Editor: Dewei Li

Copyright © 2015 X. Ping and N. Sun. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

For the quasi-linear parameter varying (quasi-LPV) system with bounded disturbance, a synthesis approach of dynamic output
feedback robust model predictive control (OFRMPC) is investigated. The estimation error set is represented by a zonotope and
refreshed by the zonotopic set-membership estimation method. By properly refreshing the estimation error set online, the bounds
of true state at the next sampling time can be obtained. Furthermore, the feasibility of the main optimization problem at the next
sampling time can be determined at the current time. A numerical example is given to illustrate the effectiveness of the approach.

1. Introduction

Model predictive control (MPC) or receding horizon control
is a class of optimization based control methods, which
explicitly utilizes process model parameters and measure-
ments to optimize a performance function. At the current
time, the optimization problem is carried out and then
generates the optimal control input sequence. However, only
the first element of control inputs is implemented. At the
next sampling time, the output measurement is updated and
the prediction horizon is shifted one step forward, and then
the optimization problem is repeated. Due to its ability to
handle the systems with hard constraints, it has attracted
many researchers’ attention, from both academic community
and industrial society, for example, [1-4]. However, in real
processes, the precise model parameters are seldomly avail-
able. Hence, robust MPC (RMPC) is more practical for real
applications.

Linear parameter varying (LPV) systems are the systems
whose parameters take their values in the prespecified sets
and the dynamic characteristics depend on the time-varying
parameters. When the time-varying parameters of LPV sys-
tems can be exactly known at the current time, the systems are

called quasi-LPV (quasi-linear parameter varying) systems.
It means that the model parameters are exactly known at
the current time, but their future evolutions are uncertain
and contained in the prescribed bounded sets. In RMPC, the
model parametric uncertainty can be dealt with within the
frame of LPV systems. For the online RMPC, at each time, a
min-max optimization problem is often utilized to minimize
the performance function of LPV systems, which considers
all the possible realization of model parametric uncertainty
[5]. Reference [6] extends the approaches in [5] to the quasi-
LPV system with a quasi-min-max optimization. In [7, 8], the
controller designment considers the time-varying parameters
of quasi-LPV systems having the bounds on their rate of
variation. Reference [9] considers the quasi-LPV systems
with a parameter-dependent control law.

However, in [5-9], the true states are assumed to be
known and the bounded disturbance is not considered. In real
processes, the true states are usually unmeasurable, and only
the outputs with disturbance are available. In these situations,
output feedback RMPC (OFRMPC) is more practical than
the state feedback one for real applications. For OFRMPC
with bounded disturbance and without model parametric
uncertainty, see [10, 11]. For OFRMPC with model parametric
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uncertainty and without bounded disturbance, see [12-14].
For OFRMPC with both polytopic uncertainty and bounded
disturbance, see [15-20].

For OFRMPC, the bounds of estimation error set rep-
resent a kind of uncertainty, which has to be considered in
the robust stability and physical constraints. When the model
parametric uncertainty, bounds of estimation error set, and
disturbance are known and contained in the bounded sets,
the evolution of state estimation is a compact set which is con-
sistent with the bounded uncertainties. The set-membership
estimation considers nonstatistical description of model
parameters, estimation error sets, and disturbance in the
form of bounded uncertainties. When the set-membership
estimation is utilized to state estimation, an appropriate
representation of estimation error sets should consider the
tradeoff between the precise representation of estimation
error sets and the online computational burden. Polytopes
can be used to represent exactly the estimation error set.
However, if the vertices of polytopes increase dramatically,
the computational burden becomes quickly prohibitive [21].
Ellipsoids can overcome the drawback by efficient compu-
tation. However, the Minkowski sum of ellipsoids is not
necessary an ellipsoid, and an outer approximation ellipsoid
is often used to estimate the Minkowski sum of ellipsoids,
which may lead to the conservatism of state estimation. In
recent years, zonotopes (a particular class of polytopes) have
received more attention because of their advantages of having
better precision in comparison with ellipsoidal sets and less
complexity compared to polyhedral sets. Hence, several set-
membership estimation methods based on zonotopes [22-
25] have been proposed.

The present paper considers a synthesis approach of
dynamic OFRMPC for the quasi-LPV system with bounded
disturbance. The main optimization problem is similar to
that in [16, 19], while the estimation error sets are repre-
sented by zonotopes. The main contribution is a combination
between the main optimization problem that calculates con-
trol parameters and the set-membership estimation based on
zonotopic computation. By properly refreshing the estima-
tion error sets, it can obtain the precise bounds of true states
at the next sampling time. Furthermore, the feasibility of the
main optimization problem at the next sampling time can
be determined by checking a feasible problem at the current
time.

2. Notations, Basic Definitions, and Properties

a

For any vector x and positive-definite matrix W, ||x||€v e
x"Wx. x(i | k) is the value of x at time k + i, predicted at
time k. I is the identity matrix with appropriate dimension.
ey 2 {8 ETME < 1} denotes the ellipsoid associated with
the symmetric positive-definite matrix M. All vector inequal-
ities are interpreted in an element-wise sense. An element
belonging to Co{-} means that it is a convex combination
of the elements in {-}, with the scalar combing coefficients
nonnegative and their sum equal to 1. The symbol “x” induces
a symmetric structure in the matrix inequalities. A value
with superscript “*” means that it is the optimal solution of

Journal of Applied Mathematics

the optimization problem. The time-dependence (k) of the
MPC decision variables is often omitted for brevity.

Let an interval [a;b] be defined as the set {x : a <
x < b}. The unitary interval is B = [-1;1]. A box
(la byl ... [a, bn])T is an interval vector. A unitary box in
R, denoted by B™, is a box composed by m unitary intervals.
The Minkowski sum of two sets X and Y is defined by X@Y =
x+y:xeX, yeY}l

Definition1. A m-zonotope in R" can be defined as the linear
image of a m-dimensional hypercube in R", where m is the
order of the zonotope and satisfies 1 > n. Given a vector p €
R" and a matrix H € R, a m-zonotope is the following
set:

Z=peoHB" ={xeR"|x=p+Hz,zeB"}. (1)

This is the Minkowski sum of the m-segments defined
by m columns of matrix H in R". The center of zonotope
Z is vector p; H = [hy,...,h;... k], with h; € R",
i € {1,...,m}, are the generators of the zonotope. Some
properties for zonotopic computation are given as follows.

Property 1 (the Minkowski sum of two zonotopes [22]).
Given two zonotopes Z, = p; ® HB' € R" and Z, =
p, ® H,B)' € R", the Minkowski sum of two zonotopes is
also a zonotope defined by Z = Z, @ Z, = (p; + p,) @
[H, H,]B™™ e R".

Property 2 (the image of a zonotope [22]). The image of a
zonotope Z = p @ HB™ € R" by a linear mapping K can
be computed by a standard matrix product KZ = (Kp) &
(KH)B™ € R".

Property 3 (zonotope reduction [22, 23]). Given a zonotope
Z = poHB™ € R" and integer f withn < f < m, denote by
H the matrix resulting from the reordering of the columns of
matrix H in decreasing order of Euclidean norm and by O €
R™" a diagonal matrix, satisfying the following conditions:

H=[h,....}.. k|, with [B], > ||, @
O, = i 'ﬁij| , withi={1,...,n}, (3)
j=f-n+l

andthenZ c Z 2 pe[Hy O]B/ € R", where H, is obtained
from the first f — n columns of matrix H.

Remark 2. From Property 3, it can obtain that Z is an outer
approximation of Z with a lower order, which can be utilized
to estimate a zonotope with high order. In Section 4.2, by
applying Property 3, the order of the estimation error set can
be reduced.

Zonotopes are the special case of polytopes and can be
represented by half-space representation (H-representation)
and vertex representation (V-representation). The definitions
are as follows.
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Definition 3 (H-representation of a polytope). For g half-
spaces, a convex polytope P is the set:

P={xeR"|Gx<g, GeR™ ge R™| (4

Definition 4 (V-representation of a polytope). A polytope P
is the set constructed by the convex combination of finite
vertices x; € R", i € {1,...,Vp}; that s,

P= CO{X])""XVP}

©)

Ve
20,) = 1},
i=1

where V,, is the total number of vertices related to the V-
representation of polytope P. From Definition 1, the unitary
box B™ in R™ has 2" vertices, and each vertex of B™ is a m-
dimensional vector with the element being 1 or —1. Hence,
according to (1), at most 2" vertices of zonotope Z can be
calculated. We define the vertex which is the interior point
of Z as redundant vertex. To represent the zonotope Z by V-
representation through V, vertices, a Quickhull Algorithm
in [26] can be employed to remove the redundant vertices.
When the dimension # of zonotope Z is fixed, the relationship
between V,, and m can be obtained; for example, when n = 2,
V, =2m;yn = 3,V, = m(m - 1) + 2, respectively [27]. For
high-dimensional systems, although the relationship between
V, and m is complex, the upper bound of V,, can be calculated
in polynomial time for the fixed dimension of zonotopes [28].

Vb
= {Z“iXi | x; € R",a; € R,

i=1

Figure 1 shows a zonotope Z = p ® HB’, where p = [¢],

H = [%° 22 93], m = 3; the three generators are h; = [%],
h, = [Z2], hy = [ %3], which are the three columns of matnx
H, respectlvely [27]. Based on Definition 1, the vertices of
zonotope Z can be calculated for the different 2* vertices

« »

of unitary box B’, where the different combinations of “+

and “~” denote the corresponding vertices of Z. In order
to describe the zonotope Z by V-representation through 6
(V, = 2 x 3) vertices, the redundant vertices denoted by
“(=,— +)” and “(+, +, —)” are removed.

3. Problem Statement

Consider the following discrete-time uncertain LPV system:

x(k+1)=A(k)x (k) + Bk uk) + DK w k),
(6)

y (k) =C(k)x (k) + E(k)w (k),

where u € R™, x € R™, y € R™, and w € R™ are input,
state, output, and disturbance, respectively.
We make the following assumptions on system (6).

(A1) The time-varying system matrices [A | B | C | D |
E](k) are known to vary within a polytope €, that is,
[AIB|C|D]|E®K €Q2Cofl4, | B | G |
D, | Ej],1 = {1,...,L}}, and there exist nonnegative
coefficients A;(k), where A,;(k)’s are exactly known at
current time k, such that ZIL:1 AM(k)=1land [A | B|
C|D|Elk) =Y, (KA, | B, | C/ | D, | E].

3
: == (+=-)
ol 6o )
\
7h, / \
sl o Vo) .
_-7 \\ //’//
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FIGURE I: Representation of a zonotope Z by generators and vertices.

(A2) The bounded disturbance satisfies w(k) € €p,» and
an outer approximation of the bounded elhpsmdal
disturbance set can be represented by a zonotope Dj
that is,
ep CD200H,B, H,eR™ d>n, (7)

where matrix H,, is constructed by d generators of

zonotope D.
(A3) The input and output constraints are required to
satisty
-u<u(k) <u, —v<¥yk+1)<vy, (8)
where 7 = [t,,5hy,..., 1, ]'; aJ >0,j€{l,...,nl;
V= @0V 9,57, > 0. € (L. gV c
quny.

For the system (6), the dynamic output feedback con-
troller is of the following form [16, 19]:

x.(i+1]k)=
u(ilk)=

A (i1 k)x (i|k)+B. (i|k)y(@|k),
Clilk)x (i 1k)+D.(i|k)y@lk),

where x, € R™, {A_(i | k),B.(i | k)} are the controller
gain matrices, and {C_(i | k), D.(i | k)} are the feedback gain
matrices. The controller parameters {A (i | k), B.(i | k), C,(i |
k), D.(i | k)} take the parameter-dependent form as

L L .
AR =Y YA k+i)d; (k+i) A,
I=1 j=1
D.(i| k) = D,
L . (10)
B.(ilk)=) ) (k+i)B,

=1

L .
C.ilk)y= YA (k+i)C..

j=1



Hence, the augmented closed-loop system, based on (9) and
the predictions made by (6), is

Xi+1]k) =036k x|k

+TGRwk+i), Yi=0, (1)

x(0|k)=x(k),
where
~ 1.1t .17
X=|x ,xc] ,
A, +BD.C; BT
BC, A

c

>

Oy =

BD.E; + D,

g BE;

L L
[@G,Kk) | TGR)] =) YA (k+i)A; (k+1) [@; | T;] .
=1 j=1
J (12)

At each time k, the true state x(k) is unmeasurable. Hence
it is necessary to use its bounds to represent the true state.
Suppose, at time k, x(k) is confined by a m(k) order zonotope
represented by

x (k) € X (k) = x, (k) ® H (k) B"®,
(13)

H k) e RO mk) = n,

and then by applying Definition 1 and removing the redun-
dant vertices, the true state x(k) can be represented by the
following convex set:

x (k) € Cofx, (), X2 () vy (O} (14)

where x,(k), r € {1,2,...,Vxy}, are the vertices of X(k)
and Vi, is the total number of vertices related to the V-
representation of zonotope X (k) at time k.

4. Synthesis Approach of Dynamic OFRMPC

4.1. The Main Optimization Problem. In the dynamic
OFRMPC approach, at each time k, based on the dynamic
OFRMPC approaches in [16, 19], the following main
optimization problem is considered:

y,Q)ZngZIE}II??,B [A|B|C|D|E](Iggié)i?(),w(kﬂ)ﬁpwy) (15)
st. X(k) € eg, (16)
_ 2
1% G | K)lig
21 = [|£G | K)Ig: — 1R G+ 1] k)G
17)
1 . 2 ) (
22 [y G LRI+l 1 R)IZ,]

Vi >0,
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—u<u(i|k)<u Vizo0, (18)

-y<¥y(+1]lk) <y, Vi=0, (19)

where y is the performance cost, (16) is the augmented state
constraint, (17) is the stability/optimality condition, (18) is the
input constraint, (19) is the output constraint, the matrices @,
R are the positive-definite weighting matrices, and Q satisfies
the following conditions:

Q71=M= [Ml MZT])

M, M,

[ QT]
Q_[Qz Q)

(20)

Choosing M, = —M;, then M; = M;(M, - Q;" )M,, Q, =
Q;=Q, - M

In the following, some previous results mainly in [16,
19] are reviewed to deal with constraint conditions (16)-
(19). By applying the definition of augmented state and (14),
constraint (16) holds if there exist positive-definite matrices
{M,,Q,, M3, M} such that

[xr <k>]T [ M, —141] [x, (k>] -

Xc(k) _Ml M3 xc(k) (21)
[S {1’2"-'7VX(k)}’
[E —Ml] 0
_Ml M4 o
(22)

MI—M4I]
>0.
TR

Forall X(i | k) and all admissible w(k + z) cond1t10n (17) holds
if there exist a scalar o and matrices {A/, Al B C] D,} such that

L L
YLk =Y YA+ (k+ i)Y >0,

Vi >0,
I=1 j=1
QB
Yl.
(1-a)M, * * x ok Kk k
(l—oc)I (1-a)Q * * ok kK
0 ) P, O T
3 AI+B,DCC] AQ +{B,6g BD.E;j+D; Q * * *
M, A+ BLC; Al BE+MD I M, % x|’
@’c;  @’ci @"E; 0 0 yI *

2'°D.C; R'*¢l #'PDE; 0 0 0 yI

(23)
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with (10) being parameterized as

—1i s _ _J
Al = (M1 'A% - 4,Q, - BD.C,Q, + BCCle)
_ -1 —j
x(M'-Q,) +BC..
(24)

Suppose, at time k, constrains (21), (22), and (23) are
satisfied; there exist positive-definite matrices {U, £} such that

M, * * *
I Q * *
U _ 1
Yi=1 o op, «|Z0
V2D,C; V2C! V2D,E; U
Us<i, j=1,...,L, s=1,...,n,

L L

Y' k) =Y YN (k+i) A (k+1) Yy >0,

=1 j=1

Ml
I

h
Y} =

o

¥C, (A, + BD.C;) YC,(AQ, +BC!) YC, (BD,E; + D)

— 1
WS_E

h

where U (E,;) is the sth diagonal element of U(Z), and then
by applying (10) and (24), the constraints (18) and (19) are
satisfied.

From the above conditions, it is shown that the main
optimization problem (15)-(19) can be approximated by

min s
F FASND
y,0,Qy,M;,M;3,M,,A],B.,C.,D,,UE (26)

st (21),(22),(23),(25).

At each time k, if the main optimization problem (26) is
solved, then (11) is quadratically bounded [29, 30] within a
common Lyapunov matrix Q"', and the controller parame-
ters are calculated by (10) and (24). The main optimization
problem (26) can be solved by an LMI (linear matrix
inequality) tool, which is the same as in [16, 19].

Remark 5. In [16], the true state constraint in the main
optimization problem is represented by the V-representation
of general polyhedral sets. In [19], to guarantee the recursive
feasibility of the optimization problem based on polyhedral
bounds, the true state constraint in the main optimization
problem utilizes either the ellipsoidal set or the polyhedral

Q
0

h=1,...,L, Vi>0,
(25)
* *
* *
P, * |
53331/752, s=1,...,q,

(7.~ k).

{, = max (YE,P,'E,¥") ,

Ss

set, with the latter being used if and only if it is contained in
the former. Compared with [16, 19], the present paper utilizes
the V-representation of zonotopes to represent the bounds of
true state.

4.2. The Refreshment of Estimation Error Sets. Define the
estimation error e(k) = x(k) — x.(k). At each time k, for
the quasi-LPV system (6), the model parameters [A | B |
C | D | E](k) are exactly known at the current time
k. If the controller parameters {A (k), B.(k),C.(k), D (k)}
are obtained, then according to (11) and the definition of
estimation error, it is shown that

L L
e(k+1)=Y YA (k)A; (k)

=1 j=1
x{(4,+BD.C —Elccj)x(k)
+(BCL- &) x. (k)

+(BD.E; + D, - B.E;) w(k)}



— [A(K) + B(k) D, (k) C (k) = B (k) C (k)] x (k)
+[BROC. (k) - A, ()] x, (K)

+[B(k) D, (k) E (K) + D (k) - B, (K) E ()] w (k).
(27)

By applying (7) and (13) and Properties 1 and 2, it can be
obtained that

ek+1)e&k+1)
2 [A (k) + B (k) D, (k) C (k)
~ B, (k)C (k) + B(k)C, (k) — A, (k)] x. (k)
® {[A (k) + B(k) D, (k) C (k) - B. (k) C (k)] H (k),
[B (k) D, (k) E (k) + D (k) - B, (k) E (k)] H,,}

o g+
(28)

From (28), the estimation error set at time k + 1 can be
represented by a [m(k) + d]-zonotope &(k + 1) = p(k+ 1) ®
H(k + B0 where

plk+1)
= [A(k) + B(k) D, (k) C (k)
~ B, (k)C (k) + B(k)C, (k) - A, (k)] x. (k) ,
Hk+1)
= [[A (k) + B (k) D, (k) C (k) - B. (k) C (k)] H (k) ,

[B(k) D, (k) E (k) + D (k) — B. (k) E (k)] H,] .
(29)

It can easily be obtained from (28) that, with the evolution
of time, the order of zonotope &(k + 1) will increase.
Accordingly, the generators and the vertices of zonotope
&(k + 1) will increase, which may lead to more LMIs in the
main optimization problem (26) to enforce the augmented
state constraints and then increase the online computational
burden of the main optimization problem (26). To decrease
the online computational burden of the main optimization
problem (26), we impose the restriction on the order of &(k+
1) by m(k) + d < N,. When m(k) + d > N,, Property 3 is
applied to construct a low order N,-zonotope Ek+1) =
p(k + 1) ® H(k + 1)B™: for outer approximation of the high

order zonotope &(k + 1); thatis, &(k + 1) € &(k + 1), where

H(k+1)=[Hp(k+1) O(k+1)],
(30)
H(k+1) € R,

and Hp(k + 1) € RN and Ok + 1) € R™ are
calculated according to (2) and (3), respectively. From the
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above derivations, it can be obtained that the estimation error
set at time k + 1 is one of the following forms:

Pk+1)=&(k+1),
H(k+1)=H(k+1),

m(k+1)=m(k)+d, whenm(k)+d< N,
(31)

Pk+1)=&k+1),
H(k+1)=H(k+1),

m(k+1)=N,, whenm(k)+d>N,.

When the estimation error set P(k + 1) is obtained,
according to Definition I, at most 2"**! vertices can be
calculated. By removing the redundant vertices, the set P(k +
1) can be described by V-representation through Vp, )
vertices. The vertices of the true state set X(k + 1) are the
same as P(k + 1); that is, Vx,1) = Vpy)- Hence the V-
representation of the true state at time k + 1 is

x(k+1) € Cofy, (k+1), x5 (k+ 1) gy, (k+ DY,
xk+1)=x(k+1)+v,(k+1),

re {2, Vygan) -
(32)

Remark 6. In Section 2, we have mentioned the relationship
between V, (the number of vertices related to zonotopes), m
(the order of zonotopes), and the dimension of zonotopes.
For the refreshment of estimation error sets in Section 4.2,
when the dimension of true stateisn, = 2, Vyy1) = Vpsr) =
2m(k+1); whenn, = 3, Vx1) = Vper) = mlk+1)[m(k+1)-
1]+ 2, respectively [27]. For high-dimensional systems, when
n, is fixed, the upper bound of Vi, (or Vp, 1)) is related
to m(k + 1) and can be calculated in polynomial time [28].
In [16], V(x41) (OF Vp(41)) only depends on the dimension of
true state; that is, Vy,1) = Vpyyy) = 2™. In [19], the upper
bound of Vy 1) (or V) is bounded by properly selecting
an integer p.

In [16,19], the outer approximation of ellipsoidal bounded
disturbance is represented by the V-representation of the
polytope. The present paper utilizes zonotopes to outer
approximation of ¢p . The outer approximation of ellipsoids
introduces conservatism. However, by properly increasing
the vertices of outer approximation polyhedral sets in [16,
19] and choosing matrix H,, with proper generators, the
conservatism can be reduced.

4.3. The Feasibility of the Optimization Problem at the Next
Sampling Time. The original optimization problem (15)-(19)
is recursive feasible; that is, it is feasible for all k > 0
if and only if it is feasible at time k = 0. However, by
using the bounds of true state to handle the uncertainty
of true state, the recursive feasibility may be lost for the
main optimization problem (26). If the main optimization
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problem (26) is solved at time k, then the optimal solu-
tions {«, y, :475, Ei, @, D,,Q,, M,,U, E}* (k) are obtained, and

%(k) € g (k) - At time k + 1, by choosing
M, (k+1) =M (k) -Q; (B,
M, (k+1) =M/ (k),
Q (k+1)=Q; (k), (33)
M, (k+1) = M (k+1)
* * * ~11°1L *
= M; (k) [My (k) -Q; (0] M; (k)"

then (22) is satisfied as follows:

[H3(k+1) —M1(k+1)]>0
-M,(k+1) My(k+1) |~ " )
M, (k+1)-M,(k+1) I 50

1 Qk+1)| =™

Based on (33) and (34) and the definitions of Q and M, then,
by applying the Schur complement, it can be obtained that if
the problem (35) is feasible:

find #,
}’] * *
st [ GrD k) x (35)
x.(k+1) Q (k) Q; (k)

0<n<l, re{l,2....Vxun)

then (21) is satisfied and X(k + 1) € ga - In
the main optimization problem (26), only (21) and
(22) are related to the process state information. By
further choosing {«,y, EZ,EIC,GZ,ISC,U, Eik + 1) =
{a,y, A%, B.,CJ, D, U,E}"*(k), the feasible solutions for
the main optimization problem (26) at time k + 1 can be
constructed. The feasible solutions for (21) at time k + 1 can
be directly constructed through (33). Hence, the feasibility
of (35) determines not only whether X(k + 1) is contained in
the ellipsoidal set & ;- or not, but also the feasibility of
the main optimization problem (26) at time k + 1.

Remark 7. In [16], the refreshment of estimation error sets
and the feasibility of the main optimization problem at
the next sampling time are performed simultaneously by
an iterative auxiliary optimization problem. Furthermore,
it involves the H-representation of estimation error set in
the auxiliary optimization problem. In [19], to guarantee
the recursive feasibility of the main optimization problem
based on polyhedral sets, the recursions of both polyhedral
sets and ellipsoidal sets are obtained. At the next sampling
time, the polyhedral set is used in the main optimization
problem if and only if it is contained in the ellipsoidal set. The
present paper refreshes the estimation error set via zonotopic
computations and is represented by V-representation. Then

problem (35) is applied to determine whether the main
optimization problem (26) is solved or not at the next
sampling time.

4.4. Overall Solutions

Algorithm 8. Choose a feasible x,(0) and the initial constrain
of x(0) represented by a zonotope x.(0) ® H (O)B"‘(O), where
H(0) € R Let p,, = 1. Select the maximal order of
zonotope related to the estimation error set as N,. At each
time k > 0, perform the following steps.

(1) If p,, = 1, then solve the main optimization problem
(26) and obtain the controller parameters by (10) and
(24).

QI p, =
parameters.

0, then inherit the previous controller

(3) Implement u(k) = C.(k)x.(k) + D.(k)y(k), and
calculate x (k + 1) = A _(k)x.(k) + B.(k) y(k).

(4) Calculate &(k + 1) by (28). If m(k) + d < N, then let
P(k + 1) = &(k + 1); else then calculate &(k + 1) by
(30) and let P(k + 1) = &(k + 1).

(5) Check the feasibility of problem (35). If problem (35)
is feasible, then let p., = 1; else then let p,, = 0.

The complexity analysis of Algorithm 8 and the related
algorithms for worst cases are listed in Table 1. For the main
optimization problem in Table 1, an LMI tool is utilized. The
complexity for solving the main optimization problem is
polynomial time, which (regarding the fastest interior-point
algorithms) is proportional to &2, where & is the number of
scalar LMI variables and £ is the number of scalar LMI rows
(see [31]). The complexities of Algorithm 1 in [16], Algorithm
1in [19], and Algorithm 8 are summarized in Table 1. From
Table 1, it can be obtained that the computational burden of
the main optimization problem is different mainly in how
many of scalar LMI rows are utilized to describe the bounds
of estimation error (or true state). In the main optimization
problem of [16], & depends on the dimension of true state r,;
R in the main optimization problem of [19] can be confined
by properly choosing p. In Algorithm 8, the restriction on the
order of zonotope by N, can limit V.

For the auxiliary optimization problem in [16], the com-
putational burden mainly comes from an iterative method.
Algorithm 1 in [19] and Algorithm 8 take the advantage
of Quickhull Algorithm in [26] to remove the redundant
vertices and obtain the estimation error set by V-presentation.
The worst-case complexity of Quickhull in [26] is O(V log rp)
for n, < 3 and O(Vf,/r,) for n, > 4, where V is the number
of input points in R"x, r,, is the number of processed points,
and f, is the maximum number of facets for r, processed
vertices, respectively. Furthermore, the outer approximation
of ellipsoidal sets in [19] and problem (35) are solved by
an LMI tool, and the complexity analysis of the related
parameters & and & is listed in Table 1.
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TABLE 1: The complexity analysis of the compared algorithms.

Refreshment of estimation error set and/or determination of
feasibility problem

Each iteration of (35) in [16]: & =n,(n, + 1) + 1,

L= ni + 2nxn:2"" +2™(1 +n,) + 3n, + 1;(35) in [16] is infeasible:
K=1,2= 2nxn’;;2""

Different algorithms ~ Main optimization problem

Algorithm 1in [16] K=8,,8=28,,+2™

For polyhedral set: & = & ,, = &, + p;
for ellipsoidal set: & = &, + 1,
=28, +3

Quickhull Algorithm: O(pn)) logr,), n, < 3; O(pn, f,/r,), n, > 4;

Algorithm 1in [19 ~ —~
gorithm 1in [19] outer approximation of ellipsoidal sets: & = p, & = pzny

Quickhull Algorithm: O(2™ logr,), n, < 3;0Q2": f,/r,), n, > 4
problem (35): & = 1,8 =2n, +1

Note: 8 = (1/2)L(L + l)nfc + Lnx(ny +n,)+ mny, + 2n,(n, +1) + (1/2)n,(n, + 1) + (1/2)ny(ny +1D)+ L&y =(L+n-D/n(L-1))4n, +n,+n
1) + LIL + n = 1)!/nl(L = 1)) (2ny + 2y, + 1) + LQ2ny + 1y, + 1) + 40, + 1y, + 1y ng
by V-presentation; p is the maximal number of vertices related to the estimation error set (or true state) in the main optimization problem; N, is the maximal

Algorithm 8 =8 8= 8y + Vxp

y+

is the number of vertices related to the outer approximation of &p

order of zonotopes related to the estimation error set (or true state) in the main optimization problem.

Theorem 9. For system (6), Algorithm 8 is applied. Suppose
x(0) € X(0) = x.(0) ® H(0)B™, where H(0) € R™"©)_If
the main optimization problem (26) is feasible at time k = 0,
then X(k) will converge to a neighborhood of X = 0, and the
input and output constraints (8) are satisfied for all time k > 0.

Proof. The proof is similar to the “proof of Theorem 1” in
[32]. Suppose, at time k, Algorithm 8 is performed with a
refreshed control law; at time k + 1,k +2,...,k+1-1,1> 0,
it obtains p,, = 0, and at time k + [ it obtains p,, = 1.
According to Algorithm 8, the optimal solutions to (26) at
time k will be feasible to (26) at time k + I. Hence, y(k + [) =
p* (k) is a feasible bound of performance cost at time k + 1.
At time k + I, solve the main optimization problem (26),
y*(k +1) < y(k + ) will be obtained, and then it will satisfy
y*(k +1) < y*(k). By induction, y* (k°) will not increase with
time k°, where k° is the time when the main optimization
problem (26) is solved. With the evolution of time, y* (k) will
tend to a constant value denoted by y,, and the corresponding
positively invariant ellipsoidal set related to y, for system (11)
is represented by ellipsoidal set &1

Consider the following uncorrupt system (i.e., the system
is not corrupted by disturbance):

X (i+1]K)=0G,k°)x, (i1 k°), Vi=o0,

%, (01 k%) = % (k°),
wy (1 1K°) = Ce (i 1 k%) 0 (0 1K) + D (1K) yo (i 1 K7),

Yo (i 1K°)=C(K*+i)x, (i | K°).
(36)

The quadratic boundedness condition (23) guarantees the
asymptotic stability of the uncorrupt system (36). Hence,

12, G 1RO o — % G+ 1 TR

1 (Y] . (Y]
2 ey [ G + b G167

Vi > 0.

By summing (37) from i = 0 to i = 00, it achieves

oo () = 3 [l G U + G 1)
i=0 (38)

<y ()% () < v (7).

Hence, y(k°) is also an upper bound of performance cost for
the uncorrupt system (36). The condition J (k°) < y*(k°)
results in lim; , v, | k°) = 0 and lim,;_, u,G | k°) =
0. When y* (k°) tends to a constant value, y, means that the
augmented state will converge to a neighborhood of ¥ = 0
represented by &,-1 and stay in this neighborhood thereafter.
Satisfaction of the input and output constraints (8) is due to

(25). O

5. Numerical Example

Consider the nonlinear continuous stirred tank reactor
(CSTR) model, which has been studied in [12, 16, 19]. Similar
to [16, 19], the nonlinear CSTR model is represented as
the quasi-LPV system around the operation point, which
considers the physical constraints and bounded disturbance.
The details corresponding to system (6) are L = 4,

A = 0.8227 -0.00168
17 16.1233  0.9367 |’

Al = 0.9654 -0.00182
27 |-0.6759 0.9433 |’

Al = 0.8895 —0.00294
37129447 09968 |’

A = 0.8930 -0.00062
47 12.7738  0.8864 |’

B, = B, =

0.1014

—0.000092
’ 0.1016

[—0.000097]

B

o

0.0986

_ [-0.000157
37 01045 |

_ [—0.000034]
4 — >
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Xc2 X2

FIGURE 2: The responses of estimated states and time-varying

estimation error sets, Algorithm 1in [16].

0.0022
Dl= [00564], Cl= [0 1], El=0.2,
I=1,...,4
=10, VY=1, y=10,

poleW-aty) 1 e@-a ()
o o1 (¥) - 91 (-9) 2 o1 (¥) - 91 (-¥)
?, (y) - 72 % 10106—8750/()/1—350),

190 -9 (V) 1@ -90)
) %3 (W) P2 (_W) ' 29, (W) ) (_W)’

3.6 X 1010 (678750/(y+350) _ 678750/350)
¢ (y) =

4

Y
(39)

For the above quasi-LPV system, in Algorithm 8, choose
P, = 4 H, = 05 @ = 25 and 2 = 1, take
x.(0) = [0.15, 3]%, and the initial state belongs to a zonotope
x,(0) ® H(0)B™, where H(0) = [%02 %], m(0) = 2.
In order to compare with Algorithm 1 in [16], N, = 2
(Vx@y = Vpg = 4) is selected in Algorithm 8, and choose
the parameters for Algorithm 1 in [16] as e = [0.12, 1.2]%,
{z,6,u} = {10,0.003,0.99}. For comparing with Algorithm
Lin [19], N, = 4 (Vxg = Vpg = 8) is selected in
Algorithm 8, and choose the parameters for Algorithm 1 in
19]5% = [0.12,121°, 7 = [*7 8167 &, 27 1%, M,00) -
diag{0.5/(0.06 x 2)*,0.5/(0.6 x 2)*}, p = 8.

For all the compared algorithms above, the distur-
bance sequence w is randomly generated from the interval
[-0.5,0.5], which can be represented by a zonotope D =

0 ® H,B'. We have fixed « = 0.001, which only has

X2 X

FIGURE 3: The responses of estimated states and time-varying
estimation error sets, Algorithm 1in [19].

Xc2> X3

FIGURE 4: The responses of estimated states and time-varying
estimation error sets, Algorithm 8, N, = 2.

negligible influence on the control performance. By applying
Algorithm 8 (N, = 2), Algorithm 8 (N, = 4), Algorithm 1
in [16], and Algorithm 1 in [19], the simulation results are
shown in Figures 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11. Figures 2—
4 show the responses of estimated states and time-varying
estimation error sets related to the compared algorithms.
Figure 6 compares the trajectories of augmented closed-loop
system corresponding to the different algorithms. The control
input signals shown in Figure?7 illustrate that the input
constraints are satisfied. Figure 8 shows the performance
cost of the compared algorithms. The same disturbance
sequence that is shown in Figure 9 has been applied for all the
simulations. Figures 10 and 11 show the projections of a super
dimensional ellipsoid eg1, which is related to performance
cost y,, on the subspace of estimated state and estimation
error set, respectively.
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Xc2> X3

FIGURE 5: The responses of estimated states and time-varying
estimation error sets, Algorithm 8, N, = 4.

4.5
4l
3.5
3t
2.5
'
g 2
%
1.5+
1t
0.5
ol
0 0.05 0.1 0.15 0.2 0.25
Xe1> X1
- Algorithm 8, N, =2,x, >~ Algor%thm 1 %n [19], x,
—o— Algorithm 8, N, = 2,x, —b— Algorithm 1in [19], x,
o- Algorithm 8, N, = 4,x, -+~ Algorithm 1 in [16], x,
—o— Algorithm 8, N, = 4, x, —+— Algorithm 1 in [16], x,

FIGURE 6: The comparisons of trajectories of augmented closed-loop
systems.

Let | = Yiolly(®)I% + lluk)l}. For Algorithm 8
(N, = 2) (Algorithm 8 (N, = 4), Algorithm 1 in [16],
and Algorithm 1 in [19]), ] = 3808.8 (J] = 3374.5,] =
4253.6, ] = 3658.8) is obtained, and the time spent on
the simulations is 36.4s (42.65s,50.85,49.2s), respectively.
Compare Algorithm 8 (N, = 2) with Algorithm 11in [16]; the
control performance is improved with lower computational
burden; even the main optimization problem of Algorithm
1 in [16] is not solved at some sampling times. Compare
Algorithm 8 (N, = 2) with Algorithm 8 (N, = 4); by properly

Journal of Applied Mathematics

u
k
-3 Algorithm 8, N, = 2
—o— Algorithm 8, N, = 4
—— Algorithm 1 in [19]
—+— Algorithm 1 in [16]
FIGURE 7: The comparisons of control input signals.
11000
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O 1
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-5 Algorithm 8, N, = 2
—o— Algorithm 8, N, = 4
—— Algorithm 1 in [19]
—— Algorithm 1 in [16]

FIGURE 8: The performance costs of the compared algorithms.

limiting the order of zonotopes, the control performance can
be improved, with a slight increasement of computational
burden. Furthermore, the augmented states of Algorithm 8
(N, = 4) and Algorithm 1in [19] converge to nearly the same
neighborhoods of X = 0, while the control performance of
the former is better than the latter. The Matlab 714 (AMD
Phenom II Processor 2.70 GHz, 4 G Memory) is utilized for
the simulations.
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F1GURE 9: The disturbance utilized in the simulations.

-0.15 -0.1 -0.05 0 0.05 0.1 0.15

X1

--- Algorithm 8, N, = 2
—o— Algorithm 8, N, = 4
—— Algorithm 1 in [19]
‘‘‘‘‘‘ Algorithm 1 in [16]

FIGURE 10: The projection of &5-1 on the subspace of estimated state.

6. Conclusions

For quasi-LPV systems with bounded disturbance, a set-
membership estimation method via zonotopic computation
is applied to refresh the estimation error set. By properly
refreshing the estimation error set, the control performance
can be improved. Furthermore, the feasibility of the main
optimization problem at the next sampling time can be
determined by checking a feasible problem at the current
time. The augmented state can converge to a neighborhood
of X = 0 and stay in the neighborhood of X = 0 thereafter.
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