Hindawi Publishing Corporation

Journal of Applied Mathematics

Volume 2014, Article ID 762484, 10 pages
http://dx.doi.org/10.1155/2014/762484

Research Article

Stochastic Current of Bifractional Brownian Motion

Jingjun Guo'?

L School of Statistics, Lanzhou University of Finance and Economics, Lanzhou 730020, China
2 Research Center of Quantitative Analysis of Gansu Economic Development, Lanzhou University of Finance and Economics,

Lanzhou 730020, China

Correspondence should be addressed to Jingjun Guo; gjjemail@126.com

Received 24 December 2013; Accepted 15 February 2014; Published 2 April 2014

Academic Editor: Baolin Wang

Copyright © 2014 Jingjun Guo. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We study the regularity of stochastic current defined as Skorohod integral with respect to bifractional Brownian motion through
Malliavin calculus. Moreover, we similarly derive some results in the case of multidimensional multiparameter. Finally, we consider
stochastic current of bifractional Brownian motion as a distribution in Watanabe spaces.

1. Introduction

The fractional Brownian motion was first introduced within a
Hilbert space framework by Kolmogorov in [1]. It was further
studied by Mandelbrot and Van Ness in [2], who provided
a stochastic integral representation of this process in terms
of a standard Brownian motion in 1968. In recent years,
fractional Brownian motion has become an intense object
in stochastic analysis and related fields for the moment, due
to its interesting properties, such as self-similarity, and its
applications in various scientific areas. However, when Hurst
parameters H # 1/2, fractional Brownian motion is neither
a semimartingale nor a Markovian process. The techniques
used in Brownian motion cannot be directly applied.

Nevertheless, every fractional Brownian motion has its
limits in modelling certain phenomena. In order to fit
better in concrete situations, several authors have recently
introduced some generalized fractional Brownian motions.
For instance, we mention subfractional Brownian motion
(see [3, 4]) and bifractional Brownian motion (see [5, 6]).

The concept of current comes from geometric measure
theory. The simplest is the functional

T
o= [ (9@ y0) <1>

where ¢ : RY — R? and y(t) is a rectifiable curve. This
functional &(x) can be defined by
T

£ (x) =j 8 (x 7 (0) y(0)'dt, 2)

0

where (x) is a Dirac function (see [7]). If we want to simulate
this current, we need to replace the deterministic curve y(t)
with stochastic process X,. At the same time, the stochastic
integral must be properly interpreted. Recently, people pay
attentions to the research on stochastic current. Give the
following map:

o—1)=[ Oaxy. O

where ¢ is a vector function on RY which belongs to some
Banach spaces V, X, is a stochastic process, and the integral
is some version of a stochastic integral defined through
regularization. Stochastic current is a continuous version
of the mapping; that is, stochastic current is regarded as a
stochastic element of the dual space of V in [8].

The problem of stochastic current is motivated by the
study of fluidodynamical models. In [9], in the study of the
energy of a vortex filament naturally appear some stochastic
double integrals related to Wiener process

J[o 7 f (Xs - Xt) dX dX,, (4)

where f(x) = K,(x) is the kernel of the pseudodifferential
operator (1 — A)™®. In the recent years, some results of
stochastic currents of Gaussian processes have been obtained
through different stochastic integrals in [7, 8, 10]. For exam-
ple, Flandoli and Tudor [7] have studied the existence and
regularity of stochastic currents through Malliavin calculus,
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where the integrals are defined as Skorohod integrals with
respect to the Brownian motion and fractional Brownian
motion, respectively. In [10] authors have shown the Sobolev
regularity of the stochastic current, which is associated with
the pathwise integral.

Recall that the bifractional Brownian motion B™X is a
centered Gaussian process with covariance function

RH,K (t, S) = ZLK ((tZH + SZH)K _ |t _ S|2HK> , (5)
where parameters H € (0,1) and K € (0,1]. It is well
known that, when K = 1, bifractional Brownian motion is
a fractional Brownian motion. Since bifractional Brownian
motion seems to be more flexible and more complex model
than fractional Brownian motion, it seems desirable to extend
the stochastic current of fractional Brownian motion to the
case of bifractional Brownian motion. For this aim, motivated
by [7, 11], we use Malliavin calculus and multiple integrals to
discuss the stochastic current defined as divergence integral
with respect to bifractional Brownian motion. Let us compare
our results with the analogous ones from the case of frac-
tional Brownian stochastic current. Note that the regularity
condition of bifractional Brownian current does not depend
on parameters H and K, while the situation is different in
the case of fractional Brownian motion. On the other hand,
because the problems of bifractional Brownian motion are
more complex, we need some useful techniques to deal with
bifractional Brownian current.

The paper is organized as follows. In Section 2, we pro-
vide some background materials from bifractional Brownian
motion. In Section 3, we firstly consider the regularity of
stochastic current of bifractional Brownian motion with
respect to x. Lastly, we regard stochastic current of bifrac-
tional Brownian motion as a distribution in Watanabe spaces.

2. Bifractional Brownian Motion

In this section, we briefly recall some notations and facts of
bifractional Brownian motion, and for details see [5, 6, 11].

A bifractional Brownian motion BK is a center Gaussian
process with variance

Ry (t5) = iK((t2H+52H)K—|t—s|2HK), 6)

where parameters H € (0,1) and K € (0,1]. In the case
K = 1 we retrieve the fractional Brownian motion, while in
the case K = 1 and H = 1/2 bifractional Brownian motion
corresponds to the Brownian motion.

Let 7 be a Hilbert space. # is defined as the completion
of the linear space generated by the Ijy,, t € [0,T] with
respect to the inner product

(Tiogp o) 5 = Regk (£:5)

T 0*Ry; g (14, v)
= 1 I —— “dudnv.
J'J,o 04 ()Xo () ouov nav
(7)
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Sometimes working with the space # is not convenient,
because this space also contains distributions (see [11]) and
the norm in this space is not always tractable. We always
use the subspace #; of #, which is defined as the set of
measurable functions f on [0, T] with

o’'R
M dudv < 0o.

It = [ rollr ol
(8)

We can prove that 7, is a Banach space for the norm || - |5
At the same time, we have

L*([0,T)) c#, C #. )

Denote multiple stochastic integrals by I,(f,) with
respect to B™K \where f. € X . Foreach F € L2([0,T)),
F has chaos expansion F = Y2 I,(f,,). Let L be Ornstein-
Uhlenbeck operator

= _i_o:nln (fn) . (10)

For each p € (1,00) and & € R, define Sobolev-Watanabe
D*? as the closure of the set of polynomial variables with
respect to the norm

1l = |0 = L] (a

where I denotes the identity. Malliavin derivative operator D
is defined as follows:

Dt(In(fn))_nI 1(fn( t) (12)

It is well known that stochastic variable F belongs to D*?* if
and only if

N 1+ L) < oo (13)
n=0

The adjoint of D is always called the divergence integral
(or Skorohod integral). For adapted integrands, the diver-
gence integral coincides with the classical It0 integral. Hence
the divergence integral is called generalized Ito integral. If u
is a stochastic process, it has the following chaos expansion:

Us = Zln (fn ("5))’ (14)

n>0

where f,(-,s) € Z°"*". Skorohod integral of u is defined as

T
JO uSdBfLK = ZIVHI (fn(" S)(S)) > (15)

n=>0

where frss) denotes the symmetrization of f, with respect to
n + 1 variables.
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3. Stochastic Current of Bifractional
Brownian Motion

3.1. Stochastic Current of One-Dimensional Case with respect
to x. In this section, we give stochastic current of bifractional
Brownian motion as follows:

E(x) = J 5 (x - B*¥)dBPX, 16)
(o.11"
where the integral is a Skorohod integral, x € R,and T > 0.
Put
JLRLIS (x) ( )
B = [ 2HK]”/2H stK

1)
= Ry )" pr, (o () H, (

X
RH,K(5)1/2 ,

where ponx(x) is a Gaussian kernel function of variance s
and H,,(x) is the Hermite polynomial of degree n.

By Lemma 3.1 in [7], the following lemma is obtained.
Indeed, the lemma can be regarded as a version in the case
of bifractional Brownian motion.

2HK

Lemma 1. Use BX(s) to denote the Fourier transform of the
function x — [8,(s); then

2 _n\n.n
ﬁi (s) = exp {—%RH)K (s)} ( lr)l'x . (18)

Applying Lemmal and as in [7], we can obtain the
stochastic current of bifractional Brownian motion.

Theorem 2. Let B™X be a bifractional Brownian motion with
Hurst parameters H € (0,1), K € (0, 1] satisfying 2HK > 1
and let &(x) be given by (16). Then, for each w € Q and when
r > 1/2, &(x) belongs to the negative Sobolev space H ' (R; R).

Proof. By the chaos expansion of §(x — BK) (see [11] or [5]),
we have

5 (x - BX)
o () K (o
B Z i SnHKx n (szﬁK > If (I[O,s] (')) (19)

n>0
=25 7 (10 ©)).

n=>0

H,K
where I”" denotes multiple stochastic integrals with respect

to bifractional Brownian motion B,

Let us consider the Fourier transform of 8(x — BK):

g(x —BH’K) = Zﬁf (s) IfH

n=0

(159 ). (20)

By Lemma 1, we obtain

2 .\
B (o) = exp {—%s”} S ()

n!

Hence

(zx) x° 2HK ©
E(x) = ZO L (e - g O) )

(22)

where (s) denotes the symmetrization with respect to n + 1
variables.

By the definition of || - || g r) and taking advantage of
(22), we get

E”‘f(x)"?f'(u;q;ux)

=E UR (1 + xz)_r|g(x)'2dx]

< j 1+x2)” (23)
(T
2 |
X (exp {—ESZHK} Iio (')) dx.
/m[@(nﬂ)
From the following fact:
e (s)
(o0 -3} 1,0) ot
1 n+l SHK _
n“Ze p{——t I (b B o t)s
(24)

we show that

EHE(x)”?T’(R;R)

<] +x2)"z(

n=0 1’1)

! 1 x2 HK

Z 2

X €X] ——S.
”[O,T]”“,-- (n+1)> p<l 2 }

,j=1
2
X (2HK ~
~exp{—? [Os](sl,...,si,...,snﬂ)

XTIy (t1reertjpeestys)

: HK
-1 Os,0t,

X (sq, tq) ds, -

2n
_ 2\~ X
_JR(1+X) Z(n+1)!

n=0

n+l x2 HK
2
X E S
”[OT]"“ { 2 }
x° 2HK
®n <
‘exp{_? }I[Os](51>---’Si""’sﬂ+1)
®
XIlont](tp“ by stn)

n+1 aZ

5o —— Ry (Sppty) dsy o dsydty - dt,, dx

-ds, ., dt, ---dt,,, dx




SRy
R S (n+1)!
n+l X2
S e {——sfHK}
ij=Li# 0 (0TI 2
2
ex _x_tZHK
p 2
® —~
XI[(?,S!.] (51’ > Si> "Sn+1)
I ) (tire s Bjpeertyn)
n+l aZ
qzlasqatq
xRH)K( tq)ds1

ods,,dty - dt,, dx
=A+A,.
(25)

Firstly, we turn to estimate A ;. Using the similar methods in
[7,11] and the following fact:

”TI[O 0 ) g (v) =

2

RHK(u v)dudv = Ry (t,5),

(26)
we find
2n
- x
A :J 1+x2) Y ——
! R( )g;)(n+1)!
n+l X2 SHK
X exp{——s
,Zlﬂ[on"” p{ 27 }
x° 2HK
®n —~
.exp«l—?tl }I[O,sl](52,...,si,...,sn+1)

X Ry (Sppty) dsy -+ dsyyy dty - dt,,,, dx

= 1+x° -
J ()
xzn” { 52 2HK}
X — exp ——sl
n=0 n: (0,71
2 2
X" 2HK 0
'exp<] 2t1 }’RHK(SD 1)8 ot

X Ry (s1,t,) ds, dt, dx

X Ry i (s1,t,) ds, dt, dx
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2 2
= 1+x2 _YJ/J ex {—x_SZHK}eX {_x_tZHK}
[0ee) [ en]-Zan e (-2
- exp {xZRH,K (51’ tl)}
aZ
x WRH,K (51>t1) ds, dt, dx,
(27)

where the last equality is established due to Taylor expansion
formula of exponential function.
Since

Wy (s1y) - 77 — 67K = B[ (B - BF)'], (29)
we get
2
exp{ (ZRHK (spt)) — s t%HK)]»
(29)
= exp {——E [(BHK BE’K)Z]} .
By [5], for each s,,t; € [0,T], we have
285y - " < B[(BF - BIF)] < 21 K5, - o P
(30)
which implies that
E[(BI - BI*Y] = 0. (31)

Use the change of variables y = x{E[(B{"™ - Bg’K)Z]}l/z.

Furthermore, we have
2HK  2HK 1
dx = ( +t = Py
-1/2
2H |, ,2H\K 2HK
X [(51 +657) s - ] D dy,

2\ 2HK | ,2HK 1
(1+x) =<[1+(s1 + 1) s
—r

% [(S%H n tfH)K_ |51 3 tlleK])‘lyz} )

(32)

On the other hand, by [11], there exists a constant C; ; (H, K)
depending on H and K such that

< Cyy (H,K) (s,8,)™ 7" (33)

RHK(Sl’t )

aZ
Ia o,

Putting (32)-(33) into (27), calculate

T
A, <Cs, (H,K) ”0 (syt,)™!

1
« (SZHK 4 2HK _

1
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By Taylor expansion formula, the following equality is obvi-

2
J
X JR xp 1_ 2 } ous:
2HK | 2HK 1 A,
S T __ZK‘l e
= J (1 +x ) x
2H | 2H 2HK R
[(51 +1 ) —[si -] ] T x* [ amK | 2HK
X JJJ J-o exp ey ( 1+ Ry (Sl’tz))
—-r
+y ) dyds, dt, FE
X0, (52) Lo, (£1) WRH,K (sipt1)
<GC;, (H,K) . 19t
X ———R >t
T HK-1 2HK 2HK 1 aszatz H,K (52 2)
< || (sit1) s;o - K1 -1
0 “Ryix (s1,ty) ds, ds, dt, dt, dx.
2H | 2H\K
X [(s1 +117) (36)
—1/2 Recalling some results in [11], there exist parameters H, K and
~|s; - |2HK] ) a constant Cs ,(H, K) depending on H and K such that
Y P x (53,1,)] < Cyp (H,K) (syt,) ™ (37)
X JR exp {—7} y ¥ dyds, dt, ds,0t, K Spla)| = Lsp UL, R) (S50 .
(34) Thus, by (33) and (37), we obtain
When HK — 1 + 2HK(r — 1/2) > -1, thatis, r > 0, (34) is A, <Cs, (H,K)Cs, (H,K)
finite. et
Secondly, using the similar estimation method in the first X J (1 +x )
. L R
part, consider the estimation of A, as follows: - 5
2n X ”J J X exp {_x_ [sfHK + t%HK - —1
- K-1
AZ:j (1+x2) rzx—n(n+l) 0 2 2
R s+ D) 20 | 2H\K
- X ((s1 +1; )
_Z SPHK 2HK
X JJ[O,T]n+1 eXp { S] } —|51 - tzl ) ] }
HK-1 HK-1
x* smK e ~(s111) (s212) Lo, (s2)
. eXp —7t2 [O,Sl] (52,...,Sn+1)
xXjo. (£1) dsy ds, dt, dt, dx.
(38)
X Iﬁ)r,ltz] (tiotseort)
Calculate
n+1 2
113 aa . X [onk | omx L
_10S t - +t JE R —
1 [ S T

X Ry g (5p0t,) dsy -+ dspey dty -+ dt,,, dx

jR (1 +x2)*;
<If, fown {5}
7

o1 (52 Toa (1) 55

2
xn

(n-1)!

2
2HK
-
2

exp {

2
X Ry (s1,11) WRH,K (s3512)
L0t

’ R?—Ii;( (Sl’ t2) dSl d52 dtl dt2 dx.

X ((sfH + tiH)K - |51 - tzIZHK) ] }

HK-1 HK-1
: (51t1) (Sztz) I[O,sl] (52)

X Xjop (£)) ds, ds, dt, dt,
T x° 2HK | ,2HK
”0 exp {—7 [51 +t, - _ZK‘l
X ((STH + tﬁH)K - |S1 - l‘2|2HK) ] ]’
HK-1 T HK-1
“(s11) <J-O D)

T
X <L g (1) dt1> ds, dt,

1

I[O,sl] (32) d52>

(35)



T X[ oHK | oHK 1
X exp 5 s+ T 5K

X ((sfH + l‘zH)K - |51 - tzIZHK> ] ]’

2HK-1

x (s,t,) ds, dt,.
39)
Use the change of variables y = [sZHK ZHK —(1/2% 1)((
2K s, — 1, €)Y x. Hence

< Cy; (H,K)

T
2HK-1 ( 2HK | oHK 1
X ”0 (s1t5) (51 th - SK-1

x (s + 24)"
—lSl _ t2|2HK] )

Lol 2]

2HK | ,2HK 1
-<s1 +1; ey

r=3/2

x (s + 24)" (40)

s = 6]+ 57) "dy ds, dt,

T
< Cy; (H,K) ”0 (s,,)"

2HK | ,2HK 1
X|s +t —
( 1 2 2K-1

x (s + 21)"
_|S1 3 t2|2HK] )
2
X J exp {—y—} y ' dyds, dt,,
R 2

where C; 3(H, K) = C; 1 (H,K)C;,(H, K).

When 2HK - 1 + 2HK(r — 3/2) > -1, (40) is finite. In
other words, when r > 1/2, (40) is finite.

From what we have said above we can draw a conclusion
that when r > 1/2,

r=3/2

2
E[§] 7 gy < 00 (41)
O

From Theorem 2 we see that when r > 1/2, the
mapping &(x) = .[[O,T]N O(x - Bf’K )dBfI’K belongs to negative
Sobolev space H " (R; R). Note that the regularity condition
in Theorem 2 does not depend on H and K. The condition
is interesting, because the condition of {(x) = I[ o1 S(x —
B,)dB, which belongs to negative Sobolev space is also r >
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1/2, where B is the Brownian motion (see [7]). In other
words, they have the same regularity condition. However,
the situation is different in the case of fractional Brownian
motion, because the regularity condition of fractional Brow-
nian stochastic currentis > 1/2H —1/2, which is dependent
on Hurst parameter H.

3.2. Stochastic Current of d-Dimensional Case with respect
to x. As in [7], we can extend stochastic current of one-
dimensional bifractional Brownian motion to the case of d-
dimensional bifractional Brownian motion.

Let BK be the vector valued bifractional Brownian
motion; that is, BFPX = (Bfv& | BHeKa) where BHKi are
independent one-dimensional blfractional Brownian sheet.
In this part, we consider &(x) as follows:

e = ([ o(x-Br)anis.,
lo,r1¥

o)

where the integrals are Skorohod integrals with respect to
bifractional Brownian motion.
Denote

(42)

K(t s) = HRHK (tis;) = <I[0t]’I[Os]>zf' (43)

i=1

Theorem 3. Let B> be d-dimensional bifractional Brownian

motion with parameters H; and K; satisfying 2H,K; > 1 (i =
.,d) and let E(x) be given by (42); then, for each w € Q and

whenr > d/2 — 1, £(x) belongs to Sobolev space H " (R; R).

Proof. Denote §(x) by

£ (x) = J[O)T]N 6 (s - BX) Btk
. j[o 0= BM) 8 (s B ) ap

= J[O,T]N 0 (x - BﬁiK)

X Y BIOL oy () dBH,

;20

(44)

where 8,(x - B = TT2, . ,6(x, — B,
Calculate the Fourier transform of (44) as follows:

d
& (x) = Zlf+lll <<exp <|—i Z xrBf"K']»
>0 r=1,r #1

. n,
(_l)nlxll

nl!

xz (s)
HK,
XeXP{—?MZ ' } ﬁ)";]o) )

(45)
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According to the definition of the normal ||f(x)||§4—r(R;R) and
using Euler formula, we can prove that

efecof
Ly
1,20 (nl + 1)'

m+1

m+1 az
X —RL (s,
ijz=:1 ” [0,V o H Osot tiic (1)
d
os< Z x,B?”K’>cos< Z x,B;I”K’>
r=1r#l

r=lr#l

<o -2 o] p)

®m 1 ~i m+1
xI[O)Si](s,...,s,...,s )
®n 1 ] n+1
x It (8P, ) dsdt
2ny
X
fllZO(nl + 1)'

m+l 2

0
X ——RL (st
Z ” [0, "z“)gasat i (1)
d d
n< Z x,B?”K’> sin( Z xrB;I"K*>
r=1,r #1 r=1r#l
xl2 [12HK,
X exp -5 s |

2
X1 1,0 1PEK | en 1 ~
-exp{—7|t| I[O)S,-](s,...,s,... s

®n 1 =i n,+1
xI[O’tj](t,...,t,. )dsat,
(46)
‘ N
where |s'[*F HJ 1 (5] A ELND PP Hj:11[0,s§] and
R?—I,K(S’ t) = RHq,Kq(Sq’ tq).

By the bound of sin(x) and cos(x), we can get the
following inequality:

= 2
E|& ()|

2my

X
<C T
3)42 (nl + 1)'

;=0

m+1

m+1 az
X RL  (s,t
iJZlJJ[O,T]N(”I+1)Hasat ik (1)
exp |2
P 2

X exp {—%lz'terlKl}

®ny 1 ~i n+1
'I[oy‘] S, sS,...,8

7
®n; 1 = nl+1
xI[Otj](t,...,t,. )dsdt
x2n,
1
+Cs5 ) ————
>0 (nl + 1)'
m+1 m+1 az
X —R%  (s,1)
i,]Z::1 ” [o,T]NCu D g Osot~ K
2 2
X7 | i12HK X1 |, j12HK
- exXp {—?'s| }exp {—7|t '
C1®M 1 ~i m+1
I[O,S,.] (s yeeesSyeiesS )
®n 1 +j nl+1
xI[O)tj](t,...,t,. )dsdt
= A3,l + A4,l’
(47)

where C; , and C; 5 are both constants.

By the same estimation techniques of A, in Theorem 2,
we can obtain the estimation of A ; ;. Here we need to discuss
the estimation of A 5.

. T
Applying Uo | ) (O (v)(9*/0udv) Ry x (u, v)dudv =
Ry x(t, s) again, we can write

2
Ayp= C34Z

nl>0

m+1 az
X RI (st
JJ [O’T]N(nlﬂ) -1 aslatl H,K ( )

-exp {—%IZ'SIFHIKZ} exp {—%12|t1|2H’K’}

"

Ié[zz)nls ; ( 2 .,Snl+l)
X I?O"’t . (tz, ”’“) dsdt
xlzn’
-C _
3)4711220 !
o AN sy ((0)
[O,T]N H,K > asa H,K ’

“Cuf] TR ()
*4]) oy 0stot KA
2

- exp {%l (ZRL)K (sl,tl)

_'Sl|2H1Kz _ |t1|2H1K1) } ds' dr'.
(48)

According to [11], there exists a constant C;¢(H,K,I)
depending upon H, K, and [ such that

aZ

R ()| < g LK (') (49)



Therefore

JRd (1 + |x|2)_rA3,ldx

< Cy6(H, K1)

HK-1
% J[Rd JJ[O,T]N(Sltl) -

- exp {——E [(B - Bf”Kl)z]} ds" dt" dx.

(50)
Use the change of variables y;, = x{E [(BH’ e B?'K’)Z]}l/z-
Thus
2\~
JRd (1 + |x] ) Ajdx
<G, (H,K,I)

_ 2 r—d/2
| R L Gl )]

2
]
. JRd exp {—7}

X (E [(B?”KI - BtIf”K’)z] + )112)46151 dt' dy,
(51)
where y = (y;,..., ¥).

On the other hand, by [6] for arbitrary e > 0, s',t' ¢
[, 1]V, there exists a constant C; ¢ such that

£l

s

?&]“&ﬂs 7| )

In order to be simple, here we only consider the case of T = 1.
Comparing (51) with (52), we find that

IRd (1 + |x|2)7rA 3 dx
HK,-
< C3,9”[0’T]N(51t1) 1K,-1

—dJ
) <i|sl _ t1.|2HjKj >r 2 (53)
J J

When HK; — 1 + 2H,K;(r — d/2) > -1, thatis, r > d/2 — 1,
(53) is finite. That is to say, when r > d/2 — 1, there is

jR (1+1xf)
= jR (1+1x1%)

< 0.

B[ @[] dx

TE[E@f 4 o] ] dx B
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It is interesting to contrast Theorems 2 and 3 with Propo-
sitions 3 and 4 in [7]. Parameters H and K of bifractional
Brownian motion do not affect the regularity condition
of bifractional Brownian current. However, the regularity
condition of stochastic current of one-dimensional fractional
Brownian motion is different from the case of d-dimensional
setting (see [7]). In other words, Hurst parameters H of
fractional Brownian motion have influence on fractional
Brownian currents in the case of different dimension.

3.3. Stochastic Current of d-Dimensional Bifractional Brow-
nian Motion with respect to w. Let BX be vector val-
ued bifractional Brownian motion where vectors H =
(H,,...,H;) € (0,1)? and K = (K,,...,K,) € (0,1]% that
is, B"PK = (B"K | B"#Ka) In this part, £(x) is given by

§(x) = LT & (x - BIM)dBI, (55)

where

d
8 (x - B = [ o (x; - B

i=1

= Y BRI 0),

n=(1y,...15)
41 x; (56)
Bu(5) = [ |5 Py (—>
n ER}{)K(S)H,/Z KX n RzI_LK(S)l/Z
RLK (s) = R;{K (s,8) = $HK

(G 0) = HIB (5 0)-

Using the chaos expansion of divergent integral with
respect to bifractional Brownian motion, we can obtain the
following expression:

[0 (e B ami

0
BHioKi
Z In,-+1

fi (x)

(Bu (520155 (51555, ) Tiory (5)

d BiKi ®nj (s)
15 (ey 0))

j=Lj#i
(57)

Theorem 4. Let BX be a bifractional Brownian motion
with parameters H = (H,,...,H;) € (0, l)d and K =
(Kys.., Ky) € (01 satzsfyng K> 1(3G =1,...,4d).
If &(x) is given by (55), then, for every x € R? and a <
1/2(HK)* - d/2, &(x) is one member of Sobolev-Watanabe
spaces D* ™%, where (HK)* = max{H,K,..., H;K,}.

Proof. In order to be convenient, we always replace the
normal || - || e with the normal | - || e . Using the chaos
1
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expansion of §(x — B®K) and by the definition of the normal
of [lE(x)115 ., we verify that

2
Hgi(x)”Z,a—l
< Ym+nt Y (n; +1)!
m=1 |n|=n,++ny=m-1
n;+1
” - Z B, (s1) By (tx) Ty (51) Lo,y (24)
[0, 17"
. Iﬁ)n;] (51,.._,§l,...,3ni+1>
Tt (t1 Bty
d .
.
H ”j!Rér,K(sl’tk) !
j=1,j#i
m+1 az )
Laear Ry (spty)dty -+ dt, oy ds, - ds, ;.
(58)
Because o < 0, the following inequalities: (1 + ) < (m+

1)* " and n; + 1 < m + 1, are obvious. Similarly to what is
performed in [11] (or see [7]), we have

14 (x)"th 1 S Z(m+ 1% Z n;!

m=0 |n|=n,++ny=m

* [(1 - nii 1 >
<[ B e
oz (51) Tomy (£2)
x R;,K(sl,m"f*]

< 1

j=Lj#i

'RHK (s1o)" Tio, (52)

?
X Tpg,1 (t,) MRIH,K (s1,t1)
82
>< —
0s,0t,
1
+1

R;{)K (s5,1,) ds, ds, dt, dt,

+

n;

<[] BBt T (5)
[0,T]
x T (t1) RIH,K(Sl’tl)ni_l

d .
H nj!R]H,K(Sl’tl)nJI[0)31] (s2)

j=Lj#i
* o
x1 t,) - ——R; Spty) =——=
[0,t;] ( 2) aslatl H,K( 1 1) aszat2

X Ry (sprt,) ds, ds, dt, dt,

< Z(m+ H* Z n;!

m=0 |n|=n,++ny=m

[0-7+)

AT

m—1

R;I,K(Sl’ fz)

d .
X H nj!R}{’K(sl,t‘z)nj_1

it

o .
: gRIH,K (51at2)
1

0 i
X a_tZRH,K (s;21y) ds, dt,

n; +1

XJ[O)T] B (s1) B (t1) HK(SI’ t)"" -

d
H nj!R}{,K(svtl)nj
j=lLj#i
*
X mRIH,K (Sl’ tl) dSl dtl] .
(59)

According to (4.37) in [6], for 3 € [1/4, 1/2), it follows that

d d 1
Hﬁn () < C3,10H o= > (60)
1 j

_1 \/”\j!(nj v 1) (86-1)/12)

where C; ) is a constant.

On the other hand, as in [11] and using the inequality a* +
b® < 2ab, for a,b € R,, there exists a constant C; ;;(H, K)
depending on H and K such that

OR x (5:1) ORYy ¢ (s:1)
ot Js

O’ Riy g (s,1)
Jsot

Ryyx (s,1)

(st)Hks

< Cyyy (H,K) (st)?5571,

< Csyy (H,K) (st)™57,

<Gy (H,K).

(61)

Putting (60) and (61) into (59) and applying the self-similarity
of the covariance R(s, t), we have

(13165] e
<Cypp Y (L+m)*
m=>0
d
x H

)(8{3 1)/6

WIS S TR
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. -
. RIH,K(S’ t)n ( t)I'IiKi_l

(0,17 (st)"mDHK;
d Rl (s, 1)

HK.
j=1jei (st)%

<Cypp Y (1+m)*

m=0

dsdt

d

1
X —_—
|n|:n1;+nd:mg (nj v 1)(8:3—1)/6

i n;—1
T 2HK,~1 ! HK;-1 RI_Ii’Ki (1,2)
. A AR —hr
0 0 Z it

d Rl (1,2)"

[ —ax—de
ZHiK; ’

j=Lj#i
(62)
where we use the change of variables t = t and z = s/r (see

[6, 11]). According to (4.9) in [6], the bounded condition of
integral part in (62) is proved.

Indeed,
1d (R (1,2) &

J H(HKT) dz < C; ym PO (63)
0 i Zk

where (HK)" = max{H,K,, ..., H;K }.
Therefore, when « < 1/2(HK)* — d(1 - (88 - 1)/6),

2
”Ei(x)nz,a—l
<Cyi4 Z 1+ m)am—l/Z(HK)*—1+d(17(8/371)/6) < oo, (64)

m>1

Since 3 € [1/4, 1/2), we may choose 3 to tend to 1/2. Hence,
when « < 1/2(HK)* - d/2, (64) is finite. O
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