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We introduce a general iteration method for a finite family of generalized asymptotically quasi-nonexpansive mappings. The results
presented in the paper extend and improve some recent results in the works by Shahzad and Udomene (2006); L. Qihou (2001);

Khan et al. (2008).

1. Introduction and Preliminaries

Let C be a nonempty subset of a real Banach space Eand T a
self-mapping of C. The set of fixed points of T is denoted by
F(T') and we assume that F(T') # @. The mapping T is said to
be

(i) contractive mapping if there exists a constant « in
(0,1) such that | f(x) — f(W)I < alx — yl|, for all
x,y €G;

(ii) asymptotically nonexpansive mapping if there exists a
sequence {u,} in [0, co) withlim,, _, . u,, = 0 such that
IT"x = T"y|l < (1 +u,)llx - yl, forall x, y € C and
n=1273,..;

(iil) asymptotically quasi-nonexpansive if there exists a
sequence {u,} in [0, co) withlim,, _, . u, = 0 such that
IT"x-pll < (1+u,)|x—pll,forallx € C, p € F(T)and
n=123,..;

(iv) generalized asymptotically quasi-nonexpansive [1] if
there exist two sequences {u,}, {h,} in [0, c0) with
lim u, = 0 and lim h,, = 0 such that

VxeC, pe F(T),
€]

[T = pll < (1+w,) [ = pll + By

wheren=1,2,3,...;

(v) uniformly L-Lipschitzian if there exists a constant L >
Osuch that [T"x-T"y|| < L|x—y||, forallx, y € Cand
n=123,..3

(vi) (L—y) uniform L-Lipschitz if there are constants L > 0
and y > 0 such that |[T"x - T"y| < L||x - y||", for all
x,yeCandn=1,23,..,

(vii) semicompact if for a sequence {x,} in C with
lim, _, llx, — Tx,| = 0, there exists a subsequence
{xni} of {x,,} such that x, — peC.

In (1), if h, = 0 for alln > 1, then T becomes an asymp-
totically quasi-nonexpansive mapping; if 4, = O and h,, = 0
foralln > 1, then T becomes a quasi-nonexpansive mapping.
It is known that an asymptotically nonexpansive mapping is
an asymptotically quasi-nonexpansive and a uniformly L-
Lipschitzian mapping is (L — 1) uniform L-Lipschitz.

The mapping T': C — E is said to be demiclosed at 0 if
for each sequence {x,} ¢ C converging weakly to x, and{Tx,,}
converging strongly to 0, we have Tx,, = 0.

A Banach space E is said to satisfy Opial’s property if for
each x € E and each sequence {x,} weakly convergent to x,
the following condition holds for all x # y:

lim inf [, - x| <lim inf |, 5] @

Let Cbe a nonempty closed convex subset of a real Banach
space E and {T; : i = 1,2,...k} a finite family of asymptot-
ically nonexpansive mappings of C into itself. Suppose that
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&, €10,1],n=1,2,3,...,andi = 1,2, ... k. Then we consider
the following mapping of C into itself:

Uln = (1 - “ln) I+ ‘xlnTanOn’

Uy, = (1=, I + “2nT;U1n’
(3)

Ukyn = (1= &geeiyn) T+ & 1)n Te 1 Uggoayns
W, = U, = (1 = 04,) T + 03, TU g1

where U,,, = I (identity mapping). Such a mapping W, is
called the modified W-mapping generated by T}, T5, ..., T}
and &y, &y, - - . > Oy, (se0 [2, 3]).

In the sequel, we assume that F = ﬂ:.ll F(T)).

In 2008, Khan et al. [4] introduced the following iteration
process for a family of asymptotically quasi-nonexpansive
mappings, for an arbitrary x, € C:

Yin = (1 - “ln) X, + ‘xlnT;lyOn’
Yon = (1 - “Zn) Xy + “2nT2ny1n’

(4)

Vi-1yn = (1= &geyn) % + Xge1yn Ty Y-y

Xnt1 = (1 - (xkn) Xp T (xknTI?y(k—l)n’

where y,,, = x,, o, € [0,1],i = 1,2,...,k,n =1,2,...and
proved that the iterative sequence {x,} defined by (4) con-
verges strongly to a common fixed point of the family of map-
pings if and only iflim inf,_, . d(x,, F) = 0, where d(x, F) =
infpéFllx — pll. With the help of (3), we write (4) as

Xpt1 = Wn'xn' (5)

Recently, Chang et al. [5] introduced the following iter-
ation process of asymptotically nonexpansive mappings in
Banach space:

Xp+1 = Anf (xn) + (1 - An) Tnyn’

Yn = ﬂnxn + (1 - ﬁn) Tnxw

where {1,}, {3} € [0,1] and f is a fixed contractive mapping,
and necessary and sufficient conditions are given for the iter-
ative sequence {x,} to converge to the fixed points of T.

For a family of mappings, it is quite significant to devise
a general iteration scheme which extends the iteration pro-
cesses (4) and (6), simultaneously. Thereby, to achieve this
goal, we introduce a new iteration process for a family of map-
pings as follows.

Let Cbe anonempty closed convex subset of a real Banach
space E, {T; : C — C,i =1,2,...,k} a family of generalized
asymptotically quasi-nonexpansive mappings, and f : C —
C a fixed contractive mapping with contractive coeflicient o €
(0, 1). For a given x; € C, the iteration scheme is defined as
follows:

(6)

Xn+1 = /\nf (xn) + (1 - /\n) anw (7)
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where {A,} € [0, 1] and W,, is the modified W-mapping gen-
erated by T3, T,,..., T, and «y,,, &y, - - ., &, for all positive
integers 7.

The purpose of this paper is to study the convergence pro-
blem of the iterative sequences {x,} defined by (7). The ob-
tained results extend the corresponding results in [4-8], and
Lemma 11 partly improves the method of proof of Lemma 3.1
in [4].

In what follows, we need the following useful known
lemmas.

Lemmal (see [9]). Let{a,}, {8,}, and{y,} be nonnegative real
sequences satisfying the following condition:

o < (1 + 6n) Ay * VYn> (8)

where Y2 8, < coand ¥, y, < 0o; then lim,,_, . a,, exists.

Moreover, if in addition, lim inf,_, a, = 0, then
lim,_, a, =0.

Lemma 2 (see [4]). Let E be a uniformly convex Banach space,
0<b<t,<c<1foralln>1,andlet{x,} and{y,} be
sequences in E. Assume that lim sup,_ lx,| < a4
lim sup,, _,  ly,ll < a, andlim,, _, lt,x,+(1-t,)y,| = afor
some a > 0. Then lim,, _, |Ix,, — v, = 0.

2. Main Results

Lemma 3. Let C be a nonempty closed convex subset of a real
Banach space E and T an asymptotically quasi-nonexpansive
self-mapping of C with {u,} c [0,00) for alln > 1. Suppose
F(T) # ¢. Then F(T) is a closed subset in C.

Proof. Let{z,} be an arbitrary sequence of F(T) and z, — z,
asn — oo. Since C is closed, we have z;, € C. For any e > 0,
there exists a natural number N such that

Iz, = 2| < el, Vn > N. 9)

2+u
Thus, we get
ITzo — 20| < || T20 — 2zn | + |25 — 20|
<(L+uwy)llzy — 20| +|lzn — 20| (10)
= (2+uw) ]z -z <e

Since € is arbitrary, it follows that | Tz, —z, |l = 0; thatis, Tz, =
z,. Hence z, € F(T) and F(T) is closed. This completes the
proof. O

Lemma 4. Let C be a nonempty closed convex subset of a real
Banach space E. Let {T; : i = 1,2,...,k} be k generalized
asymptotically quasi-nonexpansive self-mappings of C with
{u;n > {hy,} € [0,00) such that Y2, w;, < 0o and Y2 hy, <
oo foralli € {1,2,3,...,k}. Suppose F # 0 and {o;,},,-, € [0,1]
foralli € {1,2,3,...,k}. Let W, be the modified W-map-
ping generated by T}, T,,..., T, and «,,,, 0, .. ., &, Let the
sequence {x,} be defined by (7) and assuming Yo A, < 00,
then
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(1) there exist two sequences {v,} and {,} in [0, co) with
Y Ve <00, Y02 &, < 00 such that

I - 2 < (145, |xu - p| +&, VpeF n>1;

(11)
(2) there exists a constant M, > 0, such that
o0
"xn+m - P“ <M, "xn - P“ + Mlzg"’
i=n (12)

VpeF, nm=1,23,...,
where {£,} € [0,00) and Z;2,&, < co.

Proof. (1) Let v, = max, ;. u;,, for all n. Since Y >, u;, < 00
for each i, we can get Y ,° v, < co. For all p € F, it follows
from (3) that
”Ulnxn - p” < (1 - ‘xln) "xn - p“ + &y "Tlnxn - P"
< (1 - ‘xln) ”xn - P“
Ty, [(1 + uln) "xn - P“ + hln] (13)
< (1 + uln) "xn - p” + hln

< (1 + Vn) ”'xn _p" + hln'

Assume that [Uj,x,—pll < (1+9,) |x,~pll+ (142, " ¥ h,,
for some 1 < j < k— 1. Then

[Uggenxa - 2
< (1= agonn) I, - 2l
+ &Gein | TFa Vgt = 2
< (1= agonn) I, - 2l
+ &Gy (1+ o) [Upnn = B + Bonyn)

s (1 - “(j+1)n) "xn - P” + 0P jeyn
+ &y (1 + Uginn)
j j-1 ]
x{ (L2 |, = pll+ (L+2,) " Y,
i=1
< (1= jonyn) + oana(1 + Vn)jH) |, - pll
j
+ (1 + vn)thin + h(j+1)n

i=1

< ((1 - “(j+1)n) (1 + vn)j+1 + ‘x(j+1)n(1 + 1}n)j-'—l)

3
‘j+1
x x, = pll+ (1+9,) Y s,
i=1
) ‘j+1
< (U9, s = pll + (149, Y
i=1
(14)
Thus, by induction, we have
. o
"anxn - p” < (1 + Vn)J "xn - p” + (1 + vn)]ilzhiw
i=1
(15)
forall j =1,2,...,k. Hence,
“ann - P” = "Ukn n- P" < (1 + 1/n)k "xn - P”
1k (16)
+(1+v,) th.
i=1
By (7) and (16), we obtain
“‘xn+1 - p" < An "f (xn) - P" + (1 - /\n) ”ann - P”
< An "f (xn) - f(P)” + /\n ||f (p) - P"
+ (1 - /\n) "ann - p"
< Aeellx, = pl + A, |1 f (p) = pll + (1= 4,,)
k
X (1 + 1)n)k ”xn - p" + (1 + 1/n)k_l hin
i=1
= (1 + vn)k "xn - p”
k
+(1-4,) (1+2,) " YR,
i=1
+ A [f (p) - pl-
(17)
Since Y2 v, < 00, {,}72 is bounded. Setting M =
max{sup,,(1 + vn)k_l, I f(p) — pll}, we get that
I = 2l < L +9) |, = p| + & VpeF n>1,
(18)

where&, = M(Zf=1 hi,+A,)and Y2, &, < 0o. This completes
the proof of (1).

(2)Ift > 0,then 1+t < e’ and consequently, (1 +t)k <M,
k =1,2,.... Thus, from part (1), we get

16sm = 21 < (14 V) [ = Pl + G
< exp {kV,umot} [ Xnemor = Pl + &
< exp {kV,yp 1}
x (€xp {kYpuma} [%imez = Pl + Epim2)

+ €n+m—1



< exp {k (vn+m—l + vn+m—2)} ||xn+m—2 - P”

+ €Xp {kvn+m—1} (En+m—2 + En+m—1)

n+m-—1
I T
n+m-—1 n+m—1
+exp{k z v,} Z 3

i=n+1

[ee]
< M, ||x, - p| + M, Y &,
i=n

(19)

for any positive integers m, n, where M, = exp{k Yoo v;},
Y2 & < 0o. This completes the proof of (2).

Remark 5. Lemma 4 generalizes Lemma 2.1 in [4].

Theorem 6. Let C be a nonempty closed convex subset of a real
Banach space E. Let {T; : i = 1,2,...,k} be k generalized
asymptotically quasi-nonexpansive self-mappings of C with
{u;n}> {hi} € [0,00) such that Y2, w;, < 0o and Y2\ hy, <
oo foralli € {1,2,3,...,k}. Let {a;,},5, € [0,1] foralli €
{1,2,3,...,k} and let W,, be a modified W -mapping generated
by T\, T,,..., T} and a,, &y, . . ., O, Suppose that F+0 is
closed and Y2 A, < oo. Starting from arbitrary x; € C,
define the sequence {x,} by the recursion (7); then the sequ-
ence {x,} converges strongly to p € F if and only if
lim inf, | d(x,,F) =0.

Proof. We will only prove the sufficiency; the necessity is
obvious. From Lemma 4(1), we have

“xn+1 - P" < (1 + vn)k "xn - P” + En’ (20)

for all p € F and all n. Therefore,
d (%1, F) < (1+9,)"d (x, F) + &,

k
_ <1+Zk(k—l)---(k—r+l)vr> )

r! "

r=1

xd(x,, F)+&,

As Y v, < 00,50 Yo (k(k = 1)---(k — r + 1)/rI)7], < co.
By Lemmal and lim inf,_, d(x,,F) = 0, we get that
lim, , d(x,,F) = 0. Next, we prove that {x,} is a Cauchy
sequence. From Lemma 4(2), we have

6o = 2l < My 6, = pll + M, Y&
i=n (22)

VpeF, nm>1.
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Hence, for all integersm > 1 and all p € F,

“xn+m - xn“ < "xn+m - P" + ”xn - P"

& (23)
< (M, +1) "xn - P“ + MlZEj'
j=n
Taking infimum over p € F in (23) gives
[%pem = %] < (M, +1)d (x,, F) + Mlzﬁj. (24)

j=n

Now, since lim,, _, . d(x,,, F) = 0 and Z‘;:l §; < 0o, given € >
0, there exists an integer N; > 0 such that for alln > N,
d(x,,F) < €/(2(M; +2)) and Zjoi’n &, <e/(2(M, +1)). So for
all integers n > N,, m > 1, we obtain from (24) that

Vn>N;,, m=>1. (25)

"xn+m - xn" <6
Hence, {x,} is a Cauchy sequence in E. Since E is complete,
there exists g € E such thatlim, _, . x,, = g. We now show that
q € F. Since d(x,,F) — 0andx, — qasn — 00, for each
€ > 0, there exists an integer N, > 0 such that, d(x,,, F) =
inprFIIxn - pll < €/3and |x, — gl < €/2foralln > N,.In
particular, we have d(x, , F) = inf ,cllxy, — pll < €/3; that s,

there exists a p € F such that llxn, — Pl < €/2; hence

la =7l Jex, -l + [, - 2] <& ©6)
Since Fis a closed subset of E, we obtain g € F. This completes
the proof. O

Remark 7. Theorem 6 generalizes and extends Theorem 2.2 of
Khan et al. [4], Theorem 3.1 of Ghosh and Debnath [8],
Theorem 3.2 of Shahzad and Udomene [6], and Theorem 1 of
Qihou [7] together with its Corollaries 1 and 2.

Asymptotically nonexpansive mappings and asymptoti-
cally quasi-nonexpansive mappings are all generalized asym-
ptotically quasi-nonexpansive, by Theorem 6 and Lemma 3,
so we have

Corollary 8. Let C be a nonempty closed convex subset of a
real Banach space E. Let {T; : i = 1,2,...,k} be k asymptoti-
cally quasi-nonexpansive self-mappings of C with {u;,} ¢
[0, 00) such that Y2, u;, < oo foralli € {1,2,3,...,k}. Let
{a}s1 € [0,1] for alli e {1,2,3,...,k} and let W, be a
modified W-mapping generated by T,,T,,...,T, and
Qs O -+« Oy SUppose F£0 and Y021 A, < oo. Starting
from arbitrary x, € C, define the sequence {x,} by the recur-
sion (7). Then the sequence {x,} converges strongly to p € F if
and only iflim inf,_, d(x,,F) = 0.

Corollary 9. Let C be a nonempty closed convex subset of a
real Banach space E. Let {T; : i = 1,2,...,k} be k asymp-
totically nonexpansive self-mappings of C with {u;,} c [0, c0)
such that Y2 u;, < coforalli € {1,2,3,...,k}. Let {o;,},5, C
[0,1] for all i € {1,2,3,...,k} and let W, be a modified
W-mapping generated by T\, T,,..., T and o, &y, . . .

> KXy
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Suppose F#@ and Y| A, < co. Starting from arbitrary x, €
C, define the sequence {x,} by the recursion (7). Then the sequ-
ence {x,} converges strongly to p € F if and only if
lim inf, , . d(x,,F) =0

Corollary 10. Let C be a nonempty closed convex subset of a
real Banach space E. Let {T; : i=1,2,...,k} be k generalized
asymptotically quasi-nonexpansive self-mappings of C with
{u;n}> {hi,} € [0,00) such that Y2, w;, < 0o and Y2\ hy, <
oo foralli € {1,2,3,...,k}. Let {a;,},5;, € [0,1] foralli €
{1,2,3,...,k} and let W, be a modified W -mapping generated
by T\, T,,..., T} and o, &y, . . ., &, Suppose that F+0 is
closed and Y2 A, < oo. Starting from arbitrary x, € C,
define the sequence {x, } by the recursion (7). Then the sequence
{x,} converges strongly to p € F if and only if there exists a
subsequence {xnj} of {x,,} which converges to p.

3. Results in Uniformly Convex Banach Spaces

Lemmall. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E. Let {T; : i = ., k} be
k (L — y) uniform Lipschitz and generalized asymptotically
quasi-nonexpansive self-mappings of C with {u;,},{h;,} c
[0, 00) such that 2, u;, < 0o and Y2, h;, < oo foralli €
{1,2,3,...,k}. Let o;, € [8,1— 3] for some & € (0, 1/2) and let
W,, be a modified W-mapping generated by T, T,, ..., T, and
Qs Oy - - - Oy Sppose F = (o, F(T;) #0 and ¥, A

00. Starting from arbitrary x, € C, define the sequence {x,,} by
the recursion (7). Then lim,,_, lIx, — T;x,|l = 0 for each j €
{1,2,3,...k}.

Proof. Let p € F and v, = max,_;.1;
and Lemma 4(1), it follows that lim
p € F. Assume that

for all n. By Lemma 1
|, — pll exists for all

n>

n— 00

Jim |x, - pf = <. 27)
From (2) and (27) we obtain that
lim 1 Sup " inXn p“ <¢, V1<j<k (28)

From (7), we have

i1 = Pl = A0 f () + (1= 2,) W, = p
< Ape [, = pl + An Lf (p) - Pl (29)
+ (1= 4,) [Ukx, = pll5
therefore,
lim inf [Ugnxn = 2| = <. (30)

From (28) and (30) we can obtain that

nleréo ”Uknxn - P” =c (31)

Suppose that lim —pll =cforsomel < j <

n— 00 ”U(j+1)nxn

k — 1. Since
|UGeimxa = p] < (1= agjun) %, = £l
+ & | ThaUjnx, - B
< (1= agganm) %0 = Pl + iy
[(1 + tGaryn) [Ujnx = || + ijinrn) -
(32)
so we obtain that
lim inf |U;,x, - p|| = c. (33)
From (28) and (33), we have that
Jim, [Ujn, — p] = <. (34)
Thus, by induction, we have
T [y -] = @)
for each j = 1,2,3,..., k. That is,
Jim (1= a5,) (o = p) + g (T{U i = )| =
(36)
for each j = 1,2,3,..., k. From (28), we obtain
lim sup | T7U;1y,x, — p| < <. (37)

n— 00

foreach j =1,2,3,...,k. By Lemma 2, we get

lim "T;U(j_l)nxn

n— 00

If j = 1, from (38), we have

_xn" =0, Vi<j<k.  (38)

nli_{lgo ”Tlnxn - xn” =0. (39)
If j=2,3,...,k, then we have
|75 < 155 = TjU ol + [TV -0m%0 = 0]
< L”xn —Ui-iyn¥n !
+|TUG e, = 2
= L(“(j—nn “xn - T7—1U<j—2>nxn|')y
+ "T;‘U(j_l)nxn =%, -
(40)
Hence,
Jim {|T 0, Vl<j<k (41)
Note that
||xn+1 - xn" = ”Anf (X + (1 - An) ann - xn"

< A (o], = pll + 11 () = pll + % = 2l



+ (1 - An) "ann - xn"

=M, (a|lx, = pll + £ (p) = oIl + I, - 2I)

+ (1 - An) Xen “TI’:U(k—l)nxn - xn” >
(42)
therefore, we have
nh_{réo "xn+1 - xn” =0. (43)
Now, we observe that
“xn - zjn” < "xn - xn+1" + ||xn+1 - T;l+1xn+1||
+ “T;’Hx

n+1 n+1
wor = Ty + [T, = T |

< ”xn - xn+1" + ||xn+1 - T7+1xn+1"

+L||x,p - xn”y + L”T;'xn - xn”y.

(44)

By (41) and (43), we have
Jim = Ty, = 0, (45)
for j =1,2,3,..., k. This completes the proof. O

Theorem 12. Let C be a nonempty closed convex subset of a
uniformly convex Banach space E. Let {T; : i = 1,2,...,k} be
k (L - y) uniform Lipschitz and generalized asymptotically
quasi-nonexpansive self-mappings of C with {u;,},{h;,} ¢
[0, 00) such that Y2, w;, < 0o and Y21 hy, < oo foralli €
{1,2,3,...,k}. Let o;, € [0, 1—0] for some & € (0,1/2) and let
W,, be a modified W -mapping generated by T\, T,,..., T} and
Oy Ogpps « + « > gy SUppOse F = ﬂle F(T)#0, Y021 A, < 00
and there exists one member in {T;" : i = 1,2,...,k}
which is semicompact for some positive integer m. Starting from
arbitrary x, € C, define the sequence {x,} by the recursion (7).
Then {x, } converges strongly to some common fixed point of the
family {T; :i=1,2,...,k}.

Proof. By Lemma 11, we have

lim

n—00

X, = Tjx,| = 0, (46)

for each j = 1,2,3,... k. Without loss of generality, we may
assume that T}" is semicompact for some m > 1; then we have

[T)"x, - x,| < ”Tlmxn - Tlm_lxn" + "Tlm_lxn - x,

+oo 4 | Ty, — x|

< T, = ]l + m = D LTy, = 5, | — 0.
(47)

Since T}" is semicompact, then there exists a subsequence
{xnj} of {x,} such that x,, — q € C. Hence, we have

T.x

nj ] nj

la-Tiall = Jim |x =0, (48)
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for each i = 1,2,3,...,k. This implies that g € F. By
Corollary 10, {x,} converges strongly to some common fixed
point of the family {T} : i = 1,2, ..., k}. O

Theorem 13. Let C be a nonempty closed convex subset of a
uniformly convex Banach space E. Let {T; : i = 1,2,...,k} be
k (L — y) uniform Lipschitz and generalized asymptotically
quasi-nonexpansive self-mappings of C with {u,},{h;,}
[0, 00) such that Y2, w;, < 0o and Y2, h;, < oo foralli €
{1,2,3,...,k}. Let v, € [0, 1~ 6] for some § € (0, 1/2) and let
W,, be a modified W-mapping generated by T\, T,,..., T} and
Qs s -+ Og. Suppose F = (N, F(T) #0, Y, A, < oo
and each I — T, i = 1,2,...,k, is demiclosed at 0. If E
satisfies Opial’s condition, then the sequence {x,,} defined by (7)
converges weakly to a common fixed point of the family {T; : i =
1,2,...,k}.

Proof. From the proof of Lemma 11, we know that {x,} is a
bounded sequence in C. Since E is uniformly convex, it must
be reflexive. Therefore, there exists a subsequence {xnj} in{x,}

converging weakly to u € C. By Lemmall, lim;_, OO||xnj -

Tix,, | = 0and I-T;is demiclosed at 0 fori = 1,2,...k, sowe
obtain T;u = u. That is, u € F. Suppose that there exists
another subsequence {x,, } of {x,} converging weakly to v €
C. As above, we can prove v € F. By (27) we know that
lim, , llx, — ull and lim,, , llx, — vl exist. Assume v # u.

Then by the Opial’s condition, we have

nll»ngo "x" - u" = njli—r>noo x"]' B u” < njli—r>noo xnf B 1}"
R T S e
& Jim o o] - i, b,

which is a contradiction. Hence u = v. This implies that {x,,}
converges weakly to a common fixed point of the family {T; :
i=1,2,...,k} O

Remark 14. Lemma 11, Theorem 12, and Theorem 13 extend
Lemma 3.1, Theorem 3.3, and Theorem 3.2 of Khan et al. [4],
respectively.
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