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A generalized form of a cooperative game with fuzzy coalition variables is proposed. The character function of the new game is
described by the Concave integral, which allows players to assign their preferred expected values only to some coalitions. It is
shown that the new game will degenerate into the Tsurumi fuzzy game when it is convex. The Shapley values of the proposed
game have been investigated in detail and their simple calculation formula is given by a linear aggregation of the Shapley values on

subdecompositions crisp coalitions.

1. Introduction

There are many solution concepts in crisp cooperative game
which are allocations for the profits of a cooperative game,
such as Shapley value [1], Banzhaf value [2], and 7-value [3].
However, there are many possible or vague factors that might
influence players’ decisions such that the cooperation is full
of uncertainty. As a result, these solutions are not suitable to
games with vague factors.

In fuzzy environment, fuzzy cooperative games theory
extends crisp games’ results by using fuzzy set theory (such
as Zadeh [4], Mare$ [5], and Dubois and Prade [6]). It also
focuses on the problems of how to express fuzzy coalitions,
how to evaluate fuzzy payofls, and how to distribute it among
players.

Nowadays the fuzzy games mainly consist of two types.
One is games with fuzzy coalitions, in which players partly
take part in a coalition, but exact profits of fuzzy coalitions
can be gained. For examples, Aubin [7] and Butnariu [8]
defined a fuzzy game whose character function was the aggre-
gated worth of the coalitions profits with respect to players’
participation degree. The other is games with fuzzy payoffs,
a game with fuzzy payoffs but the coalitions are still crisp
game coalitions. For examples, Mares [9, 10] and Mare$ and
Vlach [11] suggested that the values assigned to coalitions

were fuzzy quantities even though the domain of the charac-
ter function of fuzzy games remained to be accurate like crisp
games.

In games with fuzzy coalitions literature, Tsurumi et al.
[12] pointed out shortcomings of the game proposed by Aubin
and Butnariu and proposed a class of fuzzy games by the
Choquet integral. Borkotokey [13] took a cooperative game
with fuzzy coalitions and fuzzy character functions into con-
sideration simultaneously, where character functions were
fuzzy value which mapped the set of real numbers to the
closed interval [0, 1].

At present, the Shapley values of fuzzy games have been
studied by many scholars after Butnariu [14] who firstly
defined fuzzy Shapley function on a limited class of fuzzy
games with proportional values. But it was neither monotone
nondecreasing nor continuous with regard to rates of players’
participation. Later, Butnariu and Kroupa [15] similarly gave
the Shapley values on fuzzy games with weighted function.
Tsurumi et al. also discussed the Shapley values on their fuzzy
game, which was both monotone nondecreasing and contin-
uous with regard to players’ participation rates because of the
advantageous properties of the Choquet integral. Borkotokey
[13] discussed its Shapley value on games whose payofts and
coalitions are both fuzzy.
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Actually, players mostly prefer to estimate cooperative
profits on their vague knowledge of the game. Based on this,
integrals with fuzzy measures or fuzzy capacities should be
suitable to model fuzzy games. The integral theory had made
use of a cooperative game that appeared in Weber [16] and
Azrieli and Lehrer [17]. Besides Tsurumi et al. [12], Dow and
Werlang [18, 19] applied the Choquet integral to game theory
and finance. In many cases, fuzzy capacities assign decision-
subjective expected values to some coalitions but not to all.
Therefore, we will at first introduce a new cooperative game
form by the Concave integral with respect to fuzzy capacity,
which has been discussed in detail by Lehrer [20], and will
investigate the Shapley values on the new fuzzy cooperative
games in detail.

The lecture will be organized as follows. In Section 2, we
will recall the concepts of crisp cooperative game and its
Shapley values will also be recalled. In Section 3, some games
with fuzzy coalitions and several game forms, such as But-
nariu and Tsurumi fuzzy game, will be given. Moreover, we
define a new fuzzy game by the Concave integral and its sev-
eral properties will also be provided. Meanwhile, we illustrate
that the proposed game is an extension of Tsurumi fuzzy
game. In Section 4, we discuss the Shapley values for the
new game, which can be gained by a linear aggregation of
the Shapley values on subdecompositions crisp coalitions.
Finally, some conclusions appear in Section 5.

2. Crisp Cooperative Game and
the Shapley Value

A finite set of players N = {1,2,...,n} is a nonempty set, in
which players may take part in different feasible subcoalition
of N. The greatest coalition N is the grand set and the smallest
coalition is ¢. The power set P(S) is the family of all crisp
subcoalitions of S € N.

A crisp cooperative game on player set N is denoted by
v where the character function v : P(N) — R, U {0} with
v(¢p) = 0. For any a S € P(N), the worth v(S) assigning to S
can be regarded as the maximal worth or cost of the coalition
S which is obtained when players in S work together. We take
the notation G(N, v) to express the class of all crisp games
with player set N.

For a nonempty subset S € P(N), the simple games ug are
defined by

e (A) = {1, if S c A, O

0, otherwise.

And each cooperative game v € G(N, v) can be represented
by ug as follows:

)

TeP(N)\{¢}
here ¢g(v) = ¥ (1) Ply(B)
where Gy BeP(N):BCS Vib).
The game v € G(N, v) is said to be convex when

v SUT)+v(SNT)>v(S)+v(T), VS, TeP(N).
3)

cs (v) ug, )
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The convex game v € G(N, v) is said to be superadditive,
if any disjoint crisp coalitions S and T satisfy

v(SUT)>v(S)+v(T), V¥S,TeP(N), SNT = ¢.

(4)

The notation Gy(N, v) represents all superadditave crisp
cooperative games. For the game v € G(N, v), players i and j
are said to be symmetric, if S € N \ {j, j} such that

v(SuUi)=v(SuUj). (5)

The player i € N is a dummy player of the game, if for any
S € N\ {i} such that

v(SUi)=v(S)+v (). (6)

The player i € N is a null player in a coalition W for a game
v € Gy(N,v), if

v(S) =v(Sufil), VSePW\{i}). (7)

Definition 1. An imputation for a crisp cooperative game v €
G(N,v) is a vector x = (x,X,,...,%,) € R} U {0} satisfying
@ Lien Xi = v(N),
(2) x; = v(i), Vi € N.
Itis obvious that v € G;(N, v) when imputation for a crisp

cooperative game v € G(N, v) is nonempty.

Definition 2. Let Gy(N,v), W € P(N); then S € P(W) is
called a carrier in a coalition W for a game v if

v(SNT) =v(T), VT e€P(W). (8)

If the set of all carriers in coalition W for v is denoted by
C(W | v), then
CW|v)={SeP(N)|v(SNT)=v(T), VT € P(N)}.
)
A well-known solution for cooperative game v ¢
Gy (N, v), the Shapley value is a mathematical expectation on
P(N\{i}) with regard to marginal contribution v(T'Ui)—v(T')

where T' € N\ {i}. Shapley [1] defined the function satisfying
the following 4 axioms.

Definition 3. A function f' : Gy(n,v) — (Rﬁ)P(N) is said to
be a Shapley value on G (N, v) if it satisfies the following four
axioms.

Axiom 1.If v € Gy(N,v) and W € P(N), then

Y W) =vw),
ieN (10)
flmywW)y=0, Vi¢gw,
where ﬂ(v)(W) is the ith element off'(v)(W) € R}
Axiom 2.1f v € Gy(N,v), W € P(N),and T € C(W | v), then

fl W) (W) = f/ () (T), VieN. an
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Axiom 3.1fv € Gy(N,v), W € P(N),i, j € W,and v(SU{i}) =
v(SU{j}) for any S € P(W \ {1, j}), then

W) = fi ) W). (12)

Axiom 4. For any v;,v, € Gy(N,v), define a game v, + v, €
Go(N,v) by (v; + v,)(S) = v,(S) + v,(S) for any S € P(N). If

V>V, € Go(N,v) and W € P(N), then
fl i +v) W) = £ (n) W) + f] (n,) W), VieN.
(13)

Shapley [1] also gave the uniquely explicit form of a Shap-
ley value on Gy(N, v) which was obtained by extending the
Shapley value for the grand coalition N as below.

Theorem 4. Define a function f' : Go(N,v) — (RE)P(N) by

(T15 1W1)
, TE%W)B
FOW =1y vy, ifiew, @
0, otherwise,

where BP(W) ={i e T | T € P(W)}, BUT; [W]) = (IT| - 1)! -
(IWI=I1T!/ IW|! and |- lis the number of players in set -. Then
the function f'is the unique Shapley function on Gy(N, v).

It is obvious that f'(v) is an imputation of the cooperative
game Gy(N, v). Meanwhile, if v € Gy(N, v) is convex, theni €
N and S € T imply that f!(v)(S) < f/ (v)(T).

3. Fuzzy Coalition Games

Let us start by presenting some general definitions related to
fuzzy coalition games.

3.1. Basic Concepts. We consider cooperative fuzzy games
with the player set N = {1,2,...,n}. A fuzzy coalition Sis
a fuzzy subset of the finite set N, which is a vector s =
(51>85...5>$,) where s; € [0,1] describes the membership
grade of player i in the fuzzy coalition S. We note that a dif-
ferent coalition has different vector s = (s}, s,,...,s,), so we
also call it as fuzzy coalition variable. If element s; = 1 when
i fully take part in S and others s; = 0, then the coalition S is
a crisp coalition.

Consider the crisp coalition & = {0,0,...,1,...,0}
where the kth element is 1 and others are zero. The fuzzy
coalition variable s = (s, s,,...,s,) has the regular form

s= Zsie’. (15)
ieN

For the fuzzy coalition S and U with fuzzy coalition
variables vector s and u, s; < u; (Vi € N) ifand only if S € U.
The class of all fuzzy coalitions in U is denoted by L(U); that
is, L(U) = {S | S ¢ U}. The level set of fuzzy coalition S
is the set [§]t = {i € N | s; > t}; its t-section is the set
S, = 1{i | i € N,s; = t} which is a player set with the same level

r, and its support set is the set Supp(S) = {i € N | s; > 0}.

A fuzzy coalition game Vs the function v : L(N) — R, U
{0} with v(¢) = 0. We take the notation G(N, ¥) as the class of
all fuzzy coalition games V. We call v € G(N, V) continuous,

for any two fuzzy coalitions S and T with variables s =
(51,85, ...>8,) and t = (t},t,,...,t,), respectively, if

lim v <Zsiei> =y (Zs,e') , (16)
=0 \is ieT

where d = max;.yls; — t;]. A game v € G(N,7) is said to be
monotonic, for every fuzzy coalition S and U, S ¢ U implies
v(S) < v(U).

In this paper, we assume that every fuzzy coalition vari-
ables maps into the lattice ([0, 1], A, V), where A and V are the
minimum and maximum operators, respectively. For any

fuzzy coalition S,U € L(N), we adopt the usual definition
of the union and intersection of fuzzy subsets given by

(5uD) @) = s;Vu;, i€SuppSUSuppU,
0, others,

I ()
(§n U) (i) = s;Au;, i€ SuppSnSuppU,
0, others.

Similarly to crisp convex game, for all S,U € L(N), v €
G(N,7) is said to be fuzzy convex, if it satisfies

v(§)+v(0) <v(Sul)+v(Sn0), (18)
and 7 € G(N, 7) is said to be superadditive such that
v(SuT)2v(8)+v(D) (19)
with SN T = ¢.
Definition 5. A function y : L(U) — R is said to be an

imputation for a fuzzy game v € G(N,7) in fuzzy coalition
U € L(N) with fuzzy coalition variable u = (1, u,, ..., u,),

if
) y,(0) = 0, Vi ¢ Supp(D),
(2) Yien 7:(0) = v(0),
3) y,0) = uw(e),
where y,(0) = (,(0), y,(0), ..., y,0)).
Definition 6. Let v € G(N,7); the player i € N is said to be a

dummy player on fuzzy coalition U € L(N) with fuzzy coali-
tion variable u = (uy, u,, . ..,u,), if for any fuzzy coalition S,

Jj i _ j i
v Z siel |[Usie | =v Z sie |+v (sie )
j€SuppS\i j€SuppS\i

(20)
and if

v<< Z sjeJ>Usie'>:v< Z sje]>. (21)
j€SuppS\i j€SuppS\i

The player i is called a null player on fuzzy coalition U.



Example 7. Let N = {1,2,3} and for any fuzzy coalition
variable x = (x;, x,, x3), define v(x) € G(N, V) by

) X+ x5 + X3,
v(x) =
X; + Xy,

if x5 > 04, (22)
otherwise.

Suppose a fuzzy coalition U € L(N) with the fuzzy variable
value u = (0.4,0.6,0.7); then for any fuzzy coalition S with
fuzzy variable value s = (s}, s,, s3), player 3 is a dummy player
when s; < 0.4 and he is a null player when s; > 0.7.

Definition 8. Let v € G(N,7), U € L(N); then S € L(U) is
called a fuzzy carrier in a coalition U if for any vT e L)
such that

v(gﬂ T) :V(T). (23)

The set of all carriers in fuzzy coalition U forv € G(N,7) is
denoted by C (U | v); it is obvious that

C(T1v)= {5 L(@)1v(SnT) = v(F),VT € L(D)}.
(24)

3.2. The Present Forms for Fuzzy Coalition Games. In the
field of fuzzy cooperative games with fuzzy coalitions, there
were several definitions given by aggregating function on
fuzzy coalition variables, such as Butnariu game, Butnariu
and Kroupa game, and Tsurumi game.

In Butnariu game, v(S) was an aggregated worth of the
crisp coalitions S, where the players have the same participa-
tion level ¢, defined by

v(§)= Y v(§)t, VSeL(N). (25)
te(0,1]

It is obvious that the game value is a linear aggregation
function which is a weighted average on the sets with the same
participation levels, namely, a fuzzy game with proportional
values as the associated crisp game. We denote the fuzzy game
with proportional values as the notation G*(N). It is a one-to-
one correspondence between a crisp game and a fuzzy game
with proportional values.

Butnariu and Kroupa [15] proposed a fuzzy game model
with weight function as follows:

v(8)= Y v®v(5), (26)

te(0,1]

where ¥ : [0,1] — Risa function with the properties y/(t) =
0et=0andy(l) = 1.

Similarly, it is also a simple linear aggregation function
which cannot embody the interaction among players with
different participation levels. Moreover, if y(¢t) = t implies
that the game is equivalent to the proportional game, we
denote it as G¥(N).

Tsurumi et al. introduced another form definition based
on the Choquet integral, which was not only monotone
nondecreasing but also continuous with regard to rates of
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players’ participation. Let S € L(N), Q(S) = {s; | s; > 0, i €
N} and rearrange elements in Q(S) such that 0 = hy < h; <
hy<---< hq(g);thenforanyg € L(N),agamev: L(N) — R
is defined by

V([g]h,) (hy=hpy), (27)

where q(§) is the cardinality of Q).

The fuzzy game given by Tsurumi et al. is simply denoted
by G (N). Tt is apparent that the fuzzy game v € GM(N) is
a Choquet integral of the function /h with respect to v derived

from level set. We note that hj_; < h; implies that [S], <

[S1;,, ,» so the worth of coalition § is the maximum sum on all
subsets which is an including chain.

Example 9. Let N = {1, 2,3} and let v be a character function
on N which is joint workers’ output. v(1) = v(2) = v(3) = 2,
v(1,3) = 8, v(1,2) = 9, »(2,3) = 5,and ¥(1,2,3) = 10.

Suppose that the fuzzy coalition s = (1,0.4,0.6); rear-
range itas 0.4 < 0.6 < 1; thus, the value of this fuzzy coalition
is evaluated by (27) as follows:

i

q(S)

v(8)= Y v([8],): (m—h)

v([8],,)x04+v([S],)

x (0.6 —0.4) + v([S‘]l) x (1-0.6)

I
—_

(28)

v(1,2,3) x0.4+v(1,3)
x0.24+v(1)x04=64.

However, there are another linear aggregation values
which are greater than that of Tsurumi’s form. For example,
we make a linear sum as

v(§)=04xv(1,2) +0.6xv(1,3) =84.  (29)

Hence, Tsurumi’s class cannot be considered as an opti-
mal product on P(N), for fuzzy variables assign subjective
expected values to some coalitions but not to all in Tsurumi
game. As a result Tsurumi fuzzy game is not suitable in some
situations.

3.3. A Class of Fuzzy Coalition Games with the Concave Inte-
gral. As mentioned above, the present forms for fuzzy coali-
tion games were only limited to some special games and will
be invalid in many game situations. Next, we will consider
another extended game with fuzzy coalitions, that is, the
fuzzy game with the Concave integral, where Tsurumi game
can be taken as a special case as the proposed new game.
Firstly, we recall the fuzzy capacity and the Concave integral.

Let N be a finite set (|N| = n); a capacity y over N is a
function p : P(N) — R" U {0} such that S € T € N implies
u(S) < u(T) with u(¢) = 0. A random variable over N is
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afunction X : N — Rand arandom variable is nonnegative
if x; > 0 for everyi € N.

We proposed fuzzy capacity game concept defined by the
following way.

Definition 10. Let A € L(N); the pair (v, A) is said to be a
fuzzy capacity gameif v : L(N) — R"U{0} is monotonic and
continuous, and there is a positive M such that v(a) < M|a|
for every a € L(A).

Definition 11. Let A € L(N); the pair (v, A) is said to be an
additive fuzzy capacity game, for every fuzzy coalition vari-
able a € L(A), if there is a nonnegative constant vector p =
(P1> Pa>---> P,) such that v(a) = Y| a;p;.

It is not hard to see that the limited game given by But-
nariu is an additive fuzzy capacity game. A fuzzy capacity
game assigns values (subjective expected value) to fuzzy
coalition random variables, in which players express their
preferences of some coalitions but not of all. The fuzzy coali-
tion A might contain only extreme or discrete points of the
domain of L(S) where § ¢ L(N) such as (1,1,...,1) and
(0,0,...,0), therefore v may be partially nonadditive or non-
additive on its domains.

The integral aggregates all available fuzzy coalitions,
including individual assessments of the likelihood of events
and expected values of variables, into a comprehensive value.
By this value, the players reevaluate their likely coalitions or
expected values on random coalition variables.

Let s be a random variable; a subdecomposition of s is a
finite summation } , . o;A; that satisfies

Z oly <5 (o =0),
ACN
(30)

A;cN, (i=123,...,2").

Definition 12. Letv € G(N, ¥) be a fuzzy capacity game, let S €
L(N) be a random fuzzy coalition with nonnegative variable
s=(5,5...,s,), and define a game v** : L(N) — R, U{0}

by
Cav
e (§) = J sdv=min{f (s)}, (31

where the minimum is taken all over concave and homoge-
neous functions f: R} — Rand f(1;) > w(T) forevery T €
N, and 1; is the indicator of T' which is the random variable
that takes the value 1 over T'and the value 0, otherwise.

By Definition 12, v“*(S) can be gained by the values on
crisp coalitions which correspond with subdecompositions
of s.

We denote all fuzzy games defined by the concave integral
as GSY(N).

From the above definition, the function f is defined on
all over concave coalitions. It is easy to prove the following
lemma.

Lemmal3. Letv € G(N,V) be a fuzzy capacity game; for every
random fuzzy coalition S € L(N) with nonnegative variable
S= (51580 -+>S,)

Cav
J sdvzmax{Z(xTV(T),Z(XTIT=S,(XT20]>.

TN TN
(32)

The game v L(N) —> R + U {0} can also be calculated by

Ve (§) = JCM sdv = max Z arv(T;)

T,cN
s.t. Z oply =5,
TN (33)
T,cN, (i=123,...,2"),

ar, 20, (i=1,23,...,2").

Remark 14. When S € N, Jcav Igdv = max{} . v(I),
Yren L = 1} = v(S). It is apparent that the fuzzy game with
the concave integral extends the crisp game.

Example 15. Consider again Example 9; for the fuzzy coali-
tion s = (1,0.4, 0.6), by inequality (33), we have

Cav
Ve (§) =J- s dv= max Z arv(T;)
T,EN
st. Yaply =(1,04,0.6), (34)
T,

i

T; € {{1}, {2}, {3}, {1,3},{1,2},{2,3},{1,2,3}},
ar. €1{0.4,06,1}.

Hence,
Tl = {1, 2} 5 Tz = {1, 3} 5 OCTI = 04, “Tz = 0.6.
(35)
So
v (8) =04%x9+0.6x8 =84 (36)

We know that v“*(S) = jcavsdv is the maximum of
the values Zle o p(T;) among all possible decompositions
of S with the coalition variable s. The maximum focuses all
possible decompositions rather than restrict viable decompo-
sitions like the fuzzy game given by the Choquet integral.

In the fuzzy game given by Tsurumi et al., the Choquet

integral of nonnegative X with respect to a capacity v is
defined by

Ch n
J Xdyp = Z (Xogy = Xoi-1) v (Qi) s (37)

i=1



where o is a permutation on N such that 0 = X o) < X;q) <
Xo@) 00 £ Xy and Q; = {0(i), 0(2),...,0(n)}.

Let oy = X5 — X1y note that X = Yalg is a
decomposition of X. That is to say that the Choquet integral is
defined under the special decomposition of X. By contrast, all
possible decompositions are allowed in the concave integral.

By this way, it implies that _[Ch Xdu < jcav X dy for any X.

In addition, it has been proven that _[Ch Xdy = Jcav Xduif
and only if y is convex (see [17]).

Lemma16. Letv € G°(N) be a fuzzy capacity game, and let

S € L(N) be a random fuzzy coalition with nonnegative
variable s = (51,5, ...,S,); then

(3)- |

where T; € T; (Vi < j).

Ch
sdv = max Z ocTiv(Ti) , (38)

T,cN

Theorem 17. Let a fuzzy capacity game v € G (N); then v
is continuous with respect to the fuzzy coalition variables.

Proof. For any two nonnegative random fuzzy coalitions U
and S with variables u and s, define a distance d on L(N) by

d(50)= max Is; = u] - (39)
We have
46 (5).5 ()
) (0)

= |max Z cxsiv(Si) — max Z OCI,JX_V(U,')

S,cN UcN

Zcxsv Z(xU

S,cN U,cN

< max

(40)

o v (Uy)]

max Z jocs v
s SNU,CN

< X max (v(S).v (U)o o |
< max (v(S;),v (U, ))max|s—u|

S,CN,U.CN

<d (§, T) max

S,cN,U,CN

(V (Si) >V (Ui)) .

Since there exists a constant M such that } maxgcyycn
(v(S), v(U;)) < M, we get

4 (5) v (0)) < Md(5.0). (4

Therefore, when d(S,U) — 0 then d(v**(S),v*™(0)) —
0. O
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Example 18. Continuing with Example 9, for another fuzzy
coalition U with u = (0.4, 1, 0.6), by inequality (33), we have

v (0) - |

=04v(1,2) +0.6v(2,3) =

Cav
udv = max Z arv(T;)
T,eN (42)

By (27), we also get

@)= [*uar=30((0],)- -
=v([T],,)x04+v([T],,) (43)

x (0.6 -0.4) +v([T] ) x (1-06)

=0.4v(1,2,3) +0.2v(2,3) + 0.4v(2) = 5.8.

From the above examples, we note that v**(S) > v**(U)
while v'(8) = v(D).

Theorem 19. Let v € G(N, V) be a fuzzy capacity game; v is
convex if and only if for any two nonnegative random fuzzy
coalitions U and S with variables u ands, respectively, VC“V(§) >
VO (O) whenever v'(S) > v (D).

Proof. If a fuzzy capacity game v € G(N, V) is convex, then by

the property of the concave integral, fCh sdv = fcav sdvand

Ch C ~ —
j udv = j * udv, so when v'(8) = v (D), it implies that
VCaV(g) > vCaV(U)'

Conversely, if v is not convex, then there exits a non-

Ch C
negative variable x such that I xdv# I * xdv. Since

C Ch C Ch
J Yxdv > J xdv, thenj Y xdv > J x dv; there is at
least a crisp coalition S € N and a nonnegative constant c

such that
Cav Cav Ch
J sdv > J- clpdv > J- sdv. (44)
‘We have
Ve (§) > cv(S) > v°h (§) (45)
Similarly,
v (U) > my (U) > v" (U) , (46)

where the crisp coalition U < N and m is a nonnegative
constant.

Therefore, whenever v“(8) > v“*(0), it cannot be con-
firmed that v**'(8) > v*'(U); thus v is convex.

SinceJ'Ch Xdy= Icav X duifand only if y is convex, con-

versely v is convex if and only if v**'(S) = v*"(3), for any
S< L(N). O
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4. The Shapley Values on Fuzzy Coalition
Games with the Concave Integral

The fuzzy Shapley value is one of the important solutions for
fuzzy games. It is interesting to study the Shapley function for
game v € G“™(N).

4.1. The Shapley Axioms for Games with Fuzzy Coalitions.
Tsurumi et al. defined the Shapley function which is based
on the natural extension of carrier and null player to fuzzy
games. Before introducing the definition, we provide some
notations introduced by Tsurumi et al.

For anyU € L(N), S € L(U), and i,j €N,

T Ju ifj=i
S (j) = { s;, otherwise,
~ min {si,uj}, if k=1,
Sy (k) = qmin{s; u}, if k= g “7)
Ser otherwise,
Sj’ if k= i)
MOICE M

Se»  otherwise.
Obviously, SV, Sg, and pij(gg) e L(U).

Definition 20. Let G'(N,7) < G(N,¥); a function f
G'(N,v) — (RT U O)L(N) is said to be a Shapley value on
G'(N, V) if it satisfies the following four axioms.

Axiom 1.Ifv € G'(N,7) and U € L(N), then

2 fim(0)=v(0),

i€Supp U (48)
fiw(0)=0o,

where fi(v)(ff) is the ith element of f »(@O) e R}.

Vi ¢ Supp U,

Axiom 2.1fv € G'(N,7),U € L(N),and T € C(U | v), then
fiw(0)=fiw(T), vieN. (49)
Axiom 3.1fv € G'(N,7),U € L(N), i, j € N, U} € C(T | v),
and v(8) = v(p;;(8)) for any § € L(T})), then
() =f,0(0). (50)

Axiom 4. For any 7,,7, € G'(N,7), define a game v, + v, by
0 +1)(8) = v,(S) + v,(S) forany § € LN). If vy +, €
G'(N,7) and U € L(N), then

fi(n+vy) (ﬁ) = fi(vy) (U) + fi () (ﬁ) , VieN.
(51)

These axioms for the Shapley value are extensions of the
crisp Shapley axioms and are suitable to games with fuzzy
coalitions. It is unnecessary to transform the Shapley axioms
to deal with our fuzzy cooperative games.

Theorem 21. If v € vCh(N) and S ¢ U € L(N), then
f,WE®) < f,(»(@), Vi € N.

Proof. For S ¢ U € L(N), note that S ¢ U ifand only if [§]h C
[U]), for any h € (0, 1]. Since v € Go(N, v) is convex, [S],, <
(U], implies that ﬂ(v)([S]h) < fi'(v)([T]h) for any i € Nj
therefore, fi(v)(g) < fi(v)(ﬁ) foranyi € N. O

4.2. The Shapley Values for Simple Game with Fuzzy Coalitions.
Following Shapley [1], with any nonempty coalition S €
P(N), we consider the fuzzy simple game 15 defined by

1, if T<L(A),

52
0, otherwise, (52)

17 (A) = ‘[
and the number

G (v) = Z (—1)!TIIBl, Cav <thej> ,  (53)

BeP(N):BCT jeB
where t = (t,,t,,...,t,) is a fuzzy coalition variable of T €
L(A).
Consider

Gm= )

BeP(N):BCT

Z (_1)|T|—|B| max { ZOCTjV (T]) >

BeP(N):BCT jeB

(_1)|T|*|B|VCav < th€j>

jeB

ZaleTj =1, azrj > 0}

jeB

-y (1),

max] S Y
J
j€B.BCT

BeP(N):BCT

ZochlTj =t, o, 2 O}

j€B

I
8
o
>
—
.
&
g
N
~
R
b{
5
.
N

(54)



In addition, for any a cooperative game v € G(N, v),

Z . (VCav) IT

TeL(N)\{¢}
= Z max { Z ar,cr, ),
TGL(N)\{([)} JjEB,BET

z“Tj lTj = t,(ij > 0} lr’f

j€B
= max Z { ' Z ar,cr, v,
TGL(N)\{([)} JjEB,BET

Z(ijlTj = t, OCTj 2 0} LT

Jj€B

max Z Z ar,cr, (v) 1z,
TeL(N)\{¢} j€B.BET

(Z(ijlTj = t, “Tj > 0>

j€B

max Y Y

jEBBET " TeL(N)\{¢}

(Z“leTj = t, (XT/‘ > 0>

je€B

= max Z o Z
J

JEBBET  supp(T)eP(N)\{¢}
Z(ijlTj =1, (ij 20

jeB

= max Z or, Z

JEBBET  supp(T)eP(N)\{¢}

<Zoch1Tj =1t, or, > 0>

jeB

cr, (V) 17,

ar; ) 1Supp(T)’

o ) lsupp(T)’

= max Z ochv(T]-),

jeB,BCT
(j;;ijlTj =1, or, > 0>
_ VCav (T) )
Hence,
VCav (T) _ Z CT (VCav) 17:.
TeL(N)\{¢}

(55)

(56)

Journal of Applied Mathematics

Lemma 22. Let S € L(N); then for any T < L(S), a Shapley
value on the simple game 15 is as follows:

1 o =
IO A

0, otherwise.

(57)

Proof. Let S € L(N) with fuzzy coalition variable s =
(51,855 $,); for all T < L(S), it is obvious that IT(§ nT) =
17(T), and T is a fuzzy carrier in fuzzy coalition S.

Axiom 1. Consider

Y £ (S)=17(5) = 17(T)

ieSupp(g)

-y ﬁ= > L)1), (s

ieSupp(T) iESupp(T)
EACIGEY
i¢Supp(§)

That is,
Y £:05)(5) =1:(5),

iesupp(5) (59)

fi(1)(8) =0,

Axiom 2. For any k € Supp(S) \ Supp(T), fk(lf)(g) =0.T ¢
Tu (skek) and IT(T u (skek)) = IT(T); then T U (skek) is also
a fuzzy carrier in coalition S, so

fi (17) (§> = £ (1) (T). (60)

For any k € Supp(T), f,(1p)®) = 1/IT| and f,(15)(T) =
1/|T].

Vi ¢ Supp S.

Axiom 3. For any i, j € Supp T, let B € L(Supp S \ {i, j}); by
the fuzzy simple definition, IT(EU(sie’)) = IT(EU(sjeJ)) =0,
so f;(1:)(S) = f;(17)(S).

Axiom 4. For any two fuzzy simple games 17 and 17 , define
(1z, + 1T2)(§) =1z S+ 1T2(§), VS € L(N). If 17 + 17 isalso
a fuzzy simple game, then

gf" (17 +12) (8) = (15, +15,) (S) = 1% (5) + 1% (5)
= 2£i(15) (8) + 2 (12,) (5)-

(61)

It satisfies for any i € N, fi(li + 172)(§) = fi(lfl)(g) +
£1)E).
It is evident that f,»(lf)(g) = fi(lf)(T), Vi € N. ]
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4.3. The Shapley Values for Game with Concave Integral. Fora
fuzzy coalition S € L(N) with fuzzy coalition variable s =
(51,82, --+5$,), we simply denote it by crisp game marks as
follows:

ws ({1}) = Ve (slel) ,

2
wg ({1,2}) = ye <Z sjej> ,
=

. (62)
ws (T) = v (Zsjej> ,

jeT

wg (N) = v ( Zsjej>.

jeN

If we let cz(w) = ZBGL(N);BgSuppT(—l)|T|_|B|w§(3)> it is

obvious that cz(v) is a linear sum with the concave integral
on L(S), and

Y (w) 1z (B)
TeL(N)\{¢}

=22

TeL(N)\{¢} BEL(N):B<SuppT

(1) TP (B) 1. (B) (63)

= Wws (B) .

Therefore,

ﬁ(wg)(§)=ﬁ< > c~p-<w>1T<B)>(§)

TeLN)\{¢}

Y g fi(1:(8)(S)

TeL(N)\{¢}
1
= ) W)=
TeL(N)\{¢} |T|
S D MG iR

TeL(N)\{¢} i€T-BeP(N):BET

Y BATIISD - fws (T) - wg (T\ i)},
i€TCSEP(N)
(64)

- j = J
where T =} ;o s/ and S = ) ;g s5e’.

Hence, the Shapley value of player i on the fuzzy coalition
S will be

(IT1 = DL (S| - 7))
2

fi(wg) (8) = i

i€eT<SeP(N)

x fwg (T) — wg (T \ i)}

(65)

Lemma 23. Let v € G°*'(N) be a fuzzy capacity game, and let
S € L(N) be a random fuzzy coalition with nonnegative vari-
able s = (sy,$,,...,S,); then the vector

£ (ws) (5) = (i (ws) (5) f> (wg) (S).- > £, (w) (5))
(66)

is an imputation of the fuzzy coalition S, where f,(wz)(S) is
defined as (65).

Proof. For any i ¢ suppS, it is apparent that f,-(wg)(§) =0
and Y;cq,005 fi(W5)(S) = wy(S). So Yy fi(ws)(S) = w5(S).
Meanwhile,

(IT1 = VLS| = 7!
2

fi(wg) (8) = Si

i€TCSeP(N)
X {wg (T) - W§ (T \ l)}

(1T = DS = |T))!
IS|!

wg (7)

i€TCSeP(N)

wg (i) = v (siei) > sV (ei) .

Therefore, we have fi(wg)(S) > siv({ei}) for any i € S, so
f (w—s~)(§) is an imputation. O

Lemma 24. Let v € G°(N) be a convex game; for any fuzzy
coalitions S,U € L(N) such that § ¢ U; then f,(ws)(S) <
fi(wgz)(U) (Vi € N).

Proof. If v € G“(N) is convex implies that v € GM(N).
From Theorem 21, for fuzzy coalitions S,U € L(N), then
fi(v)(g) < f,»(v)(ﬁ) foranyi € N.

Therefore, for any i € N, f,»(wg)(§) < fi(w—g)(U) <
fiwe)(@).

Lemma 24 suggests that on game v € G“™(N), fi(wg)(g)
is monotone nondecreasing with respect to fuzzy coalition
variable when v € G“(N) is convex. In fact, fi(wg)(g) is
also continuous with respect to fuzzy coalition variable when
v e G*(N).

The next lemma can easily be proved by the same manner
as Lemma 24. O

Lemma 25. Let v € G (N); then f,-(wg)(g) is also continu-
ous with respect to fuzzy coalition variable for any i € N.

Example 26. Let N = {1,2,3,4}, S € L(N) with the fuzzy
coalition variable s = (s;,0.4,0.7,0.7), v(1) = 120, v(2) = 150,
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v(3) = v(4) = 180, ¥(1,2) = 450, v(1,3) = v(1,4) = v(2,3) =
v(2,4) = 480, v(3,4) = 600, ¥(1,2,3) = v(1,2,4) = 840,
v(2,3,4) = v(1,3,4) = 900, v(1, 2, 3,4) = 1500.

Now we consider the Shapley value of player 1 in fuzzy
coalition S by (65); we have

340s,, 0<s, <04,
fi (w5) (S) = {2405, +40, 0<s; <04, (68)
1205, + 124, 0<s, <04,

Note that the game is convex such that the Shapley
h (wg)(g) is the same as that of Tsurumi game.

Theorem 27. Let v € G°*(N) be a fuzzy capacity game, and
let S € L(N) be a random fuzzy coalition with nonnegative
variable s = (s, $,,...,5,); reorder its components such that
Zjl <sj, < <sg s then f,-(wg)(g) (Vi € N) can be calculated
Y

fi (wg) ()

(71 = DIASI = TD!
2 IS|!

= max
ieTcSeP(N)

(T aT) - v(@\ DT}, (69)

+{v(TNT,) —v((T\i)NT,)} e,

+...+{V(TnTm)—V((T\i)nTm)}“Sjm}’

where Zsj a,ls <sands; =s;(1<m<n).
Proof. Let Q(T) = Q(ZjeTsjej) ={s;1s;>0,jeThq-=
|Q(T)|; reorder the elements in Q(T) such that s, <sj, <
.. < S
For the fuzzy variable s, let Z
ifthesetT;isa subdecomposmon set else a, =0 and S eN

(j=12,. ..,q) Then all the subdecomposition sets §; < S, <
-+ < §, correspond with the order.
Lets; =s;, 1 <m < q.For any a subdecomposition T,

by v € G*(N),

V<Zsjej>—v< z sjej>
jeT jeT\i

= wg (T) - wg (T \ i)

a1, <s,whereoc =1

= max {v (TnT) o, + v(TNT,) o,

+---+v(TﬂTq)ocsjq}
—rnax{v((T\i)ﬁTl)(xsj1 —V((T\i)ﬂTz)o‘sj2

_...—v((T\i)mTq)asfq}'
(70)
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It is obvious that (T'NT,) = v((T'\i)NT}); foranym+1 <
k < g, we get

Wy (T) - Wg (T \ 1)
= max {V(T nT;) a, + v(TNT,) o,

+o+v(TNT,)a }

(71)
- max {v (T\)NT,) e,
—V((T\i)ﬂTZ)ocs
= ((T\DNT,) e |-
Therefore,
~ T - DS = |T))!
7 (wg) (S): (T )lS(||'| IT1)
i€TCSEP(N) :
X {w~s~ (T) = wg (T'\ l)}
_ (T = DS = T]!
i€TCSEP(N) ISI!

><Zmax{v(TﬁTj)—v((T\i)ﬂTj)}ocS

(T =DrASI = 1TD!

max

i€TCSeP(N) ISI!
X { {v(TnTy)
—v((T\i)nT))} e

+{v(TNnT,)-v((T\i)nT,)} &,

+-+{v(TnT,)

—v((T\i)n Tm)}ocsjm} .
(72)
Define a function f : G“™(N) — (R} U {opENV
fi ) (§) = max Z ochfi' v) (Tj)
T,cN
s.t. arly =s,
2ot (73)
T,cN, (j=12...,2"),
ar 20, (j=1,2,...,2"),

J

where f' is the function given in Theorem 4.

Note that (73) is a concave integral on the fuzzy coalition
S with regard to f'(v). Next we will show that f is a Shapley
function on G*(N). O
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Theorem 28. Let v € G“*'(N) be a fuzzy capacity game, and
let S € L(N) be a random fuzzy coalition with nonnegative
variable s = (s, s,,...,s,); then the function defined by (73) is
a Shapley function on G (N).

Proof. We will show that f satisfies the axioms in
Definition 20.

Axiom 1. Let v € G*(N) and § € L(N). By ¥, f; (")(T}) =
v(T;) forany T; € N, we get

2 fimS)= ) max ) ayfi0)(T)

i€Supp S ieSupp S TjcN

= max Z ar, Z fi' (v) (Tj)

TSN jeSupp§

= max Z ochv(Tj) = (§)
TN (74)

s.t. E arly =5,
J J
T;

T,<N, (j=L2,...

or, >0,

Ifi ¢ Supp S, theni ¢ T;(j=12,...,n) suchthatfi'(v)(Tj) =
0. So ﬁ(v)(g) = 0 wheni ¢ SuppS.

Thus,
IAGIORIOF
iESupp§ (75)
fi(S)=0, Vig¢SuppS.
Axiom 2. Let § € L(N); denote a subdecomposition S =
{Zjochj |'S; €~P(N),j € 2"} such that Zj(lesj < sand
Zj a, = 1. Let T € C(S | v); then its subdecomposition is

denoted by T; this implies that T € C(S | v), so fi’ »(S) =
£/ (v)(T). We can easily obtain

HimB)=f,wn(T). VieN. (76)

Axiom 3. Let § € L(N), 55. € C(Sv), and W(T) = v(p;[T)), for
any T ¢ L(:S:isj). We note~that §isj(i) = §isj(j); ifi, j ¢ Supp §ISJ
then £(n)(S) = £;(")(S;) = 0.

Since §Z € C(S | v), by Axiom 1, we have f,(v)(S) =
F0® = fE) = f1E) =o.

On the other~ hand, if i, j € Supp §,SJ that means i, j €
SuppSand S = §f]

From »(T) = v(pij [T]) for any T e L(§f’i), we get

v(TUej) = v(TUei) for T € L(Suppg\ {i,j}). (77)

1

So from the proof of Axiom 2, we obtain fi'(v) (S) = fj'(v)(g);
then the following equation is found:

f: (v) (S‘i) = Z max Z (ijfi’ (v) (TJ-)
ieSuppgfj TjeN
= Z max fi' v) (3) = Z max f]' (v) (§)
i€S j€s
= /i 0(S)).
(78)
Thus,
LW (S)=£m(5). (79)

Axiom 4. Let 7,7, € G™(N); define a game v, + v, by (v, +
vz)(U) = vl(ﬁ) + vz(ﬁ) for any U € L(N).
Ifv, + v, € G*(N) and S € L(N), then

Z fi(vi +7,) (§)

ieSupp§
= Z max Z “ij,-, (v +7,) (Tj)
iESupp§ T;eN
= Z max Z {OCTJ.fi’ (V1)(Tj)+‘xT]-fi’ (v2) (Tj)}
iESupp§ T;eN
= Y LE)E)+ ).
ieSupp§
(80)
Therefore,
iy +1)(8) = £i(n) (8)+ £i (1) (5), vieN.
(81)

These axioms for the Shapley value are extensions of the
crisp Shapley axioms and are suitable to games with fuzzy
coalitions. O

Example 29. We recall Example 15; the fuzzy coalition s =
(1,0.4,0.6) has the maximum subdecomposition Y 7. a7, T

such that v“¥(S) = ZTi v o v(T;), where ay, = 04, ag, =
0.6, T, ={1,2},and T, = {1, 3}.

First, we calculate the Shapley values on coalition T} and
T,:

>

AW0) =3 @(T) -v@)+ 371 =
(82)

N[O N|\©

A1) =5 (1) v 1)+ 3v@) =

Similarly, fll(v)(Tz) = le(V)(Tz) =4
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So from Theorem 28,
H ) (§) = "‘Tlf{ W) () + “T2f1’ W) (1)

= 0.4><§+0.6><4=4.2,
~ (83)
LW (8) = ar f, W) (1)) + oy, f, () (T,)

= O.4><2+0.6><4:4.2.
2
Note that f,(¥)(S) + f,(W(S) = v™(S).

4.4. The Shapley Values on Restricted Fuzzy Coalitions of the
Concave Game. For the convenience to give available fuzzy

imputation on restrict fuzzy coalitions U, let us define SV €
L(U) with the fuzzy coalition variable s* = ), s u;e’.

Definition 30. A function y : L(U) — R is said to be
imputation for a fuzzy game v € G(N,7) in fuzzy coalition
U € L(N) with fuzzy coalition variable u = (u,u,,...,u,),
if

(1) (D) = 0, Vi ¢ Supp(D),

(2) ZieN y,-((~]) = V(ﬁ),

(3) (0) = vi?),
where y;(U) = (y,(0), y,(0), ..., y,(0)).

The player i € N is a dummy player on restrict fuzzy
coalition U € L(N) when

v (56 u iU) = v<§~) +v (iU) . (84)
And the player i is a null player if
v(gﬁuiﬁ) :v(gﬁ). (85)

Definition 31. Let v € G(N,7), U € L(N); then S € L) is
called a fuzzy carrier in restrict coalition U, if for any VT €
L(U) such that

o(§7079) = (79). 50
Denoting the carrier set as C(v), it is obvious that
Cg )
{5 e 1(0) 1v( 0 T0) = (1), VT e L(D)}.
(87)

According to the above discussion, the existence of the
Shapley values on restricted coalition is possible. It is not hard
to prove the following theorem and corollary.

Theorem 32. Let v € G°(N) be a fuzzy capacity game, and
let S € L(N) be a random fuzzy coalition with nonnegative
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variable s = (s, $,,...,S,); then the Shapley value on restrict
fuzzy coalitions U with nonnegative variable u = (u;,u,, ...,
u,,) is as follows:

£ (3)
(T = DS - |T!
- 2 IS|! (88)
i€TCSeP(N) :

X {wgg (T) - wgw (T \i)}.

Corollary 33. Let v € G“(N) be a fuzzy capacity game,
and S € L(N) be a random fuzzy coalition with nonnegative
variable s = (sy,s,,...,s,); then the Shapley value for any i €
N on restricted fuzzy coalitions U with nonnegative variable
u = (uy,uy,...,u,) can be calculated by

fi () (56) = max Z (ijf,-’ ) (Tj)

T,N

s.t. ap 1y =",
;j A (89)

T,<N, (j=L2,...

ap 20, (j=12,...
where f' is the function given in Theorem 4.

5. Conclusion

We have proposed an extension of fuzzy cooperative games
with fuzzy coalitions by the concave integral so as to address
the optimal profits from all subdecompositions of fuzzy coali-
tions. The proposed class of games is more realistic since it has
continuity except for the other properties such as superaddi-
tivity and convexity. Meanwhile, the proposed fuzzy game is
also an extension of the game with the Choquet integral form
defined by Tsurumi et al.

In fuzzy game, the Shapley values of game with fuzzy
coalitions are also an important solution concept. Inspired
by Tsurumi et al., the general Shapley values for games with
fuzzy coalitions are proposed, and the correlation with the
crisp Shapley values is discussed. Further, we give the simpli-
fied expression by the crisp Shapley values. In fact, as long as
the fuzzy coalition variables are given, the Shapley value of
a player with a certain participation level can be completely
obtained similarly to that of crisp cooperative game.
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