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We first introduce a new mixed equilibrium problem with a relaxed monotone mapping in Banach spaces and prove the existence
of solutions of the equilibrium problem. Then we introduce a new iterative algorithm for finding a common element of the set
of solutions of the equilibrium problem and the set of fixed points of a quasi-¢-nonexpansive mapping and prove some strong
convergence theorems of the iteration. Our results extend and improve the corresponding ones given by Wang et al., Takahashi and

Zembayashi, and some others.

1. Introduction

Let E be a Banach space with the dual space E* and let K be
a nonempty closed convex subset of E. Let ® be a bifunction
from K x K to R, where R denotes the set of numbers. The
equilibrium problem is to find x™ € K such that

O(x",y)=0, VyeKk. (1)

The set of solutions of the above equilibrium problem is
denoted by EP(®).

In order to solve the equilibrium problem, the bifunction
© is usually to be assumed that following conditions are
satisfied:

(A1) O(x,x) =0forall x € K;

(A2) © is monotone; that is, @(x, ¥) + O(y, x) < 0 for all
x,y €K;

(A3) forall x, y,z € K,

limsup® (tz + (1-t)x,y) < O (x, )3 )
t10

(A4) for all x € K, ©(x, ) is convex and lower semicontin-
uous.

Recently, Takahashi and Zembayashi [1] extended the
equilibrium problems and fixed point problems from Hilbert
spaces to Banach spaces. More precisely, they gave the
following iterative scheme:

xy=x €K,

Yn = ]_1 ((Xn]xn + (1 - (xn) ]an) 4
u, € K such that © (u,, y)

+l<y_un’]un_]yn>20, VyeK, (3)
r

n

H,={z eK:¢(zu,) <¢(zx,)}
W,={ze€K:(x,-z]Jx—Jx,) >0},

Xy =y aw . Y120,

where S is a relatively nonexpansive mapping from K into
itself such that F(S) N EP(®) #0, J is the duality mapping
on E, and {«,} < [0,1] satisfies liminf, _, o, (1 — «,) >
0 and {r,} < [a,00) for some a > 0. They proved that
the sequence {x,} generated by (3) converges strongly to
p(s)nep(@)X> Where Tlgg)pp(e) is the generalized projection
of E onto F(S) N EP(®).
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Very recently, Qin et al. [2] introduced the following
hybrid algorithm to solve the equilibrium problems and
fixed point problems for quasi-¢-nonexpansive mappings in
a uniformly convex and uniformly smooth Banach space E
with a nonempty closed convex subset K of E:

x, € E chosen arbitrarily,
C, =K,

x, = Hclxo>

Yo =T ()%, + BJTX, +7,J8%,)
u, € K such that © (u,, y) (4)

1
+r—<y—un,]un—]yn>20, Vy € K,

Con1 =12 €C,: ¢ (2u,) < ¢(2,x,)}

Xp =g X0, VN 20,

where T and S are two quasi-¢-nonexpansive mappings from
K into itself such that F = F(T)NF(S)NEP(®) # 0, {e,.}, {B,}>
and {y,} are three sequences in [0, 1] satisfying some certain
conditions. They proved that the sequence {x,} generated by
(4) converges strongly to ITx,, where I is the generalized
projection of E onto F.

In [3], Fang and Huang introduced a concept called a
relaxed #-a-monotone mapping.

A mapping A K — E" is said to be relaxed
n-a-monotone if there exist a mapping# : K x K — E and
a function « : E — R with a(tz) = tPa(z) for allt > 0 and
z € E, where p > 1is a constant, such that

(Ax - Ay,n(xy)) 2a(x-y), VYx,yeK. (5

Especially, if 5(x, y) = x — yforall x, y € K and a(z) =
«l|z|?, where p > 1 and x > 1 are two constants, then A
is said to be p-monotone (see, e.g., [4-6]). They proved that,
under some suitable assumptions, the following variational
inequality is solvable: find x € K such that

(Ae,n(yx)) + f(y) - f(x) 20,

where f isafunction from K to RU{co}. They also proved that
the variational inequality (6) is equivalent to the following:
find x € K such that

Ay () + f(y) = f0) za(y-x),

Vy e K, (6)

Vy e K.
7)

In this paper, let us denote the set of solutions of the
variational inequality (6) or (7) by Q.

It is worthy to notice that it is possible that (2 is a singleton
set, includes the finite elements or infinite elements. To show
this, we see the following example.

Example 1. Let E = R x R and K = [0,1] x [0, 1]. Define
the mappings A : K — E* by A(x},x,) = (x},x,) for all
(x1,x,) € K, : E —» Rbyal(xy,x,)) = 3x% + 3x§ for all
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(x1,x,) € E;andyp : Kx K — E by n((x;,x,), (31, ¥,)) =
(4(x; = y1), 4(x, — »,)) forall (x,, x,) X (¥, ¥,) € Kx K. Then
the mapping A is a relaxed #-a-monotone mapping. In fact,
forall x = (x,,x,), ¥y = (3}, ¥,) € K, we have

(Ax = Ay,n(x, )
= ((x1 =y %= 3), (4 (x1 = 1), 4 (x2 = )
=16[(x1 = 1)" + (%2 = 3)’] (8)
>3[(x1 = 3)" + (5, = )]

=a(x-y).
Hence, A is a relaxed 5-a-monotone mapping. Now by
defining the different function f we find the solution set Q of
(6). First we compute, for x = (x1,x,), y = (¥, ¥,) € K,

(Ax,n(y,x)) + f(y) = f ()
= (A (%, %), (71 95) (X, ) + f(y) = f (%)
= ((x1, %), (4 (0 —2%1),4 (3, —x))) + f(y) = f (%)

=4, (y1 —x)) +4x, (y, = %) + f(y) = f ().
9)

(i) Let the function f(x) = x; + x, forall x = (x,x,) €
K. It is easy to see that the solution set QO = {(0,0)}.
That is, only when x = (0, 0), (6) holds for all y € K.

(ii) Let the function f(1,1) = —20and f(x;, x,) = x; +x,
for all K'\ {(1, 1)}. By (9), it is not hard to see that the
solution set Q = {(0,0), (1, 1)}.

(iii) Let the function f(x;,x,) = —20 for all (x;,x,) =
(1/n,1/n) € K wheren € Nand f(x;,x,) = x; + x,
for all K \ {(1/n,1/n) : n € N}. Then by (9) we see
that Q = {(0,0),(1/n,1/n) : n € N}. In this case, Q
includes the unfinite elements.

Recently, Wang et al. [7] proposed the following equilib-
rium problem in a Hilbert space H with a nonempty closed
convex bounded subset K: find x € K such that

O(x,y)+(Tz,n(y,2)) 20, VyeKk, (10)

where T : K — H is a relaxed #-a-monotone mapping.
They introduced a new algorithm for solving the equilibrium
problem in Hilbert spaces.

In [3], Fang and Huang did not give the algorithm to
solve the variational inequality (6) or (7). In this paper,
motivated and inspired by the above results, we introduced a
new mixed equilibrium problem with the relaxed monotone
mapping and prove the existence of solutions of the mixed
equilibrium problem. Then we propose an iterative scheme to
find the common element of the set of solutions of the mixed
equilibrium problem and the set of fixed points of a quasi-
¢-nonexpansive mapping in Banach spaces. In particular,
the variational inequality (6) or (7) may be solved by the
algorithm proposed in this paper. Our results extend and
improve the corresponding ones given by Takahashi and
Zembayashi [1], Fang and Huang [3], and Wang et al. [7].
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2. Preliminaries

A Banach space E is said to be strictly convex if ||[(x + y)/2| <
1 forall x,y € Ewith ||x|| = [yl = 1and x# y. It is said
to be uniformly convex if lim, _, _|lx, — y,|l = 0 for any two
sequences {x,} and {y,} in E such that ||x,|| = y,l = 1 and
lim, _, ,lI(x, + v,)/2] = 1.

LetU = {x € E : ||x]| = 1} be the unit sphere of E. A
Banach space E is said to be smooth provided

lim I+ yl - lixl a1
t—0 t

exists for each x, y € U. Itis said to be uniformly smooth if the
limit is attained uniformly for x, y € E.
Let E* be the topological dual space of E and ] be the

normalized duality mapping from E into 2F given by

Jx ={x" € E": (x,x") = |Ix|| |x"||, |«"| = IxI}, Vxe€E.

(12)

It is well known that if E is uniformly convex, then J is
uniformly continuous on bounded subsets of E and if E is
uniformly smooth, then E* is uniformly convex.

Recently, Alber [8] introduced a generalized projection
operator Iy in a Banach space E with a nonempty closed con-
vex subset K, which is an analogue of the metric projection
in Hilbert spaces:

let¢ : Ex E — R bea function defined by

¢(xy) = IxI> - 2{x, Jy) +|y|°. VxyeE (13

The generalized projection T : E — K is a mapping that
assigns to an arbitrary point x € E the minimum point of the
functional ¢(x, y); that is, ITxx = X, where X is a solution to
the minimization problem

¢ (%x) = infe (5,x). (14)

The existence and uniqueness of IT, follows from the
properties of the function ¢(x, y) and the strict monotonicity
of the mapping J (see, e.g., [8-12]).

Let E be a smooth, strictly convex, and reflexive Banach
space E. Then, for all x, y € E, we have the following [8, 9, 11]:

(Il = 1x1)* < ¢ (3, %) < ([y] + 0,
p(xy)=0e=x=y.

Let T be a mapping from K into itself. A point p € K is
said to be an asymptotic fixed point of T [13] if K contains a
sequence {x,} which converges weakly to p such that

(15)

Jim [x, = Tx,|| = o. (16)

The set of asymptotic fixed points of T is denoted by F(T).
The mapping T is said to be relatively nonexpansive [14-16] if

¢ (p.Tx) < ¢(px),
Vx €K, pe F(T).

F(T)=F(T), W)

We recall that a mapping T : K — K is said to be
nonexpansive if |Tx — Ty|l < ||x — y|l forall x, y € K, T is said
to be ¢-nonexpansive if ¢(Tx,Ty) < ¢(x, y) forall x, y € K,
and T is said to be quasi-¢-nonexpansive if
¢(p.Tx) < ¢(p.x),

F(T) #0, Vx e K, peF(T).

(18)

Notice that the class of quasi-¢-nonexpansive mappings
is more general than the class of relatively nonexpansive
mappings [14-16] which requires the strong restriction that
E(T) = F(T). Some examples of quasi-¢-nonexpansive
mappings may be found in [2].

A mapping S : E — E is said to be closed if for
any sequence {x,} < E such that lim x, = x, and
lim Sx,, = ¥,, then Sx, = .

n— 00
n— 00
The following lemmas are needed for the proof of our
main results in next section.

Lemma 2 (see [10]). Let E be a uniformly convex and smooth
Banach space and let {x,}, {y,} be two sequences of E. If
d(x,,v,) — 0 and either {x,} or {y,} is bounded, then
Xn = Vn — 0.

Lemma 3 (see [8]). Let K be a nonempty closed convex subset
of a smooth Banach space E and x € E. Then x, = Ilgx if and

only if

(xg=y,Jx—]Jx4) 20, VyeK. (19)
Lemma 4 (see [8]). Let E be a reflexive, strictly convex, and
smooth Banach space, let K be a nonempty closed convex subset
of E and x € E. Then

¢ (3, Tix) + ¢ (Mg, x) < $ (%), Yy e K. (20)

The following lemma is contained implicitly in Step 1 of
Theorem 3.1 of [17].

Lemma 5 (see [17]). Let E be a uniformly convex and smooth
Banach space, let K be a nonempty closed convex subset of E,
and let T be a closed quasi-¢p-nonexpansive mapping from K
into itself. Then F(T) is a closed convex subset of K.

Lemma 6 (see [18]). Let E be a uniformly convex Banach space
and let B,(0) be a closed ball of E. Then there exists a continuous
strictly increasing convex function g : [0,00) — [0, 00) with
g(0) = 0 such that

IAx + uy + yz|” < Mxll® + ully)* + pllzl® = Aug (|x - ¥])
1)

forall x,y,z € B,(0) and A, y,y € [0, 1] withA + u+y = 1.

3. Main Results

For our main results, we introduce some definitions and
lemmas as follows.



Definition 7 (see [3]). Let E be a Banach space with the dual
space E* and let K be a nonempty subset of E. Let A : K —
E*andn : Kx K — E be two mappings. The mapping
A : K — Eis said to be 5-hemicontinuous if, for any fixed
x,y € K, the function f : [0,1] — (—00,00) defined by
f@) = (A((1 - t)x + ty),n(x, y)) is continuous at 0"

Definition 8. Let E be a Banach space with the dual space E*
and let K be a nonempty subset of E. A mapping F : K — 2F
is called a KKM mapping if, for any {x,,...,x,} ¢ K,

@ e} | JE (), 22)

i=1
where 2F denotes the family of all the nonempty subsets of E.

Lemma 9 (see [19]). Let M be a nonempty subset of a

Hausdorff topological vector space X and let F : M — 2%
be a KKM mapping. If F(x) is closed in X for all x € X in K
and compact for some x € K, then N, ¢ F(x) # 0.

Lemma 10. Let E be a reflexive Banach space with the dual
space E* and let K be a nonempty closed convex subset of E.
Let A : K — E be an n-hemicontinuous and relaxed n-o-
monotone mapping. Let ® be a bifunction from K x K to R
satisfying (A1) and (A4) and let f be a proper convex function
from K x K to R U {+00}. Let r > 0 and z € E. Assume that

(i) n(x, x) = 0 forall x € K;
(ii) for any fixed u,v € K, the mapping x — (Av,n(x,u))

is convex.
Then the following problems (23) and (24) are equivalent:
(I) find x € K such that

0 (x,y) + (Ax,n(y,x)) + f(y) - f (%)

1 (23)
= (y-x,Jx-Jz) 20, VyeK;
(II) find x € K such that
O (x,y) +(Ay.n (3. x)) + f (y) - f ()
(24)

+%<y—x,]x—]z>2¢x(y—x), Vy € K.

Proof. Let x € K be a solution of the problem (23). Since A is
relaxed #-a monotone, we have

® (x, )+ (Ay.n (3, x)) + f (¥) - f (%)
b (y-wx-2)
20(xy)+aly-x)+f(y)-f(x) (29
b2 (y=xx-Jz) + (Axn (%)

>a(y-x), Vyek.

Thus, x € K is a solution of the problem (24).
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Conversely, let x € K be a solution of the problem (24)
and let y € K be any point with f(y) < co. From (24), it
follows that f(x) < co. Letting

y=0-t)x+ty, Vte(0,1), (26)

we have y, € K. Since x € K is a solution of the problem (24),
it follows that

O (x,y,) + {(Ayu 1 (¥ X)) + f (y) = f (%)
+%(yt—x,]x—]z) (27)

>a(y,—-x)=tra(y-x).

The convexity of f and conditions (i), (ii), (Al), and (A4)
imply that

f)-f@=f(A-x+ty)
- f<t(f(y) - fx),
(Ayn (¥ x)) < (1=1) (Ay;, 1 (x, x))

+ t{Ay,, 1 (y, X))
=t{A(x+t(y-x)),n(y.x)),

O(x,,)<(1-1)0(x,x) +tO(x,y) =tO(x, y).
(28)

Thus, it follows from (27)-(28) that
O (x,y) +(A(x +t(y-x)),n(yx))

+f(y)—f(x)+%(y—x,1x—fz> (29)

>tr'a(y-x), VyeKk.

Since A is #-hemicontinuous and p > 1, lettingt — 01in
(29), we get

O (x,y) + (Ax,n (3, x)) + f (¥) - f (%)
1 (30)
t- (y-x,]Jx-]z) 20

forall y € K with f(y) < co. When f(y) = +00, the relation

O (x, y) + (Ax,n (y,x)) + f (¥) - f (%)
1 (31)
= (y-x]x-Jz) 20

is trivial. Therefore, x € K is also a solution of the problem
(23). This completes the proof. O

Lemma 11. Let E be a reflexive Banach space with the dual
space E* and let K be a nonempty closed convex bounded subset
of E. Let A : K — E* be an n-hemicontinuous and relaxed
n-a-monotone mapping, let ® be a bifunction from K x K to R
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satisfying (A1) and (A4), and let f be a proper convex function
from K x K to R U {+00}. Let r > 0 and z € E. Assume that

(1) n(x, y) + n(y,x) =0 forall x, y € K;
(ii) for any fixed u,v € K, the mapping x — (Av,n(x,u))
is convex and lower semicontinuous;

(iii)  : E — R is weakly lower semicontinuous; that is, for
any net {xﬁ}, {xﬁ} converges to x in o(E, E*) implying
that a(x) < liminf oc(xﬁ).

Then the problem (23) is solvable.

Proof. Define two set-valued mappings F,G : K — 2F as
follows:

F(y) = {x e K:@(xy)+ (xn(nx) + £ () - £ )
+% (y—x,]x-]z) 20}, Vy € K,
G(y) = {x e Ki @ (0 y) 4 (Ayan (o) + 1 (1) - F )

1
+=(y-x,Jx-Jz) Zoc(y—x)}, Vy €K,
r
(32)
respectively.
Now, we claim that F is a KKM mapping. If F is not a

KKM mapping, then there exist {y;,...,y,} ¢ Kandt; > 0,
i=1,...,n such that

Zti =1 y= Ztiyi ¢ UF () (33)
i izl -1

By the definition of F, we have

(v, y) + (A (yuy)) + f () - f(»)

1 (34)
+—{y—-pJy-Jz) <0, Vi=1,...,n
r
It follows that
0=0(yy)
-0 (y, Zti)’i> + <AJ’”7 <Zti)’i’)’>>
i=1 i=1
< 240 (3 31) + Y i (A (3, 7))
- - (35)

n

<u(F») -1+ % (- yuly-12))

i=1

= FO)- 3O < F ) -1 )

:O)

which is a contradiction. This implies that F is a KKM
mapping.

5
Now, we prove that
F(y)cG(y), VyeKk. (36)
For any given y € K, letting x € F(y), then
0 (x, ) + (Ax.n(y:x)) + f (y) = f (%)
(37)

1
+-(y—-x,Jx-Jz) 2 0.
r
Since A is relaxed #-a-monotone, we have

0 (x, ) + (A, (3, %)) + f () = f (%)
+ % (y-xJx-]z)
>0 (x,y) + (Ax,n(y,x)) +a(y—x) (38

+f()’)—f(x)+%<y—x,]x—]z>

za(y-x),
which implies that x € G(y) and so
F(y)<G(y), VyeKk (39)
As in the proof of Theorem 2.2 in [3], also, we can obtain
JDKF (v) = yOKG(J’) #0. (40)

Hence, there exists x € K such that

0 (x, y) + (Ax,n(y,x)) + f () - f (%)
1 (41)
+;(y—x,]x—]z>20, Vy e K.

This completes the proof. O

Next, let us denote the set of solutions of the following
mixed equilibrium problem by EP(®, A): find x € K such
that

O(x,y)+(Ax,n(y,x)) + f(¥) - f(x) 20, VyeK.

(42)

Itis easy to see that if ®(x, y) = O forall x, y € K, then the
above mixed equilibrium problem reduces to the variational
inequality problem (6) or (7).

Lemma 12. Let E be a uniformly smooth, strictly convex
Banach space with the dual space E* and let K be a nonempty
closed convex bounded subset of E. Let A : K — E* be an y-
hemicontinuous and relaxed n-a-monotone mapping, let © be
a bifunction from K x K to R satisfying (Al), (A2), and (A4),
and let f be a proper convex function from K x K to RU {+oo}.
Let r > 0 and define a mapping T, : E — K as follows:

T,(x) = {z e K:0(ay) + (Azn(n2) + £ () - £ @)

+% (y-z,Jz—]x) 20, Vy GK}
(43)



for all x € E. Assume that

(i) n(x, y) +n(y,x) =0, forall x, y € K;

(i) for any fixed u,v € K, the mapping x — (Av,n(x,u))
is convex and lower semicontinuous;

(iii) « : E — R is weakly lower semicontinuous; that is,
for any net {xg}, x4 converges to x in o(E, E") implying that
a(x) < limin (x(xﬁ);

(iv) forany x,y € K, a(x — y) + a(y — x) > 0;

(v) (Atz; + (1 - Dzy)nytzy + (1 — tzy)) =
t{Az;,n(y,z,)) + (1 —t)(Azy, (¥, 2,)), for any z,,z,, y € K
andt € [0,1].

Then the following hold:

(1) T, is single-valued;

(2) T, is a firmly nonexpansive-type mapping; that is, for
allx,y € E,

<Trx_Try’]Trx_]Try>S<Tr'x—Try’Ix_]y>; (44)

(3) F(T,) = EP(®, A);

(4) T, is quasi-¢p-nonexpansive satisfying ¢(w,T,x) +
O(T,x, x) < $p(w, x) for allw € F(T,) and x € E;

(5) EP(®, A) is closed and convex.

Proof. We claim that T, is single-valued. Indeed, for any x €
Candr > 0,let z;,z, € T,x. Then we have

0 (21,2,) +(Az,1 (25, 21)) + [ (22) = f (1)

1
+=(z,—z;,]z;, - Jx) 20,
r

(45)
0 (25,2)) + (A2, 11 (21,2,)) + [ (21) = [ (22)
+ 1 (z) = 25, Jz, — Jx) 2 0.
r
Adding the two inequalities, it follows from (i) that
0 (21,2,) + O (23, 2)) + (Az) — Azy, 11 (25, 2y))
X (46)
+ - (z) = 25, ]z, — Jz;) 2 0.
Thus, from (A2), we have
1
(Az, = Az, 1 (23, 2))) + - (21— 232, = J21) 2 03
(47)

that is,
1
- (z1- 23, ]2, = Jz1) 2 (Azy = Az 1 (23,21)) . (48)
Since T is relaxed #-a-monotone and r > 0, one has

(z1 =25, ]2, — Jz1) 2 ra (2, — 7). (49)

In (48), exchanging z, to z,, we get

1
- (2, - 21, ]z = J2z5) 2 (Az) - Az, 1 (21, 2,))
(50)

>a(z) - z,);
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that is,
(z) -2y, ]z, — Jz1) 2 ra (21 — 25) . (51)
Thus, it follows from (49), (51), and (iv) that
(z) - 25, ]z, — Jz,) 2 0. (52)

Since E is strictly convex, we have z, = z,.
Next, we claim that T, is a firmly nonexpansive-type
mapping. Indeed, for any x, y € K, we have

O (Ix,T,y) + (AT,.x,n (T,y, T,x)) + f (T,y) - f (T,x)
+ % (T,y - T,x,]JT,x — Jx) >0,
O (T,y,T,x) + (AT,y,n (T,x, T,y)) + f (T,x) - f (T, )
+ % (T,x=T,y,JT,y = Jy) 2 0.
(53)

Adding the above two inequalities, by (i) and (A2), we get

<ATrx - ATry’ n (Try’ Trx)>

1 (54)
+=(T,y-T,x,JT,x - JT,y - Jx + Jy) > 0;
r

that is,

1
AT,y =TxJT,x = JT,y = Jx+]y)
" (55)

> (AT,y - AT, x,n(T,y,T,x)) .
Repeating the process from (48) to (52), we can obtain
(T,y=T,x,JT,x = JT,y = Jx +]Jy) 0. (56)
Therefore, we have
(T,x-T,y,JT,x - JT,y) <{T,x-T,y,Jx—Jy), (57)

which shows that T, is firmly nonexpansive.
Next, we claim that F(T,) = EP(0®, A). Indeed, we have
the following:

ueF(T,) = u=T,u

&= 0 (uy) +(Aun(y,u)) + f(y) - f W)

+%(y—u,]u—]u)20, Vy e K
= 0 (u,y) + (Au,n (y,u))
+f(y)-fw)=0, VyekK

& ucEP(O,A).
(58)

Finally, we prove (4) and (5). Indeed, we can obtain (4)
directly from Lemma 2.8 and Lemma 2.9 of [1]. Moreover,
since T, is quasi-¢-nonexpansive, one sees that T, is closed
and convex from Lemma 5. Therefore, EP(®, A) is also closed
and convex. This completes the proof. O
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Remark 13. In (42), if A(x) = 0 for all x € K, then
the equilibrium problem (42) is reduced to the equilibrium
problem in [20] and if #(y,x) = y —x forall x,y € K,
then then the equilibrium problem (42) is reduced to the
equilibrium problem in [21].

In the following, we give the main result of this paper.

Theorem 14. Let K be a nonempty closed convex bounded
subset of a uniformly convex, uniformly smooth Banach space
E with the dual space E*. Let A : K — E" be an -
hemicontinuous and relaxed n-o monotone mapping, let © be
a bifunction from K x K to R satisfying (A1)-(A4), and let f be
a proper convex and lower semicontinuous function from KxK
toRU{+oo}. LetS: E — E bea closed quasi-$p-nonexpansive
mapping such that F = F(S) N EP(®, A) #0. Assume that
the conditions (i)-(v), Lemma 12, and the following condition
hold:

(vi) for all x, y,z,w € K,

limsup (Az, 7 (x,ty + (1 - ) w)) < (Az, 77 (x,w)) . (59)
t10

Let {x,} be a sequence in K generated by the following
manner:

x; = x € K chosen arbitrarily,
Iu =T (@S, + (1= ) JS,),
u, € K such that © (u,, y)
+ (A (you,)) + £ (y) = f ()

e L G-Iy 20, vyek, (60
rn

Co={zeK:¢(zu,) <¢(zx,)},

Xy =1p x, Vn>1,

where ] is the duality mapping on E, {«,} < (0,1) with
0 < liminf, _, oo, (1 — o), and {r,} < (r,00) withr > 0.
Then the sequence {x,} generated by (52) converges strongly to
Ipx.

Proof. First, since the inequality ¢(z,u,) < ¢(z,x,) is
equivalent to the following:
2 2
2((z %) = (2. Jun)) < " = ™, (6D

C,, is closed and convex for all n > 1. It follows from the
definition of D,, that D, is also closed and convex foralln > 1.

On the other hand, since every T, is quasi-¢-non-
expansive, according to Lemma 12 (4), we have, foranyw € F,

¢ (wu,) = ¢(w.T, y,)

< ¢(w,y,)

= ¢ (w. )" (& Jx, + (1 - a,) JSx,,))

= Jwl* - 20, (w]x,) - 2(1 - &,) (w, JSx,,)
+ e, + (1= ) 1S, |

< Jwl* - 20, (wx,.) =2 (1 - @) (w, JSx,,)
|+ (1= ) 7,

= o, (w,x,) + (1 - at,) ¢ (w, Sx,)

< a,¢ (w,x,) + (1 -a,) b (w,x,,)

= ¢(w x,),
(62)

which shows that w € C,, for all n > 1. This implies that F
C, foralln > 1. The definition of D,, shows that F ¢ D, for all
n > 1. Hence, the sequence {x,} generated by the algorithm
(60) is well defined.

Note that D, ¢ D,_; for all n > 1. Hence, by x,,,; =
Iy x €D, cD,and x, =II x,wehave

(/5 (xn"x) < (/) (‘xn+1’ X) 4

Therefore, {¢(x,,x)} is nondecreasing. Since {x,} ¢ K,
{¢(x,,, x)} is bounded. It follows that the limit of {¢(x,,, x)}
exists.

Letm,n € Nwithm > n.Since x,, =Il, x € D, C
D,_,, from Lemma 4 it follows that

(/) (xm’ xn) = ¢ ('xm’ HD,H X) < ¢ (xm’ x)
~¢(Tlp, ,%,%) = ¢ (%, %) = ¢ ().

Lettingn — 00 in (64), it follows that ¢(x,,, x,,) — 0.1t
follows from Lemma 2 that ||x,, — x,| — 0asm,n — oo.
Hence {x,} is a Cauchy sequence. There exists a point x* € K
such that x, — x" asn — oo.

Next, we show that x* € F(S). By taking p = 1 in (64),
one arrives at

Vn > 1. (63)

(64)

Jim ¢ (x,,1,x,) = 0. (65)
From Lemma 2, it follows that

nli_)rr&) "xn+1 - xn" =0. (66)
Noticing that x,,,, € D, ¢ C, for all n > 1, we obtain

¢ (xn+1’ un) < ¢ (xn+1’ xn) . (67)



Thus, it follows from (65) that
Jim ¢ (x,,1,1,) = 0. (68)
It follows from Lemma 2 that
Aim [ = | = 0. (69)
Combining (66) with (69), one has
dim [, =, = 0. (70)
Since x, — x" asn — 00, we have
u, —x"  (n— 00). (71)

On the other hand, since J is uniformly norm-to-norm
continuous on bounded sets, one has

Jim |7, = Ju | = 0. (72)

Since E is a uniformly smooth Banach space, one knows
that E* is a uniformly convex Banach space. Let r =
sup,,s; Hx,ll, I1Sx,,[1}. It follows from Lemma 6 that, for any
w e F,

¢ (wu,) = ¢(wT, y,)

< ¢(w,y,)

=¢(w. ) (x, + (1 - ,) JSx,))

= Jwl” - 26, (w, Jx,,) = 2 (1 - &,) (w, JSx,,)
o, + (1= ) S, |

< fwl” - 26, (w, Jx,,) = 2 (1 - &,) (w, JSx,,)
+ o7, + (1= @) 7,
—a, (1=-a,) g ([1Sx, - Jx,|))

= a,¢ (w,x,) + (1 - at,) ¢ (w, Sx,,)
—a, (1-a,) g (|JSx, - Jx,|)

< ¢(w>xn) -y (1 - an) g9 (“]an - ]xn") .
(73)

It follows that

Xy (1 - ocn)g(”]sxn - ]xn“) < ¢(w>xn) - ¢(w’un)'
(74)

On the other hand, one has
¢ (w’ xn) - (/5 (w’ un) = “xnllz - “Mn"2 -2 <w> ]xn - ]un>
< [l = | (Il + a]])

+ 2 ||lw| ||]xn - ]un” .
(75)
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Thus, it follows from (70) and (72) that
¢ (w,x,) - ¢ (w,u,) — 0 asn— oo. (76)

Noting that 0 < lim inf,
(76), we get

«,(1-a,) and using (74) and

n— 00

g(Jx, = JSx,]) — 0 (n— 00). (77)

It follows from the continuousness of g that

|Jx, = JSx,|| — 0 (n— o0). (78)

. 1. . .
Since J™ is also uniformly norm-to-norm continuous on
bounded sets, one gets

lim |x, - Sx,| = 0. (79)

n—00

From the closeness of S, we can conclude that x* € F(S).
Next, we show that x* € EP(®, A). From (62), we arrived
at

¢ (w,y,) < ¢ (wx,). (80)

Fromu, = T, y, and Lemma 12 (4), one has
¢ (o ) = & (T, 0 72)

< ¢ (w’ yn) - ¢) (w’ Trnyn)

(81)
< ¢ (w.x,) ¢ (w. T, y,)
=¢(w,x,) - ¢ (wu,).
Thus, it follows from (76) that
¢ (v y,) — 0 (n— c0). (82)
From Lemma 2, we get
[ty =y — 0 (n— o0). (83)
Noting that u,, = T, y,, one obtains
© (s y) + (At (y,14,)) + f () = f ()
(84)

1
+—(y -, Ju,~Jy,) 20, VyeK.
.

n

From (A4) and (i), it follows that
1
—ly = wall 170 = 32

2 (At (s y)) + f (1) = f () = O (o 7) (g5

2 <Aun”7(un’y)> +f(un)_f(y)+®(y’un)’
Vy e K.

Since J is uniformly norm-to-norm continuous on
bounded sets, one has

Jim |Ju, — Jy,| =o0. (86)
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Noticing thatr,, > r > 0 foralln > 1, it follows from (A4),
(ii), (85), and (86) that

0= (Ax"n(x" ) + f(x7) = f(y) + © (1 x7),
Vy e K.

Forall0 < t < 1and y € K, define y, = ty + (1 - t)x".
Noticing that x*, y € K, one obtains y, € K, which yields
that

0= (Ax"n(x" y,)) + f(x7) = f () + O (3 x7).
(88)

It follows from (A1), (A4), (i), (ii), the convexity of f, and
(88) that

0=0(y, )+ (Ax"n (o)) + f () = £ (1)
<t[0(ypy) +(Ax"n (3, 2)) + f (9) = £ ()]
+(1=0) [0 (ypx7) + (Ax", (P> 1)) (89)
+f (x7) = f ()]
<t[0(ypy) + (AT (y, 7)) + £ () = fF ()]s
that is,
O (ypy) + (Ax"n () + f(¥) = f () 2 0. (90)

Letting t | 0, it follows from (A3), (vi), and the lower
semicontinuity of f that

O (x",y) + (A" (. x")) + £ (y) = f(x7) 20,
Vy € K.

(o1

This implies that x* € EP(O, A).
Finally, we prove x* = Tlzx. From x,,,; = I, x, we see
that
(Xpp1 = 2 Jx = JX,0y) 20, VzeD,. (92)

Since F ¢ D,, for each n > 1, we have

(Xps1 —w, Jx = Jx,01) 20, Ywe€F. (93)
By taking the limit in (93), one has
(x* —w,Jx-Jx") 20, VweF. (94)

At this point, in view of Lemma 3, one sees that x* = IIpx.
This completes the proof. O

If ® = 0in Theorem 14, then we have the following result.

Corollary 15. Let K be a nonempty closed convex bounded
subset of a uniformly convex, uniformly smooth Banach space
E with the dual space E*. Let A : K — E* be an y-
hemicontinuous and relaxed n-a-monotone mapping and let
f be a proper convex and lower semicontinuous function from

K x K toRU{+o0o}. Let S : E — E be a closed quasi-¢-
nonexpansive mapping such that F = F(S)NQ # 0. Assume that
the conditions (i)-(v), Lemma 12, and the following condition
hold:

(vi) forallx, y,z,p € K,

limsup (Az,n(x,ty + (1 —t) p)) < (Az,51(x, p)). (95)
t10
Let {x,} be a sequence in K generated by the following
manner:
x, = x € K chosen arbitrarily,
In = ]_1 (“n]xn + (1 - (Xn) ]an) >

u, € K such that (Au,,n(y,u,))+ f (y) - f (u,) =0,

Vy €K,
Co=lz e K:¢(zu,) <$(z,x,)}
n
D,=(Cs
i=1
Xy =1Ip x, Vn>1,
(96)

where ] is the duality mapping on E, {«,} < (0,1) with 0 <
lim inf a,(1-w,), and {r,} c (r,00) withr > 0. Then the

n—oo-"n

sequence {x,} generated by (96) converges strongly to ITpx.
If A = 0and f = 0in Theorem 14, then we have following.

Corollary 16. Let K be a nonempty closed convex subset of
a uniformly convex, uniformly smooth Banach space E with
the dual space E*. Let © be a bifunction from K x K to R
satisfying (A1)-(A4) and let S : E — E be a closed quasi-
¢-nonexpansive mapping such that F = F(S) N EP(©) # 0. Let
{x,,} be a sequence generated by the following manner:

x, = x € E chosen arbitrarily,

Vn = ]_1 (“n]xn + (1 - (xn) stn)’
u, € K such that © (u,, y)
1
+ — _unalun_]n 20’ V EK’
- (¥ Vi) y ©7)
C,=1{z€E:¢(zu,) <d(zx,)},

Xy =1p x, Vn>1,

where ] is the duality mapping on E, {a,} € (0,1) with 0 <
liminf, , «, < limsup,_, &, < 1and {r,} C (r,00) with
r > 0. Then the sequence {x,} generated by (97) converges
strongly to Ilpx.
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Remark 17. Theorem 14 improves the corresponding ones
of Wang et al. [7] from Hilbert spaces to Banach spaces
and those of Takahashi and Zembayashi [1] from relative
nonexpansive mapping to quasi-¢-nonexpansive mapping.
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