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We discuss the kernel estimation of a density function based on censored data when the survival and the censoring times form the
stationary negatively associated (NA) sequences. Under certain regularity conditions, the Berry-Esseen type bounds are derived
for the kernel density estimator and the Kaplan-Meier kernel density estimator at a fixed point x.

1. Introduction

Let {T}; i > 1} be a sequence of the true survival times. The
random variables (r.v.s.) are not assumed to be mutually inde-
pendent; it is assumed, however, that they have a common
unknown continuous marginal distribution function (d.f.)
F(x) = P(T; < x) and density function f(x). Let the r.v.s.
T; be censored on the right by the censoring r.v.s. Y}, so that
one observes only (Z;,d;), where

Z; = min (Ti,Yi) =T;NY,,
()

8, =I(T;<Y;), i=1,...,n,

here and in the sequel, and I(A) is the indicator random
variable of the event A. In this random censorship model,
the censoring times Y}, i = 1,...,#, are assumed to have the
common d.f. G(y); they are also assumed to be independent
of the r.vs. T/s. Following the convention in the survival
literature, we assume that both X; and Y; are nonnegative
random variables. In contrast to statistics for complete data,
we observe only the pairs (Z;,0;), i = 1,...,n, and the
estimators are based on these pairs.

The following nonparametric estimation of the distribu-
tion functions F and G due to Kaplan and Meier [1] is widely
used to estimate F and G on the basis of the data (Z;, §,):

ﬁn(x)zl—ﬁ<1—&

>I(Z(k)§x)
ol n—k+1

n n—k )I(8(k)_1‘z(k)sx)
SO | [ , 2
g<n—k+l @
R nk >1(a(k)—o, Zgo <)
G, (x=1-T =L :
n () g(:q -k+1

where Z ;) < Z;) < -+- < Z,) denote the order statistics of
Zy,Zy, ..., Z, and §y;) is the concomitant of Z ;.
We introduce the kernel density estimator

1l <, (Z-x S;
fn(x)=WZK< h > ].—G(Zi)’ (3)

ni=1 n

where 0 < h, — 0 are bandwidths and K is some kernel
function. When G is known, (3) can be used to estimate the
common density of the lifetimes. However, in most practical



cases G is unknown and must be replaced by the Kaplan-

Meier estimator G,,, so the Kaplan-Meier kernel density esti-
mator of the f is defined by

- 1 v, (Z-x S;
fo)—WZK( W >1—6n<zi)' (4)

ni=1

There is an extensive literature on the Kaplan-Meier esti-
mator for censored independent observations. We refer to
papers by Foldes and Rejté [2], Gu and Lai [3], Gill [4], and
Sun and Zhu [5]. Sun and Zhu obtained the following Berry-
Esseen bound for i.i.d. censored sequences.

Theorem A. Let K be a bounded probability kernel function
with compact support [-1, 1] satisfying for integer r > 2,

) L, ji=0,
f'J’uJK(u)duz 0, i=L2,...,r=1, (5
) ¢, #0, j=r.

Let f be r-order continuously differentiable and let G
be continuously differentiable in a neighborhood of x with
f(x) > 0for x < 7;. Then

risup
yeR

P((h)"? 7,0~ f )] < yo ) -0 ()

(6)

where ®(-) denotes the standard normal distribution func-
tion, b, = (nh,) /> + n!*H2 4 BY* and 0 (%) = (F(x)/(1-
G(x))) [ K*(t)dt.

However, the censored dependent data appear in a num-
ber of applications. For example, repeated measurements in
survival analysis follow this pattern; see Kang and Koehler
[6]. In the context of censored time series analysis, Shumway
et al. [7] considered (hourly or daily) measurements of
the concentration of a given substance subject to some
detection limits, thus being potentially censored from the
right. Lecoutre and Ould-Said [8], Cai [9], and Liang and
Una-Alvarez [10] studied the convergence for the stationary
a-mixing data. However, the convergence for the NA data has
not been reported.

The main purpose of this paper is to study the kernel
density estimator and the Kaplan-Meier kernel estimator of
a density function based on censored data when the survival
and the censoring times form the stationary NA (see the fol-
lowing definition) sequences. Under certain regularity condi-
tions, the Berry-Esseen type bounds are derived for the kernel
density estimator and the Kaplan-Meier kernel estimator at a
fixed point x.

Definition 1. Random variables X, X,, ..., X, n > 2 are said
to be negatively associated (NA) if for every pair of disjoint
subsets A, and A, of {1,2,...,n},

cov(f1 (Xi;ieAl),fz(Xj;jeAz))go, (7)
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where f, and f, are increasing for every variable (or decreas-
ing for every variable) such that this covariance exists. A
sequence of random variables {X;;i > 1} is said to be NA
if every finite subfamily is NA.

Obviously, if {X;; i > 1} is a sequence of NA random
variables and {f;; i > 1} is a sequence of nondecreasing
(or nonincreasing) functions, then {f;(X;); i > 1} is also a
sequence of NA random variables.

This definition was introduced by Joag-Dev and Proschan
[11]. Statistical test depends greatly on sampling. The random
sampling without replacement from a finite population is NA
but is not independent. NA sampling has wide applications
such as those in multivariate statistical analysis and reliability
theory. Because of the wide applications of NA sampling, the
limit behavior of NA random variables has received more
and more attention recently. One can refer to Joag-Dev and
Proschan [11] for fundamental properties, Matuta [12] for the
three-series theorem, and Wu and Jiang [13, 14] for the strong
convergence.

2. Main Results

In what follows, let L be the d.f. of the Z;s, L := 1 — L. Since
the sequences {T,;;n > 1} and {Y,;n > 1} are independent, it
followsthat L=1-FG:=1- (1 - F)(1 - G).

Define (possibly infinite) times 7y, 75, and 7; by

m=inf{y;F(y) =1},  1g=inf{y;G(y) =1},

7, =inf {y;L(y) = 1}.
Then, 1; = 15 A 1.
We give the following four lemmas, which are helpful in
proving our theorems.

Lemma 2 (Chang and Rao, [15]). Let X and Y be random
variables, then for any a > 0

sup [P (X +Y < y) - @ (y)|
yEIR

)
a
Sigglp(XSy)—@D(y)H\/7—71+P(IYI > a),

here and in the sequel, where O(-) denotes the standard normal
distribution function.

Lemma 3 (Su et al. [16, Theorem 1]). Let {X;;i > 1} be
a sequence of NA r.v.s. with zero means and E|X,|P < oo,
i=1,2,...and p > 2. Thenfor S, = Y X,

n n p/2
ElS,” <c, <Z[E|Xi|1’ + <Z[EX§) > (10)
i=1 i=1

where ¢, > 0 depends only on p.

Lemma 4. Let {X;;i > 1} be a sequence of NA r.v.s. with
continuous d.f. F, and let F,(x) := (1/n) Z?:l I(X; < x) be
the empirical d.f. based on the segments X, ..., X,,. Then

sup |Fn (x)-F (x)| =0 (n_l/zlnl/zn) a.s. 1)
x€R
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Proof. Similar to the proof of Lemma 4 in Yang [17], we can
prove Lemma 4. O

Lemma 5 (Wu and Chen [18, Theorem 1.3]). Let {T,; n > 1}
and {Y,;; n > 1} be two sequences of NA r.v.s. Suppose that the
sequences {T,; n > 1} and {Y,;; n > 1} are independent. Then
forany 0 <1 <1,

sup |Fn (t)-F (t)| =0 (nil/zlnl/zn) a.s. 12)

0<t<t

In order to formulate our main results, we now list some
assumptions.

(AD{Y;i = 1} and {T;i > 1} are two sequences of
stationary NA random variables, and {Y;} and {T} are
independent.

(A,) Suppose that x < 7, f(x) > 0, and f and G have
bounded derivative in a neighborhood of x.

(A;) For all integers j > 1, the conditional distribution
Tj,1» given Ty = x,, has a density f;(:|x,), and for all
x € R, fj(lexl) < M, for x,,x, € U(x) and some
M, > 0, where U(x) represents a neighborhood of x.

(A,) The kernel K is a bounded derivative function with
K(u) = 0 for |u| > 1 and J_ll K(u)du = 1.

(As) Let p,, q,, and k,, = [n/(p,, + q,,)] be positive integers
with

nll)ngo k, = 0o, lim === =1, nll)ngo puh, =0,

. . -3
Jlim nh, = co, Jim k. "u(g,) =0,

(13)
where u(n) := Z;X:’n |Cov(Ty, Tjy).
Remark 6. (As;) Implies lim,_ . (k,g,/n) = 0 and
lim, , (p,/n) = 0.
Let o,(x) = nh,Var(f,(x), o(x) = (f(x)/(1 -
1
G(x))) |_, K*(t)dt.
Theorem 7. Suppose that (A,)-(A;) are satisfied; then
o2 (x)-0* (x)| =0(a,), (14)
Where An = (ann/n) + (ann”(Pn)/”hZ): on = Pn/”: A3y =
@) Py @ = Palty + a1, + @37 + a5, = 0.
Consider the following:
fn('x)_IEfn(x) ) |
sup|P| —=——=—=—=-<y |- =0(,), (@05
swpp( LLZR <)o) -0, a9
where b, = 1/(nhn)1/2 + aif + a;r/f + a;f — 0.
Furthermore, if
Jim nthf% = 0, (16)

3
then
M - = 1/213/2
ilelngp( JVar f, (x) SJ’) q’()’)‘—o(bnﬂl ).
(17)

Theorem 8. Assume that the conditions of Theorem 7 hold.

Then
P(fn (X) - [Efn (X) < y) _ q)(y)‘

su
yeﬁ /Var f, (x) (18)
=0 (b, + (1, Inn)"").
Furthermore, if (16) holds, then
fo@) - () )
sup P(— <y |-o(y)
yeR +/Var f, (x) (19)
=0 (b, + (h,nn)"* +n"21)).
3. Proofs
Proof of Theorem 7. We observe that, by (3),
- Z,-x 6;
h 1/2 _ 1 K < i ) i
(nh,) " f, (%) ;(nhn)l/Z n, ) 1-G(z)
(20)

Letk,, = (im-1)(p,+q,)+1,1, = (m-1)(p,+q,)+p,+1,
m=1,2,...,k,, where

km*Pn 1 lm+qn71
!
Unm = Z Zm" Unm = Zm’
i=k,, i=l,
n kn
! !
Un,kn+1 = Z Zni’ Sn = Unm’ (21)
i=k, (pa+q,)+1 m=1
k”
n ! n !
Sn = Unm’ Sn = Un,kn+1’
m=1
and then
S, =S, +S +S.. (22)
By (20),

oy (x) = VarS, = Var (S, + S, +8,")
= Var S; + Var S;’ + Var S;" + 2Cov (S;,S;’) (23)

+2Cov (S,,S,") +2Cov (S, S,").



We first estimate Var S:l, Var S;’, and Var S;". Obviously, (A;)
implies that {U,,,,,} and {Z,;} are stationary; thus,

le
Var S; = Var < Z Unm>
m=1

k,
ZVarU +2 ) Cov(U,,U,)
m=1 1<i<j<k,

=k,VarU, +2 Y Cov(U,,U,)

1<i<j<k,

=k,p,VarZ,, +2k, Y Cov(Z,,Z,)

1<i<j<p,

+2 Y Cov(U,,Uy,)

1<i<j<k,

=L, +L,+1;.
(24)

From (A,), (A,), and (A,), we obtain

VarZ,, =

7. -
Lk (Bx) 8
n " 1-

n h G(2))

) n;zn {[E K <Zlh;x> (1- cfzzl))z
L= (5 1—21(20]2}

el

I(u<v)
(1 - G (min (u, v)))*

([ (5=)

I(u<v)
1 — G (min (u, v))

K2<MP;x>(1—cl;(u))2
K(”}Z‘) T )dF(u)dG(v)]z
Kz(uh_x> 1f?3u>d”

Jx(*2)wad |

dF (1) dG (v)

2
dF (1) dG (v)]

dF (u) dG (v)
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! 2 f(x+uhn)
{ J_1K ®) 1 —G(x+uhn)du

—hn“_ll K@) f(x+ uhn)dur}

S =

(25)
-0 <1> . (26)

Hence, by (A5), I, = O(1).
Fori < jand x < 77, by (A,) — (A,),

|Cov Zui»Z, )‘

= Cov (Zugs Zugin)|
cor(K(%) =z
(5 ) )
< el () (25
(= (%)) |
< () (52)
60 fy a0 | ) sl
([x(52 ) rwa) |
<2 [ ko
[k stenna) |
oft)

Therefore, by (As),

nh

n

(27)

Z Cov( ni> )

1<i<j<p,

|L,| = 2k

(28)
k,p’h
-o(55) -0t —o
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By (A,), (A,), (A,), and Lemma 2.3 of Zhang [19], for [ > 1,
|COV (Unl > Un,l+1 )|
P Hputdn)+ Py

= > Cov(z,2,)
i=1 j=l(p,+q,)+1

Pn | i=l

= Z <| ZCOV (Zn,,;]url’ Zn,l(pn+qn)+1)

i=1 | j=1

Pn
+ZCOV (an’ Zn,l(pn+qn)+j—i+1) } t
j=i

Pu
Zl (Pa =7 +1)COV(Z1 Zoyi(p 1 ysr)

1

Pn—
+ Z (pn - r) Cov (Zn,r+1’ Zn,l(pn+qn)+l)

r=1

H(Putgn) t a1
< Pn z |C0V (an’Zn,r+1)|

r=l(py+qy)
(29)
l(pn+qn)_1
+pn Z |COV (an’Zn,r+1)|

r=l(p,+q,)—(p,—1)

I(putqn)+pu—1

= pn z |COV (an’Zn,r+l)|
r=l(pu+q,)=(p,—1)

U(pu+gn)+p,—1

7. —
_ P Cov<K< L x>
nhn r=l(p,+q,)—(p,~1) hn
9,
X ———=
1-G(2))

Z..1—-X
K r+1 )
(=5
% 8r+1 )‘
1-G (Zr+1)
p, U(pu+gn)+p,—1

£ Cnh3 Z |C0V(T1’Tr+1)|'
n r=l(pn+qn)7(Pn71)

Thus, by (A;) and (As),
ILal=|2 Y Cov(U,,U,)
1<i<j<k,

k,~1
2 Z (kn - l) COV (Unl’ Un,l+1)

=1

kn_l l(Pn+qn)+pn_1
< Cpnkn

< |Cov (T, T,,,)|
nh;, ;r:l(pn+zyzn;—(pn—1) v

5
Pk, 1
< Pn h_zrzzq:nlcov(Tl’Tr+l)|
u(q,)
= O(T) = O(a3n) — 0.
(30)

Therefore, by the combination of (A;), (24), (26), (28), and
(30),

Var§, =0 (1) + O(p,h,) +O(as,) =0(1). (31
Similarly,

VarS =k, VarU,, +2 Z Cov (U’

ni>

!
U,;)
1<i<j<k,

=k,q, VarZ,, + 2k, Z Cov (Zm-,an)

1<i<j<q,

2 Cov(U’,U".
*2 2 CorlUnty) o)

2%, gk
=O<ann o Tkl dn nu(pn)>

3
n n nh;

o k) o)

3
n nh}

By (26), (27), (A,), (A5),and n -k, (p, + q,) < P+, <
2p,

n
Var S:l” = Var < z Zm->
=k, (

Pn+qn)+1
= (1’1 - kn (pn + qn)) Var (an)

+2 Y Cov(ZuwZy)  (33)

k,(pptq,)+1<i<j<n

2
o{fe5)-o(2)

= O(aln) .

By (25), (A,), and (A,),



f (x +uh,)
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2

f(x)

nVarZ,, — o’ (x)' =

b 1
J_IK (u)<l—G(x+uhn) - 1_G(x))du—hn[J_lK(u)f(x+uhn)du]

Lo (-G)(f(x+uh,) - f(x)+ f(x)(G(x+uh,) -G (x))
< K* (u) du
. (1-G(x+uh,))(1-G(x)) (34)
1 2
+hn[J K(u)f(x+uhn)du]
-1
=0(h,).
Note that |Cov(X,Y)| < (Var X Var Y)l/ % for any random Let ¢, m = 1,2,...,k, be independent random
variables X and Y; from (31)-(33), variables with the same distribution as U, = (U, -

|Cov (S,,8,)| = 0(a))}),
|Cov (S8, )| =0(a)), (35)

|Cov (s;,8")| = O (a1)}a))}).-

Therefore, from the combination of (23) and (31)-(34), it
follows that

|0,21 (x) - o (x)'
= 'n Var an - 02 (x) +0 (pnhn +a;, + a;r/f + a§ﬁ2)|

=0 (pnhn +az, + a;}{lz + a;r/tz)
=0(a,).
(36)

Thus, (14) holds.

Now, we prove (15). Let §n = (S, -ES,)/0,(x), §; = (S; -
ES))/0,(x),S = (S ~ES)/0,(x),S.)" = (S!" ~ES.")/0,(x).
Then, §n = §; + §;’ + :SZ['. According to Lemma 2, (14), (20),
(32), and (33), we have

L@-EL _ ) l
P( N hm ) *W)

= sup 'P (S'; +5'+8) < y) - (D(y)|

sup
yeR

yeR
p(s @ ai,
< <y)—
‘iﬁﬁ' (S, <) (y)|+m
=1 1/3 a;f s 1/3
+P(Sn > a, )+ —— +P(Sn > ay, )

V2r
= SIEJE ’P (§; < y) -® (y)| + O(all,/,3 + azly/f).
y

(37)

EU,.,)/0,(x) form = 1,2,....k,. Put H, = Yo g B =
Zfr’l‘:l VarU,,, = Zfrj‘:l Varé,,, = Var H,. Obviously,

sup IP(S,<y)-(y)

< sup|P(§; < y)—P(Hn < )’)|

yeR
+sup ®<l>_q>(y)‘ (38)
yeER Bn
Yy
+sup|P(H,<y)- (I)<—>
yeR Bn

= ]ln +]2n +]3n'

Note that Var§,, = ai(x) and Bfl = (Var S; - In3)/oi(x) from
(20) and (24). By (14), (30), (32), and (33),

<

J5, = sup Bi - 1'

yeR

o(3)-00

Var$] - I,; — Var$,

0, (%)
<c |Var S, —VarS,| +c|L]| (39)
< cVar (S;’ + S;")
+2 |COV (S;, S;’ + S:l"). +0(as,)
=0 (ally/l2 + azlflz + a3n) — 0.
Note that &, m = 1,2,...,k,, are independent random

variables, and B> = VarH,. Therefore, by B, — 1
(from (39)), (14), and Berry-Esseen inequality (cf. Petrov [20,
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page 154, Theorem 5.7]), there exists some constant ¢ > 0 such
that

H
J3n = sup P<B—" < y) —CD(y)‘
yER n
E
< c&m=1 —Dnml ml |£nm| <CZ[E| (40)
k, Kk +p,—1 3
- YEY 2
m=1 i=k,,

Similar to (26), we can get [EIZ,,II3 = O(l/n3/2h,11/2) and
EZ2, = O(1/n). It is easy to see from Property P7 of Joag-
Dev and Proschan [11] that {Z,;n > 1} is also sequence of NA
r.v.s., so by using Lemma 3, we have

+p,—1 K+ p,—1 3/2
o = z[ e (78 o) ]

1 P \*? 41
—C""(Pn—na/zhyz (%) ”

Assume that ¢(t) and y(t) are the characteristic functions

of S| and H,, respectively. By Esseen inequality (cf. Petrov
[20, page 146, Theorem 5.3]), for any T' > 0, there exists some
constant ¢ > 0 such that

Jin=sup [P (S, < y) - P(H, < y)|
yeR

T
y
-T
+ T'sup J |P(H,
yeR Jul<(c/T)

! n
= ]ln + ]ln'

sv(t):W(t)‘dt

<u+y)-P(H,<y)|du

(42)

By Theorem 10 in Newman [21], (14), and (30),

k, k,
lo () — v (t) = |Eexp (itZUnm> - H[E exp (itﬁnm)
m=1 m=1
<2 ¥ £loov(0,0,)
1<i<j<k,
<c ¥ Pleov(UnUy)
1<i<j<k,
=10 (as,).

(43)

Therefore,
]{n =0 (a3nT2) . (44)
On applying (39)-(41), we have

sup |P(H,<u+y)-P(H,<y)

yeR
P< _l< )’) (u )/)‘
n n

< sup [
yeR

(45)

Thus,

" 1 1/2 1
=0 —— = .
]ln <(nhn)1/2 +a?n + T) (46)

Choosing T = a; "%, then by (42)-(46),

1
Jin=0 < (nh )1/2 + a;r/lz + a;r/lz')' (47)

n

Therefore, the combination of (37)-(39), (41), (47), and (15)
holds.
Finally, we prove (17). By Lemma 2 and (15), for any a > 0,

W r)-e0)

P < fa (x) —Ef, (x)
+/Var f, (x)

Bmm—fux<>_ ‘
M e R @ (y)

()
cp(EEL s, )
V2nr y/Var f, (x)

a +P(l[Ef"(x)_f(x)| >a)
V2r /Var f, (x) '

sup
yeR

(ﬂm fx) _

= sup

(48)

<sup|P
yeR

+




Applying (14), (A;), (A,), and differential mean value
theorem, there exists a constant 0 < 0 < 1, such that

[Ef, (x) - f ()]
v Var f, (x)

oo (2) 8
= c\/n\hn J: K (w) (f (x +uh,) - f(x)) dul
~ c\nh, Jl IK () ub, f' (x + Ouh,)

-1

=0 (n1/2h3/2)
» .

AR

(49)

du

Hence, there exists a constant M sufficiently large such that
IEf,(x) — f(o)l/y/Var f,(x) < Mn'*h2%. Let a = Mn'/*1>/

in (48); then P(|E f,,(x)— f,,(x)|/~/Var f,(x) > a) = P(¢) = 0.
Therefore, by (48), (16) holds. O

Proof of Theorem 8. Using (15) and Lemma 2,
S —Ef, () _ )
(B =)0
. ( f2 ) = Ef, ()
\/Var f, (x)
+fn (x) = f,, (x) = E(f, (x) - £, (x)) 3
A/ Var f, (x) =Y

sup
yeR

= sup

-0 (y)

< sup
yeR

(M) ]

1/4

(h,1Inn)

"
([0 1@ -E(f 0 - £, )]
yVar f, (x)

> (h,In n)1/4)
< 0(b, + (h,nn)""")

E ()" 0 - £, 0]
(h, Inn)"*

+c

(50)
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Let L,(x) =n"' Y I(Z; < x) be the empirical d.f. of L.
Then, by (2),
L,(x)=1-(1-F,(x)(1-G, (). (51)
Thus, by Lemmas 4 and 5, for 7 < 77,

sup |§n x)-G (x)|

0<x<t

< sup ———
OSxIS)TI -F,(x)

x {|L,, (x) = L(x)| + (1 - G (x))

E,(x)- F(x)|}

o)

(52)
Using (14), we get
E ()" |, () - £, )])
1 < Z;—x
= nl/t,,l;[lE { IK< h, )
_ @)-6) o)
(1-G(Z) (1-G,(z))
(53)

Inn T, — x
< EK | =
C\/ n, ( n, )
nn

_ c\/ — fl K@ f (x +h ) dt

o).

Therefore, (18) holds from (50) and (53).
Using (18), similar to the proof of (17), we can prove (19).
This completes the proof of Theorem 8. O
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