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This paper investigates finite-time synchronization of the singular hybrid coupled networks. The singular systems studied in this
paper are assumed to be regular and impulse-free. Some sufficient conditions are derived to ensure finite-time synchronization of
the singular hybrid coupled networks under a state feedback controller by using finite-time stability theory. A numerical example
is finally exploited to show the effectiveness of the obtained results.

1. Introduction

In recent years, singular systems, also known as descrip-
tor systems, generalized state-space systems, differential-
algebraic systems, or semistate systems, are attracting more
and more attentions from many fields of scientific research
because they can better describe a larger class of dynamic
systems than the regular ones. Many results of regular systems
have been extended to the area about singular systems such
as [1-21]. For example, stability (robust stability or quadratic
stability) and stabilization for singular systems have been
studied via LMI approach in [2-8]; robust control (or H,,
H_, control and robust dissipative filtering) for singular
systems has been discussed in [9-16]; synchronization (or
state estimation) for singular complex networks has been
considered in [17-21].

Synchronization is an interesting and important charac-
teristic in the coupled networks. There are a lot of results
in regular coupled networks. Recently, some authors study
synchronization of the singular systems such as [17-21] and
the references therein. In [17], Xiong et al. introduced the
singular hybrid coupled systems to describe complex network
with a special class of constrains. They gave a sufficient
condition for global synchronization of singular hybrid
coupled system with time-varying nonlinear perturbation

based on Lyapunov stability theory. Synchronization issues
are studied for singular systems with delays by using Linear
Matrix Inequality (LMI) approach [18]. Koo et al. considered
synchronization of singular complex dynamical network
with time-varying delays [19]. Li et al. in [20] investigated
synchronization and state estimation for singular complex
dynamical networks with time-varying delays. Li et al. in
[21] investigated robust H,, control of synchronization for
uncertain singular complex delayed networks with stochastic
switched coupling.

Finite-time synchronization or finite-time control is
interesting topic for its practical application. There are some
results on finite-time stability [22-26], finite-time synchro-
nization [27-33], finite-time consensus or agreement [34-
37], and finite-time observers [38]. However, these results are
obtained for regular systems. Up to now, to the best of our
knowledge, few authors studied finite-time synchronization
of singular hybrid coupled systems whose structures are more
complex than those in [27-33]. Considering the important
role of synchronization of complex networks, the finite-time
synchronization of singular hybrid coupled networks is worth
studying.

Motivated by the previous discussions, in this paper,
we investigate finite-time synchronization of singular hybrid
complex systems. Some sufficient conditions for it are



obtained by the state feedback controller based on the finite-
time stability theory. Finally, a numerical example is exploited
to illustrate the effectiveness of the obtained result.

The rest of this paper is organized as follows. In Section 2,
a singular hybrid coupled system is given, and some pre-
liminaries are briefly outlined. In Section 3, some sufficient
criteria are derived for the finite-time synchronization of
the proposed singular system by the feedback controller. In
Section 4, an example is provided to show the effectiveness of
the obtained results. Some conclusions are finally drawn in
Section 5.

2. Model Formulation and Some Preliminaries

Consider a singular hybrid coupled system as follows:

N
Ex; (t) = Ax; (1) + f (%, (£),£) + ¢ ) by () Tx; (1),
j=1 €]

i=1,2,...,N,

where x;(t) = (x;,(t), x;,(1), .. .,xin(t))T € R” represents the
state vector of the ith node, A, E € R™" are constant matrices,
and E may be singular. Without loss of generality, we will
assume that 0 < rank(E) = r < n. f(x;(t),t) is a vector-value
function. The constant ¢ > 0 denotes the coupling strength,
and T = diag(y;, y3,.-.,¥,) € R™" is inner-coupling matrix
between nodes. B = (b;;)y«n describes the linear coupling
configuration of the network, which satisfies

bij = bﬂ, for i# j,
N (2)
bi=- Y by i=12...,N
j=Lj#i

Remark 1. If rank(E) = n, then system (1) is a general nonsin-
gular coupled network. We will also give a sufficient condition
of the finite-time synchronization for this circumstance. See
Corollary 10.

Definition 2. The singular system (1) is said to be synchro-
nized in the finite time, if for a suitable designed feedback
controller, there exists a constant t* > 0 (which depends on
the initial vector value x(0) = (x?(O),xg(O), ... ,xL(O))T),
such thatlim, _ - || x,(£) - x,(t) = 0 and | x,(t) - x;(t) = 0
fort >t*,i,j=1,2,...,N.

Assumption 3. Assume that the singular system (1) is con-
nected in the sense that there are no isolated clusters; that is,
the matrix B is an irreducible matrix.

With Assumption 3, we obtain that zero is an eigenvalue
of B with multiplicity 1, and all the other eigenvalues of
B are strictly negative, which are denoted by 0 = A, >
Ay, = --+ > Ay. At the same time, since B is a symmetric
matrix, there exists a unitary matrix W = (W, W,,..., Wy) €
R™" such that B = WAW' with WW" = Tand A =
diag(A, Ay, . .05 AN).
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Let s(t) be a function to which all x;(t) are expected to
synchronize in the finite time. That is, the synchronization
state is s(¢). Suppose that s(¢) satisfies the equation Es(t) =
As(t) + f(s(t),t). Lete;(t) = x;(t) — s(t), i = 1,2,...,N. We
can obtain the following singular error system:

Eé; (t) = Ae; (t) + f (x; (£) 1) = f (s(D),1)

S (3)
+Czbij(t)re]’(t)7 i=12,...,N.
j=1

Let e(t) = (ey(t),e,(t),...,en(t)), y(t) = e(t)W; then
system (3) can be written as

Eé(t) = Ae(t) + F(e(t),t) + cTe (t) B, W
4
Eyt)=Ayt)+F(e@®),)W+cTy(t)A,

where F(e(t),t) = (f(x(t),t) — f(s(t),t), f(xy(8),8) —
f(S(t), t), see >f(xN(t)> t)—f(S(t), t))’ )’(t) = ()’1 (t)x J’z(t)s cees
yn(1)),and y;(t) =e(t)W; € R", i = 1,2,..., N. Then, system
(4) can be written as

Ey, (t) = Ay; (t) + F(e(t),t) W, + cA;Ty; (t)
(5)
= (A+cAT) y; () + F(e(t),t) W,

Therefore, the finite-time synchronization problem of
system (1) is equivalent to the finite-time stabilization of
system (5) at the origin under the suitable controllers u;,
i=1,2,...,N.

Assumption 4. Assume that there exist nonnegative constants
L; such that

If (x; (0),8) = £ (s @), 0| < Li |x: (1) = s @),
i=1,2,...,N.
Assumption 5. There exist matrices P, such that
E'P=P'E>0, i=12,...,N, @)
AP +P[A <,
(A+cAD) P+ Pl (A+cAT) < 1,
wheren; > 2L(N-1) | P, |, L = Zfil L,
Lemma 6 (see [26]). Suppose that the function V(t) : [t,,
00) — [0,00) is differentiable (the derivative of V(t) at t,
is in fact its right derivative) and V() < —-K(V(1))%, Vt > 0,
V(t,) = 0, where K > 0,0 < o < 1 are two constants. Then,
for any given t,, V(t) satisfies the following inequality:
VI s VI () - K1 —a) (t—ty), t,<t<t,
)
V(t)=0, Vt>t",

with t* given by t* =ty + V' " *(t,)/K(1 - ).
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Lemma 7 (Jensens Inequality). If a;,a,,...
numbers and 0 < r < p, then

N,
p
i=1

3. Main Results

,a, are positive

(10)

N
/-~
T

S
\/[\
S

In this section, we consider the finite-time synchronization
of the singular coupled network (1) under the appropriate
controllers. In order to control the states of all nodes to the
synchronization state s(t) in finite time, we apply some simple
controllers u;(¢t) € R", i = 1,2,...,N, to system (1). Then,
the controlled system can be written as

N
Ex; (t) = Ax; (1) + f (x;(£),1) + ¢ ) bTx; () +w;,
j=1 (11)

i=1,2,...,N.
Then, we have

Eé; (t) = Ae; (1) + f (x; (1)) = f (s (1), 1)

N (12)
+ chijl"ej () +u,
=

Ey;(t) = (A+cAD) yy () +Fe(®), )W +v,  (13)

where v; = uW,, u = (uy, u,, ..., uy).

With Assumption 5, it follows from the proof of Theo-
rem 1in [2] and Lemma 2.2 in [3] that the pair (E, A + cA;T)
is regular and impulse-free; that is, there exist nonsingular
matrices M;, Q; € R™" satisfying that

M,EQ; = diag {I,,0},
(14)
M; (A+cAT)Q; = diag{A,, I},

where A; € R™,i=1,2,...,N. So, system (13) is equivalent
to

3 ()= Ayl () + MJF(e(t), )W, + Mv;,  (15)

0=y () + M)F(e(t),) W; + M}v,, (16)
where Q; ' y;(t) = (;8 ), y}(t) € R, and y (t) € R*". And
M; = (%) M} € R™, M} e R"™,Q = (@ @), Q] €

nxr 2 nx(n-r)
R™", and Q; € R .
In order to achieve our aim, we design the following
controllers:

v, = —kM; ' sign (M,Ee () W,) |M,Ee ) W,[F,  (17)

3
where
M,Ee (t)W; = M,Ey;, (t) = M;EQQ; ' y; (t)
1
— Ir 0 yi — yil
“\oo)\y ) o)
p 5 '
|M,Ey; (t)|ﬁ= ('yjl (t)] yilr(t)| ,o,...,o) ,
sign (M,Ey, (t)) = diag ( sign (yill (t)) ,sign (yilz (t)) seees
sign (yilr (t)),O,...,O).
) (18)

k > 0 is a tunable constant, and the real number f3 satisfies
0 < B < 1.So, weobtain u = (v,vy,..., )W ' =
v(&€, &5, ..., Ey). That is, u; = V€.

Remark 8. From (17), the controllers u; are dependent not
only on the coupled matrix B, but also on the singular matrix
E. And from the shape of controllers, we only use the states
y; of slow subsystems (15) in controllers v;, but we do not
consider the states y of fast subsystems (16). It is very special.
It is interesting for our future research to design more general
controller which makes the singular hybrid coupled networks
synchronize in finite time.

Theorem 9. Suppose that Assumptions 3, 4, and 5 hold.
Under the controllers (17), the singular system (1) is syn-

chronized in a finite time t* = t, + (VIP(t)/
akb™P2(1 — B)), where V(t,) = YN, v (t)ET Pyi(t,) =
Zfil(e(to)m)TETPi(e(tO)W}), e(ty) is the initial condition of
e(t), and a and b are defined as (25).

Proof. Consider the following Lyapunov function:

N
Vi)=Y y OE Py, (t). (19)

i=1
The derivative of V(t) along the trajectory of system (13) is
40

N
Y [F OB ((A+cATD) y; () + Fe(t), ) W, +v,)

i=1

+((A+cAT) y; () +F(e(t),t) W, + Vi)TPi)’i (t) ]

Y [F ) (BT (A+ A D)+ (A+AD)P) 3, ()

i=

—

+2y] () P'F (e (1), t) W,

~2kyT (#) BT M; " sign (M;Ee (t) W) | M;Ee (1) Wi|"].
(20)



By using Assumption 4, one can get the following inequality:

Y (i (0),8) = f (s (1), )] W,

|F (e(®),) W] =

Z

Z kflex O

Z

= Z kly O&] < ZLk Iy @l =Ly ®l

N
<L) |y @],
k=1

(21)

where W, = (W, W,,,...,W, ) and (§,,&,,...,&y) = W' =

T
1 2
Define M; TPQ = (; ;
( 3 ) 4
IRrxn r)’Pi c Rn rxr,andpl
(8) (see [2]), one can obtain that P;
then,

), where P! € R™, P e
e RO=Xtr), Using (7) and
=(@PH" > 0and P? = 0;

N N T
V) =Yy OEPy,0)=)(y®) Py 1, (2

i=1 i=1

— 2ky! (t) PTM; ' sign (M;Ee (t) W;) |M;Ee (1) Wi|/

= 2kyT (1) PT M <sign (vh @) |y @

sign (yilr (t)) yl.lr (t)|ﬁ, 0,..., 0)

T

P! 0
=2kyl OQT| 5 4 | MM!
yz i pl pl [

B
xdlag(mgn(y (t) (',’V, (t)' >

= —2kyi1T ) PilT sign (yil (t)) |in (t)|ﬂ

< 2k in (P | 0]
(23)
Substituting (8), (21), and (23) into (20) and letting 77, = 0,
while#; > 2L(N-1) || P, ||,i = 2,..., N, one has

N
4OED)

i=

N
iy 0| +2L||B)| Z PRGIAG!

—_

~2hAmin (BT |94 (t)| (24)

< 1T | 1 1B
< Z - 2kAmin (PI ) 'yz (t)' .
i=1
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Let

az mjn {)Lmin (PIIT)} > b= max {Amax (leT)} : (25)

From (22), we get
N N
ay |y 0] <ve <)y @] (26)
i=1 i=1

By the use of (24)-(26) and Lemma 7, we can obtain that

N g N (1+B)/2
. +
Vs -2a5 bt 0] s 2 S o

i=1 i=1

>(1+/3)/2 _ _Zakb_(uﬁ)/z(v (t))(1+,8)/2

(27)

< —2ak<éV(t)

From Lemma 6, we have that the solutions y; (t) of system
(15) are globally asymptotically stable with respect to y; (t) =
0 in the finite time ¢*; that is,

lim ”y (t)" ”yil (t)" =0 fort > t", (28)

t—t*

where t* = t, + (VU P2(t)) Jakb P2 (1 - p)).

In the following, we show that y;(t) are globally asymp-
totically stable with respect to y7(t) = 0 in the finite time ¢*.
From (16), one has

Iy? o < [MZ||F @y .ow + M7 vl @9
Similar to the proof of Lemma 2.2 in [3] and the proof of
Theorem 1 in [17], let sz (Ml.z)T = I, ., which implies that
I M12 |l= 1. One has

Iy @] < IF @),y Wi]| + Wi
< Lji ly; o] + || — kM; " sign (M, Ey; (£))
x|M;Ey, 0| (30)
< Lj_i [ (i @l + 7 Ol + kfar”]

X |yl.1 (t)|ﬁ.

Then,

Z PAGIED)

LZ [l (s ol + [y o)

(31)

e <r>|ﬁ];
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that is,

N N
Ya-NLj |y o] <Y (NL Il v; @]
i=1 i=1 (32)

ek @)

With Assumption 4, there must exist nonsingular matri-
ces M;,Q; € R™" gatisfying the equalities M;EQ; =
diag{I,, 0}, M;(A+cA,1)Q; = diag{A,, I,_,}, where A; € R™",
i = 1,2,...,N. Moreover, nonsingular matrices Q; can be
suitably chosen to satisfy 1 — NL | Q; [|> 0, for Vi €
{1,2,..., N}. Therefore, one can obtain lim, _, ,« || yiz(t) =0,
and || yf(t) |=0fort >t* from (28) and (32),i = 1,2,...,N.
Consequently, lim, . || ¢(t) |= 0, and || ¢;(t) [l= 0 for
t>t",i=1,2,...,N. The proof is completed. O

If rank(E) = n, system (1) is a general nonsingular
coupled network. By using the controllers u; similar to v; in
(17), we can derive the finite-time synchronization of system
(1). For simplicity, let E = I,. Then, we have the following.

Corollary 10. When E = 1,, under Assumptions 3 and 4, let
the controllers u;(t) be as follows:

u; (t) = —k sign (e; (1)) le; (t)|ﬁ, i=12,...,N; (33)
system (1) is synchronized in a finite time.

Remark 11. Since the conditions in Assumption 5 are not
strict LMIs problems, they cannot be solved directly by
the LMI Matlab Toolbox. According to Lemma 1 in [17],
Lemma 1 in [9], and Remark 3 in [18], if matrix E has the
decomposition as

(L O\(E, 0 \.r
e=u( o) (3 )v
where U = (U,,U,), V = (V},V,), and E, = diagfp,,...,0,}

with ¢; > 0 fori = 1,2,...,r, then Assumption 5 can be
transformed into a strict LMIs problem.

(34)

Corollary 12. Suppose that Assumptions 3 and 4 hold, and
matrix E has the decomposition as (34) in Remark 11. By the
controllers (17), the singular hybrid coupled network (1) can be
synchronized in the finite time in the sense of Definition 2, if

there exist matrices T; € R™", T, > 0, and S; € R"™,

1

i=12,...,N, such that
A" (U U{E+U,S,) + (U, T,UE + UZSI)TA <0,
(A+ A D) (U, TUTE+U,s;) (35)
+(UTUTE+U,S)" (A+eAT) < -1,

where; > 2L(N = 1) | P, |, P = (U,T.UTE + U,S,), i =
2,..,N,andL=Y" L,

Suppose that we choose the average state of all node states
as synchronized state; that is, s(f) = (1/N) Zszl x;(t). We
have similar results. Before giving these results, we need some
assumptions as follows:

Assumption 2. Assume that there exist nonnegative con-
stants L;; such that

||f(xi ®,t) - f(x; (f)’t)“ <Ly "xi (t) - x; (t)",

(36)
i,j=1,2,...,N.
Assumption 3'. There exist matrices P; such that
E'P.=P'E>0, i=12...,N,
AP +P[A <,
(37)

(A+cAD) P+ PT(A+cAT) < —l,
i=2,..,N,

where ¢; > WL/NY(IN -1) | B, |, L = YN, L and L; =
N
Zk:l,k#iLik'

Theorem 13. Suppose that Assumptions 3, 2', and 3' hold. By
the controllers (17), the singular hybrid coupled network (1) can
be synchronized to the average state of all node states in the
finite time in the sense of Definition 2.

Corollary 14. Suppose that Assumptions 3 and 2' hold, and
matrix E has the decomposition as (34) in Remark 11. By the
controllers (17), if there exist matrices T; € R"™", T; > 0, and

S, e R i =1,2,...,N, such that
T
AT(UTUTE+U,S,) + (UTU E+U,S, ) A <0,
(A+cA D) (UTUE+U,S)) (38)

+(UTUTE+U,S)" (A+eAT) < -,

where ; > (4L/N)(N = 1) | P, |, P, = (U,T,U]E + U,$)),
i=2,...,N, L= Zfil L,andL; = Z,Ij:l,k#iLik, the singular
hybrid coupled network (1) can be synchronized to the average
state of all node states in the finite time.

Remark 15. In this paper, we study finite-time synchroniza-
tion of the singular hybrid coupled networks when the sin-
gular systems studied in this paper are assumed to be regular
and impulse-free. However, it may be more complicated when
we do not assume in advance that the systems are regular and
impulse free. Synchronization or finite-time synchronization
of singular coupled systems is worth discussing without
the assumption that the considered systems are regular and
impulsive free.

4. An Illustrative Example

In this section, a numerical example will be given to verify the
theoretical results obtained earlier.



Example 16. Consider the following singular hybrid coupled
network which is similar to one given in [18]:

6
Ex; (t) = Ax; () + f (x; (), £) + ) b;Tx; (£) + uy,
=1 (39)
i=1,2,...,6,

where x,(t) = (@), 2@, fx@),t) = (1)
15) tanh(xl-l(t)),tanh(xiz(t)))T, s(t) = (O,O)T, L; = 1/15,
L=2/5c=1,and

80 -10 1 10
E‘(oo)’ A‘<1—10>’ r‘<01>’

=51 1 1 1 1
1 41 1 1 0
1 1 -4 1 0 1
B= 1 1. 1 -41 0
1 1 0 1 -4 1
1 01 0 1 -3

(40)

Since B is symmetric matrix and its six eigenvalues are A; =
0, A, = =3, A3 = -4, A, = -5, A; = —6,and A = -6,
there exists a unitary matrix

W=(W,...,W)

L 0 0 1 2
V6 6 V6
11 11
-— — 0 -— — 0
V6 6 2 6
1 1 11
- 0 -—— 0 --—— =
| V2 6 V6 | (D
B 1 1 1 1
-— — 0 — — 0
V6 6 V2 6
1 1 11
-0 — 0 -—— —
V6 V2 6 6
1 2 1
-—— = 0 — 0
V6 6 V6

such that B= WAWT and A = diag(0, -3, -4, -5, -6, —6).
Choose

1
p 1 i 0
0 1

8(10-1;) A;-10

10
(42)

n; >4,i=12,...,6,and f = 1/2 satistying Assumptions
3, 4, and 5. Under the controllers u; defined in Theorem 9,
the singular hybrid system (39) can be synchronized in the
finite time t* = 7.1858 according to Theorem 9 if k = 1. If the
controller gaink = 5,¢" = 1.4372. Corresponding simulation

results are shown in Figures 1 and 2 with initial conditions

_ (1 3 2072503
e(0) = (o5 2 % 22 12 5% )-
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el (t)

4 6 8 10
t

FIGURE 1: Error variable ei1 () (i = 1,2,...,6) of system (39) with
k=1.

0.25

0.2}

0.15

0.1F

e (t)

0.05

-0.05

(=]
[ 38}
N
[o)}
o}

10
t

FIGURE 2: Error variable e,.z(t) (i =1,2,...,6) of system (39) with
k=1.

5. Conclusions

In this paper, we discuss finite-time synchronization of the
singular hybrid coupled networks with the assumption that
the considered singular systems are regular and impulsive-
free. Some sufficient conditions are derived to ensure finite-
time synchronization of the singular hybrid coupled net-
works under a state feedback controller by finite-time stability
theory. A numerical example is finally exploited to show the
effectiveness of the obtained results. It will be an interesting
topic for the future researches to extend new methods to
study synchronization, robust control, pinning control, and
finite-time synchronization of singular hybrid coupled net-
works without the assumption that the considered singular
systems are regular and impulsive-free.
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