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This paper addresses the problem of finite-time H,, control via observer-based state feedback
for a family of singular Markovian jump systems (SMJSs) with time-varying norm-bounded
disturbance. Firstly, the concepts of singular stochastic finite-time boundedness and singular
stochastic finite-time H,, stabilization via observer-based state feedback are given. Then an
observer-based state feedback controller is designed to ensure singular stochastic finite-time H,
stabilization via observer-based state feedback of the resulting closed-loop error dynamic SMJS.
Sufficient criteria are presented for the solvability of the problem, which can be reduced to a
feasibility problem involving linear matrix inequalities with a fixed parameter. As an auxiliary
result, we also discuss the problem of finite-time stabilization via observer-based state feedback
of a class of SMJSs and give sufficient conditions of singular stochastic finite-time stabilization
via observer-based state feedback for the class of SM]Ss. Finally, illustrative examples are given to
demonstrate the validity of the proposed techniques.

1. Introduction

In practice, there exist many concerned problems which described that system state does not
exceed some bound during some time interval, for instance, large values of the state are not
acceptable in the presence of saturations [1-3]. Therefore, we need to check the unacceptable
values to see whether the system states remain within the prescribed bound in a fixed finite-
time interval. Compared with classical Lyapunov asymptotical stability, in order to deal with
these transient performances of control dynamic systems, finite-time stability or short-time
stability was introduced in the literatures [4, 5]. Applying Lyapunov function approach, some
appealing results were obtained to ensure finite-time stability, finite-time boundedness, and
finite-time stabilization of various systems including linear systems, nonlinear systems, and
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stochastic systems. For instance, Amato et al. [6] investigated the output feedback finite-time
stabilization for continuous linear systems. Zhang and An [7] considered finite-time control
problems for linear stochastic systems. Recently, Meng and Shen [8] extended the definition
of H, control to finite-time H, control for linear continuous systems, and a state feedback
controller was designed to ensure finite-time boundedness of the resulting systems and the
effect of the disturbance input on the controlled output satisfying a prescribed level. For more
details of the literature related to finite-time stability, finite-time boundedness, and finite-time
H,, control, the reader is referred to [9-20] and the references therein.

On the other hand, singular systems referred to as descriptor systems, differential-
algebraic systems, generalized state-space systems, or semistate systems have attracted many
researchers since the class of systems have been extensively applied to deal with mechanical
systems, electric circuits, chemical process, power systems, interconnected systems, and so
on; see more practical examples in [21, 22] and the references therein. A great number of
results based on the theory of regular systems or state-space systems have been extensively
generalized to singular systems with or without time delay, such as stability [23], stabilization
[24], H,, control [25-29], and other issues. Meanwhile, Markovian jump systems are referred
to as a special family of hybrid systems and stochastic systems, which are very appropriate
to model plants whose parameters are subject to random abrupt changes [30]. Thus, many
attracting results and a large variety of control problems have been studied, such as stochastic
Lyapunov stability [31-33], sliding mode control [34, 35], robust control [36-40], H,, filtering
[41-45], dissipative control [46], passive control [47], guaranteed cost control [48], tracking
control [49], and other issues, the readers are refered to [31] and the references therein. It is
pointed out that the problem of state feedback stabilization, just as was mentioned above,
requires to assume the complete access to the state vector. Practically this assumption is
not realistic for many reasons like the nonexistence of the appropriate sensors to measure
some of the states or the limitation in the control strategies. Thus, the observer-based control
and output feedback control are probably well suited in such situation for feedback control,
such as stability [31], H, control [50-54], passive control [55], and finite-time control
[6, 20]. However, to date, the problems of observer-based finite-time stabilization of singular
stochastic systems have not been investigated. The problems are important and challenging
in many practice applications, which motivates the main purpose of our research.

In this paper, we consider the problem of finite-time H,, control via observer-based
state feedback of singular Markovian jump systems (SMJSs) with time-varying norm-
bounded disturbance. The results of this paper are totally different from those previous
results, although some studies on finite-time control for singular stochastic systems have
been conduced, see [18, 56, 57]. The concepts of singular stochastic finite-time boundedness
(SSFTIB) and singular stochastic finite-time H,, stabilization via observer-based state
feedback of singular stochastic systems are given. The main contribution of the paper is to
design an observer-based state feedback controller which ensures singular stochastic finite-
time H,, stabilization via observer-based state feedback of the resulting closed-loop error
dynamic SMJS. Sufficient criterions are presented for the solvability of the problem, which
can be reduced to a feasibility problem in terms of linear matrix inequalities with a fixed
parameter. As an auxiliary result, we also investigate the problem of observer-based finite-
time stabilization via state feedback of a class of SMJSs and give sufficient conditions of
singular stochastic finite-time stabilization via observer-based state feedback for the class of
SM]Ss.

The rest of this paper is organized as follows. In Section 2, the problem formulation
and some preliminaries are introduced. The results of singular stochastic finite-time H,,
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stabilization via observer-based state feedback are given for a class of SMJSs in Section 3.
Section 4 presents numerical examples to show the validity of the proposed methodology.
Some conclusions are drawn in Section 5.

Notations. Throughout the paper, R* and R™™ denote the sets of n component real vectors
and n x m real matrices, respectively. The superscript T stands for matrix transposition or
vector. E{-} denotes the expectation operator respective to some probability measure P. In
addition, the symbol * denotes the transposed elements in the symmetric positions of a
matrix, and diag{---} stands for a block-diagonal matrix. Amin(P) and Amax(P) denote the
smallest and the largest eigenvalues of matrix P, respectively. Notations sup and inf denote
the supremum and infimum, respectively. Matrices, if their dimensions are not explicitly
stated, are assumed to be compatible for algebraic operations.

2. Problem Formulation

Let us consider the following continuous-time singular Markovian jump system (SMJS):

E(re)x(t) = A(re)x(t) + B(ro)u(t) + G(r)w(t), (2.1a)
z(t) = C(re)x(t) + Di(ro)u(t) + Da(ri)w(t), (2.1b)
y(@) = Cy(r)x(t), (2.1c)

where x(t) € R" is the state variable, z(f) € R! is the controlled output, y(t) € RY is the
measured output, w(t) € R? is the controlled input, z(t) € R” is the controlled output, E(r;) is
a singular matrix with rank(E(r;)) = r,, <mn, {r;, t > 0} is continuous-time Markov stochastic
process taking values in a finite space M := {1, 2,..., N} with transition matrix I' = (77;;) NN
and the transition probabilities are described as follows:

]fijAt+O(At) if 175],

Pr(ruar=jlrn=i)= (2.2)
1 +]TiiAt + O(At) ifi = j,

where lima _,g0(At) /At = 0, or;; satisfies or;; > 0 (i#]), and m;; = - Zj]ilﬁiar,-j foralli,j € M.
Moreover, the disturbance w(t) € RP satisfies the following constraint condition:

JT wl (Hw(t)dt<d*, d>0, (2.3)
0

and the matrices A(ry), B(ry), G(r;), C(r;), D1(r:), and D;(r;) are coefficient matrices and of
appropriate dimension for all ; € M.

For notational simplicity, in the sequel, for each possible r; = i, i € M, a matrix K(r;)
will be denoted by Kj; for instance, A(r;) will be denoted by A;, B(r¢) by B;, and so on.
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In this paper, we construct the following state observer and feedback controller:

EiX(t) = AiX(t) + Bu(t) + Hi(y(t) - § (1)), (2.4a)
y(t) = Cpix(t), (2.4b)
u(t) = Kix(t), (2.4¢c)

where X(t) and y(t) are the estimated state and output, X(0) is an estimated initial state, K;
is to be a designed state feedback gain, and H; is an observer gain to be designed. Define the
state estimated error e(f) = x(f) — ¥(t) and X(¢) = [x7(t) e (t)]". Then the resulting closed-
loop error dynamic SMJS can be written in the form as follows:

Ex(t) = Ax(t) + Giw(t), (2.5a)

z(t) = Cix(t) + Dyw(t), (2.5b)

where

— E; O — A,’ + B;K; -B;K;
E; = , A= ,
x E 0  A-HCy

_ G; _
G; = [ ], Ci = [Ci + D;K; -DyKj].

(2.6)

Definition 2.1 (regular and impulse-free, see [21, 22]). The SMJS (2.1a) with u(t) = 0 is said to
be regular in time interval [0, T] if the characteristic polynomial det(sE;—A;) is not identically
zero for all t € [0, T]. The SMJS (2.1a) with u(t) = 0 is said to be impulse-free in time interval
[0, T] if deg(det(sE; — A;)) = rank(E;) forallt € [0,T].

Definition 2.2 (singular stochastic finite-time stability (SSFTS)). The SMJS (2.1a) with w(t) = 0
is said to be SSFTS with respect to (c1, ¢2, T, R;), with ¢; < ¢z and R; > 0, if the stochastic system
is regular and impulse-free in time interval [0, T] and satisfies

]E{xT(O)EiT RiEix(O)} <= ]E{xT(t)EiTRiEix(t)} <c, Vtelo,T]. (2.7)

Definition 2.3 (singular stochastic finite-time boundedness (SSFIB)). The SMJS (2.1a) which
satisfies (2.3) is said to be SSFIB with respect to (c1, ¢, T, R;, d), with ¢1 < ¢; and R; > 0, if
the stochastic system is regular and impulse-free in time interval [0, T], and condition (2.7)
holds.

Remark 2.4. The definition of SSFTB is the generalization of finite-time boundedness [1].
SSFTB implies that the whole mode of the singular stochastic system is finite-time bounded
since the static mode is regular and impulse-free.

Definition 2.5 (singular stochastic finite-time stabilization via observer-based state feedback).
The error dynamic SMJS (2.5a) and (2.5b) is said to be singular stochastic finite-time
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stabilization via observer-based state feedback with respect to (c1,c2, T, R;, d), with ¢1 < ¢
and R; > 0, if there exists a state feedback control law and a state observer in the form (2.4a)—
(2.4c), such that the error dynamic SMJS (2.5a) and (2.5b) is regular and impulse-free in time
interval [0, T] and satisfies the following constraint relation:

E{ET(O)ETEEE(O)} <= ]E{?T(t)EiTEEE(t)} <3, Vtelo,T]. (2.8)

Definition 2.6 (see [30, 33]). Let V(x(t), r =i, t > 0) be the stochastic function, and define its
weak infinitesimal operator J of stochastic process {(x(t), r; =), t >0} by

JV(x(t), 1 =1i,t) = Altirjloé{E{V(x(f + AL, Tean t+ A | x(8) = x, 1 =i} = V(x(b),1,1)}

(2.9)

= Vi(x(t),i,t) + Ve(x(t),i,t)x(t i) + iyrijv(x(t),j, t).
j=1

Definition 2.7 (singular stochastic finite-time H,, stabilization via observer-based state
feedback). The closed-loop error dynamic SMJS (2.5a) and (2.5b) is said to be singular
stochastic finite-time H,, stabilization via observer-based state feedback with respect to
(c1,¢2, T,R-,y, d), with ¢; < ¢; and R; > 0, if there exists a state observer and feedback
controller in the form (2.4a)—(2.4c), such that the error dynamic SMJS (2.5a) and (2.5b) is
SSFTB with respect to (c1,¢2,T, E,d), and under the zero-initial condition, the controlled
output z satisfies

T T
E{f zT(t)z(t)dt} <y2E{f wT(t)w(t)dt}, (2.10)
0 0

for any nonzero w(t) which satisfies (2.3), where y is a prescribed positive scalar.

The main objective of this paper being to concentrate on designing a state observer and
feedback controller of the form (2.4a)—(2.4c) that ensures singular stochastic finite-time H,
stabilization via observer-based state feedback of the error dynamic SMJS (2.5a) and (2.5b),
we require the following lemmas.

Lemma 2.8 (Schur complement lemma, see [57, 58]). The linear matrix inequality S = [5;1 gz] <

0 is equivalent to Sy < 0 and Sy — S1S,, ST, < 0 with Sy1 = ST, and Sy = S1,.

Lemma 2.9 (see [57]). The following items are true.
(i) Assume that rank(E) = r, then there exist two orthogonal matrices U and V such that E
has the decomposition as

> 0 I, 0
E=U vi=u T, (2.11)
* 0 0

*

where X, = diag{61,61,...,6.} with 6, > 0 forall k = 1,2,...,r. Partition U = [U; U,], V =
[Vl Vz], and U = [Vlzr Vz] with EVZ =0and U;E =0.
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EPT = PET >0, (2.12)

then P = UT PU with U and U satisfying (2.11) if and only if

~ | Pu P
p- ) (2.13)
0 Pp

with Py > 0 € R™. In addition, when P is nonsingular, one has P11 > 0 and det(Px) #0.
Furthermore, P satisfying (2.12) can be parameterized as

P=EU XU +UuzvV/, (2.14)

where X = diag({ Py, ¥}, Z = [P}, PL]", and ¥ € RO-"*0=1) is an arbitrary parameter matrix.
(iii) If P is a nonsingular matrix, R and ¥ are two symmetric positive definite matrices, P and
E satisfy (2.12), X is a diagonal matrix from (2.14), and the following equality holds:

P'E = ETRY2SR'?E. (2.15)

Then the symmetric positive definite matrix S = R™/2UXUT R™Y/2 is a solution of (2.15).

3. Main Results

In this section, LMI conditions are established to design a state observer and feedback
controller that guarantees the error dynamic SMJS of the class we are considering is singular
stochastic finite-time H,, stabilization via observer-based state feedback.

Theorem 3.1. The error dynamic SMJS (2.5a) and (2.5b) is singular stochastic finite-time
stabilization via observer-based state feedback with respect to (c1,¢2, T, R;, d) if there exist positive
scalars a, cy, a set of mode-dependent nonsingular matrices {P;, i € M}, and sets of mode-dependent
symmetric positive-definite matrices {gi, i€ M}, {0, i € M}, and for all i € M, such that the

following inequalities hold:

PE; =ED, >0, (3.1a)
71 ——7 N ____r ——T —
A;P; + PiA; + ]Z:l]mjpl i EjP; —aEP; G; <0, (3.1)
* —@i
P,'E.=E R SR"E, (3.1¢)

hic? + ad? < e T, (3.1d)



Journal of Applied Mathematics 7
where Xl = SUP;cpm {/\max (gl) }/ &1 = irlfiEM {)‘min (gl) }/ and I2 = Supie[\\/ﬁ{)‘max (el) }

Proof. Firstly, we prove that the error dynamic SMJS (2.5a) and (2.5b) is regular and impulse-
free in time interval [0, T]. Applying Lemma 2.8, condition (3.1b) implies

— =T ——T —==T A g

AiP; + PiA; + (mi —a)EiP; <— Y mPiP; E;P; <O. (3.2)

J=Lj#i

Now, there exist two orthogonal matrices U; and V; such that E; has the decomposition as

_[= 0]=r —[F 0]=
i = ul[ " :|V1T = u1|: ]UlT, (33)
* 0 * 0

where E;,, = diag{gﬂ,glg, .. .,Sgri} with 6; > 0 forall k = 1,2,...,7;. Partition U; = [Un Up],
V,’ = [V,’l Viz], and 61' = [Vﬂfy ViZ] with EV,»Z =0and GIZEI = 0. Denote

T Ay A T — Pi1y; Py
UiTAiUiT _ _111 _121 , UiTPiUi= _111 2| (3.4)
Axti A

ISl

P Py;

Noting that condition (3.1a) and P;isa nonsingular matrix, by Lemma 2.9, we have Py =0

and det(Pyy;) #0. Before and after multiplying (3.2) by ﬁiT and U;, respectively, this results in
that the following matrix inequality holds:

* *
R 0, (3.5)
* ApiPy; + PxniAy;

where the star* will not be used in the following discussion. By Lemma 2.8, we have Zzziﬁ;i +
I_DZQiZgzi < 0. Therefore, Ay is nonsingular, which implies that the error dynamic SMJS (2.5a)
and (2.5b) is regular and impulse-free in time interval [0, T].

For the given mode-dependent nonsingular matrix P;, let us consider the following
quadratic function as:

V&), i) =% ()P, Ex(t). (3.6)

Computing the weak infinitesimal operator J emanating from the point (x,i) at time ¢ along
the solution of error dynamic SMJS (2.5a) and (2.5b) and noting the condition (3.1a), we
obtain

N
o P A+AD + S P PG
JV(x(t), i) = ET(t) = &), (3.7)
* 0
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where ¢(t) = [?T(t),wT(t)]T. Before and after multiplying (3.1b) by diag{ﬁ; 1,I } and

diag{l_Di_T, I}, respectively, this results in the following matrix inequality

— | — —_— N —_— R (— —_—]
P, Ai+A P, + 3P, E —aP; E P, G

& <0. (3.8)
% ey
From (3.7) and (3.8), we can obtain
JV(x(t),i) < aV (x(t),i) + w" (H)Ow(t). (3.9)
Further, (3.9) can be rewritten as
E{J[e 'V ®x(t),1)])} < E{e‘“th(t)@iw(t) } (3.10)
Integrating (3.10) from 0 to t, with f € [0, T], we obtain
e MRV (x(),i)) < E{V(Z(0),i=ro)) + f; ]E{e_aTwT(T)@iw(T) }dT. (3.11)

Noting & > 0, t € [0,T], and condition (3.1c), we have
E{ET(t)R’lEf(t) b =E(VE®), i)
< e“t{IE{V(E(O),i =10)} + f; ]E{e_“TwT(T)@iw(T)}dT} (3.12)
<et(hc} + Lod?).

Taking into account that

E{¥ ()P, Ex(t)) - E{zTa)EZE}”E,.ﬁ}“Ez(t) }
(3.13)
> AlE{iT(t)ETREE(t) L
we obtain
T — A2 + Npd?
E{x' (0E REX()) < e“TlCl)L—Z. (3.14)

=1

Therefore, it follows that condition (3.1d) implies E{ET(t)EiTEEE(t)} <clforallt € [0,T].
This completes the proof of the theorem. O
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Theorem 3.2. The error dynamic SMJS (2.5a) and (2.5b) is singular stochastic finite-time H,
stabilization via observer-based state feedback with respect to (c1,c¢2, T, R;, y, d) if there exist positive
scalars a,cy,y, a set of mode-dependent nonsingular matrices {ﬁi, i € M}, and a set of mode-
dependent symmetric positive-definite matrices {S;, i € M}, and for all i € M, such that (3.1a),
(3.1c), and the following inequalities:

— ——T——T ——T —
E'i"'PiCi Cipi PCD i+G'
: <0, (3.15a)
* -y?e™T1 + DL.Dy;
LcZe T +y2d? < 2\, (3.15b)
——T ——T — =T
hold, where Z; = A;P; + P; A, +Z]17rl]PP EP —aEP;.
Proof. Note that
— —T— —T —
P;C; CiP; P; C Dy;
A . [c P, Dy 20. (3.16)
x DID, DI
Thus, condition (3.15a) implies that
AP +PA + S, PP EP —aEP G
il i Trj iy Ll —akils i
ST <. (3.17)
% _Y26—aTI

Let ©; = —y?e~*T] for all i € M|, by Theorem 3.1, conditions (3.1a), (3.1c), (3.15b), and (3.17)
can guarantee that the error dynamic SMJS (2.5a) and (2.5b) is singular stochastic finite-time
stabilization via observer-based state feedback with respect to (c1, 2, T, E, d). Therefore, we
only need to prove that the constraint relation (2.10) holds. Let us choose the Lyapunov-
Krasovskii function V(x(t),i) in the form (3.6) in Theorem 3.1 and noting (3.7) and (3.15a),
we obtain

JV(X(t),i) < aV(x(t),i) + y*e Tw (t)w(t) - 2" (t)z(t). (3.18)
Further, (3.18) can be represented as

Je V@ (E), i)] < e [P Tw (tyw(®) - 27 (1)z(1)]. (3.19)

Integrating (3.19) from 0 to T and noting that under-zero initial condition, we have

J'T et [zT(t)z(t) - yze*“TwT(t)w(t)]dt <- JT J[e @V (x(t),i)]dt < V(%(0),r0) =0. (3.20)
0 0
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Using the Dynkin formula, it results that
T
E{f e [ZT(i’)Z(t) - Yze“TwT(t)w(t)]wt} <0. (3.21)
0

Thus, for all f € [0, T] and under-zero initial condition, we have

T T
E{f zT(t)z(t)dt} < e“TE{I e"‘tzT(t)z(t)dt}
0 0

T
< e“TE{ f yze"”‘(”T)wT(t)w(t)dt} (3.22)
0
T
< yzE{f wT(t)w(t)dt}.
0
This completes the proof of the theorem. O

Let P; = diag{P;, P;}, S; = diag{S;, S;}, and R = diag{R;, R;}, then the following
theorem gives LMI conditions to ensure singular stochastic finite-time H., stabilization via
observer-based state feedback of the error dynamic SMJS (2.5a) and (2.5b).

Theorem 3.3. There exist a state feedback controller u(t) = K;x(t) with K; = YiPl.‘T and a state
observer H; = —P,~C;. such that the error dynamic SMJS (2.5a) and (2.5b) is singular stochastic finite-

time H, stabilization via observer-based state feedback with respect to (c1,¢2, T, R;, Y, d) if there exist
positive scalars a, ¢y, y, 01, and sets of mode-dependent symmetric positive-definite matrices {X;, i €
M}, {®;, i € MY}, sets of mode-dependent matrices {Y;, i € M}, {Z;, i € M}, and forall v, =i € M,
such that the following inequalities hold:

0< PE] =EP = EU;TX;U'E] < @, (3.23a)
Ty Iy

[ H 121] <0, (3.23b)
* Ty

R <U;XU] <R, (3.23¢)

e T (—2 +v2d2) ¢
[ (Ca+rd) a ] <0, (3.23d)
1

* -0
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where

Li(P,Y;) -BY; G;
Iy = * Ly (P;, Y3) G; ,
* * —YZef’lTI
PCT+Y'DT 0 Y; 0
Ip; = -Y!'DI. Pic; 0 Yil,
DI 0 0 0
. (3.24)
Iy = —diag{l, E/Wirwi}/
Li(P,Y;) = BA! + A,Pf + BY; + Y/ B! + (i — ) E; P,
Ly(P;, Y:) = P,AT + A;P! + (;; — a)E; P!,
Y; = [V@aP, ..., \/7ii-) P \/Ti) Py - - ., VTN D],

W, = diag{P1T+P1 ~®,,..., P, + Py~ @y, PL, + Py — Dy, ..., DL, +PN—<DN}.

1

In addition, the form of P; = E;U;T X, 01 + U, Z; V] is from (3.36).

Proof. We firstly prove that condition (3.23b) implies condition (3.15a). Let P; = diag{P,, P;},
S = diag{S;, Si}, and R = diag{R;, R;}, then conditions (3.1a), (3.1c), and (3.1d) are
equivalent to

PE! = E;P! >0, (3.25a)
P7'E; = E'R/?S;R!E,, (3.25b)
xicie™ +y*d® < ook, (3.25¢)

where &1 = sup;.,{Amax(Si) } and x; = inficpr {Amin (Si) }. By condition (3.23a), we have

P'E; < P7'@;PT,  VjeM. (3.26)
Thus, the inequality
N N
> yrijpipl.-lEjPiT < > yrijpig.-lq)jplfTPiT
j=1j#i j=1j#i (3.27)

<YV
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holds, where

Yi = [V7iiPi, ..., /71 P, /i Py -, /T NP,

(3.28)
Vi = diag{ P{ 7' Py, ..., PL, &7 Py, PO, Pry, ., PR Py

Noting that the inequality
P/®;'P; > P/ + P - @; (3.29)

holds for each j € M, thus,

N
> WijPiP]-_lEjPiT <YWihY], (3.30)
j=Lj#i

where W; = dlag{PlT + P —(Dl,...,Pij;l + P4 _q)i—l/Pij;l + P — Dy, .. ,P]]\} + PN —(DN}. Let

Y; = diag{Y;, Y;} and W, = diag{W;, W;}, then a sufficient condition for (3.15a) to guarantee
is that

O, +Y.W, X, +P,C,CiP, D.C, Dy +G;

<0, (3.31)
* —Yze_aTI + D;Dzi

where ©; = Ziﬁ? + EZZ + (7 — a)fiﬁ?. Noting the forms of A;,B;,C;, and G;, then the
inequality (3.31) is equivalent to the following:

Alli —B,'KiPiT Gi PlClT + PIKITD};

* Nooj G; -PKID].

<0, (3.32)
* * —y?e T D;,
* * * -1

where
Aui = PAT + AiPl + BIK:P[ + PK]B] + YW, 'Y! + (o — a)E;P/,
(3.33)
Ayi = DA} + AP - H,C,;P! - Pic;.HiT + YW Y] + (7 — a) E; P
Let H; = —PiC;., we obtain
Agi = BAL + AP} +2P,C} .CyiPl + YW Y] + (75 - a) E;P/. (3.34)

Letting Y; = K;P! and applying Lemma 2.8, it follows that (3.32) is equivalent to (3.23b).
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Noting that P; is nonsingular matrix, by Lemma 2.9, there exist two orthogonal
matrices U; and V;, such that E; has the decomposition as

s, 0 I, 0
E,.zu,.[ " ]vfzu,.[” ]v{, (3.35)
* 0 * 0

where %, = diag{6i1,06i1, ..., 0i,} with 6 > 0forall k =1,2,...,r. Partition U; = [Un U],
Vi = [Va Vil and U; = [VaZ, V] with E;V;, = 0 and ULE; = 0. Let P, = U! P,U;, from

(3.23a), D is of the following form [P Iy gz ], and P; can be expressed as
P = EUT XU + U, Z V), (3.36)

where Z; = [PlTZi PZTZi]T and X; = diag{P1;, ¥;} with a parameter matrix ¥;. If we choose ¥;
as a symmetric positive definite matrix, then X; is a symmetric positive definite matrix. Thus,
S; = R;V2U;X;'UTR;"/? is a solution of (3.25b), and P; satisfies PE! = E;P! = E;U;TX;U'EL.

LetI < S; < o] 1, then it is easy to check that conditions (3.23c) and (3.23d) can
guarantee that conditions (3.25¢c) hold. This completes the proof of the theorem. O

Corollary 3.4. There exist a state feedback controller u(t) = K;x(t) with K; = Y,-Pi‘T and a state
observer H; = —PiC;. such that the error dynamic SMJS (2.5a) is singular stochastic finite-time

stabilization via observer-based state feedback with respect to (c1,c¢a, T, R-,d) if there exist positive
scalars a, ¢y, 01,02, and sets of mode-dependent symmetric positive-definite matrices {X;, i € M},
(D;, i € M}, {©;, i € M}, sets of mode-dependent matrices {Y;, i € M}, {Z;, i € M}, and for all
re =1 € M, such that the following inequalities hold:

0 <PE =EP =EU"X;U;'E] <@, (3.37a)
[Li(P,Y;)) -BY; G 0 Y, 0]
* L(P,Y;) G Pic;- 0 Y
* * -0; 0 0 0
I <0, (3.37b)
* * * — 0 0
2
* * * *  -W; 0
| * * * *  —W;]
R <U;XU! <R', 0<0;<o0l, (3.37¢)
—e T2+ 0,d? ¢
[ 2 ] <0, (3.37d)
* —01

where L1(P;,Y;), Ly (P;, Y;), Y, W;, and P; are the same as Theorem 3.3.
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Remark 3.5. The feasibility of conditions stated in Theorem 3.3 and Corollary 3.4 can be
turned into the following LMIs-based feasibility problem with a parameter a, respectively:
min (B +p)
Xi/ Yi/ Zi/ q)il 01 (338)
s.t. (323a)-(323d) withff=c3, p=y?%
min f
Xi, Y, Zi, ®;,0;,01,02 (3.39)
s.t. (3.37a)-(3.37d) with = c3.
Furthermore, we can also find the parameter a by an unconstrained nonlinear optimization

approach, in which a locally convergent solution can be obtained by using the program
fminsearch in the optimization toolbox of Matlab.

Remark 3.6. If we can find feasible solution with parameter &« = 0, by the above discussion,
we can obtain the designed state observer, and state feedback controller cannot only ensure
SSFTB and stochastic stabilization of the error dynamic SMJS (2.5a) and (2.5b) but also the
effect of the disturbance input of the disturbance input on the controlled output satisfying
|| Twz|| < y for the error dynamic SMJS.

4. Numerical Examples
In this section, we present numerical examples to illustrate the proposed methods.

Example 4.1. To show the results of singular stochastic finite-time H,, stabilization via
observer-based state feedback of the error dynamic SMJS (2.5a) and (2.5b), consider a two-
mode SMJS (2.1a)—(2.1c) with parameters as follows:

(i) mode no. 1:

10 -1 15 -1 02 0.1
El = 7 Al = ’ Bl = s Gl = s
00 22 -3 0.5 -0.1 0.1 (4.1)
Ci = [1 —0.3], Dy = [0.5 —0.6], Dy = [—0.3], Cp = [0.6 —0.6],
mode no. 2:
10 -05 1.2 -1 2 0.2
E, = , Ay = , B, = , G = ,
00 1.6 -15 05 -1 -0.1 (4.2)
Co=[1 -02], Dip=[-0806], Dn=[-04], Cp=[0204].

In addition, the transition rate matrix is described by I' = [ %5 %5 1.
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Then, we choose Ry = Ro = I,, T =2,d =2, c; =1, and a = 2, and Theorem 3.3
yields y = 3.0073, ¢, = 10.7667, and

0.9982 0.0000 y _ [0:2129 01927 L _ [oo166
~10.0000 0.8569|" ~ 10.6038 -0.2995]" ~ |1.0377]

0.6857 —0.0000 v 0.5051 0.0344 - -0.1895 43)
~ |-0.0000 0.8569 |’ ~l0.1119 0.2116] | osso2 |’ ’
1.0041 -0.0333 0.8400 -0.2934
= , = ’ o1 = 0.6852.
-0.0333 0.2897 —-0.2934 0.6147
This also gives the following gains:
0.3838 —0.1857 -0.0490
Ky = , H, = ,
0.8700 —0.2886 0.6226
(4.4)
0.7366 0.0401 -0.5663
- 0.1632 0.2470 ’ - -0.4151 .

Moreover, by Theorem 3.3, the optimal bound with minimum value of ¢ + y? relies
on parameter a. Let Ry = R, = I, T = 2,d = 2, and ¢; = 1, then we can find feasible
solution when 1.27 < a < 10.11. Figure 1 shows the optimal value with a different value
of a. Furthermore, by using the program fminsearch in the optimization toolbox of Matlab
starting at a = 2, the locally convergent solution can be derived as

0.3251 —0.1199 L [Fo1564
~ lo.5985 —0.1072| | 0.4356 |

1.1810 -0.1137 —-0.4956
KZ = s H, = s
0.6294 -0.0173 -0.2904

with a = 1.7043 and the optimal values y = 2.5572 and ¢, = 9.7515.

Remark 4.2. To show the results of singular stochastic finite-time stabilization via observer-
based state feedback of the error dynamic SMJS (2.5a), consider a two-mode SMJS (2.1a) and
(2.1c) with parameters that the matrical variables and the transition rate matrix are the same
as the above example. Let R(1) = R(2) = I,, T =2, d = 2, and ¢; = 1, by Corollary 3.4,
the optimal bound with minimum value of ¢3 relies on the parameter a. We can find feasible
solution when 1.26 < a < 10.35. Figure 2 shows the optimal value with different value of a.
Then using the program fminsearch in the optimization toolbox of Matlab starting at & = 2,
we can obtain the locally convergent solution ¢, = 9.7037 with a = 1.7001.
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Figure 1: The local optimal bound of y and c;.
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Figure 2: The local optimal bound of ¢».

Example 4.3. To show SSFTB and stochastic stabilization of the error dynamic SMJS (2.5a)
and (2.5b) and the effect of the disturbance input of the disturbance input on the controlled
output satisfying || T || < y for the error dynamic SMJS, let

-4 145 22 -145
Ay = . Ay = , (4.6)
25 -32 -1 -15

and other matrical variables and the transition rate matrix are the same as Example 4.1.

Then, let Ry = R, = I, d = 2, and ¢; = 1. By Theorem 3.3, we can find the feasible
solution when a = 0. Noting that when a = 0, Theorem 3.3 yields the optimal value y = 0.4001
and ¢; = 1.2817. Thus, the above error dynamic SMJS is stochastically stabilizable, and the
effect of the disturbance input of the disturbance input on the controlled output satisfies
| T < 0.4001.
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5. Conclusions

This paper investigates the problem of finite-time H,, control via observer-based state
feedback for a family of SMJSs with time-varying norm-bounded disturbance. An observer-
based state feedback controller is designed which ensures singular stochastic finite-time H.,
stabilization via observer-based state feedback of the resulting closed-loop error dynamic
SMJS. Sufficient criterions are presented for the solvability of the problem, which can be
reduced to a feasibility problem in the form of linear matrix inequalities with a fixed pa-
rameter. In addition, we also give the problem of finite-time stabilization via observer-based
state feedback of a class of SMJSs and present sufficient conditions of singular stochastic
finite-time stabilization via observer-based state feedback for the class of SMJSs. Numerical
examples are also given to show the validity of the proposed methodology.
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