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We obtain some new fixed point theorems for a (ψ, φ)-pair Meir-Keeler-type set-valued contraction
map inmetric spaces. Ourmain results generalize and improve the results of Klim andWardowski,
(2007).

1. Introduction and Preliminaries

Let (X, d) be a metric space, Y a subset of X, and f : Y → X a map. We say f is contractive if
there exists α ∈ [0, 1) such that, for all x, y ∈ Y ,

d
(
fx, fy

) ≤ α · d(x, y). (1.1)

Thewell-known Banach’s fixed-point theorem asserts that if Y = X, f is contractive and (X, d)
is complete, then f has a unique fixed point inX. It is well known that the Banach contraction
principle [1] is a very useful and classical tool in nonlinear analysis. Also, this principle has
many generalizations. For instance, a mapping f : X → X is called a quasi-contraction if
there exists k < 1 such that

d
(
fx, fy

) ≤ k{d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)}, (1.2)

for any x, y ∈ X. In 1974, Ćirić [2] introduced these maps and proved an existence and
uniqueness fixed-point theorem.
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Throughout this paper, by R we denote the set of all real numbers, while N is the set of
all natural numbers. Let (X, d) be ametric space. LetC(X) denote a collection of all nonempty
closed subsets ofX and CB(X) a collection of all nonempty closed and bounded subsets ofX.

The existence of fixed points for various multivalued contractive mappings had been
studied by many authors under different conditions. In 1969, Nadler Jr. [3] extended the
famous Banach contraction principle from single-valued mapping to multivalued mapping
and proved the below fixed-point theorem for multivalued contraction.

Theorem 1.1 (see [3]). Let (X, d) be a complete metric space, and let T be a mapping from X into
CB(X). Assume that there exists c ∈ [0, 1) such that

H(
Tx, Ty

) ≤ cd(x, y) ∀x, y ∈ X, (1.3)

whereH denotes the Hausdorffmetric onCB(X) induced by d; that is,H(A,B) = max{supx∈AD(x,
B), supy∈BD(y,A)}, for allA,B ∈ CB(X) andD(x, B) = infz∈Bd(x, z). Then T has a fixed point in
X.

In 1989, Mizoguchi-Takahashi [4] proved the following fixed-point theorem.

Theorem 1.2 (see [4]). Let (X, d) be a complete metric space, and let T be a map fromX intoCB(X).
Assume that

H(
Tx, Ty

) ≤ ξ(d(x, y)) · d(x, y), (1.4)

for all x, y ∈ X, where ξ : [0,∞) → [0, 1) satisfies lim sups→ t+ξ(s) < 1 for all t ∈ [0,∞). Then T
has a fixed point in X.

In 2006, Feng and Liu [5] gave the following theorem.

Theorem 1.3 (see [5]). Let (X, d) be a complete metric space, and let T : X → C(X) be a
multivalued map. If there exist b, c ∈ (0, 1), c < b such that for any x ∈ X, there is y ∈ T(x)
satisfying the following two conditions:

(i) b · d(x, y) ≤ D(x, Tx),

(ii) D(x, Ty) ≤ c · d(x, y).

Then T has a fixed point in X provided that the mapping f : X → R defined by f(x) = D(x, Tx),
x ∈ X, is lower semicontinuous; that is, if for any {xn} ⊂ X and x ∈ X, xn → x, then f(x) ≤
limn→∞ inf f(xn).

In 2007, Klim and Wardowski [6] proved the following fixed point theorem.

Theorem 1.4 (see [6]). Let (X, d) be a complete metric space, and let T : X → C(X) be a
multivalued map. Assume that the following conditions hold:

(i) the mapping f : X → R defined by f(x) = D(x, Tx), x ∈ X, is lower semicontinuous;
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(ii) there exist b ∈ (0, 1) and ϕ : [0,∞) → [0, b) such that

∀t∈[0,∞)

{
lim
r→ t+

supϕ(r) < b
}
,

∀x∈X ∃y∈Tx
{
bd

(
x, y

) ≤ D(x, Tx) ∧D(
y, Ty

) ≤ ϕ(d(x, y)) · d(x, y)}.
(1.5)

Then T has a fixed point in X.

Recently, Pathak and Shahzad [7] introduced a new class of mapping Θ[0, A) and
generalized the results of Klim and Wardowski [6]. Suppose that A ∈ (0,∞], Θ[0, A) denote
the class of functions θ : [0, A) → R satisfying the following conditions:

(1) θ is nondecreasing on [0, A);

(2) θ(t) > 0 for all t ∈ (0, A);

(3) θ is subadditive in (0, A); that is, θ(t1 + t2) ≤ θ(t1) + θ(t2).
The following theorem was introduced in Pathak and Shahzad [7].

Theorem 1.5 (see [7]). Let (X, d) be a complete metric space and suppose that T : X → C(X).
Assume that the following conditions hold:

(i) the mapping f : X → R defined by f(x) = D(x, Tx), x ∈ X, is lower semicontinuous,

(ii) there exists α : (0,∞) → (0, 1) such that

∀t∈[0,∞)

{
lim
r→ t+

supα(r) < 1
}
, (1.6)

(iii) there exists θ ∈ Θ[0, A) satisfying the following condition:

∀x∈X ∃y∈Tx
{
θ
(
d
(
x, y

)) ≤ θ(D(x, Tx))
}
,

∀x∈X ∃y∈Tx
{
θ
(
D
(
y, Ty

)) ≤ α(d(x, y)) · θ(d(x, y))}.
(1.7)

Then T has a fixed point in X.

Later, Kamran and Kiran [8] improved some results of Pathak and Shahzad [7] by
allowing T to have values in closed subsets of X. They proved that the function θ ∈ Θ[0, A)
is positive homogenous in [0, A), that is,

(4) θ(at) ≤ aθ(t) for all a > 0, t ∈ [0, A),

and denote by Θh[0, A) the class of functions θ ∈ Θ[0, A) satisfying condition (4). They
proved the following theorem.

Theorem 1.6 (see [8]). Let (X, d) be a complete metric space and suppose that α is a function from
(0,∞) to [0, 1) such that

∀t∈[0,∞)

{
lim
r→ t+

supα(r) < 1
}
. (1.8)
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Suppose that T : X → C(X). Assume that the following condition holds:

θ
(
D
(
y, Ty

)) ≤ α(d(x, y)) · θ(d(x, y)), for each x ∈ X, y ∈ Tx, (1.9)

where θ ∈ Θh[0, A). Then

(i) for each x0 ∈ X, there exists an orbit {xn} of T and ξ ∈ X such that limn→∞xn = ξ;

(ii) ξ is a fixed point of T if and only if the function f(x) = D(x, Tx) is T -orbitally lower
semicontinuous at ξ.

2. Main Results

In this section, we first recall the notion of the Meir-Keeler-type function (see [9]). A function
ψ : [0,∞) → [0,∞) is said to be a Meir-Keeler-type function, if, for each η ∈ [0,∞), there
exists δ > 0 such that for t ∈ [0,∞)with η ≤ t < η + δ, we have ψ(t) < η. We now define a new
stronger Meir-Keeler-type function, as follows.

Definition 2.1. One calls ψ : [0,∞) → [0, 1) the stronger Meir-Keeler-type function, if, for
each η > 0, there exists δ > 0 such that for t ∈ [0,∞) with η ≤ t < δ + η, there exists γη ∈ [0, 1)
such that ψ(t) < γη.

Remark 2.2. It is clear that, if the function ξ : [0,∞) → [0, 1) satisfies

lim sup
s→ t+

ξ(s) < 1 (2.1)

for all t ∈ [0,∞), then ξ is also a stronger Meir-Keeler-type function.

Example 2.3. (1) If ψ : [0,∞) → [0, 1), ψ(t) = k with k ∈ (0, 1), then ψ is a stronger Meir-
Keeler-type function.

(2) If ψ : [0,∞) → [0, 1), ψ(t) = t/(t+1), then ψ is a strongerMeir-Keeler-type function.

Definition 2.4. Let ψ : [0,∞) → [0, 1), φ : [0,∞) → [b, 1) be two functions where 0 < b < 1.
Then the mappings ψ, φ are called a (ψ, φ)-pair Meir-Keeler-type function, if, for each η > 0,
there exists δ > 0 such that, for t ∈ [0,∞) with η ≤ t < δ + η, there exists γη ∈ [0, 1) such that
ψ(t)/φ(t) < γη.

Remark 2.5. It is clear that if the functions ψ : [0,∞) → [0, 1), φ : [0,∞) → [b, 1) satisfy

lim sup
s→ t+

ψ(s)
φ(s)

< 1, (2.2)

for all t ∈ [0,∞), then φ, ψ are also a (ψ, φ)-pair Meir-Keeler-type function.

Example 2.6. If ψ : [0,∞) → [0, 1), ψ(t) = t/(4t + 1) and φ : [0,∞) → [0, 1), φ(t) = t/(3t + 1),
then φ, ψ are a (ψ, φ)-pair Meir-Keeler-type function.
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Definition 2.7. Let (X, d) be a metric space, let ψ : [0,∞) → [0, 1), φ : [0,∞) → [b, 1) be
two functions where 0 < b < 1, and let T : X → 2X be a set-valued map. Then T is called a
(ψ, φ)-pair Meir-Keeler-type set-valued contraction map, if the following conditions hold:

(C1) for each η > 0, there exists δ > 0 such that for x ∈ X with η ≤ D(x, Tx) < δ +η, there
exists γη ∈ [0, 1) such that

ψ(D(x, Tx))
φ(D(x, Tx))

< γη, (2.3)

(C2) for all x ∈ X, there exists y ∈ Tx such that

φ(D(x, Tx)) · d(x, y) ≤ D(x, Tx),

D
(
y, Ty

) ≤ ψ(D(x, Tx)) · d(x, y).
(2.4)

In this paper, we obtain some new fixed-point theorems for a (ψ, φ)-pair Meir-Keeler-
type set-valued contraction map in metric spaces. Our main results generalize and improve
the results of Klim and Wardowski [6]. We now state our main theorem as follows.

Theorem 2.8. Let (X, d) be a complete metric space, and let T : X → C(X) be a (ψ, φ)-pair Meir-
Keeler-type set-valued contraction map. Then T has a fixed point in X provided the mapping f : X →
R defined by f(x) = D(x, Tx), x ∈ X, is lower semicontinuous.

Proof. Given x0 ∈ X and by (C2), there exists x1 ∈ X such that x1 ∈ Tx0. Since T is a (ψ, φ)-pair
Meir-Keeler type set-valued contraction map, there exists x1 ∈ Tx0 such that

φ(D(x0, Tx0)) · d(x0, x1) ≤ D(x0, Tx0),

D(x1, Tx1) ≤ ψ(D(x0, Tx0)) · d(x0, x1).
(2.5)

Continuing this process, we can choose a sequence {xn} ⊂ X with xn+1 ∈ Txn such that, for
all n ∈ N ∪ {0},

φ(D(xn, Txn)) · d(xn, xn+1) ≤ D(xn, Txn),

D(xn+1, Txn+1) ≤ ψ(D(xn, Txn)) · d(xn, xn+1).
(2.6)

Therefore, we can deduce that, for all n ∈ N,

D(xn+1, Txn+1) ≤
ψ(D(xn, Txn))
φ(D(xn, Txn))

·D(xn, Txn)

< D(xn, Txn).

(2.7)
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Thus, the sequence {D(xn, Txn)}∞n=0 is decreasing and bounded below. Then there exists η ≥ 0
such that

lim
n→∞

D(xn, Txn) = η. (2.8)

Hence, there exists κ0 ∈ N and δ > 0 such that, for all n ≥ κ0,

η ≤ D(xn, Txn) < η + δ. (2.9)

By the condition (C1), we have that there exists γη ∈ [0, 1) such that

ψ(D(xn, Txn))
φ(D(xn, Txn))

< γη, ∀n ≥ κ0. (2.10)

So for each n ∈ N with n ≥ κ0, by (2.6), we can deduce that

d(xn, xn+1) ≤
ψ(D(xn, Txn))
φ(D(xn, Txn))

≤ ψ(D(xn−1, Txn−1))
φ(D(xn, Txn))

· d(xn−1, xn)

≤ ψ(D(xn−1, Txn−1))
φ(D(xn, Txn))

· D(xn−1, Txn−1)
φ(D(xn−1, Txn−1))

≤ 1
b
· ψ(D(xn−1, Txn−1))
φ(D(xn−1, Txn−1))

·D(xn−1, Txn−1)

≤ 1
b
· γη ·D(xn−1, Txn−1)

≤ 1
b
· γ2η ·D(xn−2, Txn−2)

...

≤ 1
b
· γn−κ0η ·D(xκ0 , Txκ0).

(2.11)

Takem,n ∈ N withm > n > κ0. Then we get

d(xn, xm) ≤
m−1∑

i=n

d(xi, xi+1) ≤ 1
b
· γ

n−κ0
η ·D(xκ0 , Txκ0)

1 − γη , (2.12)

and so we conclude that

d(xn, xm) −→ 0, as m,n −→ ∞, (2.13)
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since 0 ≤ γη < 1. Thus, {xn}∞n=0 is a Cauchy sequence in X. Since X is complete, there exists
μ ∈ X such that xn → μ as n → ∞.

Since f : X → R, f(x) = d(x, Tx), x ∈ X, is lower semicontinuous, we have

0 ≤ d(μ, Tμ) = f
(
μ
) ≤ lim

∞
infd(xn, Txn) = 0. (2.14)

The closeness of Tμ implies μ ∈ Tμ.

The following is a simple example for Theorem 2.8, and it generalize the result of Klim
and Wardowski [6].

Example 2.9. Let X = [0, 1] be a metric space with the standard metric d. Let T : X → C(X)
be defined by

T(x) =
{
1
3
x2
}
, ∀x ∈ X. (2.15)

Let ψ : [0,∞) → [0, 1), φ : [0,∞) → [2/3, 1) be defined by

ψ(t) =
4
9
+

1
9(t + 1)

, φ(t) =
2
3
+

1
9(t + 1)

, ∀t ∈ [0,∞). (2.16)

Then T is a (ψ, φ)-pair Meir-Keeler-type set-valued contraction map, and 0 ∈ X is a fixed
point of T .

In particular, if we let φ(t) = 2/3, then this example satisfies all of the conditions of
Theorem 1.4 (that was introduced in Klim and Wardowski [6]).

Using Example 3.1 in [6] and Example 1 in [10], we get the following another example
for Theorem 2.8.

Example 2.10. Let X = [0, 1] be a metric space with the standard metric d. Let T : X → C(X)
be defined as in Example 3.1 of Klim and Wardowski [6]:

T(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{
1
2
x2
}
, if x ∈

[
0,

15
32

)
∪
(
15
32
, 1
]
,

{
17
96
,
1
4

}
, if x =

15
32
.

(2.17)

Let ψ : [0,∞) → [0, 1) be defined as in Example 1 of Ćirić [10]:

ψ(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
{

1
12
,
23
12
t

}
, if t ∈

[
0,

1
2

]
,

{
23
24

}
, if t ∈

(
1
2
,∞

)
,

(2.18)
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and let φ : [0,∞) → [1/12, 1) be defined by

φ(t) =
√
ψ(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

max

{√
1
12
,

√
23t
12

}

, if t ∈
[
0,

1
2

]
,

{√
23
24

}

, if t ∈
(
1
2
,∞

)
.

(2.19)

Clearly, a function

f(x) = D(x, Tx) =

⎧
⎪⎪⎨

⎪⎪⎩

x − 1
2
x2, if x ∈

[
0,

15
32

)
∪
(
15
32
, 1
]
,

7
32
, if x =

15
32
,

(2.20)

is lower semicontinuous. Then φ, ψ are a (ψ, φ)-pair Meir-Keeler-type function, and T is a
(ψ, φ)-pair Meir-Keeler-type set-valued contraction map. Moreover, by Theorem 2.8, we have
that 0 ∈ X is a fixed point of T .

If we let T : X → C(X) be closed, then we also have the following fixed result.

Theorem 2.11. Let (X, d) be a complete metric space, and let T : X → C(X) be a (ψ, φ)-pair
Meir-Keeler-type set-valued contraction map and closed. Then T has a fixed point in X.

Proof. Following the proof of Theorem 2.8, we get that {xn}∞n=0 is a Cauchy sequence in X.
Since X is complete, there exists μ ∈ X such that xn → μ as n → ∞. Since T is closed and
xn+1 ∈ Txn, we have that μ ∈ Tμ.

The following is a simple example for Theorem 2.11.

Example 2.12. LetX = [0, 1] be ametric space with themetric d(x, y) := x for all (x, y) ∈ X×X.
Let T : X → C(X) be defined by

T(x) =
{
1
4
x2
}
, ∀x ∈ X. (2.21)

Let ψ : [0,∞) → [0, 1), φ : [0,∞) → [1/4, 1) be defined by

ψ(t) =
1
4
, φ(t) =

1
2
, ∀t ∈ [0,∞). (2.22)

Then T is a (ψ, φ)-pair Meir-Keeler-type set-valued contraction map and closed, and 0 ∈ X is
a fixed point of T .

Applying Theorem 2.8 and Remark 2.5, we are easy to get the following result.



Journal of Applied Mathematics 9

Theorem 2.13. Let (X, d) be a complete metric space, let ψ : [0,∞) → [0, 1), φ : [0,∞) → [b, 1)
be two functions where 0 < b < 1, and let T : X → C(X) be a set-valued contraction map. Suppose
the following conditions hold:

(1) for each t ∈ [0,∞),

lim sup
s→ t+

ψ(s)
φ(s)

< 1, (2.23)

(2) for all x ∈ X, there exists y ∈ Tx such that

φ(D(x, Tx)) · d(x, y) ≤ D(x, Tx),

D
(
y, Ty

) ≤ ψ(D(x, Tx)) · d(x, y).
(2.24)

Then T has a fixed point in X provided the mapping f : X → R defined by f(x) = D(x, Tx), x ∈ X,
is lower semicontinuous.

The following is a simple example for Theorem 2.13.

Example 2.14. Let X = [0, 1] be a metric space with the metric d, d(x, y) := x for all (x, y) ∈
X × Y . Let T : X → C(X) be defined as in Example 3.1 of Klim and Wardowski [6]:

T(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{
1
2
x2
}
, if x ∈

[
0,

15
32

)
∪
(
15
32
, 1
]
,

{
17
96
,
1
4

}
, if x =

15
32
.

(2.25)

Let ψ : [0,∞) → [0, 1) be defined as in Example 1 of Ćirić [10]:

ψ(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
{

1
12
,
23
12
t

}
, if t ∈

[
0,

1
2

]
,

{
23
24

}
, if t ∈

(
1
2
,∞

)
,

(2.26)

and let φ : [0,∞) → [1/12, 1) be defined by

φ(t) =
√
ψ(t). (2.27)

Clearly, a function

f(x) = D(x, Tx) = x (2.28)

is lower semicontinuous. Clearly, lim sups→ t+(ψ(s)/φ(s)) < 1. We also conclude the follow-
ing.
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Case 1. If x ∈ [0, 15/32) ∪ (15/32, 1], then y = T(x) = (1/2)x2, and ψ, φ satisfy the condition
(2) of Theorem 2.13.

Case 2. If x = 15/32, then y = T(x) = 1/4 (resp., y = T(x) = 17/96), and ψ, φ also satisfy the
condition (2) of Theorem 2.13.

Thus, by Theorem 2.13, we have that 0 ∈ X is a fixed point of T .

Using Example 2.10, we also get the following example for Theorem 2.13.

Example 2.15. Let X = [0, 1] be a metric space with the standard metric d. Let T : X → C(X)
be defined as

T(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{
1
2
x2
}
, if x ∈

[
0,

15
32

)
∪
(
15
32
, 1
]
,

{
17
96
,
1
4

}
, if x =

15
32
.

(2.29)

Let ψ : [0,∞) → [0, 1) be defined as

ψ(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
{

1
12
,
23
12
t

}
, if t ∈

[
0,

1
2

]
,

{
23
24

}
, if t ∈

(
1
2
,∞

)
,

(2.30)

and φ : [0,∞) → [1/12, 1) be defined by

φ(t) =
√
ψ(t). (2.31)

Clearly, lim sups→ t+(ψ(s)/φ(s)) < 1, and φ, ψ satisfies all of the conditions of Theorem 2.13.
So, we have that 0 ∈ X is a fixed point of T .

If we let the function φ : [0,∞) → [b, 1) be φ(t) = b for all t ∈ [0,∞) and let the
function ψ : [0,∞) → [0, b), b ∈ (0, 1), be a stronger Meir-Keeler-type function; that is for
if, for each η > 0, there exists δ > 0 such that, for t ∈ [0,∞) with η ≤ t < δ + η, there exists
γη ∈ [0, b) such that ψ(t) < γη, then, by Theorem 2.8, it is easy to get the following theorem.

Theorem 2.16. Let (X, d) be a complete metric space, let ψ : [0,∞) → [0, b), b ∈ (0, 1) be a stronger
Meir-Keeler-type function, and let T : X → C(X) be a set-valued contraction map. Suppose that, for
all x ∈ X, there exists y ∈ Tx such that

b · d(x, y) ≤ D(x, Tx),

D
(
y, Ty

) ≤ ψ(D(x, Tx)) · d(x, y).
(2.32)

Then T has a fixed point in X provided that the mapping f : X → R defined by f(x) = D(x, Tx),
x ∈ X, is lower semicontinuous.
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The following is a simple example for Theorem 2.16.

Example 2.17. Let X = [0, 1] be a metric space with the standard metric d. Let T : X → C(X)
be defined by

T(x) =
{
1
3
x2
}
, ∀x ∈ X. (2.33)

Let ψ : [0,∞) → [0, 2/3) be defined by

ψ(t) =
4
9
+

1
9(t + 1)

, ∀t ∈ [0,∞). (2.34)

Then ψ a stronger Meir-Keeler-type function, and 0 ∈ X is a fixed point of T .
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[10] L. Ćirić, “Multi-valued nonlinear contraction mappings,”Nonlinear Analysis: Theory, Methods & Appli-
cations, vol. 71, no. 7-8, pp. 2716–2723, 2009.


