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This paper is concerned with p(> 2)-cyclic self-mappings T : U, Ai — Ujep Ai in @ metric space
(X, d), with A; ¢ X, T(A;) € Aisa fori =1,2,...,p, under a general contractive condition which
includes as particular cases several of the existing ones in the literature. The existence and unique-
ness of fixed points and best proximity points is discussed as well as the convergence to them of the
iterates generated by the self-mapping from given initial points.

1. Introduction

There are exhaustive results about fixed point theory concerning the use of general contrac-
tive conditions in Banach spaces or in complete metric spaces and in partially ordered metric
spaces which include as particular cases previous ones in the background literature. See, for
instance, [1, 2] and references therein. On the other hand, important attention is being paid to
the study of fixed points and best proximity points of (p > 2)-cyclic contractive mappings and
p-cyclic Meir-Keeler contractive mappings, [3-7]. Generally speaking, cyclic contract self-
mappings T : Uje; Ai — Uiep Ai on the union of p nonempty closed convex subsets A; of a
complete metric space (X, d), subject to T(A;) € Aj.1, have a unique fixed point located in
the intersection of such p subsets if such subsets intersect, [3, 4]. If the p-subsets are disjoint
convex closed nonempty subsets of a uniformly convex Banach space, then there is a unique
best proximity point at each of the p subsets. The above properties also hold for cyclic Meir-
Keeler contractions, [5-7]. In this paper, a contractive condition for p-cyclic self-mapping on
the union of p subsets of a metric space which includes as particular cases a number of the
existing ones in the background literature is proposed, and their basic associate properties
are discussed. It is discussed the existence and uniqueness of fixed points if the metric space
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is complete and the set of subsets involved in the cyclic contractive condition have nonempty
intersections and the existence and uniqueness of best proximity points within each of the
subsets A; C X if they are convex, closed and disjoint and X is a uniformly convex Banach
space. The asymptotic convergence of the iterates from given initial point to best proximity
points at each subset or to the unique fixed point if the subsets intersect is also discussed.

2. Main Results for a General Contractive Condition

This section contains the main results of the paper for p(> 2)-cyclic self-mapping on the union
of a set of p nonempty subsets of a metric space (X, d) under a very general contractive con-
dition which contains as particular cases several previous ones being known in the back-
ground of the literature for the noncyclic case (p = 1).

Theorem 2.1. Let (X,d) be a metric space with p nonempty closed subsets A; of X,Vi € p =
{1,2,...,p} such that Ayj,e = Ag; Ve € ;ﬁ, and let T : Uieﬁ A — Uieﬁ A; be a continuous
p(> 2)-cyclic self-mapping subject to T(A;) C Ai;Vi € p and satisfying the following con-
tractive condition:

d(x, Tx)d(y,Ty) +d(x, Ty)d(y, Tx)
d(x,y)
. piid(x, Tx)(d(x,Ty) +d(y,Ty)) + pod(y, Ty) (d(y, Tx) + d(x,Tx))
d(x,y) +d(x,Ty) +d(y,Tx) (2.1)

(rud(x, Tx) + y2id (y, Ty) ) (d(y, Tx) + d(x, Ty))
d(x,Tx) +d(y,Tx) +d(y,Ty) + d(x, Ty)

d(Tx, Ty) < a

+61;d(x, Tx) + 62d(y, Ty) + ni(d(x, Ty) +d(y, Tx)) + pid(x,y) + wiD;,

forall x € A;,Vy(#x) € Aiyi; i 20, B;; 20, ;i 20, 6j; >20,4; 20, and w; > 0if D; #20; j =
1,2, forall i € p.

Then, the following properties hold:
(i)
p P
D; < d(TP0 0y, TP D) < <H[Ki]> (T, T ) + Y
o=

i=1 1

<1£[ [Kj]>a)ng, (2.2)

j=i+l

for any x € A; and any given i € p provided that

+i—1
{x €A (ﬁ[K,-])d(TP"”x, TVx) + i <p1_[ [Kj]>Wng > Di} #0,  (23)
i=1 A
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where

i+ i +y1i + Pri + 1 -
K; = , Yiep. 24
1—ai—pri—Poi = 62i = Y2i — N P @4

If, in addition, the distances between any pairs of adjacent subsets D; = dist(A;, Ai1) = D are
identical; Vi € p, then T : ;5 Ai — Ui Ai is a p-cyclic self-mapping. If, furthermore,

icp icp

i+ Poi+ i+ Y2+ 61+ 6o+ i +2(Pri+1mi) <1, Viep,

1—[[ O1i + pi +y1i + Pri + 1 <1 (2.5)
1—ai—Pri— Poi = 62i = Y2i — i ’

icp
then all the iterates d(T"!x, T"x) fulfil the following constraints:

(1-Ko)D (1-Ko)D

n+1 n < n <
d(T x, T x)_K d(Tx,x) + ~—p— <d(Tx,x) + ~——2—, VneN,
( ) (2.6)
1-Ky)D
. pn+l n 0
hinj:ip d(T x, T x) < -k < oo,
P - are 1-Ko)D
d(T"””Z”x, T"”+€x> < <H[Ki]> max<H[Ki]l>d(Tx, x) + (1-KoD
Pk bep i, 1-K (2 7)
(1-Ko)D
< A T
< Md(Tx, x) + TR Vn e N,
np+e+l . Tup+l (1 -Ko)D
d (T, T ) < —— <, (2.8)

where ¢ € No, M € R,, D := max;ezD;, K := Hle [Ki] <Tand Ky = min;zK; < 1;Vn € N for
any given x € U Ai, withw; =1-K;, Vi€ p.
If (2.4) is replaced by K; € [0,1), that is,

o +ﬂ2i+Y1i+Y2i +611‘ +62i+l/li +2(ﬂ1i+ﬂi) < 1, Vi Eﬁ, (29)

then the inequalities (2.6)—(2.8) trivially hold.
(ii) Assume that the contractive condition (2.1) satisfies (2.5). Then,

Zp:i_l Hr:-i_l K] )weDe
D; Slimsupd<T7””+1x,TP"x> _Zet ( o1 LK )

< oo, (2.10)
noos 1= T, [K]

Vx € A;, Vi € p under the necessary condition (2.3).
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If, in particular, (2.9) holds, that is, K; € [0, 1), then w; := ((1 - Kl-)/Di)B forany D; #0
and some D > D,Vi € p, then

D; <lim supd(TP”*lx, Tp"x> <D, VxeA;,Vie p. (2.11)

n—oo

If (2.9) holds, D; = D and
w; =1-K; :ai+,62i+Y1i+Y2i+61i+62i+,ui+2(ﬁ1i+rli)/ \7/1'65, (212)

then the limit below exists:

lim d(T”’””x, T”"x) =D; Vxe U A Viep (2.13)
n— oo e '
i€p

which is guaranteed by the condition (2.3).

(iii) If the constants of (2.4) fulfil K = 1_[’;:1 [Ki] <1, then the p subsets A; of X,Vie p
have nonempty intersection (i.e., D; = D = 0,Vi € p), and, if furthermore, the metric space
(X, d) is complete, then lim,, _, ,,d(TP"'x, TP"x) = 0,Vx € Uieﬁ A;jand T : Uieﬁ A — Uieﬁ A;
has a unique fixed point in ;5 Ai to which all the sequences {T"x},cy,, which are then
bounded, converge, Vx € U;g; Ai-

If A; are disjoint, closed, and convex, Vi € p, X is uniformly convex and Hle [Ki] <1
and (2.12) holds with D; = D > 0, Vi € p, then all sequences {T?"x},y,, Vx € A; converge to
a best proximity point of A;, Vi € p.

Proof. Let xo be an arbitrary point in U;; Ai C X and take x = x(n,x¢) = x, = T"x9 € Aj =
Aj(n,i)and y = xp1(n+1,x) = Tx, = T™lx, € Ajy,Vn € No(:= N U {0}), where T = id,
and j = } =[(+n)/plif (i+n)/peNandj= f+ 1, otherwise. Then, from (2.1),

A(Xp41, Xne2) = A(Txp, TXps1)

< aid(x‘r‘l+1/ xn+2)

Brid(Xns1, Xns2) + Poid(Xni1, Xni2)
d(xn/ xn+1) + d(xn/ xn+2)

+ < ,Blid(xn/ Xp41)

A(xp, Xps1) + A(Xp, Xni2)

d(xn/ xn+1)

+ m>d(xn, Xn+2)

Y1id (Xn, Xne1) + Y2id (Xna1, Xn42)
d(xn/ xn+1) + d(xn+1/ xn+2) + d(xn/ xn+2)

d(xnr xn+2)

+ (611 + i) A(Xn, Xns1) + 62id (X i1, Xni2) + w;Di

< aid(Xp41, Xpa2) + w;iD;

+ << Pri + o +61i + #i)d(xmxml) + 62i)d(xn+lrxn+2)

d(xn/ xn+1) + d(xn/ xn+2)
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< Yiid (X, Xn1) +Y2id (Xps1, Xn42) N Prid(xp, Xp41) N )
d(xn/ xn+1) +d(xn+1/ xn+2) + d(xn/ xn+2) d(xn/ xn+1) +d(xn/ xn+2) G

X d(xn/ xn+2)
< aid(Xpa1, Xni2) + (61 + i) A(X, Xpa1) + (Bri + Poi + 62i)A(Xp41, Xna2) + wiD;
+ 1id (Xn, Xns2) + Y1id(Xn, Xpi1) + Y2id (Xps1, Xns2),
(2.14)

and one gets

(1 - ai = Pri = Pai — 62i — Y2i — M) A(X 41, Xn12)
< (610 + pi + 11i + Pri) A (Xn, Xns1) + Mid (X, Xpa2) + wiDj (2.15)

< (61 + pi + y1i + Pui + 1) d (X, Xni1) + wiDi,

so that, since

ﬁlid(xn, Xn+1)
(

, < . X
d(xnrxnﬂ) T d(xmx”+2) +711>d(xn/ xn+2) _ﬂhd(xnr xn+1)+ﬂl(d(xn/ xn+1)+d(xn+1/ xn+2))

(2.16)

Thus, it follows proceeding recursively with (2.14) subject to (2.9), (2.16), and w; = 1 - K,
Viep

_ A pri-1 " pi-1 [ p+i-1
(o) < (TT ) as '3 (LI e
j=itl e=i \ j=i+l (2.17)
(1-Ky)D
pn - 7
< KP'd(Tx,x) + -k

where the first inequality holds irrespective of the identities w; = 1 — K;;Vip and it implies
directly (2.2) since wj.j, = w; and Kj,j, = K; and Dy,j, = D;;Vi € p,¥j € Ny, so that
Z:l (H;’:i A [KjDwiD; = 252271(]_[?:;;11 [K;i])w¢D,. The second inequality follows in the case
that w; =1 - K;, if (2.9) holds so that KP < K = Hle [Ki] <1,Vi € pif (2.3) leading directly to
(2.5)-(2.7). Property (i) has been proven.
Property (ii) is proven by taking x € A; for any i € p and proceeding recursively with
the first inequality of (2.17) to obtain directly (2.10) and (2.11) since Hle [K;] <1and (2.13)
if, in addition, (2.12) holds. To prove Property (iii), note from (2.8), (2.9), (2.12), and (2.13)
that 0 = lim,, _, o, d(TP" x, TP"" I 1 x) < lim,_, o, d(TP""'x, TP"x) = 0,Vx € Uiep Aiif Di =D =0
and Hle [Ki] < L,Vi,j € p. If, furthermore, (X,d) is a complete metric space, then each
sequence {T"x},en,; VX € Ujep Ai is a Cauchy sequence with a limit X = lim,,T"x =
limy, .o TP"x in (V;g5 Ai since this set intersection is nonempty and closed since all the
intersected sets are nonempty and closed. Since the sequences {T"x}, .y, are convergent to

a limit x, they are bounded. Also, since T : Uieﬁ A — Uieﬁ A; is continuous in ﬂieﬁ A;, then
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Tx = T(lim, _, ,, TP"x) < lim,_, . TP"*'x = X so that X € Fix(T) C Nicp Ai- It is proven by con-
tradiction that there exists a unique fixed point. Assume that there exist u = X and v subject
tou = Tu#v = Tv in Fix(T), the set of fixed points of T. Then, the subsequent contradiction
follows from (2.1) for D; = D = 0,VYi € p, by using d(u,Tu) = d(v,Tv) = 0,d(u,Tv) =
d(v, Tu) = d(u,v) #0 and (2.4):

d(u,Tu)d(v,Tv) +d(u,Tv)d(v, Tu)

d(u,v) =d(Tu,Tv) < a d(u,v)

Brid(u, Tu) (d(u, Tv) + d(y, Ty)) + Pod(v, Tv)(d(v, Tu) + d(u, Tu))
" d(u,v) +d(u, Tv) + d(v, Tu)

(yud(u, Tu) + y2:d(v, Tv)) (d(v, Tu) + d(u, Tv)) (2.18)
d(u, Tu) + d(v, Tu) + d(v, Tv) + d(u, Tv)

+ 61id(u, Tu) + 62id (v, Tv) + ni(d(u, Tv) + d(v, Tu)) + pid(u, v)

<max(a; +21; + pi)d(u,v) < d(u,v),
iep

so that u = v. Property (iii) has been proven.

Note that it cannot be concluded from Theorem 2.1 that T : U5 Ai — Uigs Ai
under the contractive condition (2.1) is either a p-cyclic nonexpansive self-mapping from
Theorem 2.1(i), even if all the contractive constants in (2.7) are identical and all the dis-
tances between adjacent subsets of X are also identical, or a p-cyclic contraction under
Theorem 2.1(ii) since (2.6)—(2.8), or its respective versions with strict inequalities, are only
guaranteed for the iterates {T"x},cy, and {TP"x},cy, for any x € Ui Ai. Assume that the
norm || || of the uniformly convex (Banach) space (X, || ||) induces the metricd : XxX — Ro.
being used. Otherwise, any alternative equivalent metric d; : X x X — Ry, may be used
to conclude the result. If (2.9) and (2.12) hold with distances between adjacent subsets
D; = D > 0;Vi € p, then all sequences {TF"x},y, are Cauchy sequences, Yx € A; converge
to a best proximity point X; € A; of A; for any given i € p from (2.13) and the continuity of
T7 : Uigp Ai — Uiep Ai ensured by that of T : U Ai = Uiep Ai- O
Remark 2.2. 1f ]_[f’:1 [K;]? € [0,1], with some of the K; being eventually larger than one, then
d(T™'x,T"x),V¥n € N isbounded provided that d(T'x, x) is finite. If, furthermore, H?:1 [K;]P €
[0,1) and D = 0, then all the composed mappings Ti A — Im Ti C A; defined by Ti(Ai) =
(T)P(A;) = (T o TP7Y)(A;);Vi € p satisfies lim supnqwd(fi"*lx, T"l."x) =0;Vx € A;Vi € p, so
that T : Uiz Ai — Ujep Ai satisfies and (2.13) holds with some of the K; being eventually
not less than one. The last part of the proof of Theorem 2.1(iii) leads to the conclusion that
if T : Ujep Ai = Uiep Ai is not continuous while the composed self-mapping T7 : U5 Ai —
Uiep Ai is continuous, then the convergence of the iterates to a best proximity point in each
adjacent subset A;(i € p) is still ensured.

The existence of a unique fixed point is guaranteed if the p subsets are closed and inter-
sect even if T : Uieﬁ A; — U, Ai is not continuous and all the constants (2.4) are not less

than unity provided that (X, d) is complete and HL [K;] <1 as follows.

icp
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Theorem 2.3. Let (X, d) be a complete metric space with p nonempty closed subsets A; of X,Vi € p,
with nonempty intersection satisfying Apjre = Ag; V€ € p — p—1,andlet T : Uieg Ai = Uicp Ai bea
p(> 2)-cyclic self-mapping subject to T(A;) C Ain; Vi € p and satisfying the contmctwe condition
(2.1) subject to Hle [K;] < 1 for constants defined in (2.8). Then, all the sequences {TP"*] x}neNO are

bounded and converge to a unique fixed point in (); g Az Vi € p of T : Uiy Ai — Ujep Ai

Proof. Since D; = 0 (since ;5 Ai #9), Vi € p, "LIKil <1, T(A) € A, N
and closed and (X, d) is complete, it follows that

icp Ai is nonempty

4
0= Tim d(TP"/*Lx, TP"*Ix) < <H [K]-]> lim d(T7"1x, T"x) =0, (219)

n— oo ) n—oo
j=i+l

for any x € A;, and then for any x € Uieﬁ A;, from Theorem 2.1(iii) irrespective of T :
Uieg Ai — Uiep Ai being continuous or not. Thus, for any € € Ry, 3ng € No such that from
triangle inequality for distances, one has

p
d( TPy, TP~ 15 <£<e; Viep, A(TPix, TP ) < N d( TP x, TP 1x) < ¢,
( )<See vien a(ier) < S )
(2.20)

Vx € Uiy Ai, V11 > ng so that each {TP™x},cN, is a Cauchy sequence with a limit in the closed
nonempty set ()5 Ai which is also bounded since it is convergent. Hence, it follows the exis-
tence of fixed points in ;5 Ai being each of those limits. The uniqueness of the fixed point
follows from its counterpart in the proof of Theorem 2.1(iii) where the continuity of T :
Uieﬁ A — Uieﬁ A; has not been used. Hence, the theorem. ]

The following result allows to fulfil (2.10) in Theorem 2.1 under some negative scalars
w; and constants K; exceeding unity provided that a set of necessary conditions involving dis-
tances between the adjacent subsets and such scalars are satisfied.

Corollary 2.4. Assume that (2.1) holds and ]_[f:1 [Ki] < 1and D;#0,Yi € p. Then, (2.3), and
thus (2.2), equivalently (2.17), holds if a; > 0, Bji > 0,7;i > 0,6;; > 0, u; > 0,Vi € p provided that the
distances between adjacent subsets and the real scalars w; satisfy the joint constraints:

i1 1
< ZZ;i)ﬂ( 7+11+1 [K ])‘W’Df

< — , Viep. (2.21)
1-TT7, (K - T2 [K s

Proof. A necessary condition for (2.2)-(2.3) to hold, with a nonnegative second right-hand
side term in (2.2) is that the constraints (2.21) hold. O

It is wellknown that p-cyclic nonexpansive self-maps require that the adjacent subsets
have all the same pairwise distances. In the case that the relevant self-mappings are con-
tractive are Meir-Keeler contractions, they have a unique fixed point if all the subsets intersect
and the metric space is complete. In the case that the subsets do not intersect, there is a
unique convergence best proximity point at each subset, to which the iterates through the
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self-mapping T converge asymptotically, provided that the subsets are nonempty convex and
closed and the vector space X defining the metric space is uniformly convex, then also being
reflexive and strictly convex, [8]. It is still required that all the distances between adjacent
subsets be identical so that, otherwise, the self-mappings from the union of the subsets to
itself cannot be nonexpansive [9, 10]; hence, they cannot be contractive. In the following,
the condition of all the distances between the adjacent subsets being identical is not longer
being required. The price to be paid is that the convergence of the iterates through the self-
mapping do not necessarily converge to best proximity points located in the boundaries of
the sets but to best proximity points located at the boundaries of appropriate nonempty
closed convex subsets of the original subsets of X. In order to facilitate the formalism for the
case of distinct distances between adjacent subsets, the maps of interest are restricting their
images as the iterations progress in order to asymptotically reach a new set of adjacent subsets
all possessing identical pairwise distances. For such a subsequent analysis, first proceed as
follows by first introducing the following hypotheses.

Hypotheses

(H1) Assume that a sequence of nonempty closed sets {Ai,- }]. No exists such that A,-o = A; and
Ai,j+1 - A,],Vl (S }_9,] € N and that 3D := lim]-_mDi]- = limjﬁwdist(ﬁij,ﬁiﬂrj) > 0;Vi € }_9
satisfying D := lim; _, o, dist(Aij,A\H.l,]') > max;ezD;, Vi € p.

(H2) Assume that any sequence of p(> 2)-cyclic self-mappings T; : U Ai]- = Ui Ai]-
is subject to T,-(A,-,-) C Am,j ;Vi € p,Vj € Nog while all its elements satisfy the contractive con-
dition (2.1), satisfying (2.8)-(2.9), with Kj; = K; with Hle [Ki] < 1and wjj = w; := D/D; -
Ki;Vi (S ﬁ,V] € Np.

(H3) Define composed self-mapping Tf] Z?k U

icp

i Ai = Uiep Ai as follows (with a cer-

tain abuse of notation):

p n p
—— —— ——
pn . . .
T{je}'_ T]nzoo ooT]n] o--:o| Tj00---00T |,
i p n p
» —— —— —— ——
pntk . . . . .
T{jg} = Tlﬁzoo oon T]nzoo OOTIm o leoo ooTy |,

Vk e p-1U{0},
(2.22)

where {j¢} .y is @ (nonnecessarily monotone) increasing sequence of natural numbers fulfil-
ling j1 = 1,p = juy = juy + 1 for the given j,,, € N, for some n, > m; > n if k > 1, with
the sequence of natural numbersjesatistying 1 < jo < jm,, 12,k € p—1U {0}. Note that in
fact Tf;;rk Ui Ai — Uieﬁ(ﬂjr”j1 Aij) since its image is always restricted to be contained in
Uieﬁ(ﬂfjl Aii) by construction.
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The reason of the abuse of notation when defining the composed mapping is useful
since it is explicitly indicated that we are dealing with the composition of n times groups of p

compositions of the sequence of self-mappings T; : A,-]- - U Aij. The following result
holds.

iep iep
Theorem 2.5. Any composed mapping Tp from Uiep Ai to Uiy (ﬂ7 "~ A i), defined by (2.22) under

the Hypothesis (H1)—(H3), has the followmg properties.
(i) If the sequence {je} oo, defined for some Ny C N, is unbounded then,

pn+k pn+k+1 _ . ) T
anlgr;od< {]g}x,T{jg} x>—D, VxegAl, Vk € p-1U{0}. (2.23)

(ii) Assume that the sequence T; : J;
uniformly on some nonempty subset S C |J;

Az; = Uiep Aij/ with Tj(Aij) C AMJ, converges
A; (under proper set inclusion) as j — oo. Then, any

1€p
i i€p

sequernce Tf;?k tUigp Ai — U@(ﬂ?j1 Aij) converges uniformly to a limit self-mapping, dependent
on the sequence {j¢} geNa,TP”*k : Uieﬁ A — Uieﬁ(ﬂ?‘;1 Ai]-) as je, n — oo provided that S 2

Ule,,(ﬂ’"z Ayj). Also,

I lim d( TPk Tprrkely > = lim d<T?n+}k T?;Jr}kﬂx) =D; Vxe UAi/ Vk ep-1U{0}.
n— oo n—oo ¢
icp

(2.24)

(iii) The limit TPk U Ai = Uip(NZy Ai,-) of any composed sequence of mappings

Tf;;k Ui Ai — Ulep(ﬂ]"2 A,,),Vx € Uiep Ai generated by some unbounded sequence {je} e,

has a best proximity point x; between the adjacent sets([72; Ai]-) and (N7, AHL]-) at each 8(N7, Ai]-)
which is also in A;, Vi € p to which all the sequences {T”’”x}neNo, which are then bounded, converge;
Vx € A;,Viep.

If D; = D > 0,Vi € p, then all sequences {TP"x},cx,;Vx € A; converges to a best proximity
point of A;, Vi € p.

If, in addition, the metric space (X, d) is complete and D; = D = 0,Vi € p then all sequences
{TP"x},en,, VX € A; converge to a unique fixed point of A;, Vi € p.

(iv) Assume that X is a uniformly convex space and that the subsets A; are convex and
closed. Then, the best proximity points X; € (ﬂ‘;ﬁ1 Ajj) of the adjacent subsets (ﬂ}ﬁl Ajj) C A
and (ﬂ;’il Ai,jﬂ) C A are unique for each i € p. Furthermore, X;yj = Tix; and d(x;, TE-) =
d(T7%;, TI*'%;) = d(Xisj, Xisj1) = D; Vi, j € P with Xismy = Xi; ¥ € No, Vi € p.

Proof. Note that the necessary condition (2.3) for Property (i) holds by construction and take,
with no loss of generality, n = (mijs, + my — k)/p for k € p and n = myj,, + my/p for
k = 0 for any given finite positive natural numbers m;,, dependent on n and k, so that
jm = MaXice<m, fe — oo, if k = 0in (2.22), and also jz, := maxi<e<p,je — oo, if k € pTl,
asn — oo in (2.22) for {je},.\, being some unbounded sequence of natural numbers as
¢,je¢ — oo.Since Kj; = K; with Hle[Kl-] < land wjj = w; := D/D; - Kl,Vi € pVje
No, D := lim;j_ dist(Ai]-,Am,j) > max;gD; and T; : U, A — Ulep ij subject to
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T; (Al]) C A Vi € p,Vj € Ny, it follows from Cantor’s intersection theorem that any
arbitrary intersection () N, AU is nonempty and closed; Vi € p andNo C Ny since A;p = A;and

A,]+1 c A,],Vz € p,¥j € Ny. Then, the composed Yk € p — 1 U {0} mapping Tp  from Ujep Ai

to Ujep Ai, Whose nonempty image is restricted by construction to the subset Ulep (ﬂ] " A,]) of
Uiep Ai, is well-posed for any arbitrary sequence{j,} and for any x € U, Ai- Thus one gets
from Theorem 2.1, (2.10), that for any given € € R\, 3ny = ny(e) € N such that:

D< d(T’{’;?*}"x, Tf;?*}"”x) <D+e VYxe|JA;, ¥n(eNo) 2no, Vx €| JA;, Vkep-1U{0},
4 4
icp icp

(2.25)

where the sequence of natural numbers {j},.y being subject to n = (mjz, + my — k)/p for
k € pand n := myj,, + my/p for k = 0. Thus, it follows that (2.23) holds from (2.25) since
mjm, + My = np + k — oo that implies j,,, jz, — oo for k € p, and j,, — oo for k = 0 so that
{Je}oery ,diverges to infinity as ¢ — oo taking values in a subset Ny of N of infinite cardinal.
Hence, Property (i).
.s . . pn+k
To prove Property (ii), note first that the composed self-mapping map T

Uiep Ai = Uiep Ai has an image restricted to Ulep(ﬂ] " A,]) by construction. If T} : U5 Aij —
Uieﬁ Ai]-, satisfying T; (Al]) C Ain ,j» converges uniformly as j — oo on some subset S of X
A; DS,

icp

satisfying U; (nrz Al] ), then Tr{"”‘ can converge uniformly in Uiq—,(ﬂﬁz A,-j) as

lEp lEp
je — oo. Proceed by contradiction. If Tﬁ;rk : Ulep A — Uzep(ﬂ]"Z Ajj) do not converge uni-

formly, while Trr+k converges does, then, for any given € € R, there exist some ¢y € Ry,
some x € Uieﬁ A; and some ny = ny(gp), no = np(€) € Ny and some sequences of nonnegative
ordered integers {n;} and {m;} of minimal element 7iy = p max(ng, 71p) such that:

e+g>d <Tfer}“kxl Tpm+k+1x> +d <TPm+k+1 X, TPn+kx> +d <Tpn+kxl T{p:l:r]kﬂx)
pn+k pn+k+1
2d <T{nt} X Ty x) (2.26)

> €0,

after using the triangle property for distances, for some g = g(x) € Ry, and n,m € N satis-
fying

n > pn+k >, my>pm+k>ny, VYkep-1U{0}. (2.27)

The chained inequalities (2.25) contradict a choice of € € R, satisfying € < &. Since ¢ € R, is

p+k

arbitrary, T, /" : Uigp Ai — Ulep(ﬂj:1 Ajj) converges uniformly in (ﬂjﬁj1 Ayj) as jz, — oo, 0r
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trivially, if 7, is finite, for all k € p —1U {0}. On the other hand, the triangle inequality yields

d(Tp”+kx, f”mk”x) < d(TP"+kx, T’{”g}kx) + d<T?Z+}kx, T”’”k*lx) — 0 asj,n— oo,
(2.28)

Vx € U, Ai, Yk € p —1U {0}, since a uniform convergence of the sequence Tfl .’Z?kx — Trrtky
as je,n — oo, Vx € U, Ai has been proven, so that (2.24) follows. Hence, Property (ii).

Ai]‘ — U AA,] and

icp

To prove Property (iii), remember that form Property (ii), Tj : U

the composed Tf] Z?k ‘Ui Ai — Uieﬁ(n;ﬁ:zl Ayj) fulfil:

i€p i€p

pn+k

fie} *

zj—>Txasj—>oo=T — TPkx, Ykep-1U{0} as jo, n—>oo,Vx€UA,~.

icp

(2.29)

From (2.24), Ve € R, = 3n; = ny(¢) such that for any integers n, m > ny,

{7}

d <T”’mx, T””x) <e d(fp"x, Trntl x) =d (TP (o)

X, Tpfl+1x> <D+eg, Vx € UAi'

icp

(2.30)

Proceed by contradiction to prove the convergence of the iterates to best proximity points of
ﬂ]?’il A;j;Vi € p. Assume that there is no x; € A; such that x; = T™"X; € ﬂ]f’il Ajj,and D =
d(x;, TE) = d(fm,ﬁm);‘di € p so that there exist some integers 77, m > max(ny,n2),€1 € Ry
and x € A; such that

D +2¢ > d<T"’mx, T”ﬁx> + d<T”ﬁx, Tpmlx) > d(T”mx, T”mlx) >D +¢. (2.31)

Since ¢ is arbitrary, one can choose ¢ < ¢1/2 which yields a contradiction in (2.31). Then,
dx; = T"PE (S n;«il Ai]' such that D = d(fi, T?l) = d(§i+1, T?Hl),Vi € }_7 Furthermore, X; € A;
since Tj(Ai]-) « AMJ « Ai+1,0 = A1, Vi € p,Vj € Ny. If all the distances are nonzero and
identical then the best proximity points are at the boundaries of the closed subsets A;, Vi € p.
If, in addition, the metric space is complete and the subsets intersect (i.e., all the distances
between adjacent subsets are zero), then w; = 1 — K; and the best proximity points are also
coincident in a unique fixed point (Theorem 2.1(iii)) in the nonempty intersection of all such
subsets. Property (iii) has been proven.
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Property (iv) is proven by contradiction. Assume that there are two distinct best pro-
ximity points x;,y; € (N7, Ai]-) for any given i € p. Define the following real sequences
{%n}nens {Yn} ey @and {21} ,en by its general terms as follows:

n+1 = e Spn—
X, =T x — TP"'x — Tx; = TP"X;  as n — oo,

{je}

Yn = Tf;‘ }x — TPy — %, =T"%; as n— oo, (2.32)
[
1 Son— | —
2 =Ty = 1"y =V,

generated by a uniformly convergent mapping Tﬁ.’;k tUigg Ai — Uieﬁ(ﬂ?jl Aij), kep-1U
{0} for some x, y(#x) € A;, some i € p as the integer sequencesjy, jz, — oo. The limits above
exist from Property (iii). Also, one gets from Property (i), (2.23), and Lemma 3.8 of [4], since
X is uniformly convex and (N, Ai]-) are nonempty and closed Vi € p, that

<d (T’{g;ﬁr}lx, Tf;l }x> — d(f”"”x, T”"x) — d<§i,T§i> =Dasn— oo)
¢ ¢
(2.33)
A (d <T?Z+}1y, T’{’;}x> — d(T”””y, T””x) — d(fi,fyi> =Dasn— oo>

— (a(1ps 3 T v) — d(T, Tmy) — d(z,5) =0), (234)

since the uniformly convex space (X, || - ||) with a norm || - || is a Banach space so that we could
rewrite the above constraints by replacing the metric d : X x X — Rg. by a metric d; :
X x X — Ry,, induced by || - ||, which is always equivalent to d : X x X — Ry, even in the
case that both metric functions are not coincident. Equation (2.34) contradicts X; #/;, since
there is no 1 = n1o(e) for any given ¢ € R, such that d(T{}) x,T}}y) < &, Yn > ng implying

that d(Tf].::l} X, Tfj';} y) > € for some m > ng. Thus, (2.33) is false unless x; = y,; Vi € p. It follows
also as a result that the p best proximity points x; € (N Aij),\ﬁ € p satisfy X;; = T/x;and
d(x;, Tx;) = d(Tix;, TI*'%;) = d(Xisj, Xirje1) = D, Vi, j € p with Xipnp = X;, Yn € No, Viep. O

Note that the existence of nonempty subsets A; C A Ni € p, in Theorem 2.5 are

guaranteed if A; are bounded (although nonnecessarily closed) and D; < D < D; + diam A;;
Vi € p. Note also that HL [K; + wi] > 1is guaranteed since w; := D/D; - K; >1-K;, Vi € p.

3. Links with General Kannan Mappings and
p-Cyclic Kannan Mappings

The next result is concerned with p-cyclic Kannan self-mappings [7, 11, 12] which can
eventually satisfy contractive conditions within the class (2.1).
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Theorem 3.1. Assume that a p(> 2)-cyclic self-mapping T : Ui Ai — Uep Ai satisfies the con-
tractive condition (2.1) with a; = 0, D; = D;Vi € p. Then, the following properties hold.
(i) If

. 1 Pri + P
s e (Al hie

+max (P + yii + 61i, foi + Y2 + 62) | < %, Yiep, (3.1)

and, furthermore, w; = (2n; + p;)(1 — K;) with the constants K; defined in (2.4), Vi € p then,
T :Uiegp Ai — Ujep Ai is a p-cyclic Kannan self-mapping.
(ii) If, in addition, (2.9) is replaced by the constraints

ﬂZi +71i+ Y20 + 3(611‘ + 62i + Ui t+ z(ﬂli + ﬂl)) < 1, Vie ]_:7, (32)

and, furthermore,

271i+‘l/li<]., ViE]_ﬂ,
61 + Hit+ )i+ ,511' + 7
1 =2p1i = Poi — 61i — 62i = Yoi — 211 — i — Vi
1 i+ Poi 1 .
< Yi = m [Tll + Ui + '61 5 ,32 + max(ﬂli + Y1t 61,‘,'621' + Y2 t 521') < E, Vi e 14
(3.3)
then

lim d(:rr’"“x, Tr’"x) =D, Vx€A;, Viep, (3.4)

which is guaranteed by the condition (2.3). If the p subsets A; of X, Vi € p, have nonempty intersection
and if the metric space (X, d) is complete, then lim,, _, o d(TP" 1 x, TP"x) = 0;Vx € Uieﬁ A; and
T : Uig Ai = Uiep Ai have a unique fixed point in (\;g; Ai to which all the sequences {T"x},ex,,
which are then bounded, converge; Vx € Ujep Ai. If the above p subsets of X are disjoint, closed, and
convex, Vi € p, X is uniformly convex and D > O then all sequences {TP"x}, oy, Vx € A; converge
to a best proximity point x; of A; and X = Tx; = TPx;, Vi € p.

Proof. If a; = 0,Vi € p, then the contractive condition (2.1) may be upper-bounded as follows
for all Vx,y(#x) € Aj; anyi € p by using the triangle inequality where necessary and
upper-bounding the necessary fractions by unity when the denominator is not less than the
numerator in the right-hand side of (2.1):

d(Tx,Ty) < (2n; + wi)d(Tx,Ty) + <[511~ + P ;ﬁZi +yi+ 1+ ‘ui>d(x, Tx)

+ (ﬂgi + ﬂli ; ﬁZi +Y2i + 621' + Hi + ﬂl>d(y, Ty) + wiD,

(3.5)
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and, since 27; + p; < 1, one gets
d(Tx,Ty) <yi(d(x,Tx) +d(y,Ty)) +wiD;, Vx,y(#x)€ A;, Viep, (3.6)

with y; € [0,1/2),Vi € p. Thus, T : U
Hence, Property (i).

Furthermore, since (2.9) is replaced by (3.1) for a; = 0 so that if K; € [0,1/3) in (2.4)
and w; = (2n; + pi)(1 - K;),Vi € p in (2.1), it follows from (3.5) that (3.1)-(3.3) guarantee
that K;/(1 - K;) < 5 < 1/2 under the necessary condition K; € [0,1/3),Vi € p, [11, 12].
Then, the self-mapping T : U;5 Ai — Ujep Ai satisfies the following contractive condition for
y=Tx(#x) € Ajand any i € p:

iecg Ai = Uiy Ai s a p-cyclic Kannan self-mapping.

iep

d(Tx,Ty) <yi(d(x,Tx) +d(y,Ty))
d(Tx,Ty) < Kid(x,y) < Kid(Tx,Ty) + Ki(d(x,Tx) +d(y,Ty))

<yi(d(x, Tx) +d(y,Ty)); Vx,y(#x) € A; Viep G2
= d(Tx,Ty) < 1 f<lK (d(x,Tx)+d(y,Ty)).
Hence, Property (ii) follows directly from Theorem 2.1. O

Remark 3.2. Note that there are several contractive conditions discussed in the literature for
the noncyclic (p = 1) case and eventually for the cyclic (p > 2) case which are particular cases
of (2.1), under (2.9), as follows.

(1) If py € [0,1) while all the remaining constants are zero, the contractive condition
reduces to that of Banach contraction principle, [13]. A similar extended condition
fori € p, p > 2 relies on Banach contraction principle for p-cyclic self-mappings.

(2) If a1 #0 and p1 € [0,1), then the contractive condition (2.1) is of the same type as
that of [2] and generalizes it.

(3)If 6 = 651 #0 (i = 1,2), u1 #0 with appropriate constraints and the remaining con-
stants being zero then the contractive condition is that proposed by Chaterjee [14].

(4) If 71 #0, 41 #£0, with appropriate constraints and the remaining constants being
zero, then the contractive condition is that proposed by Fisher [15].

(5)If1/2 > 6 = 61 #0 (i = 1,2) with the remaining constants being zero, then the
contractive condition is that proposed by Kannan, [16, 17], recently generalized in
[12]. See also [7, 11]. A similar extended condition for i € p,p > 2 relies on Banach
contraction principle for p-cyclic Kannan self-mappings which can be simulta-
neously contractive [7].

(6) 61#0,1m1 #0, u1 #0 with appropriate constraints and the remaining constants being
zero, then the contractive condition is that proposed by Reich [18].

(7) yi = P = 0 for i = 1,2 and the remaining constants are either zero or nonzero then
the contractive condition is that of Bhardwaj et al. [1].

(8) The contractive condition also can include a generalization of Kannan’s fixed point
theorem due to Kikkawa and Syuzuki [19], reported in Enjouji et al. [12] if an
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implication is established to get Kannan’s condition supported by the use of a non-
increasing real function ¢ : [0,1/2) — (1/2,1] defined as:

1, f0<6<v2-1,

¢(6) = (3.8)

1-a, if\@—1<6§%,

so that

9(6)d(x,Tx) <d(x,y) = d(Tx,Ty) <6(d(x,Tx)+d(y,Ty)), Vx,yeX. (3.9)

This can be addressed with (2.1) as follows. Takea#0and 1/2 > 6 = 6;; #0(i = 1,2)
and all the remaining constants in (2.1) being zero by defining

5 1, if 0<6 <6y,
90) = —F—F5 = (3.10)
L-a(e) =6 |1_5+¢ if60<6§%,

where §) = v2 -1 subject to the constraints 6 € (0,1/2), and

a=1-26 if0<6<+v2-1, (3.11)
a:oc(g)=1—60+6°+6L1 if60<6§% with € > 1 - 60(2 - 6). (3.12)
0

9) Ifp>2,pu; €[0,1) and w; = 1 — p;,Yi € p, then the contractive condition is a p-cyclic
contractive condition, [3-7].

Remark 3.3. An important property of Kannan mappings on a metric space (X, d) is that it is
complete if and only if every Kannan mapping on X has a fixed point, [12, 19, 20].

The first property of the following result follows directly from the contractive con-
dition (2.1) and Remark 3.2.7 by using the fixed point result of [19]. The second part follows
directly from Theorem 3.1 by taking the particular condition for Kannan p(> 2)p-cyclic
mappings which are simultaneously contractive (see Remarks 3.2.4 and 3.2.8).

Theorem 3.4. The following properties hold.

(i) Let T be a self~-mapping on a complete metric space (X, d) and that (3.9)—(3.12) hold for
all x,y € X witha > 0and 1/2 > 6 > 0(i = 1,2). Then, T has a fixed point x € X satisfying
x =1lim,_ T"x,Vx € X.

(ii) Let T : Uiy Ai — Uiep Ai be a p(2 2)-cyclic self-mapping, satisfying T (A;) € Ain, Vi €
p, with p being nonempty closed subsets A; of X, such that (X,d) is a complete metric space and
Apjre = AV € p — 1, which all intersect, ¥i € p satisfying the following particular contractive
condition in (2.1): a; > 0;1/2 > 6; = 6;;#0(j = 1,2;i € p) and the remaining constants are zero
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with K; :=26;/(1 —a; — 6;) < 1/3. Then, T : Uie? A — Uieﬁ A; is simultaneously a contractive
and Kannan p-cyclic self~mapping which has a unique fixed point x = lim,, _, ,T"x in ;e Ai,Vx €
Uiefa Ai.

icp
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