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A nondifferentiable multiobjective optimization problem with nonempty set constraints is consid-
ered, and the equivalence of weakly efficient solutions, the critical points for the nondifferentiable
multiobjective optimization problems, and solutions for vector variational-like inequalities is es-
tablished under some suitable conditions. Nonemptiness and compactness of the solutions set for
the nondifferentiable multiobjective optimization problems are proved by using the FKKM theo-
rem and a fixed-point theorem.

1. Introduction

The weak minimum (weakly efficient, weak Pareto) solution is an essential concept in math-
ematical models, economics, decision theory, optimal control, and game theory. For readers’
reference, we refer to [1-11] and the references therein.

In [5], Garzon et al. studied some relationships among the weakly efficient solutions,
the critical points of optimization problems, and the solutions of vector variational-like in-
equalities with differentiable functions. In [12], Mishra and Wang extended the work of
Garzon et al. [5] to nonsmooth case. In [9], Lee et al. investigated the existence of solutions
of vector optimization problems with differentiable functions. In [7], Kazmi considered the
relationship between the weakly efficient solutions of a vector optimization problem and
the solutions of a vector variational-like inequality with preinvex and Frechet differentiable
functions. For more related work in this interesting area, we refer to [4, 10].

Motivated and inspired by the works mentioned above, we consider nondifferentiable
multiobjective optimization problems (MOPs) with nonempty set constraints. The relation-
ship among weakly efficient solutions, critical points of (MOP), and solutions of the vector
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variational-like inequalities (for short, (VVLI)) is presented under subinvexity, strictly pseu-
dosubinvexity, and pseudosubinvexity conditions. By using the FKKM theorem and a fixed-
point theorem, we prove the nonemptiness and compactness of solutions set for (MOP). The
results presented in this paper extend the corresponding results of [5,7, 9, 12, 13].

2. Preliminaries

Throughout this paper, without other specifications, let R" be the n-dimensional Euclidean
space, and R} = {x = (x1,...,x,) : x1 >0, [ =1,...,n}. Let K be a nonempty convex subset
of R", let H be a subset of K, and let intx H be the relative interior of H to K. Let f =
(fi,fa,wrfu) : R" = R, : R"xR" — R" and let C : K — 2K such that, for each
x € K, C(x) is a closed convex cone, C(x) # R",int C(x) # @, and R} C C(x). The multiobjective
optimization problem (for short, (MOP)) is defined as follows:

minf (x). (MOP)
We first recall some definitions and lemmas which are needed in the main results of
this paper.

Definition 2.1. A point x € K is said to be a weakly efficient (weak minimum) solution of
(MOP) if [f(K) - f(x)] n(-intC(X)) = 0.

Definition 2.2. A real-valued function h : R* — R is said to be locally Lipschitz with respect
tor: R"xR"* — R"if, for each zy € R", there exist a neighborhood N (z) of zp and a constant
k > 0 such that

|h(x) - h(y)| <k|n(x,v)|, Vx,ye N(z). (2.1)

Remark 2.3. 1If r7(x,y) = x — y, then the above definition reduces to that of local Lipschitz.

Definition 2.4. A set-valued function T : R" — 2K" is said to be locally bounded at z € R" if
there exist a neighborhood N (zp) of zg and a constant k > 0 such that

lw| <k, VzeN(zy), YweT(z). (2.2)

Definition 2.5. Let T : R* — 2% be a set-valued function. The graph of T is defined as
Gragh(T) = {(x,y) : x € R", y € T(x)}. (2.3)

The inverse T™! of T is defined by x € T™!(y) if and only if y € T(x).

Definition 2.6. Let X be a nonempty subset of topological vector space E. A set-valued
mapping F : X — 2F is called a KKM mapping if, for every finite subset {x1,x2,...,x,}
of X, co{x1,x2,...,x,} C UL, F(x;), where co denotes the convex hull.

Definition 2.7 (see [13]). A real-valued function h : R* — R s said to be subinvex at z with
respect to 77 : R" x R" — R" if there exists { € R", such that h(x) — h(z) > (¢, 71(x, z)), for any
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x € R", where ¢ is called the y-subgradient of h at z. The 7-subdifferential of h at z, denoted
0"h(z), is the set of all { € R" such that

h(x) —h(z) > (¢, n(x,z)), VYxeR" (2.4)

Remark 2.8. 1f h is locally Lipschitz, then the subinvexity of h with respect to 7 collapses to the
invexity of h with respect to 77 in the sense of Clarke’s generalized directional derivative with
respect to 17 [1]. If n(x, y) = x — y for any x,y € K, then the y-subdifferential 0"h(z) reduces
to the subdifferential 0h(z) in the sense of convex analysis, where 0h(z) = {{ € R" : h(x) >
h(z) + ({,x—z), Vx € R"}.

Definition 2.9. A vector-valued function g : R* — R" is called strictly pseudosubinvex with
respect to 77 if, for any x,u € R" and (&1, &, ..., &) € 0"g(u),

g(x) — g(u) € —int C(u) = ((&1,n(x,u)), (&2, n(x, 1)), ..., (¢n,m(x,u))) € ~intR},  (2.5)

where d1g(u) = {(é1,é0, ., &) € (RM)" : gi(x) - gi() > (&, 1(x,u)), Yx € R},

Definition 2.10. A vector-valued function g : R* — R" is called pseudosubinvex with respect
to i if, for any x,u € R" and (&1, &, ...,¢) € 0"g(u),

g(x) - g(u) € —intC(u) = ((é1,1(x,u)), (&, n(x, 1)), ..., (&n, n(x,u))) € —int C(u),
(2.6)

where 0"g(u) = {(§1, &2, .-, én) € (R")" : gi(x) - &i(u) 2 (&, 7(x,u)),Vx € R"}.

Remark 2.11. Since R C C(x), itis clear that

(1)if g : R* — R" is strictly pseudosubinvex with respect to 7, then it is pseudo-
subinvex with respect to 7;

(2)ifgi: R" - R, i=1,2,...,n,are subinvex with respect to 7, then g = (g1, $2,---, n)
is pseudosubinvex with respect to 7.

Definition 2.12. A point y € K is called a critical point of (MOP) if there exists A = (A,
Ay, ..., Ay) € R?, with \; > 0 for somei € {1,2,...,n}, such that

D Nidi=0, Vé=(E1,é,...,4) €0 (). (2.7)
i=1

Lemma 2.13 (see [14](FKKM theorem)). Let Q be a nonempty subset of Hausdorff topological
vector space X. Let G : Q — 2X be a KKM mapping such that for any x € Q,G(x) is closed and
G(xy) is compact for some xy € Q, then there exists x* € Q such that x* € G(y) for all y € Q, that

iS/ ﬂer G(x) 76 @

Lemma 2.14 (see [13]). Let X be a nonempty and convex subset of Hausdorff topological vector space
E, and let S,T : X — 2% be two set-valued maps such that, for each x € X, coS(x) C
T(x),S(x)#0, X = U{intxS'(z) : z € X}. If there exist a nonempty compact convex set B C X
and a nonempty compact set D C X such that, for each z € X \ D, there exists X € B, such that
z € intx S~V (X), then there exists Z € X such that z € T(Z).
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We consider the following vector variational-like inequality (for short, (VVLI)): find
x € K such that for any x € K, there exists ¢ = (&1, ¢, ..., &) € 01 f(x) such that

(&1, 10, %)), (&2, 1, D)), ..., (&n, 1(x,T))) & —int C(%). (2.8)

3. Relationships between (MOP) and (VVLI)

In this section, we will investigate the properties of 7-subdifferential 0"k of the function k :
R" — R, and the relationships among weakly efficient solutions, critical points of (MOP),
and the solutions of (VVILP).

Theorem 3.1. Let h: R" — R be subinvex with respect to 1, then the following statements are true:

(i) for each z € R", 0"h(z) is a nonempty closed-convex subset of R",

(ii) if for each x,z € R",n(x,z) + n(z,x) = 0, then 0"h is y-monotone, that is, for any
x1,%x € R?,

(¢-&mn(x1,x2)) 20, V5€dh(x1), ¢€dh(xa), (3.1)

(iii) if h is locally Lipschitz with respect to 1, 1 is continuous in the second argument, and
1(x,x) = 0, for any x € R", then Graph(0"h) is closed, and 0"h(-) is upper semicontinu-
ous,

(iv) if n is an open map, 1(x, x) = 0 for any x € R", and h is locally Lipschitz with respect to 1,
then 0"h(-) is locally bounded on R™.

Proof. Assertions (i), (ii), and (iv) are shown in [13]. We only need to prove assertion (iii). Let
(x4, Yn) € Graph(0"h), with x, — xp and y, — . Since

0"h(xj) = {{ e R": h(x) - h(xj) > (¢, n(x,xj)), VxeR"}, i=1,2,...,n, (3.2)

and h is locally Lipschitz with respect to 7, there exist a neighborhood N(xp) of xo and
a constant k > 0 such that

|h(x) - h(z)| < k||n(x,2)||, Vx,z € N(xo). (3.3)
Then there exists ny such that x,, € N (xp) for all n > ng, and so
1(x0) = h(xn)| < k|7 (x0, xn) |- (3.4)
Consequently, we have h(x,) — h(xg) asn — oo. It follows from
h(x) ~ h(xa) 2 (yn n(x, ), Vx € R" (35)
that

h(x) = h(x0) 2 (yo,7(x, x0)), Vx € R, (3.6)
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thatis, yo € 0"h(xp). Hence, (xo, yo) € Graph(0"h). In view of (i), we have that 0"h(-) is upper
semicontinuous. This completes the proof. O

Theorem 3.2. Let f be pseudosubinvex with respect to 1. If y € K is a solution of (VVLI), then y is
a weakly efficient solution of (MOP).

Proof. Let y € K be a solution of (VVLI). If ¥ is not a weakly efficient solution of (MOP), then
there exists x € K such that

f&x) - f(y) e -intC(y). (3.7)
Since f is pseudosubinvex with respect to 7, we have

(&nEy)), (2 n® ) (X Y))) € -intC(Y), V(1,6 8n) €0f(Y), 68

which contradicts the assumption. This completes the proof. O

Corollary 3.3. Let f;, i =1,2,...,n be subinvex with respect to n. If y € K is a solution of (VVLI),
then y is a weakly efficient solution of (MOP).

Theorem 3.4. Let 1 be an open map, and continuous and affine in the first argument, let n(x, y) +
n(y,x) =0, forany x,y € K. Let f;,i =1,2,...,n be subinvex and locally Lipschitz with respect to
1. If y € K is a weakly efficient solution of (MOP), then Y is a solution of (VVLI).

Proof. Let iy € K be a weakly efficient solution of (MOP). If i/ is not a solution of (VVLI), then
yé{yeK:VxeK, 3 ed'fi(y), ((n(xy)),. .. (un(xy))) ¢ -intC(y)}. (3.9

We assert that

[yeK:vxeK, 3 €' fi(y), (G n(xy)), - (G n(xy))) & -intC(y))

= {y e K:Vx € K,Vu; € 3" fi(x), ((p1,1(x,y)), -, (pn, (%, y))) & —int C(y) }.
(3.10)

Let
zefyeK:VxeK, 35 €0'fi(y), (4, n(x,y)), - (& n(xy))) ¢} -intC(y)}. (3.11)
Suppose to the contrary that
z¢ {y e K:Vx e K,V € 8"fi(x), ((u, n(x,y)), s (o (x,y))) € =intC(y)},  (312)
then there exist X € K and ji; € 0 f;(X) such that

((,n(x,2)),..., (s, n(X,2))) € —intC(z). (3.13)
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Since 9" f; is 7-monotone, we have
(pi—&,m(x2) >0, Y €d'fi(R), & € 0'fi(3), (3.14)
that is,
(i, n(%,2) - (&,n(x2))eR,, i=12,...,n (3.15)
As a consequence,
(AL n®2), - (e n(%,2))) = ((&,1(%,2)),.., (&, 1(X, 7)) € R, (3.16)

and it follows that

(6 n(x2)), -, (G (X, 2))) € (i, (X, 2)), o (in, (X, 2))) = RE

(3.17)
C -intC(z) - R} c —intC(z),
which contradicts the assumption.
On the other hand, let
v elyeK:Vxe K, Vu € d"filx), (i, n(xy)) - (i 1(x,9))) ¢ —intC(y)}f( |
3.18

and let r,,, € (0,1] such thatr,, — 0. For any given x € K, set x,, = (1 — 1)y + ryyx, for any
x € K. Then x,, — y' asm — oo. Since 7] is affine in the first argument, and 7(x, x) = 0, we
have

' Com y')) - (' (e, y'))) = 1 ((u s (e, ), (' (2, ') )

(3.19)
¢ -intC(y'), Vu" €0"fi(xm),

that is,

it on(xy)), - (utn(xy))) € —intC(y'). (3.20)

Since 0 f; is locally bounded, there exist a neighborhood N (y') of i/, and k > 0 such that for
any z € N(v'), and ¢; € 0" f;(z), we have

lwill <k, i=12,...,n (3.21)
Then there exists my, such that x,, € N (') for any m > my, and so

Il <k i=1,2,...,n (3.22)
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Consequently, {u!"} has a convergent subsequence. Without loss of generality, let u!* — ..

By Theorem 3.1 (iii), we have y; € 9" f;(y'). Since R" \ int C(y') is closed, it follows that

vy elyeK:VxeK, 3 edfi(y), (&n(xy)) ..., (& n(xy))) ¢ -intC(y)}.

Thus, it follows from (3.9) that

y ¢ {yeK:VxeKVpu €d"fi(x), (1, n(x,y)), - (pn,1(x,y))) € —intC(y)},
that is, there exist X € K and ¢; € 9" f;(%) such that

((Gn@ED)), - (Gon(® 7)) € -intC(F).
Since
fi@) - fi® 2 (Gn@x), 1@ +nxy) =0,
we have
@ =A@ fo® = @) = ((Gon@T) ) (Gun(ET))) € R
Thus,
f(x)-f(y) € -R} -intC(y) c -intC(y),
that is,
f&) - £(7) € -intC(H),

which contradicts the assumption. This completes the proof.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

O

Theorem 3.5. Let f;, i=1,2,...,n be subinvex with respect to 1], and let f be strictly pseudosubin-
vex with respect to 1. If y € K is a critical point of (MOP), then vy is a weakly efficient solution of

(MOP).

Proof. Lety € K be a critical point of (MOP). If i is not the weakly efficient solution of (MOP),

then there exists x € K such that
f@ - f(7) € -intC(H).
By the strict pseudosubinvexity of f with respect to 7, one has

<§/71(§r?)> € _intR:I-/ Vé = (§1/§2r~-/§n) € anf(y),

(3.30)

(3.31)
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that is,
(G n(x )., (nn(x,y))) € -intRY. (3.32)
Thus, we have
(&n(x,y)) <0, i=12,...,n (3.33)

Since ¥ € K is a critical point of (MOP), thereis A = (A1, A5,..., 1), i€1,2,...,n,with }; >0
forsomei€ {1,2,...,n}, such that

> Xigi =0. (3.34)
i=1
Set Sy = X1, Ai > 0, then
= A = A
= =1 =&i=0, :
;SA , gsf 0 (3.35)
and so
0= iﬁﬁhﬂ(?/y) <0, i=1,2,...,n, (3.36)
i=1 Sa
which is a contradiction. This completes the proof. O

Remark 3.6. 1f for each y € K,C(y) = R, then the following statements are true in the sense
of Clarke’s generalized directional derivative [12]:

(1) all critical points of (MOP) are weakly efficient solutions of (MOP) if and only if f
is strictly pseudoinvex with respect to 7;

(2) if f is strictly pseudoinvex with respect to 7, and locally Lipschitz, then the critical
points, the weakly efficient solutions of (MOP), and the solutions of (VVLI) are
equivalent.

4. Existence of Weakly Efficient Solutions for (MOP)

In this section, we present several existence theorems for (MOP), by using the FKKM theorem
and a fixed-point theorem.

Theorem 4.1. Let K C R" be nonempty convex. Suppose that the following conditions are satisfied:

(i) n(x,x) =0 forany x € K,

(ii) x +— 7(x,) is affine, y — (-, y) is continuous,



Journal of Applied Mathematics 9

(iii) the set-valued function W : K — 28" is given by W (x) = R"\ (- int C(x)) for any x € K
such that Graph(W) is closed,

(iv) fi: R" = R, i=1,2,...,nare subinvex and locally Lipschitz with respect to 1,

(v) there exists a nonempty closed bounded set D C K such that, for each y € K\ D, there exists
x € D, and for any §; € 0" fi(y), i € {1,2,...,n}, such that

((Gun@v)) (@), (GLn(xy))) € -intC(y), (4.1)

then the solutions set of (MOP) is nonempty compact.

Proof. Define a set-valued mapping G : K — 2P by

G(z) ={yeD:3¢ €0 fi(y), (1.1(zy)), (2 1(zy)) -, (¢ n(z¥)))
¢ -intC(y)}, VzekK.

(4.2)

For any finite set {y1,12,...,yn} C K,let N = co(D U {y1,¥2,...,Yn}), then N C K is
a compact convex set. Define another set-valued mapping F : N — 2N by,

F(z) = {y € N:3& € "fi(v), (¢, m(z v)). (& n(z ), - (&nn(zy)))

(4.3)
¢ -intC(y)}, VzeN.

Obviously, z € F(z) for any z € N, that is, F(z) is nonempty. Let {y,},., C F(z) be anetsuch
that

w—yeN, & edlfi(y). (4.4)

From Theorem 3.1(iii), we conclude that Graph(0"f;) is closed. Therefore, there exists §? €
0" fi(yo), such that 51)‘ — §?, i=1,2,...,n It follows from the closedness of Graph(0"f;) that

(& n(zv0) ) (& n(zw0) ). (Bn(z ) ) & =intC(wo)- (45)

Thus, yo € F(z), thatis, F(z) is closed, and so F(z) is compact, since N is compact.
It is easy to prove that, for any finite set {u1,ua,..., 4} C N, cofu, uy, ..., Uy} C
U™, F(u;). In fact, if there exists \; >0, i =1,2,...,m, with 2" Ai = 1 such that

- gxiui ¢ QP(un, (4.6)

then for any ¢; € 0" f;(u),

(&1, (i, @), (G, (i, D)), - .., (Gn, (i, 7)) € —int C (7). (4.7)
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By the convexity of C,
Z)Li(<€1/ rl(uir a) >/ <§2/ T’I(Mi, ﬁ) >r e <§n/ Tl(ulrﬁ)>) € —int C(ﬁ) (48)

i=1

Since 7 is affine in the first argument, we have

<<g1, 1 <§11A,-ui,ﬁ> > <g2, q<gxiui,ﬁ> > ce <§m 1 <§;Aiui,ﬁ> >> € —intC(n).

(4.9)

Now from the assumption that 7(x,x) = 0 for any x € K, we get 0 € —int C(u), which is
a contradiction. Therefore, F is a KKM mapping. By Lemma 2.13, there exists zyp € N such
that

zo € () F(2), (4.10)
zeN

that is,
Vz € N, 3¢ € 0" fi(z0), ((¢1,1(z, 20)), (é2, (2, 20) ), - .., (én, M(2, 20))) & —intC(zo). (4.11)

From assumptions, we have z, € D, and moreover, z, € (., G(y;), thatis, {G(y)} yeK has the
finite intersection property. Consequently, {G(y)},cx 7 0, that is, there exists i € K such that

for any x € K, there exists Ei € 0'fi(y),i=1,2,...,n,such that
((Eon@m) ) () (En(xy))) ¢ -intC(H). (112)

From Theorem 3.1, v is a weakly efficient solution of (MOP).
Denote the solutions set of (MOP) by J. Let {x,,} C J, such that x,, — xo, then for any

x € K, there exists {" € 0" fi(xy,),i=1,2,...,n, such that

(& m(c, xm)), (&5 (X, X)), - (&0 11(%, Xm) ) € =it C (o). (4.13)

From Theorem 3.1, we have that 07 f;(-) is locally bounded on R" and Graph(0 f;) is closed.
Thus, there exists 5? € 0 fi(xo) such that " — §?, where {¢} C {¢"}. Since 7 is continuous
in the second argument and Graph(W) is closed, we have

(&0 e, x0) ), (& n(x,x0) ), (8, 1(x,%0) )) & = int C(xo). (4.14)

Thus, xg € J, that is, J is closed. From assumptions, we get | C D, and so ] is compact. This
completes the proof. O
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Example 4.2. Letn =2, K = [0,+00) x [0,1], 5(x,y) = (x1-y1,0), and f(x) = (x1,x1) for any

x,y € K,and C(x) = R? for any x € K, where x = (x1,x2),y = (y1,12). Let D = [0, 1] x [0, 1].
For each y € (0, +o0) x [0,1],

A - A@) =2 -y 2 Gun(ey) =@ -w), Vo= (8)edfily), (415
then
(1-¢) (@ -w) 20, (4.16)
and so ¢! = 1. Since
(0 = f2(y) = x1 =1 2 (G2, n(x,y)) = (1~ 1), Vi = (@Léﬁ) €d'fa(y), (417)
we have ¢! = 1. Therefore,
O"f(y) ={5=(&1,6) &1 =(1L,a),6=(1,D),Ya,beR}. (4.18)
Similarly, one has
o"f(0) ={¢=(01,62) : &1 =(c,a),62=(d,b),c<1,d<1,Va,beR]. (4.19)
Consequently, for any y € K \ D, X € D, ¢ € &"f(y) such that
(G 1(xy)) (2 n1(xy))) = (F1 -y, X1 -y) € -int C(y). (4.20)

Then it is easy to check that all assumptions in Theorem 4.1 hold and J = {(0,v) : 0 < v < 1}.

Corollary 4.3 (see [9]). Let fi, i =1,2,...,n beinvex in the sense of Clarke’s generalized directional
derivative with respect to 1 and locally Lipschitz. Suppose that other conditions are the same as in
Theorem 4.1, then the solutions set of (MOP) is nonempty compact.

Corollary 4.4. Let K C R" be nonempty convex. Suppose that the following conditions are satisfied:

(i) n(x,x) =0 forany x € K,
(ii) x +— 7(x, ) is affine and y — (-, y) is continuous,
(iii) the set-valued function W : K — 28" is given by W (x) = R"\ (- int C(x)) for any x € K
such that Graph(W) is closed,
(iv) fi: R" — R, i=1,2,...,nare subinvex and locally Lipschitz with respect to 1,
(v) there exists yo € K, such that {x € K : 3§ € 0Mfi(x),i = 1,2,...,n,

(G (Yo, ¥)) (&2 1Yo, Y)), -+ (ens (Y0, ¥))) & —intC(x)} is closed and bounded,
then the solutions set of (MOP) is nonempty compact.
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Proof. Let

D={xeK:3,€d"fi(x), i=12,...,n, (&, 1(yo0,x)),..., (¢, (Y0, x))) & —intC(x)}.
(4.21)

Obviously, yo € D, and moreover, D is nonempty closed bounded. Therefore, for any y €
K\ D, there exists o € D such that for any ¢; € 0"fi(y),i=1,2,...,n,

(1o, ), (G n(Wo,y)), -/ (Gn (Yo, v))) € —intC(y). (4.22)

By Theorem 4.1, the solutions set of (MOP) is nonempty compact. This completes the proof.
O

Theorem 4.5. Let K C R" be a nonempty convex set. Suppose that the following conditions are
satisfied:

(i) n(y,x) +n(x,y) =0 forany x,y € K,

(ii) x +— 7(x, ) is affine and y — # (-, y) is continuous,

(iii) the set-valued function W : K — 2K is given by W (x) = R*\ (-int C(x)) forany x € K
such that Graph(W) is closed,

(iv) fi: R" = R, i=1,2,...,nare subinvex and locally Lipschitz with respect to 1,
(v) there exists yo € K such that for any x € K and {; € 0" fi(x),i=1,2,...,n, such that

im (¢, n(yo,x)) <0, i=12,...,n, (4.23)

llx[| — o0

then the solutions set of (MOP) is nonempty compact.

Proof. Since there exists yy € K, such that for any ¢; € 0" fi(x), i =1,2,...,n,and x € K such
that

im (¢, n(yo,x)) <0, i=12,...,n, (4.24)

llxl| = o0
there exists ¢; > 0,i =1,2,...,n, such that for each x € K, with ||x|| > ¢;, such that
(Cim(yo,x)) <0, i=1,2,...,n (4.25)

Taking d = max{ci + ¢, +¢,...,¢n + €, ||yoll + €}, where e > 0,and let D = {x € K : ||x|| < d}.
Clearly, D is closed bounded. Then for any x € K \ D, there exists yo € D, and for any
¢i €0"fi(x),i=1,2,...,n, such that

(&, n(yo,x)), ..., (¢, (Yo, x))) € —int R} C —int C(x). (4.26)

By Theorem 4.1, the solutions set of (MOP) is nonempty compact. This completes the proof.
O
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Theorem 4.6. Let K C R" be nonempty convex. Suppose that the following conditions are satisfied:
(i) n(y,x) +n(x,y) =0 forany x,y € K,
(ii) 71 is an open mapping, x — n(x,-) is affine, and y — (-, y) is continuous,

(iii) the set-valued function W : K — 2R is given by W (x) = R"\ (- int C(x)) for any x € K
such that Graph(W) is closed,

(iv) fi: R" = R, i=1,2,...,nare subinvex and locally Lipschitz with respect to 1,

(v) there exist a nonempty closed bounded set B C K and a nonempty bounded closed set
D c K such that, for each y € K\ D, there exist x € Band §; € 0" fi(y), i € {1,2,...,n}
such that

(Gun@E ) ) (Gun(®y))) € -intC(y) (427)

then the solutions set of (MOP) is nonempty compact.

Proof. Define set-valued mapping G : K — 2K by

G(x) = {y € K: Vg € 0" fi(x), ((¢i,n(x,v)), ..., (¢nm(x,v))) € —intC(y)}, VxeK.

(4.28)
Obviously, x € G(x) for any x € K, that is, G(x) #0.
For any net {y,},., C G(x), with y; — o, we have, for any ¢; € 8" fi(x),
(G m(x ), (Gnn(x, 1)) € —intC(yn), (4.29)
that is,
(G n(xy)) - (G n(x, 1)) € W (). (4.30)

In view of the continuity of 7 with respect to the second argument and closedness of
Graph(W), we obtain

(G n(xy0))s -, (G (2, 0))) €W (w0), (4.31)
and so
(¢ n(x, 1)), (Gn (%, y0))) & —int C(yo). (4.32)

Consequently, yo € G(x), that is, G(x) is closed. By Theorem 3.4, we only need to prove that
(VVLI) has a solution.

Suppose to the contrary that (VVLI) has no solution, then

{yeK:V¥xeK, 3 €d"fi(y), (b n(x,y)),--- (Gn(x,y))) € -intC(y)} =0.  (433)



14 Journal of Applied Mathematics

From the proof of Theorem 3.4, we have

{y € K:Vx e K,V € 0"fi(x), (1, 1(x, ), (s 1(x,y))) € —intC(y)} = 0. (434)

Therefore, foreach y € K, {x € K : y € G(x)} #0.
Define set-valued mappings Fy, F» : K — 2K by, respectively,

Fi(y) = {x e K:3¢ € 0" fi(x), ((Gu,n(x,y)), -, (G (%, y))) € -intC(y)}, Vye€K,

Fo(y) = {x e K: ¥ € 0"fi(y), (v, (%, ¥)), - (& 1(x,y))) €-intC(y)}, Yy E(K- )
4.35

Obviously, for each y € K, F1(y) #0. ‘
For any finite set {x1,x2,..., x5} C F1(y), there exist g{ € dfi(x;), j=1,2,...,m, i=
1,2,...,n such that

((elomxiow) ) (&G )ooos (Shom(xiy) ) € ~int C(y). (4.36)
By the 7-monotonicity of 0" f;, we have, for each j € {1,2,...,m},
(& y)) = (Gnxi, ) 20, V& € dfi(y). (437)
It follows that

(& y) ) (G w) )) = (@, 9))s - (1, ))) € REC C(y).
(4.38)

Since 7(x,y) + n(y,x) = 0, for any x,y € K, we get
(&, x)) o Gy x)) = (Gl %) ) (Gn(y,x) ) €Cy),  (439)
that is,

(&) Gunyx)) € (G x) ) (Gon(y %) ) + Cv)
cintC(y) +C(y) c intC(y).

(4.40)

Therefore, for any a; > 0,57 a5 = 1,57, a;((&1, 1y, %)), .-, (b (¥, X)) € intC(y), and

thus
<<§1, > am(xj,y) > ., <§n, > ain(x;,y) >> € —intC(y). (4.41)
= =
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Since 7 is affine in the first argument, it follows that

<<§1, 7 (Zm:zxjx]-, y> >, ceey <§n, 1 <Zm:a]-x]-, y> >> e -intC(y). (4.42)

We have Z;”zlajx,- € F>(y), thatis, co(Fi(y)) € F2(y) for any y € K. In view of the closedness
of G(x), one has Fl‘l(x) = K'\ G(x) as an open set in K. Therefore, intKFl‘l(x) = Fl‘l(x). From
(4.34), we have

Uly e K:3¢ €0 fix), (G n(x,y)), .., (Gun(x,y))) € -intC(y)} =K, (443)

xeK
that is,
JF'(x) =K. (4.44)
xeK
Furthermore,
K= JF'(x) = Jintc F' (). (4.45)
xeK xeK
From assumption (v), one has
y € F/' (%) = intx F 1 (%). (4.46)

By Lemma 2.14, there exists ¥ € K such that ¥ € F»(¥). Since 7(x,y) + (y,x) = 0 for any
x,y € K, we have n(y,y) = 0. Thus,

Vi€ d'fi@),  (Gun@y)- (6 n(¥.y))) € -intC(y), (4.47)

that is, 0 € —intC(y), which is a contradiction. Therefore, (VVILP) has a solution. From
Theorems 3.2 and 3.4, (MOP) has a weakly efficient solution.
Similarly, we can show that J is compact.This completes the proof. O

Remark 4.7. As previously mentioned, the results presented in this paper extend some cor-
responding results in [5, 7, 9, 12, 13]. For instance, Theorems 4.1 and 4.6 extended the
corresponding results given by Kazmi [7], and Lee et al. [13], Lee et al. [9] from preinvex
functions to subinvex functions. Corollaries 4.3 and 4.4 generalized the results given by Lee
et al. [13] from differentiable functions to nondifferentiable functions.
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