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ALTERNATE CHARACTERIZATIONS OF BOUNDED
VARIATION AND OF GENERAL MONOTONICITY
FOR FUNCTIONS

BARRY BOOTON

ABSTRACT. We find necessary and sufficient conditions for a func-
tion to be equal almost everywhere to a function of bounded
variation. These results can be applied to broaden the class of
general monotone functions.

1. Introduction

Being of bounded variation is a useful property for a function. A summary
of many results on functions of bounded variation can be found in the mono-
graph [1]. Many useful generalizations of the concept of bounded variation
are also discussed in this survey. In addition, this work explores the impact of
these generalizations on other aspects of analysis, such as rectifiable functions,
the Riemann—Stieltjes integral, and Fourier series.

It is natural to attempt to generalize to R™ the original definition of a
function of bounded variation on R! or a compact subinterval due to Jor-
dan. Brudnyi [3] describes some such approaches. In these, a multivariate
function of bounded variation in some sense is an element of a broader local
approximation space. In addition to summarizing results on these functions,
he expands on their connection to local approximation theory.

A question that arises is whether a condition on a function can be developed
in which a function retains at least some of the properties that a function of
bounded variation has, but is not affected by a change in the function on a
set of measure zero. The general monotone functions provide a useful setting
for exploring this question. The general monotone sequences were introduced
by Tikhonov in [6]; related sequences were considered earlier by Belov in
[2]. Liflyand and Tikhonov extended the concept of general monotonicity to
functions in [4] in multiple ways. A function f defined on (0, c0) is said to be
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general monotone with majorant function S8(z) >0 if f is locally of bounded
variation on (0,00), lim,_, f(x) =0, and there exists a constant C' > 0 such
that for x € (0,00),

2x
/ 7 (1)] < CB().

Examples of majorant functions that they introduced included B(x) = |f(z)|
and B(z) = [:"[f(t)|%, where ¢ > 1 is some constant independent of z. We
broadly use the notation GM(8) to denote general monotone functions, and
GM(c) to denote the special case B(z) = " | f(t)|4L.

c

In this paper, we develop necessary and sufficient conditions for a function
to be equal almost everywhere to a function of bounded variation. Using
these conditions, we can alter the definition of general monotone functions in
a way that broadens this class of functions, but allows them to retain some
key properties. We develop these conditions by considering the oscillation of
a function rather than its variation. We first create some notation to express
this new class of functions in a convenient manner.

DEFINITION 1.1. For f € L'([a,b]), let Af|a,b] denote the average of f on
[a,b]; i.e.,

b
Afla,b] = bia/ F(t)dt.

DEFINITION 1.2. Let I be a subinterval of R. Let f be locally integrable
on I. Let a € I. We define the functions A’ , and A7 , on I such that A’ ,(b) =
’f’,a(b):O forbel,b<a,andforbel, b>a,

n 1 dr,
N (b)) = 7/ t) — Afldi_1,d]|dt
f,a() SUP,;dk*qu |f() f[ k—1 kH

dr—1
and
n—1
7o) =sup > |Afld, dps1] — Af[dp1,dx]],
k=1

where the suprema are taken over all partitions {a =dy < d; < --- < d,, = b}
of [a,b] with n > 1 and n > 2, respectively.

Note that the set of functions {f: A ,(b) < oo} form a proper subspace of
BMO. Results on the whole of BMO that relate to those that follow would
be of great interest.

We shall say a function f measurable on (0,00) is admissible if f is locally
integrable on (0,00), and lim,_, f(z) =0.

DEFINITION 1.3. Let f be admissible. We say that f € GM'(8) (or f €
GM"()) if there exists a constant C' >0 and a majorant function B(z) >0
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such that for all = € (0,00),
Xf o (22) < CB(x)
(or N}, (22) < CB(x)).
In the case that B(z) = [i" |f(t)| %, we say that f € GM'(c) (or f € GM"(c)).

We shall see that )\},a and )\;{a are very closely related, and thus so are
GM'(B) and GM"(B).

In [4] and [5], Liflyand and Tikhonov described essential properties of
functions f € GM(c). In particular, they showed that if f € GM(c), with
fjw |df ()| < C’f%m |£(t)| %, then for z € (0,00),

max{2,c}z

(1.1) |f(x)yg(c+41n2)/ |f(t)|%.

x

2

Also, they showed that for such f, for , N € (0,00), with z < N,

/mN|df(t)\ < 20(1@(% += 1) /:N|f(t)|%.

c2

We shall refer to these conditions as Conditions 1 and 2, respectively.

We shall also see that for a function f not necessarily of bounded variation
on an interval [a,b], but at least equal almost everywhere to such a function,
then both /\’f,a and )\’f’,a can be used as a proxy for the variation of f. This
can be applied in particular to functions in GM”(c). It turns out that a
function f € GM"(c) satisfies two conditions very similar to Conditions 1
and 2. In fact, if f € GM"(c), with A7 (2z) < Cf%m |£(t)| %, then for almost
every z € (0,00), (1.1) holds. Likewise, for such f, for 2, N € (0,00), with
x <N,

1 c N dt

1.2 " _(N)<2C(1 — t)|—.

(12 j00 <2000 (5 + 55 ) [ 101G
2. Results

THEOREM 2.1. Let f be locally integrable on [a,b], N7 ,(b) < oc. Then

Fa(0) S Xf o (D).

Proof. Let {a=dy <dy <---<d, =b} be a partition of [a,b]. Let £ >0.
We shall see that for 1 < k <n, there exist ag,bx € (dx—1,dx) and d; > 0 such
that

(2.1) |Af[bk—5k,bk+§k]—Af[ak—cik,ak—kék”
1 e A €
> — t) — dr_1,dg]| dt — —.
dk_dk—l,/dk1|f() Fldy—1,dy]| -
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For such k, let gx = f — Af[dk—1,dr]. We can assume f;:_l lgr(t)| dt > 0;
M |gr(t)dt. Let gf =

otherwise, (2.1) is trivial. Let 0 <& < z—7— de

max{0,gx}, g, =max{0,—gx}. Note that

/ Y g / oy

dk,1 dk—l
so that
1 /dk N 1 de €
- g (t dt,i/ g () dt > —.
dk - dk—l di—1 k ( ) dk - dk_1 d_1 k ( ) 2n

Let ag, by € (dk—1,dy) be Lebesgue points of g such that

1 L
bp) > —- t)dt
)= 5—o— [ a0

k—1
and
1 e
ap) < ———M— - (t)dt.
) <~ —p— [ a0
Let dx,1 be such that 0 < 5,1 < min{by — dx—1,dr, — by, w}, and for 0 <
0 <6,

13
Agk[bk —0,by + 5] > gk(bk) — %

Likewise, let 0y 2 be such that 0 < &y 2 < min{ay — dk—1, d, — ag, M}, and
for 0 <9 <y 2,

€
Agglay, — 0,ar + 0] < gr(ar) + o
Let 6 = min{dx 1,0k 2}. Then
|Af[br — Ok, br + 0k] — Af[ar — Ok, ar + 04]|
= | Agi[br — Ok, bi + 0k] — Agk[ar — Ok, ar + 6]

> (00— 5) = (snten + 1)

d
- /d ‘f(t)_Af[dk—l,dk”dt—%.

2 [
dy —dr—1 Jg,_,

Therefore, letting r, = min{ay, by}, sp = max{ay,by},

dg.

SR
kz_:lm/d | /(8) = Af[di—r.di] | dt

k—1

Y g
< Z(‘Af[sk — Ok, Sk +5k] —Af[mC _6k7rk+5k” + E)
k=1
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< ST (|AFlre — O, + 0] — Afldy—1,75 — 04|
k=1

+ ’Af[?“k + 0k, S — (Sk] — Af[’l“k — 0k, Tk + 5k”
+ ’Af[sk — Ok, Sk + 5k} — Af[?“k + 0, S — 51@”
+ |Af[3k + 5k7dk] — Af[sk — Ok, Sk + 5k”) +e< /\N,a(b) +e.

Since € > 0 was arbitrary,

> —i [F(8) = Affdicr,dil| dt < X, ).
Since {a =dp < dj < --- < d, =b} was an arbitrary partition of [a, ],
b.a(0) S NF (D). O
COROLLARY 2.2. GM"(3) c GM'(B).

THEOREM 2.3. Let f be locally integrable on [a,b], N} ,(b) < oo. Then
9
)‘;{,a(b) < 5)‘/ ,a(b)'
Proof. Let {a=dy <d; <---<d, =0} be a partition of [a,b] with n > 2.

Let 0 = mini<g<n(dp — di—1). For 1 <k <mn, let s, be such that 2% <
dy, — dj_1 < 25F15. For such k, for 0 < j <25, let

dr;=dr—1+ ;Tk(dk —dp-1)

so that for 1 <j < 2%
0 <dp; —dp,j—1 <20.
By relabelling, let
n 2%k
{a=cp<c < <ep=b}= U U{dk’j}'

k=1j=0
Of course, this means that for 1 <1 <m, §d <¢; —¢;_1 < 2§. We shall see that
for 1<l<m-—1,

|Aflen, cipn] — Aflei—y, | < g¥/ v |f(t) = Aflci—1, ciqa] | dt.

Cl+1 —Cl—1 J¢_y

Let p; = ﬁ We have % <p < % Also, note that
1 Ccy Cl41
Afla-1,c41] = ———— f(e)dt +/ f()dt
Cl4+1 — Cl—1 ci—1 o

=pAfle_1,a]+ (1 —p)Af[e, cria]-
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Thus,

! /Cl (f(t) = Aflci—1, ciqa]) dt

Cl+1 —C—-1 Jey_y
=pi(Afflci—1,a] — Afla-1,cia]) = pi(L—p) (Affei—1, ¢ — Afler, cgal).

Likewise,

! / W) — Afle, ) dt

Cl+1 — Cl—1 Jg
= (1 —p)(Afler, cipa] — Aflei-t, cigal)
=pi(1—p)(Afler, ci] — Affa—r,al).

Therefore,

! /CZJr1 |f(t) = Afler1,crpa]| di

/ 1 (f(t) - Af[cl—hcl-l,-l]) dt‘

1
P
Cl+1 — C—1 Ci_1

/Cm (F(t) = Afler_r, eisa)) dtD

1

+

=2pi(1—po)|Afler, ciia] — Afle—r, ]| 2 %’Af[cz,czﬂ} — Aflei-a, -

We estimate

n—1
> |Afld; dpgr] — Af[di—1,di]|.
k=1

For 1 <k <n, since

2%k
1
Afldg—1,di] = on > Afldrjo1,dig)
j=1

there exists ji, 1 < jip < 2% — 1, such that
| Afldn.gics dijor] = Af[dr 15 di ]|
= !Af[dk,jk,dk,jkﬂ] - Af[dkfladk” + ’Af[qu,dk] — Afld -1, drj, ]|
Let
D={l:1<I<m-1, and ¢ =dj_j, for some k,1 <k <n}.
Then

m—1
> | Afler, el — Afle,all
=1

— Z |Aflcr, cii1) — Afla-1,cll|

1<I<m—1,1¢D
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+ > |Af(dk g drjia] = Afldn,j—1,d ]|
k=1

- Z |Afler, cn] = Aflai-r,al|

1<I<m—1,1¢D

+ 3 (|Afdn s di ] = Afldi—1, di]|

k=1
+ |Afldr—1,dr] — Af[dr j,-1,dk j,]|)
n—1
> |Afldy, dsa] — Afldr—1,di]|.
k=1
Thus,

n—1

> |Afld, dr] — Af[di—1, di]|

k=1

< Y [Aflesan] - Afleall

1<i<m—1, 1l odd

+ > |Afler, 1] = Afler-a, |

1<Ii<m—1, |l even

9 1 Cl+1
<4 [ 150 - At i
1<1<m—1, 1 odd SH1 ~ =1 Jery
1 Cl+1
+ > 4/ |£(t) —Af[cll,cm]ydt)
1<Ii<m-—1, [ even Clbl = -1 Jer
N
< 2/\ 7a(b).

Since {a =dy < dj < --- < d, = b} was an arbitrary partition of [a,b] with
n>2,

1 a(D) < X, (). O

COROLLARY 2.4. GM'(8) c GM"(B).

THEOREM 2.5. Let f be of bounded variation on [a,b]. Then

b
1)< / (1))

Proof. Let {a=dy<d; <---<d, =0} be a partition of [a,b] with n > 2.
Let
A={k: Afldy—1,d]) < Af[dp,dis1]}
and let
B={k:Af[di_1,dx] > Af[dy, dp+1]}.
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For 1<k <n,let dy1,dk2 € (dx—1,dr) be such that
fldi1) <Afldi—1,di] < f(dg2)-

In the case 1 € A, we construct inductively a finite sequence {k;}7~,. Let
ko=1. Fori>0even,if ke Afor k; <k<n-—1,let m=i+1 and k,, =n,
and the sequence is complete. Otherwise, let k;y1 = min{k > k; : k € B}.
Likewise, for i >1 odd, if k€ Bfor k; <k<n—1,let m=i¢+1 and k,, =
and the sequence is complete. Otherwise, let k;1 = min{k >k, : k € A}.
Then

n—1

Z‘Af[dhdkﬂ] — Afldi—1,ds]|
=1

= Z (Af[dkifl’dki} - Af[dki—lflﬂdki—l])

1<i<m, ¢ odd

+ Z (Af[dk'i—I*l’dki—l} - Af[dki*17dki})

1<i<m, i even

< D k) = fde )|+ DD [fdka) = f(dk,_, 2)]

1<i<m, i odd 1<i<m, i even

b
g/ |df ()]

A similar proof yields an identical result in the case 1 € B.
Since {a =dy < dj <---<d, =b} was an arbitrary partition of [a,b] with

n>2,
b
Fa) < [ laro)]. o
COROLLARY 2.6. GM(B) C GM"(B).

THEOREM 2.7. Let f be locally integrable on [a,b], N} ,(b) < oc. Then there
exists g of bounded variation on [a,b] such that f =g a.e., and

b
[ lds0)] <7, 0.

Proof. We define g on [a,b] such that
1 1 a+h 1 a+h
gla)= 5 <liminf 7 / f(t)dt +limsup 7 / f(@) dt),

h—0t h—0+

1/ .1 (" , 1
g(b) = = ( liminf — f(t)dt + limsup — f(t)dt
2 h b—h

h—=0t h Jy h—0+
and for z € (a,b),

1 1 xz+h 1 z+h
g(x) = 5 (lim inf o f(t)dt +limsup o (@) dt> .

h—0% z—h h—0+ z—h
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If 2 € (a,b) is a Lebesgue point of f, then
g(z) = lim — f(t)dt= f(z)

o h—0+ 2h z—h

and thus g = f a.e.
Next we see that g is of bounded variation on [a,b], and

b
[ lds0)] <7, 0.

Let {a =dyp <dy <---<d, =0} be a partition of [a,b]. Let £ >0. Let
1<k<n-—1.If dg is a Lebesgue point of f, then there exists hj such that

0<hy < min{dk —di—1 7 di41 — dk}
2 2
and
e 1 di+hyg
9ldi) = 5 < 57— f(t)dt < g(dy)
2hk dk hk
Otherwise, let
= limsup — t)dt — liminf — t)dt > 0.
T lh_>0141»p 2h dkfh f( ) }'L*)%)I}’ 2h dkfh f( )

Then there exist hy 1, hg,2 such that

dip —di_1 d —d
O<hk71,hk72<min{ k kol k+12 k}

2 )

and

1 dr+hi1 1 dr+h T
/ f(t)dt<liminf—h/ f)dt+ =
d d

2hk71 k=P h—0+ w—h 2
1 [oth T
=limsup — f(t)dt — =
h—o+ 2R Ja,—n ) 2
1 dr+hg,2
< f(t)dt.
2hi,2 /dk—hk,’z

Since Fy,(h) = 3 i’“+:f( )dt is continuous for 0 < h < min{d, — dj_1,

di+1 — di}, by the Intermediate Value theorem, there exists hy, min{hy 1,
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hi2} < hy <max{hg1,hr 2}, such that

1 di+hy ( )
— F(6)dt
2hk dip—hg
1 di+h 1 di+h
= — [ liminf — t)dt+1i — t)Ydt ) = qg(dy).
2(21533 )y f(t) msw o f(@®) ) 9(dy,)

Similarly, there exist hg, h,, such that 0 < hg < dl;d°7 0<h, < %,

do+ho
gldo) -~ o< [ SOt <gldo) +

do
and
€ 1 dn €
dp) — — < — )+ —.
9(dn) = 5~ < » dn_hnf(t)dt<g(d )+ 5
Then
> lg(dr) = g(dy—1)]
k=1
1 di+hy 1 do+ho
<|=— t)dt — — t)dt

o o= [T g |
S 1 di+hy () 1 dr—1+hk—1

+ —/ F(t)dt — / f(t dt‘
P 2hy, di—hp 2h—1 dr—1—hk_1 ()
1 dy, 1 dpn—14+hn_1

+ |— t)dt — / t dt’ +e€
hn /dn—hn 7o) 2hn—1 Ja, s —hy, s i)

< |Af[do + ho,dy — ha] — Afldo, do + ho)

n—1

+ > (|Afldi — by i+ hi) = Af[di—1 + b1, di — ]|
k=1

+ |Afldk + hiydir1 — hiyr] — Af[di — hi, di + he]|)
+ | Afldn — hiydn] = Afldny + hp1,dn — hy]| +
<N o (b) +e.

Since € > 0 was arbitrary,
n
> lgldr) = g(dr—1)| < N7 ().
k=1
Since {a =dp < d; <--- <d, =b} was an arbitrary partition of [a, b],

b
/ |dg(t)] < X1, (b).
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COROLLARY 2.8. Let f € GM”(B). Then there exists g € GM(B) such that

f=g ae.

COROLLARY 2.9. Let f € GM”(c), with N} ,(2x) < C [ |f(t)|%. Then for

t

almost every x € (0,00), (1.1) holds.

COROLLARY 2.10. If f € GM"(c), with N} ,(2x) < C [ |f(t)|4, then for

x,N € (0,00), with x < N, (1.2) holds.

1]
2]

(3]

4

[5]

[6]

Proof. Since there exists g € GM(c) such that f = g a.e, using Theorem 2.5,

N
1 N)=XL(N) < / |dg(t)]

x

cN di
/ 0l O

oz
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