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ON A LINEARIZED p-LAPLACE EQUATION WITH
RAPIDLY OSCILLATING COEFFICIENTS

HARRI VARPANEN

ABSTRACT. Related to a conjecture of Tom Wolff, we solve a
singular Neumann problem for a linearized p-Laplace equation in
the unit disk.

1. Introduction

Tom Wolff [20] constructed in 1984 a celebrated example of a bounded p-
harmonic function u in the upper half-plane R2 = {(z,y) € R?: y > 0} such
that the set

{x eR: ;E)%u(x,y) ex1sts}

has 1-dimensional Lebesgue measure zero. Fatou’s classical radial limit theo-
rem [5], [17] states that any bounded harmonic function in a smooth Euclidean
domain has nontangential limits almost everywhere on the boundary of the
domain, so Wolff’s construction demonstrates the failure of Fatou’s theorem
in the nonlinear case p # 2.

The most important ingredient in Wolff’s argument (see [20, Lemma 1]) is
the construction of a bounded p-harmonic function ® = ®(z,y) in R? such
that ® has period A=\, in the « variable, ®(z,y) — 0 as y — oo (uniformly
in x), and

A
/ ®(x,0)dx #0.
0

This is essentially a failure of the mean value principle; no such construction
can be done for harmonic functions. See Section 1.2 below for a description
of how the failure of Fatou’s theorem follows.

Wolff states [20, p. 372] that his argument must generalize to other do-
mains, and that the argument is easiest in a half-space since the p-Laplace
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operator behaves well under Euclidean operations. It is particularly interest-
ing whether a construction is possible in bounded domains such as the unit
disk, because in general there are serious problems when trying to map an
unbounded planar domain on a bounded one in the p-harmonic setting. Con-
formal invariance is lost, and there cannot exist any reasonable counterpart
to the Kelvin transform when p # 2; see [11]. While many open problems for
p-harmonic functions are resolved in two dimensions, boundary behavior is
still far from well understood.

This paper is motivated by the problem of whether it is possible to construct
a bounded p-harmonic function u = u(r,6) in the unit disk such that the set

{0 €[0,2m): lim u(r,6) exists}
r—1

has measure zero. A closely related problem is to construct a sequence
(un)$—; of bounded p-harmonic functions in the unit disk such that the Nth
function has angular period 27/N and for each function u=uyn = u(r,0),

2
u(0) ;é]é u(1,6)do.

The author claimed [19] to have constructed such a sequence, but the construc-
tion contained a gap that remains open and is explained below in Section 1.4.
In this paper, we construct the corresponding sequence for a linearized equa-
tion.

1.1. Organization of the paper and statement of results. Section 2
contains preliminaries about p-harmonic functions, and Section 3 introduces
the appropriate moving frame intrinsic to the unit disk. In Section 4, we start
with a well-known sequence (fn)35_; of p-harmonic functions in R? with the
polar form

(11) fN(ra 9) :rkaN(9)7

where k= k(p, N) > 0 and the function ay is 27/N-periodic. Unfortunately
for our purposes, each of these functions f = fx satisfy
2
f(0)= f(r,8)d0 =0 for each r >0,
0
so a suitable perturbation is called for. We let v = vy be a solution to the
linearized p-Laplace equation

(1.2) 4

d€ Ap(f+5v) :Oa

e=0

where f = fy is asin (1.1). After introducing the appropriate weighted func-
tion spaces in Section 5 and proving a priori regularity in Section 6, our main
result, proved in Section 7, is the following theorem.



ON A LINEARIZED p-LAPLACE EQUATION 501

THEOREM 1.1. For a given N € N, there exists a solution v=vy to (1.2)
such that

2
0
(1.3) / (1,0)do £ 0,
0 8
where n denotes the outer unit normal.

As described below in Section 1.3, this would yield the desired failure of
the mean value principle for p-harmonic functions, provided that the function
v=vwvy in (1.3) satisfied Vv € LP(D). We conjecture this to be true, but the
best regularity we obtain is the following theorem (Section 6).

THEOREM 1.2. Any solution v =v(z) to (1.2) satisfies v € L>°(D) and
|z|Vu(z) € L>(D).

We prove Theorem 1.2 by noticing that (1.2) is the Euler-Lagrange equa-
tion of a quadratic energy functional, and thereby we are able to utilize Wolff’s
results in the upper half-plane via a conformal map.

REMARK 1.3. The equation (1.2) works out to
div(AVv) =0,
where
A(r,0) = rP=2k=1) (ag + k2a2) =

o az + (p— 1)k?*a? (p — 2)kaay
(p — 2)kaay k*a® + (p — 1)a2

the function « is from (1.1), and ay denotes its derivative. The equation (1.2)
is degenerate/singular at the origin, and in such cases regularity of solutions
is not well understood, see, for example, [21].

The outline of our treatment if similar to that of [20, Section 3]. We give
many additional details on various calculations that are only sketched in [20].
We use a moving frame, because using plain polar coordinates would render
the Neumann problem in Section 7 difficult to solve.

1.2. How the failure of the mean value principle leads to the failure
of Fatou’s theorem. Having constructed the function ® = ®(x,y) described
above on p. 499, Wolff’s argument in the half-plane continues roughly as
follows:

o If (T ) ° | is a suitably fast-growing sequence of positive real numbers and
if (L ) 524 is a suitable sequence of uniformly bounded Lipschitz functions,
then the sequence

k
(1.4) )=>

Jj=1

L, (2)®(T}x,0)

S| =
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is uniformly bounded and diverges for almost every = as k — oo ([20,
Lemma 2.12]).

e For each k > 1, denote by 7} the unique p-harmonic function in RE_ having
boundary values o5. Lemma 1.6 in [20] enables one to fix the sequences
(T;)32, and (L;)$2,, and to obtain a decreasing sequence of positive num-
bers B; — 0 along with the following estimates:

~ ~ 1
’0k+1($7y) - Uk(z,y)} < ok when y > S,

~ 1
|0k+1($ay) - Uk(w)} < T when y < S.

e It follows that the sequence o) converges to a p-harmonic limit function G
as k — oo, and that for a.e. x the limit lim, .o G(x,y) does not exist; see
[20, p. 385].

REMARK. Denoting ¢;(z) = ®(T;z,0) one has gj(x,y) = O(T;z,T;y), so
in the upper half-plane it is enough to construct a single function failing
the mean value principle. An analogous scaling with respect to the angular
variable does not hold in the disk.

1.3. How the Neumann problem leads to the failure of the mean
value principle. In Section 7, we find a solution v € Y7 to the linearized
p-Laplace equation such that

2
(1.5) @(1,9)d9‘—M>0‘

0 871

By the fundamental theorem of calculus, there exists a radius ry close to one
such that

2m
/ v(ro,8) —v(1,0) d9’ > %(1 —70),
0

especially

(1.6) /Oﬂv(ro,e)de#/o " u(1,6) do.

Assuming v is continuous at the origin, both of the functions v; = v(r,6) and
vg =v(ror, ) have the same value at the origin. We conclude from (1.6) that

2m
vi(O)#/ v;(1,0)df
0
for some i € {1,2}.

REMARK. Assuming Vv € LP(D), a similar argument holds for the p-

harmonic function f+ ev for a small &, even without the assumption that v
is continuous at the origin. See [20, Lemmas 3.16-3.19], where Vv € L>(RR%)
can be replaced by Vv € LP (Ri) but any weaker regularity does not seem to
suffice. The calculations transfer verbatim to the disk case.
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1.4. Statement of error. It was claimed by the author [19, Lemma 7.7]
that v € C°(D) N W (D) holds for any solution to the linearized p-Laplace
equation (1.2). The argument claimed uniform ellipticity in dyadic annuli near
the origin, but in fact the gradients of the test functions in Caccioppoli-type
inequalities do not stay bounded.

CONJECTURE. We conjecture, based on numerical experiments, that for
each N € N there exists a solution v =vy to the linearized p-Laplace equation
(1.2) such that (1.5) holds and such that v € C°(D) N W1 (D).

2. Preliminaries
The p-Laplace equation Ayu =0, that is,
div (|Vu[P~?Vu) =0,

is the Euler—Lagrange equation for the variational integral

(2.1) I(u) = /Q Vul? dz,

where 1 < p < oo and  is an Euclidean domain. A real-valued function
u € WLP(Q) is a solution of the p-Laplace equation if and only if

/ (|VulP~*Vu,Vy) dr =0
Q

for all ¢ € C§°(R2). A standard density argument (e.g., [7, Lemma 3.11])
yields that the class of test functions can be extended to VVO1 P(Q). In general
p-harmonic functions are not twice continuously differentiable, but their first
partial derivatives are locally Holder continuous. A complete regularity char-
acterization in the plane was given in [8]; in higher dimensions the optimal
regularity is unknown. QOutside critical points p-harmonic are real analytic
[9].

For a given g € WP(€) there exists a unique p-harmonic function u in
such that u—g € VVO1 P(Q). Equivalently, u is the unique minimizer of the
p-Dirichlet integral I(v) in (2.1) among functions v € WP(Q) with v — g €
Wy P (Q); see, for example, [13].

There are two planar analogues between the cases p =2 and p # 2 that we
find particularly interesting:

(1) While harmonic functions are characterized by the asymptotic mean
value property

u(x) z]ir(z) u(y)dy +o(r®) asr—0
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for each x € Q and each ball B,.(z) C 2, p-harmonic functions are analogously
characterized by

1
u(z) = ][ u(y)dy—i—(l—a)—(paxu—&—_min u)+o(r2) as r— 0,
Br(2) 2\B,(@)  B.(@)
where a=4/(p + 2); see [3], [14].
(2) If u is harmonic in a simply connected planar domain, there exists a
conjugate harmonic function v, unique up to a constant, such that

Uy = Uy, Uy = —Vp,

(Vu, Vv) =0, and such that the map F' = u+iv is conformal. Analogously, if
w is p-harmonic in a simply connected domain © C R?, there exists a conjugate
g-harmonic' function v, unique up to a constant, such that

Uy = \Vv|q_2vy, Uy = —|Vu|q_2%,

(Vu, Vv) =0, and such that the map F' = u+1iv is locally quasiregular outside
the isolated set {x € Q: Vu = Vv =0}; see [12].

For example, Wolff has p > 2 in [20], but Lewis [10] reduced the case 1 <
p <2 to Wolff’s result by using the conjugacy property (2) above. It may
be worthwile to carry out our program in a complex setting with both of the
conjugate pairs simultaneously present. Moreover, since the purpose of our
work is to construct a p-harmonic function that fails the mean value principle
in a specific way, the characterization 1) above could provide useful insights.

Throughout in what follows, we will assume p > 2; this property is used in
Lemma 7.5. Our domain of interest will be the unit disk D = {z € R?: |z| < 1},
and we denote D* = {z € R?: 0 < |z| < 1}. We will use the partial derivative
notation (e.g., u, and ag) also in the case of a single variable function.

3. A moving frame

Let (r,0) denote the polar coordinates in the plane, and define a moving
frame intrinsic to D* by
0 10
— eg="——.
ar’ " r o0
Let f be a real-valued function defined outside the origin in the plane. The
intrinsic gradient of f is formally defined as a vector

Vef(r.0)= (erf(rv 0),eqf(r, 6))7

that is, V° f = R(0)V f, where R(6) is the rotation by 6 and V f is the gradient
in Cartesian coordinates.

€r =

Li/p+1/g=1.
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The dual basis to {e,,eg} is {dr,rdf}, and the volume element is dA =
rdrdf. The adjoints e; and e are defined as

/ er(u)vdA= [ wuei(v)dA for all u,v € C§°(D*),
* D*

and similarly for ey. The intrinsic divergence of a vector field F = (f,g) is
formally defined as

div® F = —(e;(f) + €5(9))-
LEMMA 3.1. Let F = (f,g) be a differentiable vector field in D*. Then
1
div® F = ;er(rf) +ep(g)-

Proof. The claim is

Hf)=—rerlrf) and ejlo)=—colo)

Let ¢ € C§°(D*). Since (prf), =orrf + o(rf),, we have

[terta== [olwn),aa

that is, e’(f) = —le,(rf) as wanted. The ey case is similar: using (g¢)s =
g + pgoe leads to

1 1
29vedA=— [ —5pgedA,
that is, ej(g) = —eq(g). O

One now easily verifies that A°u:=div°(V°u) = Au by writing the Lapla-
cian in polar coordinates, that is,

1
AU = Uy + —up + —Ugy,
r r
and the same holds for the p-Laplacian.

LEMMA 3.2. The p-Laplace equation div(|Vul[P~2Vu) =0 inD*, 1 < p < oo,
can be written as

(3.1) dive (|Voul 7 Vou) =0 in D"

Proof. Let u € W1P(D*) be p-harmonic in D* and let ¢ € C5°(D*). Since
|Vu| = |V°u| and since (Vu, Vo) = (V°u,V°yp), the p-Laplace equation can
be rewritten as

/ |V°u|p72<V°u, Vep)dA=0,
D*

which is the weak form of (3.1). O
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4. A linearized p-Laplace equation

The following well-known lemma is adapted from Tkachev [18] and Aron-
sson [1], [2].

LEMMA 4.1. Given 1 <p < oo and N € N, there exists a 2w /N -periodic
function a=a, n: R — R and a real number k = k(p,N) > 0 such that the
function

f=fon(r,0)=r"a(6)
is p-harmonic in R%. Moreover, the following holds:
(i) The number k=k(p,N) is determined from the quadratic equation
(2N —1)(b+1)k* —2(N?b+2N — 1)k + N*(1+b) =0,

where b=p/(p — 2).
(ii) The function a is characterized by the quasilinear ordinary differential

equation
(4.1) age +V(a,ag)a =0,
where
—3)k* —(p— 2 12— (p— 2 2
Via.ap) = (2= 3K = (p=DK)aj + (p— K = (p— 2h)k*a®

(p—1)a} + k2a?

(iii) The equation (4.1) has a unique solution a € C*°(R) with given initial
data a(0),ag(0).

(iv) Assume a(0) =1 and ag(0) =0, and denote A= \/k? — ——2K—— The

p/(p—2)+1"
function a = a(0) admits the parametrization

o= (t2 +)\2)(k—1)/2 (t2 n k2)_k/2,

0 = arctan( £ ) - "L arctan(
—arcank b\ &I‘C&HA,

where t € R and 0 € (=55, 557 ), and for other values of 0,

a(f) = —a(n/N —0), a(—0) = a(0).

(v) The function f = f(z,y) admits the parametrization
f=hpkEN-D cos(NT),
z=h*N"1((k+A)cosT + (k — A) cos(2N — 1)),
y=h"N"1((k+N)sinT — (k — \)sin(2N — 1)7),
where T € [0,27],h > 0.

The following lemma is analogous to [20, (3.13)].
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LEMMA 4.2. Let 1 <p<oo, N €N, and let f(r,0) =r*a(0) be as in
Lemma 4.1. The expression
d

e Ap(f+ev)=0

e=0

reduces formally to
divo (AVO’U) = 0’

where

(4.2) A(r,0) = rP=DE=1) (2 4 j242)

y az + (p— 1)k*a® (p — 2)kaay
(p — 2)kaay k%*a®>+ (p—1)a3 )"

p—4
2

Proof. Since
(s +evu 7 (V0F +29°0))
=|V°f+ 5V°v|p72V°v
+(p—2)((VOF,V°0) +e|Vou|?) | VO f +eVou[P T (VO f + Vo),
the expression

° dive (|V°f + eV p_2(V°f+5V°v))
=0

de

e=

becomes

dive (|Ve [P Vou + (p— 2)[Ve £ [P (V0 £, Vou) Vo F)

= div (|Vf[ V00 + (p - 2) Vo £ T (V0 F 0 V0 £) VR0)
=div°(AV°v),
where?
A=V (VST + (p—2) (VO F @ V°F)).
Inserting
V2 | = 1 (a2 + kzaz)%
yields (4.2). 0O

LEMMA 4.3. Let 1 <p<oo, N €N, and let A be as in (4.2). Then

p—2 P—2
r®=2ED (af 1+ k2a®) 1€ < (A8,€) < (p—1)rP D (ag + K2a) 2 [¢)
for all £ € R2.

2fa= (at,...,an) and b= (b1,...,bn) are vectors in R™, their tensor product a ®b is an
n X n matrix with
(a ® b)ij = aibj.
It is straightforward to check that the formula (a,b)a = (a ® a)b holds for vectors a,b € R™.
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Proof. The eigenvalues p of the matrix

i az + (p— 1)k*a? (p — 2)kaay
n (p — 2)kaay k*a*+ (p — 1)a}

are
tr A4 /(tr A)2 — 4det A
H= 2
pag +pk*a® + \/pQ(az + k2a2)2 — 4det A
— 5 )
Since N
det A= (p—1)(aj+ k2a2)2,
we obtain
_(p£(p—2)(a§ +k%a?)
= 5 7
and the claim follows. O

REMARK. Denoting A < (A€, €) < A, we have A/\=p — 1. Moreover, the
eigenvectors of A work out to (—ag, ka) and (ka,ay). These observations are
not used in the present work.

5. A weighted Sobolev space
Let p and N be fixed, and let A be as in (4.2). We will look for weak
solutions v to the equation
div®(AV°v) =0 in D*
in the weighted W12 space of 27 /N-angular periodic functions:

2
Y, = {v ewl? (D*): v(r,@—i— %) =v(r, 9)7/ |v)?r2P 4- ‘VOU|2T2a dA < oo}.
D

loc
Here a = (p— 2)(k —1)/2 and S is any number satisfying « — 1 < 8 < 2a — 1.
The inequality o —1 < 8 will be needed for the imbedding of Y7 to the weighted
L? space to be compact, and the inequality 8 < 2« — 1 for continuously dif-
ferentiable functions to be dense in Y;. The negativity of a — 1 is not an issue
since we assume p > 2 and since we are ultimately interested in large values

of the parameter k.
Define the weighted L? space as

Yo= {fELfOC(]D)*): f<1",9+ 2]\7;) f(r,9)7/|f(r,9)|2r23dA<oo}.
D

The inner product in Yj is defined as

(flo)yy = /D F(r.0)P g(r,0)r" dA,
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and the inner products in Y7, and in

v ={rest@): [Irmofr <o

are defined accordingly. The dual pairing between f € Yy and g € Y is

(flg) = / fgdA.

In this section, we prove three lemmas about the spaces Yy and Y; that
are omitted in the half-plane case of [20]. We prefer |V f| over |V°f| in the
notation, because the expressions are equal and the moving frame will not
become apparent until in Section 7.

The first lemma will be used in Lemma 7.3.

LEMMA 5.1. The imbedding id: Y1 — Yy is compact.

Proof. Let € >0 be small, and denote id = idg + id;, where idy and id;
denote the restrictions of id to functions in Y; defined on the annuli

AO:{(r,G):O<r<s,O§9<27T}

and
Alz{(rﬁ): 6§7‘<1,O§9<27r},

respectively. The imbedding id; is compact for each ¢, because the imbedding
W12 — L? is compact and we are away from the origin. It suffices to show
for u € Y7 that

el ay = /A W?r? dA < C.ull2,,
0

where C; — 0 as € — 0. Since the imbeddings id; are compact, this yields
(see, e.g., [6, Theorem 0.34]) that id itself is compact.
Let ue Yy, 0<r<1/2,and 0 <6 < 2x. Since

R
u(r,0) <u(R,0) —I—/ [Vu(p,0)| dp

for each R € (r,1), we estimate

1
w0 < [ fule.)ldo+ [ |[Vulp0)]dp
(1/2,1) r

The Cauchy—Schwarz inequality yields

/:|Vu(ﬂ79)’d,0§ </:]Vu(p’9)’2p2a+1 dp)é </T1

1 2
< Cor™@ (/ !VU(p,9)|2p2““dp) :

1
2

hS)

—(2041) dp>



510 H. VARPANEN

so we obtain for u € Y7 that

(5.1) / u?r?? dA
Ap

SCAO<(]{1/Q,1)|u(p’0)|dp>2

1
42 / }Vu(p, ) ‘2p2a+1 dp) 2P dA.

The first term on the right-hand side of (5.1) is estimated using r < 1 and the
Cauchy—Schwarz inequality:

2
/ <][ |u(p,9)|dp> r?PdA
A. (1/2,1)
2
</ (][ }u<p,e>!d,o) a4
A, (1/2,1)
1 1
</ (/ |u<p,e>|2fﬂﬂdf’> (/ P”dp)‘“
A \J1/2 1/2

< Cllull3;-

The second term on the right-hand side of (5.1) is estimated with Fubini’s
theorem as

1
/AT_QO‘/ ’Vu(p,9)|2p2°‘+1dpr25dA

£ 2 1
:/ rQﬂ*QQ/ / }Vu(p79)|2p2apdpd9rdr
0 0 r

1>
<l [ et < 2O,
Thus we obtain
/ Pr? dA < O 4 2) w2 — 0
1
A, e—0
as wanted, since > a — 1. (]

The next lemma is omitted in [20, p. 390] and is added here for complete-
ness.

LEMMA 5.2. Let uw €Yy be continuous. For k € N define ri, = 27k and
my = meinu(rk,H).
Then
(5.2) limsup rgmg <O0.

k—o0
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Proof. Let us first assume that v is a radial function. We will assume that
(5.2) is false and prove that

1
/ |y (r)|r**r dr = oo,

0
which contradicts the fact that u € Y7.
So let

limsup riu(ry) =¢eo > 0.
k—o0

Then there exists a subsequence of 7, (still call it 1) such that riu(ry) > /2
for each k. Fix r; from the subsequence, and choose ro from the subsequence
small enough such that u(rz) > 2u(ry). We have, by the fundamental theorem
of calculus (for Sobolev functions), that

T2
M= / up(r)dr =u(re) —u(r) > u(re) /2 >ry “eo/4.
T1
Let v(r) = u,(r)r*+t1/2, so that
M /7’2 U(r)r,(a+1/2) dr = <U7T7(a+1/2)>'
T1
By elementary Hilbert space geometry, the smallest value of

T2
T F—— / o(r)? dr

1
under the condition (v,g) = M, is attained when v is parallel to g, that is,
v=gM/||g|l2. In our case, g(r) =r—(*t1/2) and

- S L
lglz [ 2r=GetDdr oy — 2
2 —2« 2
s, & 1S4

16 pp 22T 16 1 ()2

since ro/r1 <1/2 by definition.

Now choose 13 from the subsequence such that u(rz) > 2u(re) and repeat
the process above. Continuing in a similar fashion and summing over the
chosen radii r;, we have

(o)
2 2 _
Il = 3 iz, =

which concludes the radial case.
When u is not radial, denote

u(r) = %/0 7Tu(r, 0)do
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and repeat the proof above as follows: Choose 75 from the subsequence such
that

meinu(rg,ﬂ) > ngxu(rl,ﬁ).
Then
) _ 1
M ::/ U (r)dr > Emginu(rg,ﬁ) >ry Ye/4.
r1

As before, we obtain

. 2 2a 2
/ ‘ur(r)} r%rdr > Cuep.

1

Finally, since

~ 2 1 [T 2
|t (r)] S%/o |ur(r,0)|" df,

we have, by Fubini’s theorem, that

2m 1
/|Vu|2r2°‘dAZ/ / |ur(r,0)|2r2o‘rdrd¢9
D o Jo

1 2m
= / / ’u,. (r, 9)|2 dfr?Tt dr
o Jo

1
> 27r/ |ﬂr(r)|2r2“+1 dr
0

o [~ 2 2041 g, _
ZQWZ |t (r)|"r dr = o0,
j=17T3

contradicting u € Y]. O

The result below is used in the proof of Lemma 7.7.

LEMMA 5.3. The space C1(D) of continuously differentiable functions in D
is dense in Y1, i.e. Y1 is the closure of C*(D) under the norm

1

191 = ([ 156000 [V s0) e aa)

Proof. Let u €Yy and € > 0. We are looking for a function v =v. € C*(D)
such that ||u — v]ly; — 0 when £ — 0. By truncating u, we may assume that
u is bounded. We may also assume that u is radial; the general case follows
as in the proof of Lemma 5.2.

Let ¢ = p. € C*(0,1) be such that ¢(r) =0 when 0 <r <e, p(r)=1
when 2e < r < 1, and 0 < ¢, < C/e. We will show below that up € Y7 satisfies
|lu —uplly; = 0 as e = 0. Thereafter, the desired function v is obtained from
up by a standard convolution approximation left to the reader.



ON A LINEARIZED p-LAPLACE EQUATION 513

We start with
lu — g3, = [lu(@ - @)]|5.

1 1
:/ ’u(1—¢)|2r25+1 dr—l—/ ‘(u(1—<,0))r’27“2a+1 dr.
0 0

The first integral is bounded above by
2¢e
C/ lu| 22+ dr
0

and goes to zero with €, since u € Y. For the second integral, we estimate

2e
| la=e, fretar

2e 2e
§2/ \17¢|2\ur|2r2a+1dr+2/ |u\2|(17<p)T’2r2a+1dr.

Here the first integral goes to zero with e, since u € ¥7. Since |(1 — ¢),| =
|or| < C/e, the second integral is estimated using the Cauchy—Schwarz in-
equality:

C 2e C 2e % 2e %
—2/ \u|27'2a+1 dr < — (/ \u|2r26+1 d7’> </ |u|2r4°‘725Jrl dr)
€ 1> € £ £

c % 2 4a—2p+1 ?
< Sl ([ prie=+ar)
€

9 % da—2 1 2
< Sl ([ a0 )
1>

_ 062(1—5—1’
which goes to zero when 8 < 2a — 1. O

6. Regularity

We proceed to prove a priori regularity of solutions to the linearized p-
Laplace equation (1.2). Since the coefficients of the matrix A in (4.2) are in
the class C°°(D\ {0}), also the solutions are in this class by standard linear
regularity theory. The question of interest is regularity at the origin.

6.1. The half-plane case. We start by quoting some results from [20,
pp. 387-390]. Fix arbitrary constants A >0, 8 >0 and 0 < o < 3, denote
52 =1[0,A) x (0,00) CR?, and consider the Hilbert space Y; defined via

Yy = {fELIQOC(]Ri): flz+A\y) :f(x,y),/SA|f(x’y)|26—23ydxdy< oo},

Ton {7 € Lho(82)s VS € 1h(R2). [ [V "e dndy <o),
SA
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Fix A: @ — 2 x 2 real symmetric matrices. Assume Ais C* on @,

A(z+ A, y) = A(z,y) and that there exists a constant C' >0 such that
(6.1) Cle 2 g? < (A(w,y)€, ) < Ce g,
Then the following two results hold:

THEOREM 6.1 ([20, Lemma 3.8)). If u € ¥; N C"X’(@) satisfies
div(AVu) =0 in R?, then u is bounded. In fact, u(z,y) < max;u(t,0) for
all (z,y) e R3.

THEOREM 6.2 ([20, Lemma 3.12]). If u € ¥ N COO(@) satisfies
div(AVu) = 0 in R3, then there are v >0 and p € R such that
lu(z,y) — p| < 2e7Y|ulloo for all (z,y) € RE. Consequently Vu € L1(S*)
for all g € (0, ].

6.2. The disk case. The weak form of div(AVu) =0 in R?, where A
satisfies (6.1), is the Euler-Lagrange equation for minimizing

/ (AVu, Vu) dz dy
SA

among functions in Vi Analogously the weak form of the equation
div®(AV°v) =0 in D*, where A satisfies (4.2), is the Euler-Lagrange equation
for minimizing

(6.2) / (AV°v, Vov)rdrdf

among functions in Y.

THEOREM 6.3. Let v € Y7 minimize (6.2) with a given boundary data.
Map the strip S ={(z,y) € R%: —7 <z <7} to D* via the map G: C— C,
G(z) = e**. Then the composed function u=1vo G minimizes

(6.3) /Sc(x,y)}Vu(x,y)Fe*my dz dy,

where a = ((p—2)(k—1)+2)/2 and C~* < c(z,y) < C for some C > 0.

Proof. The expression (6.2) has the form
p—2
(6.4) / (af + k*a?) 7 pp=2k-1) |Vo(r,0) |2r drdf.
In Cartesian coordinates (Z,y) € D, the expression (6.4) reads

/* @)@ +72) TR @ ) F (7 + 32) " dz g,



ON A LINEARIZED p-LAPLACE EQUATION 515

where ¢(Z,9) = (a7 + k%a®)"2 . A change of variables (7,y) = G(z,y) yields

(6.5) / (a3 + k%a?) % ¢+ @260 |70 (r,0)*r dr do

/ c(z,y |Vu x y)| 29 d dy,
S
2_ =22

because 72 = 2% + 2 = ¢~ 2?¥ and because the Jacobian of G is r = e~¥. A min-
imizer of (6.2) minimizes the left-hand side in (6.5); hence also the right-hand
side. Since c(z,y) = a} + k*a? is bounded away from zero and infinity, the
claim follows. g

THEOREM 6.4. If u €Y satisfies div’(AV°u) =0 in D*, then u € L and
u(r,0) <maxgu(l,6) inD*. Moreover, the expression \/x? + y*Vu(x,y) stays
bounded in D*.

Proof. Consider a solution v to the linearized p-Laplacian (1.2) in D*.
When S is mapped to D* via G, the function © =v o G on S minimizes a
quadratic functional that belongs to the class (6.1). By Theorems 6.1 and 6.2,
both v and Vu stay bounded in S. O

7. The oblique derivative problem

The main result of this paper is the following that corresponds to [20,
Lemma 3.15].

THEOREM 7.1. Let p> 2, let A be as in (4.2), and let M > 0. There exists
a solution v €Y; to
Tv:=—div’(AV°v) =0 in D*
such that

2Trd’U
1,0)d0 =M,
/Odn< )

where n denotes the outer normal vector on OD.

We prove Theorem 7.1 via a series of lemmas. The first step is to transform
the problem to an oblique derivative problem.

LEMMA 7.2. Denote n* = An. Assume that there exists a function
¥: 0D — R and a solution v € Y7 to

Tv= in D*
(7.1) { v=0 . in DF,
3n*+7—89 7 on 0D,
such that
27
(7.2) ¥(0)df = M.

0
Then Theorem 7.1 holds.
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Proof. In our moving frame the outer normal is n = (1,0), and the conormal
on 0D with respect to T is

n*(0) := An — A(1,6) <(1)> = (a® + K2a2)"T (“3 - 1)’“2“2> .

(p — 2)kaay
With
w= (ag + k2a2)pT,
we have
1
n* = w(ag +(p— 1)k2a2) (O> +w(p —2)kaay (?) ,
so that
1 1 0
= = *— (p—2)wk
n=(0) = Gt o=y (v~ 0 2k (7))
i 0
=i (1))
where
a2 + k2a2 e
(73) o(6) = ot )

ai + (p— 1)k?a?’
p—4
7(0) = —(aj + k*a®) = (p — 2)kaas.
It follows that

0 0 0
(7.4 2 —q( s +7%),

and in particular that the equation
v
an =Y
n
for some ¥ : D — R, is equivalent to the equation

Ov +T@*%
on* 00 ¢ U

(7.5)

The following corresponds to [20, Lemma 3.7].

LEMMA 7.3. Let ¢ be a function on 0D, and let ¢ and 7 be as in (7.3).
Let E be the set of all admissible boundary values f(0) = F(1,60) of solutions
Fey; to

(7.6)

é’,ﬂ - %(TF):O on OD.

{TF:O in D*,



ON A LINEARIZED p-LAPLACE EQUATION 517

Then E is finite-dimensional, and the oblique derivative problem (7.1) has a
solution v € Y7 if % 1L E, e if

(7.7) " Mf(@) d9=0 forall f€E.

o q(9)
Proof. The strategy is to first consider the problem of finding a function
u € Y7 such that

Tu=g in D,
(78) ou ou __ BIb)
on* + TW =0 on 5

that is, to find a suitable condition for g € Y7* such that the problem (7.8)
admits a solution. Thereafter, the problem (7.1) is reduced to the problem
(7.8).

Following [6, Chapter 7], we start by constructing a suitable Dirichlet form.*
Our form D: Y; x Y] — R should satisfy

(7.9) D(v,u) — (v|Tu) = /anv<<’98:* + TgZ) a0,

so that the condition

D(v,u) ={vlg) forallveY;

guarantees that u € ¥7 is a weak solution to (7.8).
Let B= A+ C, where

(7.10) C= (2 OC> :

and ¢ € C°(D) is any function such that —c(1,6) = 7(0) and c(r,0) = 0 for
r < 1/2. Our Dirichlet form is defined such that
ou

v—*dﬁz/vdivo(Avou) dA+ D(v,u),
op Ong D

(7.11)
i.e.

D(U,u):/D<V°U,Bvou>dA+/Dv{eg(cm)eT(u)+er(012)69(u)}d14;

see Section 7.1 (especially Lemma 7.8) below. Because our Dirichlet form is
coercive and the injection Y; — Y} is compact, the standard Fredholm-Riesz—
Schauder theory ([6, Thm. 7.21]) yields that the space

W ={ueYi: D*(v,u) =0 for each v € Y }
= {vele D(v,u) =0 for eachuEYl}

3 The notation in [6] is different from the notation in [20, Lemma 3.7]; our notation
corresponds to that in [6].
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is finite-dimensional in Yy, and that the problem (7.8) admits a solution when-
ever

(o) = [ gvaa=o

for each v € W. The remaining step is to solve the problem (7.1) with the
additional condition (7.7).
Let ¢: 0D — R be continuous and such that

2
Y(0)

7.12 —~v(1,0)dd =0
(712) o )7
holds for each v € W, and let h € Y7 be such that

oh oh »(0)

1.0 0)—(1,0) = —=.

s 10) +7O) 55 10 =15
We claim that
(7.13) / vThdA=0 forallveW.

D

Indeed, let v € W, i.e. D(v,u) =0 for each u € Y;. By (7.9),

2
D(v,h)f/vThdA:/ ’u(a(?:* +T%> de,
D 0

so (7.13) follows by (7.12). Since (7.13) holds, we can solve the problem (7.8)
with g = —Th, obtaining a weak solution u to

Tu=-Th in D,
887;‘* +Tg—7; =0 on JID,

and the function w =wu + h solves (7.1). O

REMARK 7.4. Any solution v € ¥ to (7.1) has angular period 27/N, be-
cause we have chosen to include the periodicity in the space Y;. Without the
inclusion, the periodicity of v would follow from a periodic boundary function
1 below. However, the argument below is non-constructive, and constructing
a quantitative solution of the Neumann problem with specific values of N is
beyond the scope of this paper.

Proof of Theorem 7.1. By Lemma 7.3, what we need is
2 27
(7.14) —gdfd=0 forallge F, and »dd =M.
o ¢ 0

Writing ¢ = /g and using the bracket notation, (7.14) reads
(p,g)=0 forallge E, and {(p,q)=M.

A necessary condition clearly is ¢ ¢ E, but it is also sufficient: if ¢ ¢ E, we
write ¢ = qp + ¢, where gz € E and ¢, € E+. Then

<503 Q> = <90a ql>a
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so if ¢ ¢ E, we can choose any function ¢ such that ¢ = % ¢ F in order to
have (¢, q) # 0, and then multiply by a constant to obtain {(p,q) = M.

In order to finish the proof, we need to show that ¢ ¢ E. Suppose on
the contrary that ¢ € F, that is, ¢(f) = F(1,6) for some solution F € Y1 N
C>=(D\ {0}) to

TF=0 in D,
gf* (1,0)= d%(T(Q)q(Q)) on OD.

Let 6y be a global minimum point of ¢. (Such a point exists since g €
C>(0D).) By Lemma 6.4, (1,60) is a minimum point of F' on D. By (7.4),

oF 1 OF oF

%(179) = m%(lﬁ) —7(9)%@9)'

At the minimum point (1,6p), the last term on the right-hand side equals
zero, and the outer normal derivative of F' has to be nonpositive. Since g > 0,
we obtain

oF
on* (1v 00) <0,
that is,
L1 o) <o,
6| g—g, B
by (7.6). But this is impossible by the following essential result that corre-
sponds to [20, Lemma 3.5] and that finishes the proof. O

LEMMA 7.5. Let p>2, k>2, let ¢ and 7 be as in (7.3), and let Oy be a
minimum point of q. Then

Proof. Recall that

q= (aj +k*a®) = (ag+ (p— 1)k2a2)_1,

Tq=—(ag+ (p— 1)k2a2)_1(p —2)kaay,
and that a satisfies agg = —Va, where
((2p—3)k* — (p = 2)k)ag + ((p — DE* — (p — 2)k)k?a?
(p—1)a2 + k2a? ’
We start with the simpler case p =4, where
q=(aj + 3k2a2)_1,
7q=—(ag+ 3k2a2)_12kzaag,
5k? — 2k)a2 + (3k* — 2k)k?a?
3a2 + k2a? '

V=

vl
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Now
g0 = —(ag + 3k*a®) _22(a9a99 + 3k2aa9)
= —2aag (ag + 3k2a2)_2 (3k* — V),
which is zero only when @ =0 or ag =0 or V = 3k2. The last alternative reads
(5K — 2k)ag + (3k* — 2k)k*a® = 3k*(3aj + k*a®)
and simplifies to
ag (4k* + 2k) = k?a®(—2k),

which is impossible. Next, consider the case a =0. Denote A = 2(a} +
3k%a?)~2, so that g9 = —Aaay(3k* — V), and
Qoo = (*A(3k2 — V))Gaag — A(3k2 — V) (aag)g.
When a =0, this equals
—aﬁA(SkQ -V),
and thus has the same sign as V — 3k?. But when a =0, we have V =
(5k? — 2k)/3, and 3k? —V > 0. Hence, gg9 <0 when a = 0, that is, points

where a =0 are local maxima for q. Hence, a local minimum of ¢ can occur
only when ag = 0. At such a point, since agg = —Va,

(7)o = —(aj +3K?a®) " (2k (] + 3K°a”) (aag)o — 2kaap (af + 3k%°) )

_ 2V
= —(3k2a2) 23k2a2 - 2kaagy = ET > 0.

Now consider the case p # 4. First, we consider the sign of (7¢q)g. With
B:=aZ + (p — 1)k?a®> > 0, we have 7¢ = —(p — 2)kB~'aag. Disregarding
(p—2)k > 0, the sign of (7q)p is the same as the sign of

B2 (Bgaag — B(aag)g).
We disregard B~2 > 0, and since (aag)y = aj — Va?, we have
sgn((rq)e) = sgn(Bpaag — B(aj — Va?)).
Next, we calculate
(7.15) By =2agage + 2(p — 1)k*aag = 2aaq ((p — 1)k* = V),
so that
sen((rq)e) =sgn(2a’ag((p — k> — V) — B(aj — Va?)).

Inserting B yields that (7,)¢ has the same sign as the expression

2a%a3((p — K> = V) = (ag + (p — Dk*a®) (a5 — Va?),
which simplifies to

(p— D)k*Va* + ((p— 1)k* — V)a’aj — ap,
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and factorizes to
((p— Dk*a® —a3) (Va® +aj).
Thus, we conclude that (7¢) is positive only when a2 < (p — 1)k%a®.
Next, consider gg. With A := a2 + k%a? and again B := a3 + (p — 1)k%a?,
we have ¢ = A4=P)/2B~1 and

4 _ .
(716) qo = TPAZTPAQB71 — A4TpBi2B‘9
24 (2P up AB,).
2

We already calculated By in (7.15), and similarly Ag = 2(k? — V)aay, so in
(7.16),
4—p
TAQB — ABy
=(4—p)(k* = V)aag(aj + (p — 1)k*a®) — 2(aj + k*a®) ((p — 1)k* — V) aaq
=aag[(4 —p) (* = V) (ag + (p — Dk?*a®) —2((p — DE* = V) (aj + k2a2)]
=:aaq - C.
Let us simplify the bracket term C above. The coefficient of a} is
K ((4-p)—20p—1) +V(2-(4-p) =(p-2)(V -3k,
and the coefficient of k?a? is
=-p)(F* =V)(p-1)=2((p- 1k - V)
=k ((A-p)p-1 -2 -1))+V(2-(4-p)p-1))
=k @p-1D)2-p)+Vp-2)p-3).
We factor out (2 — p) to obtain C'= (2 — p)D, where
(7.17) D:=(3k*=V)aj + ((p— 1)k* — (p — 3)V)k?a®.
Hence, (7.16) reads
(7.18) qo = B24%" (2 —p)aapD,

and we deduce that the extremal points of ¢ are the points where a =0 or
ag=0or D=0.
Differentiating (7.18) yields

a0 = (2 p)(aas (B> A"3" D), + (aag)g B~2A"3 D).
When a =0 or ag = 07 we have
a0 = (2~ p)(aj ~ Va®) B2AZ" D,

and we conclude: ggg has the sign of —D when a =0, and ¢y has the sign of
+D when ag =0.



522 H. VARPANEN

Next, we insert the formula for V in (7.17). We denote

Ba2 + vk?a?

V= (p—1)a2 + k?a®’

and calculate in (7.17)

Baz + vk*a*
(p—1)ai + k?a?
3k2((p — 1)a2 + k?a?) — BaZ — yk?a?

(p—1)ag + k2a?
ag(3k*(p — 1) — B) + k*a*(3k* =)
(p—1)a + k2a?

32—V =3k% —

)

and

(p=Dk* = (p=3)V
BaZ + vk*a>
—(p—1Dk2 = (p—3)———=06 1 ™=
(p ) (p—3) (p— 1)0,3 ¥+ k202
(p— DE*((p — 1)ag + k*a?) — (p — 3)(Baj + yk*a?)
(p—1)a2 + k?a?
ag((p—1)°k* — (p—3)B) + k*a*((p — VK> — (p — 3)7)
(p—1)a + k?a® '
Further, inserting 3= (2p — 3)k?> — (p — 2)k and v = (p — 1)k* — (p — 2)k in
the nominator yields

3k (p —

=p(k* + k) — 2k,
3k:2—7 p( k2+k) +4k? — 2k,
(p—1)%k* = (p—3)8 = p*(—k* + k) + p(7k* — 5k) + (—8k* + 6k),
(p—1)k* — (p—3)y =p*(=Kk* + k) + p(5k* — 5k) + (—4k” + 6F).
Disregarding the positive denominator, we have that D in (7.17) has the

same sign as the expression
(7.19)  ag(p(k* + k) —2k)
+ agk*a® (p*(—k* + k) + p(6k* — 4k) + (—4k” + 4k))
+k'a* (p? (—k* + k) + p(5k* — 5k) + (—4k* + 6k)),
which factorizes to
([p(K* + k) — 2k]ag + [p*(—k* + k) + p(5k® — 5k) + (—4Kk® + 6k) ] k*a®)
X (a% + kzag).
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Modifying further, this becomes
(720)  ((k+1)p—2)ag+ ((=k+1)p* + (5k — 5)p — 4k + 6) k*a®
= ((k+1)p—2)ag + ((=k +1)(p — p1)(p — p2)) k*a®,

5 1 [9k—1
:—i—
Pr2=5 =5\ % -1

with the convention p; < pa. Factoring out & — 1 in (7.20) finally yields that
D has the same sign as

kE+1 2 9 9 9
(ﬁp— ﬁ)ae—(p—pl)(p—m)k a.

where

We note that the coefficient of a3 is positive and that p; < 1. Thus, the
sign of D is positive whenever p < po. In this case, we observe that the local
minimum of ¢ occurs when ag =0, and we have (7¢q)g > 0 as desired.

The remaining case to check is p > py and D <0, where D <0 reads

((k+1)p—2)ag < ((k — 1)p* + (—5k + 5)p + (4k — 6)) k*a?,
that is,
(k —1)p* + (—5k +5)p + (4k — 6)
(k+1)p—2
Denote the fraction on the right-hand side by F. It suffices to show (for

k > 2) that F <p—1 when p > po, since a3 < (p — 1)k*a? yielded (1¢)g >0 as
desired. Now F' < p — 1 precisely when

az < ka2,

P?+ (2k — 4)p — 2k +4 >0,
in particular whenever

p>Vk2—2k—k+2.

But for k> 2 we have Vk2 — 2k — k + 2 < 4, while p > py > 4. This completes
the proof. O

7.1. Calculations for the Dirichlet form. In this subsection, we provide
the calculations missing from the proof of Lemma 7.3 above.

LEMMA 7.6. Let A be as in (4.2) and write A= (g1} §12). Then

div® (AVOU)

= apierer(u) + (a12 + azi)eger(u) + azeqeq(u)

+ (er(au) + %an + ee(am)) er(u) + (er(a12) + eq(age))eq(u).



524 H. VARPANEN
Proof. We calculate
v (AV°u) = e, (r[AV°u] ) + e ([AV"0] )
= anere(u) + er(au)er(u) + arzereg(u) + er(a12)eq(u)

1
+;(1116r( )+ (11269( )

+ azieger(u) + 66(a21)er(u) + agzegeq(u) + eq(aze)eq(u)
=ajrere.(u) + ajzereg(u) + aziege.(u) + asegeq(u)

T <e,.(a11) + %an - 69(a21)> er(u)

+ (er(am) + %am + 60(a22)> eq(u).

Moreover,

10u 10u 1 ou

erco(u) :e?“(;%) =20 " W(@)
1 10 [(0u 1 10 [0u
‘r—zee(u”;@(%):‘ﬁe@(“) ao(&«)

1
= _r_geG(u) + eger(u),
SO
1
arzereg(u) = arseger(u) — ;auee(U),

and the claim follows. O

LEMMA 7.7. Let A be as in (4.2), let C be as in (7.10), and let B=A+C.
Denote the conormal derivative with respect to B on 0D of a function u by

ou 1 o
%‘<B (o)’v “>'

o = /vdlv BV°u )dA+/<V°v BV°u)dA

Then

ou
D 6”3
for each u,v €Y.

(7.21)

Proof. By Lemma 5.3, we may assume that u,v € C1(D). By definition,

(7.22) /UdiVOUdAZ—/<U,VO’U>dA
D D

for each U € C1(D; R?) and v € C§°(D). When v is not compactly supported,
we multiply it by ¢, a standard radial function in C§°(D) satisfying ¢ — xp
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as € = 0. Then, by (7.22),

/goevdivoUdA:—/<U,V°(<p€v)>dA
D D
—/<U,UV°¢E>dA—/ <U,<p5V°v>dA.
D D

Letting € — 0 yields, since V°p. — (—01,0) as € — 0,

/vdivoUdA:/ de9—/<U,V°v>dA
D oD D

With U = BV°u, we have Uy = byie,.(u) + biaeg(u), and

Ju 1 o \
TR ORDE

which finishes the proof. O
LEMMA 7.8. The Dirichlet form (7.11) satisfies (7.9).
Proof. Replacing the divergence term in (7.21) by Lemma 7.6 yields

(7.23)

ou
v
oD 3n}k3

= / V°v-BV°udA
D

+ / v{bllerer(u) + (b12 —+ b21)6967«( ) + b22€969 }dA
D

+ /Dv{ (er(bn) + %bu + 69(521)>€r(u)

+ (er(b12) + 69(1?22))60(10} dA,

and replacing the middle term on the right-hand side of (7.23) by
div® (AVOU) = biierer(u) + (b1a + ba1)ege,(u) + bagegeg(u)

n <er<an> + Lo+ eg<a21>> (1) + (e (a12) + o (az2)) e (u).

yields

oo

U—d9

on’y

Z/VO’U'BVOudA—F/’UdiVO(AVOU) dA
D D

+ /Dv{ <er(b11) + %bu + 60(621)> er(u) + (e, (b12) + ea(bzz))ee(u)} dA
_ /DU{ (er(an) + %an + 69(&21)>6T(u) + (er(bra) + ee(bzz))eg(u)} dA.
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Thus, we obtain (since ¢;; = b;; — aij, c11 =22 =0, and c21 = —¢12 =¢)

ou

df = /Vov BV"udA—&—/vdw (AVO ) dA
oD 8”3

D

+ /Dv{eg(—c)er(u) +er(c)eg(u) } dA.

‘We want
ou ou ou
= 0)—.
oy~ onr, 705
Since
ou 1 ou 1
— A t . 0, — t . o
2 arer (1) wan 2o (1) v
and since

(o) 7= (G 8 (o) () =0 =35

we choose ¢ to be any function in C°°(D) such that —c(1,6) = 7(6). The
additional condition ¢(r,0) =0 for r < 1/2 is needed both for Lemma 7.7
above and for the coercivity estimate below. O

LEMMA 7.9. There exist constants C1 and Cs, independent of u, such that
|D(u,u)| = Cillull3, — Callull3,
for each u € Y7.

Proof. We estimate

(7.24) |D(u,u)| > /Vou-BV"udA‘
D

Du{eg(cm)er( u) +e(c12)eq(u }dA
Since V°u - BV°u = V°u - AV°u and since A - & > Or2@|¢|%, we have
/Dv°u - BV°udA > C’/Dr2°‘|v°u|2dA =C(lul?, —[lul%,)-
For the second term on the right-hand side of (7.24), we have
/Du{eg(cm)er( u) + e (c12)eq(u }dA

<C |u(er(u) + eq(u))| dA,

{r>1}
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since the functions ¢;; are in the class C*° (D) and are supported in the annulus
{r >1/2}. By Young’s inequality,

/ ‘u(er(u)—i—eg(u))‘dAgC/ [uVeu|dA
{r=3} {r>3}

< CE/ |V°u
{r>3}

1
< Celully, + C-lully,

1
2dA+C—/ ul?dA
€ Jir>4

Choose € > 0 small enough such that Ce < 1/2 to obtain

|D(u )| > /Dvou-BvoudA’ _ ’/Du{eg(cm)eT(u)—I—er(cm)eg(u)}dA‘

1
ZQM&—QM%—@M&=QM&—@M&,
as wanted. O

Finally, we prove a result about the adjoint Dirichlet form D*(v,u) =
D(u,v) that is needed in the proof of Lemma 7.3.

LEMMA 7.10. Ifu €Y satisfies, for some f €Yy,
D*(v,u) = (v|f) for allve Y,

then u is a weak solution to the boundary value problem

Tu= im D
(7.25) =7 "
sns — 5p(Tu) =0 on ID.
Proof. Since A is symmetric, Lemma 7.7 yields
2 ov ou
2 Tu—uTvdA= 1,0)—(1,0) —v(1 1 .
(26) [ oTu—aTodd= [ (o) S0 —v(1.0) 100

By definition of D(v,u),

I ou ou
D(v,u)f/DvTudAJr/O v(1,0) (%(1,9)+T(0)%(1,G)> de,
and
2 Ov ov
D* = TvdA 1 —(1 —(1
)= [ uTvaas [ ’9)(an*( 0+ ,9)) @,
so combined with (7.26),

D*(v,u) — D(v,u) :/0 ﬂu(l,G)T(G)%(l,e) - v(l,G)T(ﬁ)%(LG) de.
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Thus D*(v,u) and D(v,u) differ only on the boundary, and the boundary
condition for D* is

™ o o 90
/o van*—&—uT%dH—/o U(an*_%(ﬂto de. 0

8. Related problems

We close with some problems listed by Wolff in [20], where progress has
since been made:

(1) Are there bounded p-harmonic functions with bad behavior at every
point on the boundary and if not, is a Fatou theorem true if one interprets
“almost everywhere” using a finer measure? These questions were answered
by Manfredi and Weitsman [15] in 1988, see also [4]. The Hausdorff dimension
of the set (on the boundary of a smooth Euclidean domain) where radial limits
exist is bounded below with a positive constant that depends only on the
number p and the dimension of the underlying space. No estimates for this
constant are known even in the plane.

(2) What can be said about radial limits of quasiregular mappings? Wolff
states [20, p. 373] that this question was the main motivation for his work.
Progress was made by K. Rajala [16]: If a quasiregular mapping B™ — R™ is
a local homeomorphism, then radial limits exist at infinitely many boundary
points. Apart from this result, the question seems to be open.

Acknowledgments. This problem was proposed to me by Professor Juan J.
Manfredi; I want to thank him for being an excellent mentor and host. I also
thank Tuomo Kuusi, Eero Saksman and Xiao Zhong for interest and encour-
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