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ALGEBRAIC PROPERTIES OF SMALL HANKEL
OPERATORS ON THE HARMONIC BERGMAN SPACE

YONG CHEN, WEI HE AND YUNZHONG HU

Abstract. This paper completely characterizes the commuting
problem of two small Hankel operators acting on the harmonic

Bergman space with the symbols one being bounded and another

being quasihomogeneous, or both being harmonic. The charac-
terizations for semi-commuting problem and the product of two

small Hankel operators being another small Hankel operator for
certain class of symbols are also obtained.

1. Introduction

Let D be the open unit disk of the complex plane C. Let Lp = Lp(D, dA)
be the usual Lebesgue space on D, where 1≤ p≤∞ and dA is the normalized
area measure. Let b2 denote the harmonic Bergman space on D consisting of
harmonic functions in L2. It is well known that b2 is a closed subspace of L2,
and hence is a Hilbert space by itself with respect to the inner product

〈ϕ,ψ〉=
∫
D

φψ̄ dA

for functions ϕ,ψ ∈ L2. Each point evaluation is easily verified to be a
bounded linear functional on b2. Hence, for each z ∈D, there exists a unique
reproducing kernel Rz ∈ b2 such that for every ϕ ∈ L2, Qϕ(z) = 〈ϕ,Rz〉, z ∈D,
where Q is the orthogonal projection from L2 onto b2.

As is well known, a function u in D is harmonic if and only if it admits a
decomposition u = f + g where f, g are holomorphic on D. Furthermore, if
u is in L2, then both f and g are in L2

a. Here, L2
a denotes the well known
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holomorphic Bergman space consisting of all holomorphic functions in L2. As
a result of this observation, we see that

b2 = zL2
a ⊕L2

a.

In particular, there is a simple relation between Rz and the well known
Bergman reproducing kernel Kz ,

Rz =Kz +Kz − 1, z ∈D,

where Kz(w) =
1

(1−wz̄)2 . Thus, Q : L2 → b2 admits the integral representation

Qϕ(z) =

∫
D

[
1

(1−wz̄)2
+

1

(1− zw̄)2
− 1

]
ϕ(w)dA(w)

for ϕ ∈ L2. Recall that the Bergman projection P , the orthogonal projection
from L2 onto L2

a, has the following integral formula

Pϕ(z) =

∫
D

ϕ(w)

(1− zw̄)2
dA(w), z ∈D

for ϕ ∈ L2. Hence, the projection Q can be rewritten as

(1) Qϕ= P (ϕ) + P (ϕ)− P (ϕ)(0), ϕ ∈ L2.

Let U : L2 → L2 be the operator Uf(z) = f(z̄), then U is unitary and
UQ = QU . Given a function φ ∈ L2, the Toeplitz operator Tφ : b2 → b2 and
small Hankel operator Hφ : b2 → b2 with symbol φ are densely defined by

Tφu=Q(φu), Hφu=QU(φu)

for functions u ∈ b2. Clearly, Tφ and Hφ are both bounded linear operator
on b2 when φ ∈ L∞. From the equality UQ = QU , one can easily get the
following relation between Toeplitz operator and small Hankel operator

(2) Hφ = UTφ = TUφU.

For φ ∈ L2, the Toeplitz operator T̃φ and small Hankel operator H̃φ on the
Bergman space L2

a are densely defined by

T̃φ(F ) = P (ϕF ), H̃φF = PU(φF ), F ∈ L2
a.

It is easy to see PTφP = T̃φ and PHφP = H̃φ. Note T̃φ = 0 only if φ = 0.
Combining these facts with formula (2), we have

(3) Hφ = 0 ⇐⇒ Tφ = 0 ⇐⇒ φ= 0.

Let φ∗(z) = φ(z̄), then φ∗ = Uφ = Uφ̄. It is easy to check H∗
φ =Hφ∗ and

H̃∗
φ = H̃φ∗ . So Hφ is self-adjoint if and only if φ∗ = φ.
The algebraic properties, such as commutativity or product of two oper-

ators, are important topics in operator theory. In [3], Brown and Halmos
completely characterized the algebraic properties of Toeplitz operators on the
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classical Hardy space H2. From then on, many related works on Toeplitz
operators or (small) Hankel operators emerged (see [21], [13], for example).

For the case on the Bergman space of the unit disk, the algebraic properties
are more subtle than that on the Hardy space. [1] and [2] obtained the Brown–
Halmos type theorems for Toeplitz operators with harmonic symbols. Many
subsequent works studied these problems for special symbol classes, such as
harmonic symbols, radial symbols or quasihomogeneous symbols, see [6], [17],
[19], [20] for example. For boundedness, compactness, commutativity and
product of small Hankel operators on the Bergman space, one is referred to
[15], [23].

On the harmonic Bergman space, [14] has studied the algebra of Toeplitz
operators and small Hankel operators. Some studies focusing on the algebraic
properties of Toepltz operators with harmonic symbols [5], [7] or quasihomo-
geneous symbols [8], [9], [10], [18] showed that the results obtained are also
quite different from the case on the Hardy or Bergman space.

Motivated by these works, in this paper we first study the algebraic prop-
erties of two small Hankel operators on the harmonic Bergman space. Unlike
the Toeplitz operators case in which many algebraic properties are still un-
known even for harmonic symbols or quasihomogeneous symbols, we obtain
complete characterizations of commuting problem and the product problem
for certain quasihomogeneous or harmonic symbols. Moreover, our results
can apply to answer some algebraic properties of Toeplitz operators on the
harmonic Bergman space.

In order to introduce our main results, we need the notation for quasihomo-
geneous functions. Let R be the space of radial functions in L2. By using the
fact that the trigonometric polynomials are dense in L2 and that for k1 �= k2,
eik1θR is orthogonal to eik2θR, one sees that

L2 =
⊕
k∈Z

eikθR.

Thus, each function f ∈ L2 can be written as (see [4]):

(4) ψ
(
reiθ

)
=
∑
k∈Z

eikθψk(r), ψk ∈R.

Moreover, if ψ ∈ L∞, then each ψk is also bounded on D since for each r ∈
[0,1),

|ψk(r)|=
∣∣∣∣ 1

2π

∫ 2π

0

ψ
(
reiθ

)
e−ikθ dθ

∣∣∣∣≤ sup
z∈D

∣∣ψ(z)∣∣, k ∈ Z.

We call every function in eikθR to be quasihomonegeous function of degree k.
For the commutativity of two small Hankel operators, we first note that

there is an obvious case. In fact, by (2) and (3), we have

(5) H1Hφ =HφH1 ⇐⇒ Tφ = TUφ ⇐⇒ φ= Uφ,
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then H1Hφ =HUφH1, and hence

(6) H1Hφ+Uφ =Hφ+UφH1.

The above case will be included in our characterization of commuting problem
for two small Hankel operators.

Now we state our main results of this paper.

Theorem 1. Let p ∈ Z, ϕ ∈ L∞ be radial and ψ ∈ L∞. Then HeipθϕHψ =
HψHeipθϕ if and only if one of the followings holds:

(a) ϕ= 0;
(b) ψ is a quasihomonegeous function of degree p;
(c) p= 0, ϕ is nonzero constant and Uψ = ψ.

Note that Uψ = ψ if and only if ψ = φ + Uφ with φ =
∑∞

k=0 e
ikθφk(r),

where each φk is a radial function. In particular, if ψ is harmonic, then
Uψ = ψ if and only if ψ = φ+Uφ, where φ is an analytic function.

Theorem 2. Let u, v ∈ L∞ ∩ b2, then HuHv =HvHu if and only if one of
the followings holds:

(a) αu+ βv = 0 for some α,β ∈C and |α|+ |β| �= 0;
(b) u= α(ϕ+Uϕ) + λ1, v = β(ϕ+Uϕ) + λ2, where α,β,λ1, λ2 ∈C and ϕ

is an analytic function.

We would like to point out that the above main results can be applied to
answer when the difference of product of Toeplitz operators TϕTψ − TUψTUϕ

is zero for one symbol being bounded and another being quasihomonegeous,
or both being harmonic, since by (2), we have

U(TϕTψ − TUψTUϕ)U =HϕHUψ −HUψHϕ.

Theorem 3. Let p ∈ Z, ϕ ∈ L∞ be radial and ψ,φ ∈ L∞. Then the follow-
ing statements are equivalent:

(a) HeipθϕHψ =Hφ;
(b) HψHeipθϕ =Hφ;
(c) ϕ= φ= 0 or ψ = φ= 0.

Theorem 4. Let u, v,φ ∈ L∞ ∩ b2. Then the following statements are
equivalent:

(a) HuHv =Hφ;
(b) HvHu =Hφ;
(c) u= φ= 0 or v = φ= 0.

Also, by (2) the above two results can be applied to answer when HϕTψ =
Tφ or TψHϕ = Tφ for ϕ,ψ and φ in certain symbol classes.

In the next two sections, we will prove Theorems 1 and 2 respectively, and
in the last section, we will prove Theorems 3 and 4. Many corollaries including
semi-commuting problem and zero product problem will also be included in
corresponding sections.
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2. Commutativity of two small Hankel operators with
quasihomonegeous symbols

In this section, we are going to prove Theorem 1. We first give the following
preparations.

For ϕ ∈ L1([0,1), r dr), the Mellin transform ϕ̂ is defined by the equation

ϕ̂(z) =

∫ 1

0

ϕ(r)rz−1 dr.

It is clear that ϕ̂ is analytic in the right half plane {z : Re z > 2}. It is impor-
tant and helpful to know that the Mellin transform is uniquely determined by
its value on an arithmetic sequence of integers. In fact, we have the following
classical theorem (see [22], p. 102).

Lemma 5. Suppose that ϕ is a bounded analytic function on {z : Re z > 0}.
If ϕ vanishes at the pairwise distinct points {zk : k = 1,2, . . .}, where
inf{|zk|}> 0 and

∑∞
k=1Re(

1
zk
) =∞, then ϕ= 0.

Remark 6. As a simple application of the above lemma, we have the
following fact which we will use frequently to prove our main results: for ϕ ∈
L1([0,1), r dr), if there exists a sequence {nk}k≥0 ⊂N such that

∑
k≥0

1
nk

=∞
and ϕ̂(nk) = 0, then ϕ= 0.

When considering the product of two small Hankel operators, we also use
a well known fact about the Mellin convolution of their symbols. If ϕ,ψ ∈
L1([0,1), r dr), their Mellin convolution is defined by

ϕ ∗ψ(r) =
∫ 1

r

ϕ

(
r

t

)
ψ(t)

dt

t
, r ∈ [0,1).

It is easy to verify that

(7) ϕ̂ ∗ψ(s) = ϕ̂(s)ψ̂(s),

and that if ϕ and ψ are both in L1([0,1), r dr), so is ϕ ∗ψ.
The following lemma comes from [10, Lemma 2.1].

Lemma 7. Let p ∈ Z and ϕ be a bounded radial function. Then for each
k ∈N,

Teipθϕ

(
zk

)
=

{
2(k+ p+ 1)ϕ̂(2k+ p+ 2)zk+p, k+ p≥ 0,

2(−k− p+ 1)ϕ̂(−p+ 2)z̄−k−p, k+ p < 0,

Teipθϕ

(
z̄k

)
=

{
2(k− p+ 1)ϕ̂(2k− p+ 2)z̄k−p, k− p > 0,

2(p− k+ 1)ϕ̂(p+ 2)zp−k, k− p≤ 0.

By (2) and the above lemma, we have the following result which will be
used frequently in this and the last sections.
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Lemma 8. Let p ∈ Z and ϕ be a bounded radial function. Then for each
k ∈N,

Heipθϕ

(
zk

)
=

{
2(k+ p+ 1)ϕ̂(2k+ p+ 2)z̄k+p, k+ p > 0,

2(−k− p+ 1)ϕ̂(−p+ 2)z−k−p, k+ p≤ 0,

Heipθϕ

(
z̄k

)
=

{
2(k− p+ 1)ϕ̂(2k− p+ 2)zk−p, k− p≥ 0,

2(p− k+ 1)ϕ̂(p+ 2)z̄p−k, k− p < 0.

Remark 9. Let p, k ∈ Z and ϕ be radial. In view of the above two lemmas,
we see that there are two constants λ,μ, independent on z = reiθ, such that

Teipθϕ

(
r|k|eikθ

)
= λr|p+k|ei(p+k)θ, Heipθϕ

(
r|k|eikθ

)
= μr|p+k|e−i(p+k)θ.

Now we first investigate commutativity of two small Hankel operators with
quasihomogeneous symbols.

Proposition 10. Let p, q ∈ Z and ϕ,ψ be bounded and radial. Then Heipθϕ

commutes with Heiqθψ if and only if one of the following cases holds:

(a) p= q;
(b) p �= q but ϕ= 0 or ψ = 0.

Proof. Suppose p �= q. By Lemma 8, direct calculation gives that for each
integer k ≥ |p|+ |q|, HeipθϕHeiqθψ(z

k) and HeiqθψHeipθϕ(z
k) equal to

4(k+ q+ 1)(k+ q− p+ 1)ψ̂(2k+ q+ 2)ϕ̂(2k+ 2q− p+ 2)zk+q−p

and

4(k+ p+ 1)(k+ p− q+ 1)ϕ̂(2k+ p+ 2)ψ̂(2k+ 2p− q+ 2)zk+p−q

respectively. Since p �= q, we see k + p − q �= k + q − p. Hence, if Heipθϕ

commutes with Heiqθψ , from the above two equations we have

ϕ̂(2k+ p+ 2)ψ̂(2k+ 2p− q+ 2) = 0, k ≥ |p|+ |q|.
Let E1 = {k > 0 : ϕ̂(2k + p+ 2) = 0}, E2 = {k > 0 : ψ̂(2k + 2p− q + 2) = 0}.
Then it is easy to see that

∑
k∈E1

1
k =∞ or

∑
k∈E2

1
k =∞, hence by Remark 6

we get ϕ= 0 or ψ = 0.
For the case p= q, direct computation using Lemma 8 gives that for each

integer k ≥ 0,

HeipθϕHeipθψ

(
zk

)
=HeipθψHeipθϕ

(
zk

)
,

HeipθϕHeipθψ

(
z̄k

)
=HeipθψHeipθϕ

(
z̄k

)
,

hence Heipθϕ commutes with Heiqθψ . We complete the proof. �

The above result implies that two small Hankel operators with quasihomo-
geneous symbols of same degrees always commute, while those with quasiho-
mogeneous of different degrees commute only in the trivial case. In particular,
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Heipθϕ is a normal operator. Heipθϕ is self-adjoint if and only if ϕ is a real-
valued radial function for H∗

eipθϕ = Heipθϕ̄. These facts are similar to the

commuting small Hankel operators with quasihomogeneous symbols on the
Bergman space [15], [20], but different from the commuting Toeplitz opera-
tors on the Bergman space [19] or on the harmonic Bergman space [8] with
quasihomogeneous symbols.

Proof of Theorem 1. The sufficiency is obvious by (6) and Proposition 10.
We turn to show the necessity. Let ψ(z) =

∑
k∈Z

eikθψk(r).
Claim: HeipθϕHψ commutes with HψHeipθϕ if and only if

(8) HeipθϕHei(p+n)θψp+n
=Hei(p−n)θψp−n

Heipθϕ, n ∈ Z.

Indeed, for fixed k1, k2 ∈ Z, by Remark 9 we have〈
HeipθϕHeikθψk

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
=

{
0, k �= p+ k2 − k1,

〈HeipθϕHei(p+k2−k1)θψp+k2−k1
(r|k1|eik1θ), r|k2|eik2θ〉, k = p+ k2 − k1,

and〈
Heikθψk

Heipθϕ

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
=

{
0, k �= p+ k1 − k2,

〈Hei(p+k1−k2)θψp+k1−k2
Heipθϕ(r

|k1|eik1θ), r|k2|eik2θ〉, k = p+ k1 − k2.

Hence for k1, k2 ∈ Z, we have〈
HeipθϕHψ

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
=
〈
HeipθϕHei(p+k2−k1)θψp+k2−k1

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
and 〈

HψHeipθϕ

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
=
〈
Hei(p+k1−k2)θψp+k1−k2

Heipθϕ

(
r|k1|eik1θ

)
, r|k2|eik2θ

〉
.

Let n = k2 − k1, then n ∈ Z. So HeipθϕHψ = HψHeipθϕ together with the
above two equations give〈

HeipθϕHei(p+n)θψp+n

(
r|k1|eik1θ

)
, r|k1+n|ei(k1+n)θ

〉
(9)

=
〈
Hei(p−n)θψp−n

Heipθϕ

(
r|k1|eik1θ

)
, r|k1+n|ei(k1+n)θ

〉
for all n,k1 ∈ Z. Now fix n ∈ Z. It follows from Remark 9 again that for each
m ∈ Z and m �= n,〈

HeipθϕHei(p+n)θψp+n

(
r|k1|eik1θ

)
, r|k1+m|ei(k1+m)θ

〉
= 0

and 〈
Hei(p−n)θψp−n

Heipθϕ

(
r|k1|eik1θ

)
, r|k1+m|ei(k1+m)θ

〉
= 0
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for all k1 ∈ Z. Therefore, it is easy to see that (8) holds by the above two equa-
tions together with (9). The converse is obvious from the above arguments,
so the claim holds.

In order to prove the necessity, in what follows we assume ϕ �= 0 and ψm0 �=
0 for some m0 �= 0 and m0 �= p. We want to use the equation (8) to deduce
p= 0, ϕ is a nonzero constant and ψm0 = ψ−m0 , which is the case (c) of the
theorem and will finish the proof.

Let n0 = p−m0, then n0 �= 0, p and ψp−n0 �= 0. By (8) we have

HeipθϕHei(p+n0)θψp+n0

(
zk

)
=Hei(p−n0)θψp−n0

Heipθϕ

(
zk

)
and

HeipθϕHei(p+n0)θψp+n0

(
z̄k

)
=Hei(p−n0)θψp−n0

Heipθϕ

(
z̄k

)
.

By Lemma 8 and straightforward calculations, the above two equations give
that for all k ≥ |p|+ |n0|,

(k+ p+ n0 + 1)ϕ̂(2k+ p+ 2n0 + 2)ψ̂p+n0(2k+ p+ n0 + 2)(10)

= (k+ p+ 1)ϕ̂(2k+ p+ 2)ψ̂p−n0(2k+ p+ n0 + 2)

and

(k− p− n0 + 1)ϕ̂(2k− p− 2n0 + 2)ψ̂p+n0(2k− p− n0 + 2)

= (k− p+ 1)ϕ̂(2k− p+ 2)ψ̂p−n0(2k− p− n0 + 2),

respectively. Substituting k with k+p+n0 in the last equation above, we get

(k+ 1)ϕ̂(2k+ p+ 2)ψ̂p+n0(2k+ p+ n0 + 2)(11)

= (k+ n0 + 1)ϕ̂(2k+ p+ 2n0 + 2)ψ̂p−n0(2k+ p+ n0 + 2)

for all k ≥ 2|p|+ 2|n0|. Let
E1 =

{
k > 0 : ϕ̂(2k+ p+ 2) = 0

}
,

E2 =
{
k > 0 : ψ̂p−n0(2k+ p+ n0 + 2) = 0

}
.

Note ϕ �= 0 and ψp−n0 �= 0. Then by Remark 6, we see
∑

k∈E1

1
k < ∞ and∑

k∈E2

1
k <∞. Put

E = (Z−E1 ∪E2)∩
[
2|p|+ 2|n0|,+∞

)
.

Then
∑

k∈E
1
k =∞. Since for k ∈E, ϕ̂(2k+p+2) �= 0, ψ̂(2k+p+2n0+2) �= 0,

then (10) or (11) tells ψ̂p+n0(2k+ p+ n0 + 2) �= 0 when k ∈E. Thus by (10)
and (11), we get

(k+ n0 + 1)(k+ p+ n0 + 1)
[
ϕ̂(2k+ p+ 2n0 + 2)

]2
(12)

= (k+ 1)(k+ p+ 1)
[
ϕ̂(2k+ p+ 2)

]2
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for all k ∈E. Let z = 2k+ 2, then the above equality becomes

(z + 2n0)(z + 2p+ 2n0)
[
ϕ̂(z + p+ 2n0)

]2
= z(z + 2p)

[
ϕ̂(z + p)

]2
.

It follows from Lemma 5 and (12) that the above holds on {z : Rez ≥ 2|p|+
2|n0|}. Without loss of generality, we now assume n0 > 0. So put z = 2kn0

above with k ≥ 2|p|+ 2|n0|, then

2kn0(2kn0 + 2p)
[
ϕ̂(2kn0 + p)

]2
= 2k0n0(2k0n0 + 2p)

[
ϕ̂(2k0n0 + p)

]2
for all k ≥ k0 = 2|p|+ 2|n0|. Let C = 2k0n0(2k0n0 + 2p)[ϕ̂(2k0n0 + p)]2, then
clearly C �= 0. Now using the property of Mellin convolution (7), the above
equation becomes

ϕ̂ ∗ϕ(2kn0 + p) =
C

2kn0(2kn0 + 2p)
=C ̂rp ∗ r−p(2kn0 + p)

for k ≥ k0. Therefore by Remark 6, we get

ϕ ∗ϕ=Crp ∗ r−p.

Since ϕ is bounded, so it is easy to check ϕ ∗ ϕ ∈ L2([0,1), r dr), which
forces rp ∗ r−p to be in L2([0,1), r dr). But it holds only when p = 0 since
rp ∗ r−p(s) = 1

2p (s
−p − sp) for p �= 0. Hence, we get p= 0. So ϕ ∗ ϕ= C1 ∗ 1

which gives ϕ̂2 =C1̂2 by (7), that is, ϕ̂=±
√
C1̂. By Remark 6, we easily get

that ϕ=
√
C or ϕ=−

√
C, a nonzero constant.

Note n0 = p −m0 and 1̂(k) = 1/k. Now when p = 0 and ϕ is a nonzero
constant, (10) or (11) will give

ψ̂m0(2k+m0 + 2) = ψ̂−m0(2k+m0 + 2), k ∈E.

So by Remark 6 again, we obtain that ψm0 = ψ−m0 . The proof is complete.
�

3. Commutativity of two small Hankel operators with
harmonic symbols

In this section, we are going to prove Theorem 2. We always assume
u= f + ḡ, v = h+ k̄, where f, g, h, k are all holomorphic functions on D with
g(0) = k(0) = 0.

Recall Uϕ(z) = ϕ(z̄) and ϕ∗ = Uϕ= Uϕ̄, so it is easy to check that (Kz)
∗ =

Kz̄ or Kz = UKz̄ and for ϕ ∈ L2, [P (ϕ)]∗ = P (ϕ∗).

Note b2 = zL2
a ⊕ L2

a. Let Ũ be the unitary operator from zL2
a ⊕ L2

a to
zL2

a ⊕L2
a defined by

Ũ =

(
I 0
0 U

)
.
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It is easy to see Ũ∗ maps zL2
a ⊕L2

a to L2
h = zL2

a ⊕L2
a and

Ũ∗ =

(
I 0
0 U

)
since U∗ = U on L2. For ϕ and ψ in L2, we let ϕ⊗ ψ be a operator defined
by ϕ⊗ ψ(φ) = 〈φ,ψ〉ϕ for function φ ∈ L2.

We use the idea of [14] to obtain the following block matrix representation
of small Hankel operator. The representation is useful in this paper and
indicates that the small Hankel operators on the harmonic Bergman space
are closely related to the Toeplitz operators and small Hankel operators on
the Bergman space.

Lemma 11. Let φ ∈ L∞. Then on zL2
a ⊕L2

a, we have

ŨHφŨ
∗ =

(
H̃φ − 1⊗ P (φ̄) T̃Uφ − 1⊗ P (φ∗)

T̃φ H̃Uφ

)
.

Proof. Since P (ϕ) = U [P (ϕ)]∗ = UP (ϕ∗) = UPUϕ for ϕ ∈ L2, so by (1), it
is easy to see that Q= P − 1⊗ 1 +UPU . Now for f1 ∈ zL2

a and f2 ∈ L2
a, we

see that

Hφf1 =Q(UφUf1) = H̃φf1 −
[
1⊗ P (φ̄)

]
f1 +UT̃φf1

and

HφUf2 =Q(Uφf2) = T̃Uφf2 −
[
1⊗ P

(
φ∗)]f2 +UH̃Uφf2,

so for [f1, f2]
T in zL2

a ⊕L2
a, the above calculation shows

ŨHφŨ
∗
(
f1
f2

)
= ŨHφ

(
f1
Uf2

)
= Ũ

(
[H̃φ − 1⊗ P (φ̄)]f1 + [T̃Uφ − 1⊗ P (φ∗)]f2

UT̃φf1 +UH̃Uφf2

)

=

(
[H̃φ − 1⊗ P (φ̄)]f1 + [T̃Uφ − 1⊗ P (φ∗)]f2

T̃φf1 + H̃Uφf2

)
,

which gives the desired matrix representation. The proof is complete. �

We recall some simple facts about Toeplitz operator T̃ϕ and small Hankel

operator H̃φ on the Bergman space L2
a. It is clear that H̃φ = H̃UPUφ and

H̃1 = 1⊗ 1. In addition, for analytic functions ϕ, we have T̃ϕ̄Kz = ϕ(z)Kz

and

(13) T̃UϕH̃ψ = H̃ψT̃ϕ = H̃ϕψ.

The first equality above comes from [15, Proposition 2.1] and the second one
is deduced by direct computation.

The following lemma gives key formula to prove Theorem 2.
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Lemma 12. If Hu commutes with Hv , then

(14) P
(
kUg− gUk+ f∗h̄− h∗f̄

)
= gh∗ − kf∗,

and for each z ∈D,

f∗P (kKz) + k(z)P
(
f∗Kz

)
− P

[(
kf∗)Kz

]
− k(z)f∗(15)

= h∗P (gKz) + g(z)P
(
h∗Kz

)
− P

[(
gh∗)Kz

]
− g(z)h∗.

Proof. By Lemma 11, we can get

(16) ŨHuHvŨ
∗ = ŨHuŨ

∗ŨHvŨ
∗ =

(
A B
C D

)
,

where C : zL2
a → L2

a and

C = T̃u

[
H̃v − 1⊗ P (v̄)

]
+ H̃UuT̃v.

So Ũ(HuHv)Ũ
∗ = Ũ(HvHu)Ũ

∗ gives that

T̃u

[
H̃v − 1⊗ P (v̄)

]
+ H̃UuT̃v = T̃v

[
H̃u − 1⊗ P (ū)

]
+ H̃UvT̃u.

We take adjoint of both sides of the above equality to get[
H̃v∗ − P (v̄)⊗ 1

]
T̃ū + T̃v̄H̃ū =

[
H̃u∗ − P (ū)⊗ 1

]
T̃v̄ + T̃ūH̃v̄,

then acting on Kz̄(=K∗
z ) of the above and applying (13) and g(0) = k(0) = 0,

we can get

f∗P (kKz) + k(z)P
(
f∗Kz

)
+ P

[(
f∗h̄− h∗f̄

)
Kz

]
− k(z)f∗(17)

= h∗P (gKz) + g(z)P
(
h∗Kz

)
+ P

[
(gUk− kUg)Kz

]
− g(z)h∗.

Put z = 0 in the above equality, we get (14). Set G= kUg − gUk+ f∗h̄−
h∗f̄ . Since

P
[
(I − P )(G)Kz

]
(w) =

〈
(I − P )(G)Kz,Kw

〉
=
〈
(I − P )(G),KzKw

〉
= 0,

where I is identity operator on L2, hence by (14) we have

P (GKz) = P
[
P (G)Kz

]
+ P

[
(I − P )(G)Kz

]
= P

[(
gh∗ − kf∗)Kz

]
.

Insert the above into (17) we then get (15), completing the proof. �

It should be pointed out that, the information of commutativity of two
small Hankel operators with harmonic symbols are all included in the equa-
tions (14) and (15), just as we will show below. It is easy to verify that for
nonnegative integer n,

P
(
unKz

)
(w) =

∫
D

undA(u)

(1− zū)2(1−wū)2
=

1

n+ 1

n∑
j=0

cn,jz
n−jwj ,
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where cn,j = (n+ 1− j)(j + 1),0 ≤ j ≤ n. Now let f(z) =
∑∞

n=0 anz
n, then

applying the above formula we get

(18) P (fKz)(w) =
∞∑
j=0

∞∑
s=0

aj+s

j + s+ 1
cj+s,jz

swj .

Lemma 13. Let u= f+ ḡ, v = h+ k̄, f(z) =
∑∞

n=0 anz
n, g(z) =

∑∞
n=0 bnz

n,
h(z) =

∑∞
n=0 cnz

n and k(z) =
∑∞

n=0 dnz
n, where b0 = d0 = 0. If Hu commutes

with Hv , then

(19)

n−1∑
k=1

αj,k(akdn−k − ckbn−k) = 0, 1≤ j ≤ n− 1,

for each fixed n≥ 2, where

αj,k =

{
(n−k)(j+1)j

k+1 , j ≤ k,
(n−j)(n−j+1)k

n+1−k , j > k.

Proof. We deduce (19) from the equality (15). Indeed, direct calculations
combining with the formula (18) give

f∗(w)P (kKz)(w) =

∞∑
t,s=0

(
t∑

j=0

ajdt+s−j
ct+s−j,t−j

t+ s+ 1− j

)
zswt,

k(z)P
(
f∗Kz

)
(w) =

∞∑
t,s=0

(
t+s∑
j=t

ajdt+s−j
cj,t
j + 1

)
zswt

and

P
(
f∗kKz

)
(w) =

∞∑
t,s=0

(
t+s∑
j=0

ajdt+s−j
ct+s,t

t+ s+ 1

)
zswt,

hence in the expansion of the left-hand side of the equality (15), the coefficient
of wt is

∞∑
s=0

[
t∑

j=0

ajdt+s−j
ct+s−j,t−j

t+ s+ 1− j

]
zs +

∞∑
s=0

[
t+s∑
j=t

ajdt+s−j
cj,t
j + 1

]
zs

−
∞∑
s=0

[
t+s∑
j=0

ajdt+s−j
ct+s,t

t+ s+ 1

]
zs −

∞∑
s=0

atdsz
s

for each integer t≥ 0, that is,

∞∑
s=0

[
t∑

j=0

ajdt+s−j
ct+s−j,t−j

t+ s+ 1− j
+

t+s∑
j=t

ajdt+s−j
cj,t
j + 1

−
t+s∑
j=0

ajdt+s−j
ct+s,t

t+ s+ 1
− atds

]
zs
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for each t≥ 0. Recall that cn,j = (n+1− j)(j+1),0≤ j ≤ n, and d0 = 0, then
the above becomes

∞∑
s=0

−1

t+ s+ 1

[
t∑

j=1

ajdt+s−j
js(s+ 1)

t+ s+ 1− j
(20)

+
t+s−1∑
j=t+1

ajdt+s−j
t(t+ 1)(t+ s− j)

j + 1

]
zs

for each t≥ 1. Similar formula as above can be obtained when computing the
right-hand side of (15), thus the equality (15) will give

t−1∑
j=1

(ajdt+s−j − cjbt+s−j)
js(s+ 1)

t+ s+ 1− j

+

t+s−1∑
j=t

(ajdt+s−j − cjbt+s−j)
t(t+ 1)(t+ s− j)

j + 1
= 0

for every s, t≥ 1. Now put t+ s= n≥ 2, then the above is changed to (19)
and we finish the proof. �

Proposition 14. Let u, v ∈ L∞ ∩ b2. If Hu commutes with Hv , then there
exist constants α,β ∈C satisfying |α|+ |β| �= 0 such that αu+βv is a constant.

Proof. Suppose Hu commutes with Hv . By Lemma 13, we have the equa-
tion (19). Now if we can show that for each fixed n≥ 2, the determinant of
(n− 1)2 matrix (αj,k) is not zero, then we will get

akdn−k − ckbn−k = 0, 1≤ k ≤ n− 1.

Therefore, we have

(21) akdj = ckbj , k, j ≥ 1,

which will approach our desired result.
In fact, we need to apply the elementary transformation to the matrix

(αj,k). Fix kth column in the matrix, where 1 ≤ k ≤ n − 2. Note αj,k =
n−k
k+1 (j+1)j, αj,k+1 =

n−k−1
k+2 (j+1)j when j ≤ k and αk+1,k =

(n−k−1)(n−k)k
n+1−k ,

αk+1,k+1 =
(n−k−1)(k+2)(k+1)

k+2 . Now we multiply − (n−k−1)(k+1)
(n−k)(k+2) to every entry

of the kth column and then add each to corresponding one of (k+1)th column,
we can see that the entry of (k+1)th column becomes zero in jth (1≤ j ≤ k)

row and 2(k+1)(n−k−1)(n+1)
(k+2)(n+1−k) in the (k + 1)th row. Now we apply the above

process n− 2 times in the order of k = n− 2, n− 3, . . . ,2,1, then the original
matrix becomes the lower triangular matrix which is denoted by (βj,k), where

βj,k =

{
0, j < k,
2k(n−k)(n+1)
(k+1)(n+2−k) , j = k,
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for 2≤ k ≤ n− 1 and β1,1 = α1,1 = n− 1. Therefore,

det(αj,k) = det(βj,k) = (n− 1)

n−1∏
k=2

2k(n− k)(n+ 1)

(k+ 1)(n+ 2− k)
�= 0,

thus (21) holds.
It is easy to see that, from the equalities (21), only one of the following

three cases will occur:
Case 1. bj = dj = 0 for all j ≥ 1, i.e., u and v are analytic functions;
Case 2. aj = cj = 0 for all j ≥ 1, i.e., u and v are co-analytic functions;
Case 3. α[u− u(0)] + β[v− v(0)] = 0 for some α,β ∈C and |α|+ |β| �= 0.
Now we show both Case 1 and Case 2 are included in Case 3. Indeed, for

Case 1, u= f and v = h, so

〈HfHhKz,Kw〉=
〈
P
[
U(fHhKz)

]
,Kw

〉
= 〈hUfKz,Kw〉,

and similarly 〈HhHfKz,Kw〉= 〈fUhKz,Kw〉. Thus, HfHh =HhHf implies

P [hUf − fUh)Kz] = 0, i.e., T̃hUf−fUh(Kz) = 0. So we get T̃hUf−fUh = 0 and
this implies hUf − fUh= 0. If f = 0 or h= 0, we have done. If h �= 0, then
by f

h = Uf
Uh we see easily that f

h is a constant, i.e., f = λh for some λ ∈ C,
which is the special case of Case 3. If f �= 0, the argument is similar.

Same reasoning applies for Case 2. We complete the proof. �

Note that the condition αu+ βv being a constant in the above result is a
sufficient and necessary condition for commutativity of two Toeplitz operators
with harmonic symbols on b2 [7], but it is not sufficient for the small Hankel
operators case, as Theorem 2 has said.

Now we can prove our second main result.

Proof of Theorem 2. The sufficiency is easy to verify by (6). We now show
the necessity. Suppose Hu commutes with Hv , then (14) holds and by Propo-
sition 14, we can assume without loss of generality that

(22) f − a0 = λ(h− c0), g = λ̄k

for some λ ∈C.
If λ= 0, then u= f + ḡ = a0, a constant. The case of a0 = 0 is trivial. If

a0 �= 0, then v = Uv by (5), that is, h− h(0) = k∗, so v = h+ k̄ = h(0) + k∗ +
Uk∗, which is the special case of (b).

In what follows, we assume λ �= 0. Using (22) and direct calculations,
(14) gives

(a0 − λ̄c0)
(
k− h∗ + c0

)
= 0,

which implies a0 = λc0 or h= k∗ + c0. Combining this with Proposition 14,
it is easy to see that a0 = λc0 will give Case (a) and h = k∗ + c0 will give
Case (b), completing the proof. �

We give some corollaries to Theorem 2.
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Corollary 15. Let u, v ∈ L∞.

(a) If u and v are both analytic or co-analytic, then HuHv =HvHu if and
only if αu+ βv = 0 for some α,β ∈C with |α|+ |β| �= 0.

(b) If one of u, v is analytic and another is co-analytic, then HuHv =HvHu

if and only if u= 0 or v = 0 or u and v are two constants.

Notice that the above results are different from the same case of commuting
Toeplitz operators on the harmonic Bergman space obtained in [5] and [7].

For harmonic function u, recall that Uu= u if and only if u= ϕ+Uϕ for
some analytic function ϕ, so the following result is also clear.

Corollary 16. Let u ∈ L∞∩ b2, then Hu is a normal operator if and only
if one of the followings holds:

(a) u∗ = λu for some λ ∈C;
(b) Uu= u and [u− u(0)]∗ = λ[u− u(0)] for some λ ∈C.

Note that if u(z) =
∑

ajz
j +

∑
bj z̄

j , then u∗ = λu means that there exists
a constant α such that all αaj and αbj are real-valued. So the above result
indicates that the case of the normal small Hankel operator is also different
from the case of normal Toeplitz operator obtained in [5], [16].

4. Product of two small Hankel operators being another small
Hankel operator

In this section, we will investigate the product problem of two small Han-
kel operators and prove Theorems 3 and 4. It is remarked here that, for
same problem of Toeplitz operators case, there is only partial result for the
quasihomogenenous symbols [9], [10] and no any consequence for harmonic
symbols.

Let C be a conjugation on a separable Hilbert space H, that is, C2 = I and
〈Cϕ,Cψ〉 = 〈ψ,ϕ〉 for ϕ,ψ ∈ H. A bounded linear operator T on H is said
to be C-complex symmetric, if CTC = T ∗. For more details about this type
of operators, one is referred to [12]. The following lemma is obvious by the
definition of complex symmetric operator.

Lemma 17. Let A,B,T are all C-complex symmetric operator on H. Then
AB = T if and only if BA= T . In particular, each case implies AB =BA.

The above lemma is a simple property for complex symmetric operator, but
for our study about product problem of Toeplitz operators or small Hankel
operators, it is very useful and even unexpected. Indeed, let Cf(z) = f̄ , then
C is a conjugation on b2 and Tφ is a C-complex symmetric operator, i.e.,
CTφC = T ∗

φ , [4]. Now set C1 =CU , then C1 is also a conjugation on b2 and

C1HφC1 =CUHφCU =CUUTφCU =CTφCU = T ∗
φU =H∗

φ,

which implies that Hφ is a C1-complex symmetric operator. Applying the
above lemma, we have
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Proposition 18. Let ϕ,ψ,φ ∈ L∞. Then

(a) TϕTψ = Tφ if and only if TψTϕ = Tφ, in this case TϕTψ = TψTϕ.
(b) HϕHψ =Hφ if and only if HψHϕ =Hφ, in this case HϕHψ =HψHϕ.

So when we consider the product problem, we can use the results of com-
mutativity obtained before. Note that in [9] the authors only proved the case
of Toeplitz operators with homonegeneous symbols, but here the result is valid
even for general symbols.

In order to prove Theorems 3 and 4, we also need the following lemma. Re-

call that Toeplitz operator T̃φ and small Hankel operator H̃φ on the Bergman

space L2
a are defined by T̃φ(F ) = P (ϕF ) and H̃φF = PU(φF ) for F ∈ L2

a. For

analytic function ϕ, it is easy to see T̃ψT̃ϕ = T̃ϕψ and T̃ϕ̄T̃ψ = T̃ϕ̄ψ .

Lemma 19. Let φ,ψ ∈ L∞. Then Hφ = Tψ if and only if φ= ψ = 0.

Proof. If Hφ = Tψ , then PHφP = PTψP , that is, H̃φ = T̃ψ . It is known
that a bounded linear operator T on L2

a is a small Hankel operator if and only

if T̃z̄T = T T̃z [11]. So T̃z̄T̃ψ = T̃ψT̃z , that is, T̃z̄ψ = T̃zψ , therefore z̄ψ = zψ,
which means ψ = 0. Hence, φ= 0 because of (3).

The converse is obvious and the proof is complete. �

Now we proceed to prove Theorem 3.

Proof of Theorem 3. It is obvious that (c) implies (a) and (b). For the
direction of (a) or (b) implies (c), by Proposition 18 and Theorem 1, we only
need to consider the following cases which will induce the case (c) of the
theorem.

Case 1. ϕ= 0. In this case, we see Hφ = 0, so φ= 0.
Case 2. HeipθϕHeipθψ = Hφ, where ψ is a radial function. Suppose φ =∑
k∈Z

eikθφk, where each φk is a radial function. For every positive integers
m and n, by Lemma 8 and Remark 9 we have〈

HeipθϕHeipθψz
m, zn

〉
= 0

and〈
Hφz

m, zn
〉
=
〈
Hei(n−m)φn−m

zm, zn
〉
= 2(n+ 1)φ̂n−m(m+ n+ 2)

〈
zn, zn

〉
.

Hence, for integers m,n > 0, φ̂n−m(m+n+2) = 0. Let j = n−m, then j ∈ Z

and φ̂−j(2m+ j + 2) = 0 for all positive integer m. Therefore, by Remark 6
we obtain φ−j = 0 for each j ∈ Z. So φ= 0 and HeipθϕHeipθψ = 0. It follows
from Lemma 8 again that when m> |p|,

0 =HeipθϕHeipθψ

(
zm

)
= 4(m+ p+ 1)(m+ 1)ϕ̂(2m+ p+ 2)ψ̂(2m+ p+ 2)zm,

which implies ϕ̂(2m+ p+ 2)ψ̂(2m+ p+ 2) = 0 for all m> |p|. So ϕ = 0 or
ψ = 0 by Remark 6.
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Case 3. HcHψ =Hφ, where c is a nonzero constant and Uψ = ψ. That is,
Tcψ =Hφ, which gives ψ = φ= 0 by Lemma 19, completing the proof. �

The following result about the semi-commutativity of two small Hankel
operators is an immediate consequence of Theorem 3.

Corollary 20. Let p ∈ Z, ϕ ∈ L∞ be radial and ψ ∈ L∞. Then the fol-
lowing statements are equivalent:

(a) HeipθϕHψ =Heipθϕψ ;
(b) HψHeipθϕ =Heipθϕψ ;
(c) ϕ= 0 or ψ = 0.

Another consequence of Theorem 3 is about the zero product problem of
two small Hankel operator which has independent interest. It can deduce the
same conclusion for the Toeplitz operator since TφTψ = U(HφHUψ)U by (2).

Corollary 21. Let p ∈ Z, ϕ ∈ L∞ be radial and ψ ∈ L∞. Then

(a) HeipθϕHψ = 0, if and only if HψHeipθϕ = 0, if and only if ϕ = 0 or
ψ = 0;

(b) TeipθϕTψ = 0, if and only if TψTeipθϕ = 0, if and only if ϕ= 0 or ψ = 0.

We now prepare to prove Theorem 4. Using Lemma 11 and similar argu-
ment as done in (16), it follows from HuHv =Hφ that

A:
[
H̃u − 1⊗ P (ū)

][
H̃v − 1⊗ P (v̄)

]
+
[
T̃Uu − 1⊗ P

(
u∗)]T̃v

= H̃φ − 1⊗ P (φ̄),

B:
[
H̃u − 1⊗ P (ū)

][
T̃Uv − 1⊗ P

(
v∗
)]

+
[
T̃Uu − 1⊗ P

(
u∗)]H̃Uv

= T̃Uφ − 1⊗ P
(
φ∗),

C: T̃u

[
H̃v − 1⊗ P (v̄)

]
+ H̃UuT̃v = T̃φ,

D: T̃u

[
T̃Uv − 1⊗ P

(
v∗
)]

+ H̃UuT̃Uv = H̃Uφ.

The above four equalities will play great role for us to prove Theorem 4.
We first give the following lemma.

Lemma 22. Let u, v ∈ L∞ ∩ b2, φ ∈ L∞. If HuHv = Hφ, then P (Uφ) =
P (φ).

Proof. In view of Proposition 18, we see that u and v satisfy case (a) or
case (b) of Theorem 2.

For case (a): If α= 0 or β = 0, then v = 0 or u= 0, so we have φ= 0 which
certainly implies P (Uφ) = P (φ).

For case (b): If α= 0, then we have Hλ1Hβ(ϕ+Uϕ)+λ2
=Hφ, that is, by (2),

Tλ1[β(ϕ+Uϕ)+λ2] =Hφ,
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then by Lemma 19 we have φ= 0 and λ1βϕ= λ2 = 0. So ϕ= 0 gives P (Uφ) =
P (φ) and λ1βϕ= λ2 = 0 gives u= 0 if λ1 = 0 or v = 0 if λ1 �= 0. If β = 0, the
argument is similar.

Now in what follows, we only need to consider αβ �= 0 in case (a) and (b)
of Theorem 2. Without loss of generality, we may assume α= β = 1. So we
let u= h+ k̄+ λ1 and v = h+ k̄+ λ2 with h(0) = k(0) = 0, where λ1 = λ2 or
h= k∗.

We compute C∗ acting on 1 to obtain

(23) P (φ̄) = P
(
kUk+ h̄h∗)+ kh∗ + λ̄1k+ λ̄2h

∗ + λ̄1λ̄2.

Because Hv∗Hu∗ =Hφ∗ , so in this case we compute D acting on 1 to obtain

(24) P
(
φ∗)= P

(
kUk+ h̄h∗)+ kh∗ + λ̄1h

∗ + λ̄2k+ λ̄1λ̄2.

Since λ1 = λ2 or h= k∗, then equations (23) and (24) give P (φ̄) = P (φ∗), i.e.,
P (Uφ) = P (φ), completing the proof. �

From the arguments of the above proof, we have seen that in order to prove
Theorem 4, we only have to consider the case HuHv =Hφ when u= h+ k̄+λ1

and v = h + k̄ + λ2 with h(0) = k(0) = 0, where λ1 = λ2 or h = k∗. In this
case, by straight calculations, A and B become

A: H̃φ − 1⊗ P (φ̄)

= T̃k∗+Uh+λ1 T̃k̄+h+λ2
+ H̃k̄H̃k̄ − k∗ ⊗ k

− 1⊗
[
P
(
kUk+ h̄h∗)+ kh∗ + λ̄1k+ λ̄2h

∗ + λ̄1λ̄2

]
,

B: T̃Uφ − 1⊗ P
(
φ∗)

= H̃k̄T̃k∗ + T̃Uh+λ1H̃Uk+λ2 + H̃k̄T̃Uh+λ2 + T̃k∗H̃Uh − k∗ ⊗ h∗

− 1⊗
[
P
(
kUk+ h̄h∗)+ kh∗ + λ̄1h

∗ + λ̄2k+ λ̄1λ̄2

]
.

Using (23), (24) and (13), we can simplify A and B as

A: H̃φ = T̃k∗+Uh+λ1 T̃k̄+h+λ2
+ H̃k̄H̃k̄ − k∗ ⊗ k,

B: T̃Uφ = H̃k̄k∗+(h+λ1)(Uh+λ2) + H̃k̄T̃Uh+λ2 + T̃k∗H̃Uh+λ1 − k∗ ⊗ (h+ λ1)
∗.

Also, C and D become

C: T̃φ = H̃k̄k∗+(Uh+λ1)(h+λ2) + H̃Uh+λ1 T̃k̄ + T̃h+λ1H̃k̄ − (h+ λ1)⊗ k,

D: H̃Uφ = T̃(h+λ1)k∗+k̄k∗+(Uh+λ2)k̄

+ T̃h+λ1 T̃Uh+λ2 + H̃Uh+λ1H̃Uh+λ2 − (h+ λ1)⊗ (h+ λ2)
∗.

Note that B, D are defined on L2
a and A, C are defined on zL2

a. It is
easy to see A and C also hold when acting on 1 because of (23), (24) and
P (Uφ) = [P (φ̄)]∗ or P (φ) = [P (φ∗)]∗. So the above A,B,C,D are well defined
on L2

a.
We now turn to prove Theorem 4.
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Proof of Theorem 4. It is easy to see that we only need to show (a) im-
plies (c). Since φ is a harmonic function, so by Lemma 22 we get Uφ= φ. Let
φ= ϕ+Uϕ+λ, where ϕ(z) =

∑∞
j=1 ajz

j is an analytic function on D. By the
previous arguments, we only need to show the theorem in the following case:
u= h+ k̄+λ1 and v = h+ k̄+λ2, where h(z) =

∑∞
j=1 cjz

j , k(z) =
∑∞

j=1 djz
j

and either λ1 = λ2 or h= k∗.
Acting C on Kz̄ , we get[

ϕ+ϕ(z) + λ
]
Kz̄ = P

[(
k∗k̄+ (h+ λ1)(Uh+ λ2)

)
Kz

]
(25)

+ k∗(z)P
[
(h+ λ1)Kz

]
+ (h+ λ1)P

(
k∗Kz

)
− k∗(z)(h+ λ1).

Put z = 0 in the above, and note k(0) = ϕ(0) = 0, then we have

P
(
k∗k̄+ hUh

)
= ϕ+ λ− (h+ λ1)k

∗ − λ2h− λ1λ2.

Since P [Kz(I − P )(k∗k̄+ hUh)] = 0, then

P
[(
k∗k̄+ hUh

)
Kz

]
= P

[
KzP

(
k∗k̄+ hUh

)]
= P

[
(ϕ+ λ)Kz

]
− P

[
(h+ λ1)k

∗Kz

]
− λP (hKz)− λ1λ2.

Insert the above into (25), we thus get

hP
(
k∗Kz

)
+ k∗(z)P (hKz)− P

(
hk∗Kz

)
− k∗(z)h(26)

=
[
ϕ+ϕ(z) + λ

]
Kz̄ − P

[
(ϕ+ λ)Kz

]
.

Note that the left-hand side of the above is similar to each one side of (15),
so it gives a similar formula as (20), that is, for each t≥ 1,

∞∑
s=0

−1

t+ s+ 1

[
t∑

j=1

cjdt+s−j
js(s+ 1)

t+ s+ 1− j

+

t+s−1∑
j=t+1

cjdt+s−j
t(t+ 1)(t+ s− j)

j + 1

]
zs.

Note Kz̄(w) =
∑∞

j=0(j + 1)zjwj , then using (18) and straight computations,

the right-hand side of the equality (26) gives that for each t≥ 0,

t∑
s=0

(s+ 1)at−sz
s +

∞∑
s=t+1

(t+ 1)as−tz
s −

∞∑
s=0

(t+ 1)(s+ 1)

t+ s+ 1
at+sz

s,

where a0 = λ. Comparing the coefficient of zs in the above two formulas which
are equal from (26), we then get for 1≤ s≤ t,

t∑
j=1

cjdt+s−j
j

t+ s+ 1− j
+

t+s−1∑
j=t+1

cjdt+s−j
t(t+ 1)(t+ s− j)

s(s+ 1)(j + 1)
(27)

=
t+ 1

s
as+t −

t+ s+ 1

s
at−s.
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Claim: an = 0 for all nonnegative integer n.
In fact, let t = s+ n in the above equality, where n ≥ 0, then the equal-

ity (27) becomes

s+n∑
j=1

cjd2s+n−j
j

2s+ n+ 1− j
(28)

+
(s+ n)(s+ n+ 1)

s(s+ 1)

2s+n−1∑
j=s+n+1

cjd2s+n−j
2s+ n− j

j + 1

=
s+ n+ 1

s
a2s+n − 2s+ n+ 1

s
an

for all s≥ 1. Note∣∣∣∣∣
s+n∑
j=1

cjd2s+n−j
j

2s+ n+ 1− j

∣∣∣∣∣≤
s+n∑
j=1

|cjd2s+n−j |

and∣∣∣∣∣
2s+n−1∑
j=s+n+1

cjd2s+n−j
2s+ n− j

j + 1

∣∣∣∣∣≤
2s+n−1∑
j=s+n+1

|cjd2s+n−j |=
s−1∑
j=1

|djc2s+n−j |,

then it is easy to see that, for each fixed nonnegative integer n, by (28), the
claim will follow if we show

(29) Es =

s+n∑
j=1

|cjd2s+n−j | → 0, Fs =

s−1∑
j=1

|djc2s+n−j | → 0,

as s→∞. Indeed, note u= h+ k̄+ λ1 is bounded on D, so h and k are both
in the Hardy space H2, which means

∑
j |cj |2 <∞ and

∑
j |dj |2 <∞. Thus

for any ε > 0, there exists an integer N > 0 such that
∑∞

j=N+1 |cj |2 < ε
2 and∑∞

j=N+1 |dj |2 < ε
2 . It is easy to see that there exists M >N such that when

s >M , |ds|< ε/2(|c1|+ · · ·+ |cN |). Notice that 2s+ n− j ≥ s when positive
integer j ≤ s+ n. Thus, using the Hölder’s inequality we have

Es =

N∑
j=1

|cjd2s+n−j |+
s+n∑

j=N+1

|cjd2s+n−j |

<

N∑
j=1

|cj ||d2s+n−j |+
(

s+n∑
j=N+1

|cj |2
) 1

2
(

s+n∑
j=N+1

|d2s+n−j |2
) 1

2

<

N∑
j=1

|cj |
ε

2(|c1|+ · · ·+ |cN |) +
(
ε

2

) 1
2
(
ε

2

) 1
2

= ε

as s >M , which means Es → 0 as s→∞. Same argument shows Fs → 0 as
s→∞, thus (29) holds and the claim is true.
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The claim means that φ= 0. Hence, (26) becomes

hP
(
k∗Kz

)
+ k∗(z)P (hKz)− P

(
hk∗Kz

)
− k∗(z)h= 0.

Just as the arguments in the proof of Proposition 14, the above will give

ckdj = 0, j, k ≥ 1,

which implies either h= 0 or k = 0.

Case 1: φ= h= 0. Put this condition into D, we get T̃k∗k̄+λ1λ2+λ1k∗+λ2k̄ =

0, which means k∗k̄ + λ1λ2 + λ1k
∗ + λ2k̄ = 0, or k∗k̄ =−λ1λ2 − λ1k

∗ − λ2k̄.
So k∗k̄ is harmonic on D, which easily gives k = 0 since k(0) = 0 and also
λ1λ2 = 0. Therefore, we get either u= h+ k̄+ λ1 = 0 if λ1 = 0 or v = h+ k̄+
λ2 = 0 if λ2 = 0, as desired.

Case 2: φ= k = 0. Put this condition into A, we get T̃(Uh+λ1)(h+λ2) = 0, so
(Uh+ λ1)(h+ λ2) = 0 which gives hUh=−λ1λ2 − λ1h− λ2Uh, so similarly
h= 0 and λ1λ2 = 0. Arguments as the Case 1 give the desired conclusion.

The proof is complete. �

Now we have a solution to the zero product problem of two small Hankel
operators as well as two Toeplitz operator with harmonic symbols on the
harmonic Bergman space, just as in Corollary 21.

Corollary 23. Let u, v ∈ L∞ ∩ b2. Then HuHv = 0 if and only if u= 0
or v = 0; TuTv = 0 if and only if u= 0 or v = 0.

The next rephrasing of Corollary 23 is a cancellation law for small Hankel
operators or Toeplitz operators.

Corollary 24. Let u, v1, v2 ∈ L∞ ∩ b2 and u is not identically 0. Then
HuHv1 =HuHv2 implies v1 = v2 and TuTv1 = TuTv2 implies v1 = v2.

The next corollary says there are no nonzero idempotent small Hankel
operators with bounded harmonic symbols.

Corollary 25. If u is bounded and harmonic and H2
u =Hu, then u= 0.

For semi-commutativity of small Hankel operators, we have the following
consequence.

Corollary 26. Let u, v ∈ L∞ ∩ b2 and one of them is analytic or co-
analytic. Then the following statements are equivalent:

(a) HuHv =Huv ;
(b) HvHu =Huv ;
(c) u= 0 or v = 0.

Proof. Suppose u is analytic on D. By Proposition 18 and Theorem 2, we
have one of the following cases to discuss.
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Case 1: αu+βv = 0 for some |α|+ |β| �= 0. In this case, if α= 0, then v = 0;
if β = 0, then u= 0; if αβ �= 0, note u is analytic, then v is also analytic, so
uv is analytic, hence by Theorem 4 we obtain u= 0 or v = 0.

Case 2: u = α(ϕ + Uϕ) + λ1 and v = β(ϕ + Uϕ) + λ2 for some analytic
function ϕ with ϕ(0) = 0. In this case, since u is analytic, so ϕ= 0 or αβ = 0,
both cases will deduce u or v is a constant. Therefore, by (2) and Lemma 19,
we get u= 0 or v = 0.

For the remaining cases the argument is similar. We finish the proof. �
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