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ASYMPTOTIC STABILITY FOR KDV SOLITONS IN
WEIGHTED SPACES VIA ITERATION

BRIAN PIGOTT AND SARAH RAYNOR

ABSTRACT. In this paper, we reconsider the well-known result
of Pego—Weinstein (Comm. Math. Phys. 2 (1994) 305-349) that
soliton solutions to the Korteweg—de Vries equation are asymp-
totically stable in exponentially weighted spaces. In this work, we
recreate this result in the setting of modern well-posedness func-
tion spaces. We obtain asymptotic stability in the exponentially
weighted space via an iteration argument. Our purpose here is
to lay the groundwork to use the I-method to obtain asymptotic
stability below H', which will be done in a second, forthcom-
ing paper (Asymptotic stability for KAV solitons in weighted H*®
spaces. Preprint). This will be possible because the exponential
approach rate obtained here will defeat the polynomial loss in
traditional applications of the I-method (Commun. Pure Appl.
Anal. 2 (2003) 277-296, Discrete Contin. Dyn. Syst. 9 (2003)
31-54, Commun. Pure Appl. Anal. 13 (2014) 389-418).

1. Introduction

We consider solutions to the Korteweg-de Vries equation:

which is a well-known nonlinear dispersive partial differential equation mod-
elling the behavior of water waves in a long, narrow, shallow canal. Of partic-
ular interest are soliton solutions to this equation, which are special traveling
wave solutions of the form

(2) Qe,zo(T,1) =Pe(x — ct — ) = % sech? (g(m —ct— x0)> )
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The stability of these solitons has been an area of intense study for many
years. Omne might first be interested in the orbital stability of the soliton.
That is, if, at ¢t =0, u(x,0) — ¥.(z) is small in an appropriate norm, then,
for all time there is some xo(t) so that u(x,t) — .(z — xo(t)) remains small.
The study of orbital stability in the energy space H' began with Benjamin
[1] and Bona [2], continuing with Weinstein [21]. Merle and Vega established
the orbital and asymptotic stability of KdV solitons in L? [13]. One can also
study the possibility of orbital stability of solitons in H?® for s not an integer,
and in [20], [18] it was shown that, for 0 < s < 1, the possible orbital instability
of the solitons is at most polynomial in time.

Also of interest is the concept of asymptotic stability, meaning that there
exist ¢4 and x4 so that, in some appropriate sense, u(x,t) — 1., (x —cyt —x4)
goes to zero as time goes to positive infinity. Asymptotic stability for the
Korteweg—de Vries equation was first studied by Pego and Weinstein in [17].
In that paper, the authors considered the behavior of solutions to KdV in the
weighted space H! = {f | ||[e® f(x)| gr < +oo}, for appropriate choice of a.
In that setting, they were able to conclude that solitons are asymptotically
stable and, in fact, converge exponentially to the limiting soliton. Asymptotic
stability in the space H! was established by Martel and Merle in [12], [11], and
in L? by Merle and Vega via the Miura transform [13]. Recently, Mizumachi
and Tzvetkov [14] have used the Miura transform together with the work of
Pego and Weinstein to prove that solitons for KdV are asymptotically stable in
L2, providing an alternate proof of the result of Merle and Vega. Buckmaster
and Koch [5] have shown that KdV solitons are asymptotically stable in H*
for any integer k> —1.

In this paper, we reconsider the result of Pego and Weinstein. We establish
local well-posedness for the exponentially weighted soliton perturbation in a
space X11/2:1 which embeds into the Bourgain space X, partially follow-
ing the local well-posedness work of Molinet and Ribaud [15] on dispersive-
dissipative equations; see also [16], [7]. We then run an iteration scheme
to establish global control of the perturbation in H! and the exponentially
weighted space H!, concluding that the soliton is exponentially asymptoti-
cally stable in H!. The purpose of this work is to modernize the techniques
used in Pego—Weinstein so that the result can be used in concert with other
modern techniques. In particular, in a forthcoming work [19] we will combine
this argument with the I-method to obtain asymptotic stability of solitons in
the space H_.

In previous work of Colliander et al. [6], Raynor and Staffilani [20], and
Pigott [18], the question of orbital stability of solitons in H* for 0 < s < 1 has
been considered, for the nonlinear Schrodinger, KdV, and generalized KdV
equations respectively. In each case, it was found that there was at most
a polynomial instability in the orbit. That is, if |Jug — 9|/ - is sufficiently
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small, then for some long time interval and some power p depending only
on s, infy er ||u(t,-) — ¥e(- — zo)|| s S CtP. This possibility of polynomial
growth in the H® error is believed to be an artifact of the technique; whenever
estimates are done with the I-method, there is some small error on each time
step which grows polynomially when iterated. Our purpose in these papers is
to obviate that error. When working in the Pego—Weinstein weighted spaces,
one gains an exponential decay in the error as the solution evolves. Therefore,
one can hope to defeat the polynomial error and obtain a true stability result
in H® for s < 1, which will be a substantial improvement in the current state
of the art. However, working with both the dissipative spectral structure
of the weighted spaces and the delicate harmonic analysis required for the
I-method turns out to be rather technical. For that reason, we have split
the work in two. In this paper, we update the well-posedness technology
necessary to use both methods, and then demonstrate how this can be utilized
by reproducing the well-known H'! stability result of Pego and Weinstein.
The asymptotic stability of solitons in H® with % < s <1 will appear in a
subsequent paper [19]. There we employ the I-method together with some
new multilinear estimates to show that solitons for the KdV equation (1) are
asymptotically stable in H? for 7/8 < s < 1 and that the perturbation decays
exponentially over arbitrarily long time intervals. The results appearing in
[19] are inspired by the estimates and the iteration argument developed in
this paper.

The paper is organized as follows: In Section 2, we will set up our notation
and establish basic results. In Section 3, we will establish the necessary local
well-posedness. In Section 4, we will run the iteration scheme and establish
the main result of the paper.

2. Notation and basic results

Consider a solution u(x,t) to the Cauchy problem:

3) {ut—i—umm—l—am(uz):O, reR,t>0,

u(z,0) = ug(x).

Let ¢ > 0 and consider the function 1. which is the unique even, exponentially
decaying solution to the soliton equation

—ep g+ (07) =
The function 7. takes the form given in (2). In this work, we will consider
initial conditions u(z,0) = ., (z) + vo(x), where ||’UQHH1 is sufﬁmently small.
We will make the ansatz that wu(z,t) = vq¢)(z fo s)ds —(t)) + v(z —
fo s)ds —~(t),t) where c(t) and ~(t) will be chosen later. From now on, we

denote by y the quantity z — fo s)ds —~(t).
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We are also interested in controlling v in the space H!, which has the
norm || f|l g1 = [[e® f| g2 . This is equivalent to controlling w(y,t) := e*v(y, 1)
in H'. We will choose the parameters c(t) and () so that ||w(-,t)| 2 is
minimized at each ¢. In order to do so, we first need to consider the difference
equations satisfied by v and w, and consider their linearizations about the
soliton.

LEMMA 2.1. The perturbation v satisfies the difference equation
(4) v = %(—8; + co — 2the)v + Oy (V7)) + (Y0 + 0 )tbe + (7 + ¢ — co)Dyv.
Moreover, the perturbation w satisfies the difference equation
(5) wy= eayay(—aj +co — 21/}0)6_‘”/111 + (¢ —¢0)(0y — a)w
+ [e™(¢0c + 40y )tbe + 4(0y — a)w + ey (c — co + vz)e_“yw].
Proof. For these calculations, see [17]. O

For fixed ¢ > 0, define the operator A, = ™9, (=02 + ¢ — 2ip.)e” Y. We
have the following from [17]:

PRrROPOSITION 1. For0<a< \/g, the spectrum of A, in L? consists of the
following:

(1) An eigenvalue of algebraic multiplicity 2 at X =0. A generator of the
kernel of Aq is C1 = e 0y, and the second generator of the generalized
kernel of A, is (o = eI ..

(2) A continuous spectrum S® parametrized by T — iT3 — 3at? + (c — 3a?)iT —
a(c—a?). For any element \ of this continuous spectrum, the real part of
A is at most —a(c —a?) < 0.

The spectrum contains no other elements.

*

We also need to consider the elements of the spectrum to A}, which are
m=e W [918;1861/)0 + 021).] and 1y = e~ (031.), where ay_lf is defined to
be fi’m f(t)dt and 61, 65 and 65 are appropriate constants to obtain the
biorthogonality relationship ((;,mx) = d;5. We will define the L? spectral
projections Pw = Zle (w,n;)¢; and Qw = w — Pw onto the discrete and con-
tinuous spectrums of A, respectively, with respect to the fixed initial value of
¢, co. Finally, note that the spectrum is the same in H':

PROPOSITION 2. For 0 <a < \/g, the spectrum of A, in H' is the same
as its spectrum in L2.

Proof. First, note that the kernel elements listed above are also elements
of H'. Therefore the discrete spectrum is the same in H'. (Since H' C L?.)
Second, note that

A, =€e"0, (—05 +e—2p)e” Y = (9y —a)(—(9y — a)® + o) — 2(0y — a)te.



ASYMPTOTIC STABILITY FOR KDV SOLITONS 447

Because 1), is an exponentially decaying C*° function, the operator —2(9, —
a)i. is a compact perturbation of AY := (9, —a)(—(d, — a)? + cp), whose
continuous spectrum in H' is exactly as in L2. O

Returning to the difference equation (5), for each fixed ¢ we select ¢(t) and
~(t) so that Pw =0, and Qw = w. Defining F = [e™¥(¢0. + Y0y]tc + ¥(0y —
a)w + e, (c— co + v?)e”¥w], we have that

Wy = Aaw + Qfa
and

(6) A m _ [(6“95;,(0 — o+ v?)e” W, m]

(9, (c — co +v)e " Ww,na)

where

A=
<eay (8ywc - ay¢c0)7n2> - <w7 8y772> 14 <eay (acql)c - 5c¢c0),772>

1+ <eay(ay,¢c - 3y¢c0)7771> - <wvay771> <€ay(ac'(/)c - 8cwc0)7771> ‘| )

3. Local-in-time theory
The modulation equation for w can be written out as:
Oyw + 3w — 3ad2w + (co — 3a?)0,w + a(cy — a®)w — 2(9y — a)(Yew)
(7) — Q[e**(¢0e 4+ Y0z )te + (0 — a)w + €** 0y (c — co + v)e™ w] =0,
w(0,z) = wp(z).

To implement our iteration argument, we need to establish control of the
perturbations v and w as follows: suppose that vg, wo € H*(R) and let v (¢, ),
w(t,x) satisfy (4) and (7), respectively. There is a 6 > 0 such that

(8) [ollxy Sllvollar and  lwllx; < llwolla

in some space X} of space-time functions localized to the time interval [0, 4];
see Proposition 4 below.

It turns out that the selection of the space X 51 is a rather delicate matter,
owing in large part to the requirement that it must accommodate solutions of
both (4) and (5). A natural candidate is the space X1 with b > 1/2 defined
by

1l = [[(r = €412

where f(t,x) is a space-time function and f(7,&) is its (space—time) Fourier
transform. These spaces were successfully implemented in the study of the
KdV equation (see [4], [8]) and would be sufficient to establish (8) for v.
A theory applicable to the weighted perturbation w is also available in X!
(see [15]), however, Molinet and Ribaud prove that

[wllxre S llwoll grasc--
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Since we require b > 1/2 to obtain the embedding X** < C;H?, this estimate
is insufficient for our purposes. Alternatively, one could try to accommodate
the presence of the dissipative term in the definition of the X1 space; for
instance one could consider the space Y with norm

1llyro = |(i(r = €%) + €)@z -

In this case, there is an adequate theory to handle the equation for the
weighted perturbation w (see [16]); however this space is no longer suitable
for the unweighted perturbation v.

Following this reasoning, we are lead to consider a Besov refinement of the
space X% which enables us to choose b = 1/2 while still having an embedding
into CYH!. We begin with some notation. Define the sets A; and By, by

Aj={(r,§) eR?* |2 <(§) <27*'}, j>0,
By={(r,) eR*|2" < (r - &) <2} k>0
Here we regard 7, £ as being the frequency variables associated to the time

and space variables t, x, respectively. We define the space X*%! to be the
completion of the Schwarz class functions in the norm

. N 2y 1/2
) fMW{ZW@FwMWMH-

§>0 k>0

A slightly modified version of this space was used by Kishimoto [9] in the case
where s = —3/4 to establish global well-posedness of the KdV equation in
H~3/4(R). Here we are interested mostly in the spaces X*1/21 and X ~1/21,
We recall the following two embeddings valid for b > 1/2,

Xt ey X912 OO,

both of which are easily verified using the Cauchy—Schwarz inequality.

Following standard arguments in the X*** spaces [3], [4], [8], we define the

5,1/2,1

time-localized space Xj to be the space with norm

||u||X§,1/2,1 = inf{[|w]|xs1/21 |w=wuon [0,d]}.

Since we work primarily in frequency space, we define the space X51/2.1
corresponding to the norm

' 2\ 1/2
(10) mmwk@y%ZWmmN@),

7>0 k>0

where f = f(7,¢).
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3.1. Linear estimates. We introduce notation for the linear evolutions
corresponding to (4) and (5). Let Wi(¢) denote the standard Airy evolution,

~

Fo(Wi(t)£)(€) = 7€ F().

We also introduce Wa(t), which we define for ¢t >0 by
Fo(Wa(t)F)(6) = " 701 fg),

where p, (&) = 3a&? + a(c2 — a). We extend this to all of t € R by
Fo(Wa()f)(€) = e €@ f(g).

In what follows, we let p be a time cut off function such that
peCF(R), suppp C [—2,2], p=1 on[-1,1].
Set pr(-) = p(-/T).

LeEMMA 3.1. With W1(t) defined as above we have the following two linear
estimates:

(11> Hp(t)Wl(t)f||Xs,1/2,1 5 HfHH*,

(12) oy WAt~ 8)F(s) ds

SIFl x4
Xs,1/2,1

Proof. Recall that [|[W1(t) fllxs1/2+ S| f]les. By a similar argument, using
the construction of the space and Hélder’s inequality, we obtain (11). The
estimate (12) is established in Lemma 4.1 of [9)]. O

LEMMA 3.2. Let 0 < a <min(l,cg), and let s € R. For Wa(t) defined as
above we have the following two linear estimates:

(13) Hp(t)WQ(t>fHXs,1/2,1 S ||fHH57

(14) HXR+<t>p<t> RS L [

Xs.1/2,1

Proof. Our proof of (13) mimics the argument given in [7], Proposition 4.3.
Observe that it suffices to prove that for each j >0,

Io@Wo 7] o) S 1 Fleoa
If j =0, then |p,(¢)| < 3a+ a(c2 —a), and

(15) [loOWa(t) foll . S D 22 Felp®e ™™ O foll Lo s,
k>0

3ata(cg—a)", + n
< 3 Gt G ]y S Il
n>0

Let P be the projection operator defined by
-F(qu;b) (Ta f) = XBy (Ta f)}—(?/)) (Ta 'g)
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Notice that if £ ~ 27, then for any k > 0 we have
1P (exp(=pa(€)H)) )| 1z < (| P (exp(=pa (27) 1) ()] .-
This follows from Plancherel and the fact that
1
—[t] -
.7:,5(6 )(T) 1—|—|7"2
In the case when j > 1, we have

Hp(t)W?(t)EHLg S ;02k/2“]§(5)ft (p(t)eipa M)HL?(B,C)

< S22 Tz e, (O Pe(o(t) 5 (~pa(Ol) O] 1
k>0
It suffices to show that for each j > 1 the sum
(16) S 252y (¢ (t)exp(—p (§)\t|))(t)HLEOL%,
k>0

is bounded. We may assume that k& > 50 in the summation. We first decom-
pose the product p(t) exp(—pa(£)|t]) using the following para-product decom-
position:
pé="> ((Piy10)(P<it19) + (P<ip)(Pis10)),
>0
where p = p(t) and ¢ = exp(—p.(£)|t]). We have adopted the notation P<j, :=
ZIZ:O P;. Therefore

oo = X (Prp)(Peind) + (Pein)(Prars) ).

i>k—10
We are thus reduced to showing that the following two sums are bounded:

I:= Z ok/2 Z HXA Pk Pii1p)(P<it19) )HLooLza
k>50 i>k—10

II:= Z 2H? Z “XAJPk((PSip)(H+1¢))HLEOL%'

k>50 i>k—10
We estimate II as follows:

<Y 2" 3" |xa, Piradllpe 2l P<inll o
k>50 i>k—10

S Z Z 2(k_i)/22i/2||Pi+1¢||Lg°Lf

k>50i>k—10

S ZQi/QHPiH(eXP(_pa (27)1t1)) HL% - ||eXp(_p“(2j)|t|)HBé,/lz'
i>0
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We recall that the Besov space B;/f has the following scaling structure:
TN o1n ~ .
1F @) gz ~ AW -

Since eIt € 85/12, the desired result follows. One can estimate I in a similar

way.
The proof of (14) proceeds as in the proof of Proposition 4.4 from [7]. Let

L(F)(t,x) = yr, (¢ / Wa(t — $)F(s) ds

and define w(t,x) := Wi (—t)F(t,x). Observe that
L(F)(t,x) = xr, (t) / ”’5/ it=9)E =pa()(t=9) B, £) ds d¢

i€ itE? —pa (€)1t / (7, ) / ePalO)HT gg dr
R 0

eitT o efpa(g)t

i+ pa(€)

— xR (Dp(2) /

R

= Wit xm, (o) [

e w(T,€) ( ) dr de.
R2

Define

et _ epa(8)t
h(t,$) :zp(t)/me(T §)dr

From the definition of the space X /21 it suffices to prove
k/2 —k/2
(17) 22 / H]:t( (7,€) ||L2(A NBy) ~ 22 / Hw (7,€) HL2(A NB)"
k>0 k>0
We begin by decomposing h = hy + ho + hg — hy, where

M=ot [ e

1 — e Pal®)t _
it € =pt) [ S

mihe)= o) [ e

mit. )=o) [ ey
t,&) == p(t / ——w(T, T.

) ri21 97+ Pa(€)

Estimate for hy. Use a Taylor expansion to see that

3252 xa, Pl
k>0 o

SNIDY

k>0 n>1

XA, Pk<

p(t)t" 7" -
_— d
n! > /T|<1 iT"‘Pa(ﬁ)w(T’f) !

L2
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< p(t)t" G N )

’VZ; bollsy /LthT+pa@nXAﬂfﬁMT£>d ;
|7 _

S T X4, (Qu(r,§)dr|| .

~ ‘/T|<1 |i7+pa(£)‘XAJ (5) ( ’g) L2

£

Now we apply Hélder’s inequality in 7 to see that

1 -
‘[ﬁuw+m@ﬂ“w“@m

L
|7l
< T XA, X B, W(T, §) dT
1%;) /‘r|<1 |ZT+pa(£)‘ g L?
<3| 22X m el
k>0 Pal
SZT’CM\XAJXBWHL;T
k>0

Estimate for hso. If p,(€) <1, then we use a Taylor expansion to see that

> 22 xa, Prlha)| 2

E>0

5 9k/2 XA, |pa(€>|Pk p(t)mn / .’U}(T,f) dr

glkzzo e COL D My "

/ XA].{E(T,f) dr

ir1<1 [iT + pa(E)] L2
XA; XBy. ~

< ’ XA, X, 2

>0 1T 4 pa(€) L2 i X Bk 2.
5ZQ—k/QHXAjXBk@(T,g)HLg .

k>0 T

On the other hand, if p,(§) > 1, then we proceed as in (16) to find that

22 bea, i) 12,
k>0

7'~ ag 2
S 9 sup i, P (1 — ) |, [ PO

k>0 4y

S22 xm (T )|
k>0 ’
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Estimate for hs. Let
o X\T|Zlﬁj(7—7€)
9(nt) =" +pa(§)
Observe that
2k/2||XA_7»Pk(h3)HL§ LS 282 x4, X8, (P(7) %1 9(7€)) HL?5

By

<22 lxa, 0 &)X |
L

S 2_k/2||XA]‘ XBk'[E”LgYTv

from which the desired estimate follows.
Estimate for hy. Consider

Ao [ S i)

“XA]Pk(h4)’|Lgf = T|>1 7:T+pa(§

LE,
/ XAjw(T7 5) dr
\

< P, e Pa()t
_gsgg\\ W (p(t)e )N 2 Ho1 07+ Pal®)

Lg
X j”[ﬁ T, &
< sup [Pu(ptt)e )|, | e, B Ol
EEA; [ |T‘

Using a Taylor expansion in the case when j =0 as in (15), and (16) in the
case when j > 1, we have

x4, @(7, )| L2
>, Puth, S [ S

k>0 [T]>1 7|
Note that

x4, B(7,€)]| 2 xs, , \'* _
/ S < Z(/ d) Ixa, X2
|7|>1 |7| k>0 \lT>1 |7| '

Sz Z 27}6/2 HXA]‘ XBk{D”LZT s
k>0

from which the desired estimate follows. O
3.2. Bilinear estimate. To prove (8), we will require the bilinear estimate
vl xn-san S lullcnsan ol xoams.

We will prove a more general result:
(18) [tav]lxe—1/20 Sl xearzallvllxeaza,

provided s > 0. Rewriting this in frequency variables we see that (18) is
equivalent to

(19) [(I621f) * gll 5120 SN2 gl 5o 20
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where the space X%1/21 is as in (10). In this direction, we first have the
following basic bilinear estimates, the proofs of which are given in [9].
LEMMA 3.3. Suppose that supp f, suppg C A;. Then

(20) H|£|1/4f * gHLf ¢ 5 Hf”)?o,l/z,l ||g||5{0,1/2,1-
If

K :=inf{|¢& — &| |31, 72 such that (11,&1) € supp f, (12,&2) € suppg} >0,
then

(21) H |§‘1/2f * gHLﬁ ) < K_l/zllf”’)?o,l/z,l HQH)N(O,1/2,1~

LEMMA 3.4. Suppose that supp f C A; and let g be an arbitrary test func-
tion. For k>0 we have

(22) 1fx9llza0 S 2 liz0 e [[1€17 0] 2
If Q C R? satisfies
K :=inf{|¢ + & | 3,71 such that (1,£) € Q,(11,&) Esupp f} >0,
then
(23) 1£ % gllz2nme S 22K 2 f 00/ 161729l
We are now prepared to establish our bilinear estimate.
PROPOSITION 3. Suppose that f,g € X521 with s > 0. Then

(24) H (|€1|f) *gHgs,—l/Zl 5 |‘f||§s,1/2,1 ||g||§s,1/2,1~

Proof. We may divide f and g into components as follows: Define f;, r, :=
XA;, XBy, | and gj, k, = XA,,XBy,9- We thus have

f: E E fj1,k1 and 9= § : § :gjz,k2'
Jj120k120 Jj220k220

Our goal is to estimate

2
(25) Z228j <Z Z Z Z Z 2_k/22j1||fj17k1 *gjz,k2||L2(AjﬁBk.)> ;

Jj=0 k>045120k12035220k220

indeed we aim to establish an estimate of the form

(25) S I 1% 2 905 -

It suffices to prove (25) in the following cases:

(1) At least two of j, j1, j2 are less than 20.
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(2) j1,J2>20 and j < j; — 10.
(3) J,j1 =20, |j = ji| <10.
To simplify our notation below, we let

Fjl,kl = 2j152k1/2||fj1,k1 ”L2 and Gj27k2 = 2j282k2/2||gj2,k2 ||L2(R2)‘

Case (1). We may assume that j, j1,j2 < 30. We apply Young’s inequality
followed by Holder’s inequality to see that

||fj1,k1 *gjmszLz < ||fj1,k1||L2 L4/3||gj2,k2HL1 LA/
,€ g b1 go Lo
S @R )@ g e ),

£2,72
After summing in k£ and summing over j (a finite sum), we find that (25) is
controlled by

30 } 2/ 30 A 2
(Z Z 2]12101@1/52”]:]_1&1”ngl> (Z Z 2J2/221ok2/32||gj27k2||L§2”_2> .

J1=0k12>0 j2=0ks>0

»T1

Observe that since the sum in j, is finite, we have

30
oD 2R g s
Jj2=0k2>0
30
= Z Z 25j22(1/2*5)j2215k2/32||gj27k2||L‘2r2 .
Jj2=0k22>0
30 1/2 / 30 o\ 1/2
< (Z 22(1/25)”) (Z (Z 2291582/ g, 1 | ) )
2=0 J2=0 Mg >0 e

S lgllzenszn-
A similar argument can be used to show that

30

% 2j12l5’“1/32\|fm,k1HLgm Sl r2as

j1=0k1>0

thereby yielding the desired estimate.
Case (2). Here we may assume that [j; — jo| < 1, for otherwise f;, *g;, =0
in A;. For (11,&1) € Aj, N By, and (72,&2) € Aj, N By, we have

(26) (M4+m)—(G+&)P—(n-8) - (n-8) =-3¢6&.
It follows that f;, &, * gj,k =0 on A; N By unless
2k7max > 2]2]1 2]2 ~ 2]+2]1’

where kyax = max{k, ki, ko}.
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Suppose that k = kmax, meaning that 27%/2 < 277/2771 Notice that in
order for f;, *g;, to have low frequency support we require that &; and £ must
have opposite signs for & € supp f;,, {&2 € suppgj,. It follows that supp f;,
and supp gj, are separated by K ~ 271, In light of (21), we have

2 2
2]/ ||f]17k1 g]z,szL2(A NBr) ~ S27 i/ 27159~ ]Zqth 1Gj2:k2‘

Thus

gl 2
@mz@:ZEEWQWWmm@Q

720 \j1 27111 k120 ja=j1 —1 k3 20
2
DREEPIPI) I) AN
j=0 J120k1203522>0k2>0
SN oz llgl Xz
Next, we suppose that k; = kpax, 50 21 > 20+271 - We use (23) with K ~ 271
to get that

||f]17k1 *g]’.’ak?HLQ(A ﬂBk) 2k/22 Jlez/QHf]lJﬁ||L2||gj2,k2||L2

<2k/22 higmhegT ]2§2_k1/2F31, 1Gj2,k2'

Therefore,

ji+1 k 2
25 <Z<Z Z Z 12: 212.]5 F1 /2= szJl k1GJ2 kz) .

720 \k=0j1>j+11 k1>j+2j1 j2=J1—1 k2=0
Now we estimate

2jsfk1/27j157j25 < 27js27k/16277(j+2j1)/16 < 27]’8721]‘/1627’6/16.

It follows that

2
(25) Sy 2772/ <Z IDIDIDD 2k/16Fj1,k1Gj2,kz> :

Jj=0 k2037120k12035220 k220

and the desired estimate follows.
Finally, we suppose that ko = kmax. Since |j1 — jo| < 1, we may proceed in
the same way as the case when k; = kp,.x to obtain the desired estimate.
Case (3). We may assume that jo < j+ 11. Returning to (26), we require
Qhmax > 927472 We first suppose that k = kmay. In this case, we use (20) to
see that
I fjs ks * Gia ka2 (aynm) S 27774280 /22k2/2) f

<2 J/42 j182 JQSFJL 1Gj2,k2'

k1 HLZngQ;kZ HL2
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Therefore, (25) is bounded by

Jj+10 2
(DS oD 95 95 ST SRS

720 \k>2j+j2 j1=j—10 k1=0j2=0 k2=0

j+10 k j+11 2
SZ( Z Z Z Z 290971979 752/29~ ]/42_j152_j25Fj1~,k1Gj27k2>

720 \j1=7—10k1=0 j2=0 k2=0
2
E —J/2 E E E E jas—j2/2 )
’S 2 / ( 2- F]h GJszz )
j=0 J120k1203522>0k2>0

which is sufficient. .
Suppose that kpax = k1, so that 281 > 221+72 We use (22) to estimate

2k/42 Jl/42k2/2||f31,k1 ||L2 ||gj2’k2 ”L2

S ok/Agmi/Agmiisg=isg =k /2, Gl s

||fj1,k71 * Gja ko ||L2(A ﬂBk)

It follows that (25) is controlled by

ki j+10 11 Ky 2
Z(Z Z Z Z Z 2J52 k/42h K 8)2 k1/22 stFl lej2,k2>

J20 \k=07j1=j—10 k1 >2j+j2 j2=0k2=0

2
SZQJ/4<Z DI 2j2/22j28Fj1,k1Gj27k2) :

j=0 J120k12035220k22>0
which is sufficient.
Finally, suppose that kpy.x = k2. Here we divide our analysis into the
following two cases:
(i) [j2 =4l <55
(i) |72 —JjI>5.
In Case (i) we use (22) as above to see that

< ok/49—j2/dg—i1s9—jaso—k2 /2 .

[ fi1 ks * Gin ko |2 (450 B5) S 1k G s -

After summing in k, we thereby find that (25) is bounded by

j+10 k 2
Z(JZ i: > 2 2j52j1(1S)2j2(8+1/4)2k2/2Fj1,k1Ga‘2,k2>

j20 \j1=j—10k1=0 j2>0 k2>2j+j2
[7—721<5

j+10 2
’S Z( Z Z Z Z 27]2/42J127]27]2/2Fj17k1 Gjmk'z
j20 \j1=j—10k120 j22>0 k220

[§—72|<5

2
522@-/4(2 Z Z Z Fjl,lejz,kz) ;

320 J120k1205220k22>0
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which is sufficient for our purposes. In Case (ii), we can use (23) with K ~ 27
to estimate

I f ik * Gjokes 204, S 28/2270/22702/2070sgmiesg=ke/2 Gy

We use
271{,‘2/2 < 271@‘/16277]62/16 < 2716/16277]’/8277]’2/17

to see that, after summing in &, (25) is controlled by

10 ko 2
Z( YIS Z2](8_11/8)2J1(2_8)2_”(s+7/16)2_”5Fj1,k1sz,m)
720 \j1=7—10k1=0 j2>0 k22>0

|[j2<j—5

2
522_3j/4(z Z Z Z Fjl;lej27k2) .
j=0 j120k12>03j2>0k22>0

This completes the proof of the proposition. O

3.3. Local-in-time control of the perturbations. The purpose of this
subsection is to establish estimates of the form (8). Before stating a proposi-
tion to this effect, we note that from the modulation equations (6) we have

(27) e[, 19 S llwllgemp S Nwllx /2.

We also require control over |¢(t) — co|, which is obtained by integrating the
control on ¢(t):

t t
) = ol < [ et ar 5 [ Julr)]y dr S oy
0 0 @
Since we have restricted ¢ € [0, 6], Holder’s inequality gives
(28) le(t) — co| < 82wl 2y S8V wll 1172
z s

PROPOSITION 4. Let 0 < a < \/co/3. There is an v >0 such that the
following statement holds: If vo € HY(R) satisfies ||vo||gr <7 and ||wol| g <7
where wo(x) = e*vg(x), then there is a 6 >0 so that the equations (4) and

(7) admit solutions v(t,xz), w(t,x), respectively, on [0,0]. Moreover, these
solutions satisfy

(29) [l 22720 S llvollas — and lwll 11720 S llwol -

Proof. We begin with the equation for v, given by (4). Changing variables
x> 2 — (v —2cot + fot c(s) ds) leaves us with

(30) Oy + 030 + (10, + 600 )o(s) + 20 (theyv) — By (v%) =0,

This can be rewritten as an integral equation using Duhamel’s formula:

v(t,z) = Wi(t)vo(x) +/0 Wit = 8) (70 + 0 )Yty + 200 (Yeyv) — 05 (v7) ) ds.
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We will show that the operator ® given by
t
(31) v = p(t)W1(t)vo + P(t)/ Wit — ) (50 + ¢0c) p(s)tbe(s)
0
+ 20, (p*(8)theov) — 02 (% (s)0?)) ds,

is a contraction on a ball that is to be chosen momentarily, and where 7 is a
smooth cutoff adapted to the time interval [0,d]. We now estimate

t
H(I)’UHX;J/ZJ 5 HUOHHl + H/ W1 (t - s)((v(’)w + éac)pl/Jc dS)

X;,l/z,l

/Wlt—s (P*te,v) ds

/ Wi(t — 8)0.(p*v?) ds
0

—: Jlvo s + (1) + (1) + (11D,

Before proceeding further, observe that as a consequence of the embedding
Xbate oy XL1/21 for any ¢ > 0 and the standard inequality (see [10], for
instance)

1,1/2,1
Xé

X;’1/2’1

ull oy ve SN0l o grae
X2
5

s, g+e
5
we have that

0120 S,

provided ¢ > 0 and e > 0 chosen sufficiently small. We estimate (I), (II), and
(III) using Proposition 3 along with Lemmas 3.1 and 3.2:

(1) S (W 1eD ]l xaar20 S 0% [[wll g ra/2as
) S 1105 W) im0 < 6Tl g
01D £ 92 02 g v S Il
It follows that
(32)  1®ollrarms S ol + ol gpavms + lollgrarms + lolsarna

Turning to the w-equation (7), we again change variables with an eye to-
ward removing the first-order term: let x +— x — (co — 3a% + a)t + fo s)ds —
v(t). The equation then reads

Opw + 02w — 3a0w + a(co — a2)w + adyw — e (¢0. + YO0z )he — €7Dy (112)
—a(c—co)w + (F(t),m )¢ + (F(t),n2)¢2 =0
where

F(t) = e (Y0, + ¢0c)e b — ayw + €0, (vg) —a(c—co)w



460 B. PIGOTT AND S. RAYNOR

We will show that, along with ® defined above, the map ¥ defined by

W= () Walt)w +p(t) | Wt = A(s) ds,

where
N =2(9, — a) (p*vew) + apywe™ (éd. + 40, ) pibe — €70, (p*v?)
—a(c—co)pw + p(F,m)& + p(F,n2)&
is a contraction on an appropriately chosen ball in X;’l/ 21 We begin by
estimating

1wl 1120 S llwolls +[(9: = a) (P*pew) Hxéh—l/m Fllpywl g -120
ax ( : ax 2,2
+ He (Cac +78m)p1/1CHX51,_1/2J + ||€ Oy (p v )HX;’_l/Q‘l
+|l(c— Co)PwHX;,fl/zyl + || p(F,m) G HX;,—l/m
+ Hp(f, 7]2>C2HX;,—1/2,1
=:||lwo|g= + (I) + (II) + (III) + (IV) 4 (V) + (VI) 4 (VII).
To estimate (I) we use the fact that e**0,e™** = 0, — a to see that
— axr —axr
(I) = He 8336 p’(/JCU)HX;,—l/zl
S/ ||(ach)w||X;ﬁl/2,l + H (eamwc)vaX;fl/ll
S (SEH’LUHX;,l/z,l + (5E||U||X;,1/2,1.
Term (II) is estimated easily using (27):
() Szl o -1/20 S lelnza-
Similarly, we see that
(D) < (el g + Iz ) 181l 1120 S 8wl gra/2a.
Recalling that w = e*®v, we have
(IV) = 2”“}@%”)(;**1/211 5 ||IU||X;,1/2,1 HU||X;,1/2,1.
To estimate (V), we use (28) to see that
(V) < lle=collzellwlixp-1720 S ol sz
To estimate (VI) and (VII), we require the following lemma.
LEMMA 3.5. Let f be a space-time function and let s > 0. Then

1m0l s rror S Ifllgrmrian, i=1,2.
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Proof. Let f; = xa, f, as before, so that f = Zj>0 fj- Then

[|(f, 77¢>§z‘||X§,—1/2,1 < ZH<fja77i>§iHX§v—l/2,1

3>0
N R 2 1/2
:Z(Z22ns(Z2_k/2H<fj7ﬁi>€iHL2(AnﬂBk)>) '
§>0 “n>0 k>0

Note that (E, i) = <J?j»XAj 7:), which is a function of 7 only. Here we denote

the Fourier transform of 7;, ¢; by 7;, Ei, respectively, to emphasize that these
are functions of the frequency variable £ only. It follows that

H<fj7ﬁi>Ci||Lz(A"ﬂBk) = H<fj7XAjﬁi>||L72_(Bk)||ci||L§(An)
< Ixsifillez N7ill2aplGill Lzca,)-
It remains to estimate
B R 2\ 1/2
3 (S (S e il Gleu,) )
>0 “\n>0 k>0

In the case when n < j, we have 22ns < 924 g4 that

j 9 1/2
(33)<Z||ﬁi||L2<Aj>(Z?ﬂsngnizmn)(22-‘“/2||f||L2<AmBk)) ) ,
n=0

j=0 k>0
so that after carrying out the sum in n we have that (33) is bounded by

S illzea, (22f82—’f/2f||wm>)

>0 k>0
_ _ 2\ 1/2
< (z(zwsz—kﬂnfnwmmk)) ) ,
7>0 k>0

where in the last line we’ve used Cauchy—Schwarz and the fact that n; is
smooth. If n > j, then 227 = 2275272752275 and we find that (33) can be
rewritten as

R _ 2 1/2
Z?‘”IﬁiLZ(A]-)(ZW@-HLz(An)(Zr’“”ﬂfumm_mm))) ,

3>0 n>j k>0

and after summing in n (using that &; is smooth),

(33) Y @777l 2 a;) (Z 2j52_k/2||fL2(Aijk)>

>0 E>0
_ _ 2\ 1/2
S (Z (Z 2Js2k/2||f||L2(AjﬂBk)> ) .
70 \k>0 O
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Returning to our estimates, we now have that
(VI)7 (VII) S H]:HX;,fl/Z,l
< ol 0ol + ol vl o,
following the estimates of (II) through (V). Taken together, these estimates
now give
(34) [[Pw] 1120 S llwoll s + 0% [[wll 10720 + 0% [0l 12720 + ||w||§(;,1/z,1
+ Hw”X;,l/Q,l ||UHX;,1/2,1.
Suppose that ||vg|| g, [|Jwo||gs <7 < 1, and consider
1,1/2,1
B = {'U,’LU S X57 /2, | ||,U||X;’1/2’1 < 207’, ||’IU||X;,1/2,1 < 207‘}.
According to our estimates, we have
||(I’UHX§,1/2,1 < er 4 4escr + 4c*r?
[Pwl| o720 <er +4edr + 4c*r?.
5

It follows that if & and r are chosen sufficiently small, then the maps &,V :
B—B.

To see that &, ¥ are contractions on B we let vy, vs € B with wy = e®*v; €
B, we = e*®vy € B. Associated with these functions are modulation param-
eters (v1,c¢1) and (7y2,c2) corresponding to w1, ve, respectively. From the
modulation equations, we find that

lér =2l + 191 + A2l
< o1 = wal| oo rn [Jwr + w2l Lo 1
+ |1 +vallLee g [[w1 — w2 L 1,

where we use the notation L§® as shorthand for the space L?Z[o 5 Thus, we

have
ller = éallLge + 191 + Yol Lpe
< cllor = vafl a2 fwr +wallyra/20
+efor ool 1z fwr = wall g1/
<Ac*r|vy — v2||X;,1/2,1 +4cPr||wy — wQHX;,l/zl.
Also,

t
|C.170.2|S/ |C'1(8)76.2(S)|d5
0

t
< / ([lor = vall 2 [lwy + wall x + [lor + vl g1 lwy — w2l gy) ds
0
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S (51/2 (||111 — UQHX;‘I/Q‘I HUJ1 + w2|‘X1,1/2,1
+ ||'U1 —+ V9 HX;’1/2’1 ||’LU1 — Wa ||X;,1/2,1)
< 1/2 — - .
_407”5 (||v1 1)2||X§,1/2,1 + le w2HX§,1/2,1)
We thus have

H(b U1 7(1) ’U2 ||Xs,1/2,1

H /W1 t— ) (105 4 ¢10¢,) pthe, — (205 + ¢20c,)pibe, )

‘Xg.l/zl

H /Wlt_s ( (egv1 — they2)) ds

+ Hp(t)/o Wit —s)0, (pz(vf 71}%)) s

< céf (4627””1)1 — U2||X§,1/2,1 + 4627“”101 — U}2||X§,1/2,1) + 0% ||vy — U2||X§’1/2’1

1/2,1
st ’
5

X§’1/2’1
+ CH’Ul + 1)2||X§,1/2,1 ||1]1 — Vg ||X§’1/2’1
< §° (4037‘ + c) lvy — UQHXg,l/2,1 + 4c?r|jvy — v2||X§,1/2,1
+ 4¢3 r6¢ ||wy — Wl ys1/2,1
5

It follows that if &, r are chosen sufficiently small, then

1
H@(Ul) HXS 121 < = (H’U1—U2||Xs 1/2,1 +||w1 IU2‘|X§,1/2,1),

so that ® is a contraction on B.
Turning to estimates for ¥, we find similarly that

H\IJ(wl) - \I/(w2)||X;,1/2,1
< ((55 + 8037'2 + 8c3r + 407‘) <||’LU1 — ’U}2||X1,1/2,1 + ||1)1 — U2HX1,1/2,1)
5 5
+2¢:7’||w1 — Wa ||X§’1/2’1 .

We conclude that if §, r are sufficiently small, the ¥ is a contraction on 5.
This establishes the local well-posedness for the weighted and unweighted
perturbations. O

4. Iteration

In this section, we wish to gain long-term control on the behavior of the
perturbation by iterating the short-term control gained in Section 3, along
with some energy and spectral estimates. Our goal is to show that v remains
bounded in H' for all time, while w enjoys exponential decay in H' as time
grows. To do this, we will iterate along local well-posedness time intervals
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and prove the desired bound by induction. Specifically, we wish to show that,
for all ¢ > 0 there exist ¢(t) and y(¢) so that

) ¢(t) and ~(t) are smooth functions of time,

¢ and 4 are uniformly small, and decay exponentially as ¢t — oo,
¢(t) — ¢o is uniformly small,

[lv(t)]| g2 is uniformly small, and

|lw(t)]| g: decays exponentially as t — co.

(1
(2)
(3)
(4)
(5)
To reach these conclusions, we rely on the modulation equations described
above, (4) and (5). The first is a result of a now-standard implicit function
theorem argument.

We will prove the rest together via the theorem below, which provides an
explicit expression for the decay of |w|| g as a function of time, thereby con-
cluding the exponential decay of the perturbation and the asymptotic stability
of the weighted perturbation which are our main result.

THEOREM 1. There is an € >0 so that if |w(0)|| g + [|[v(0)|| 2 + |c(0) —
co| <€ and v, w, ¢, and v are as defined above, then there exist k with 0 <
k<1 and Cy >0 so that, for any n € N,

Hw n(S)HH1 < K"e,
[o(nd)]| < Cre,
(35) |é(nd)| < K™e,
|¥(né)| < K",
|c(né) — co| < (2—K""")e.
Here, § is the local well-posedness time interval found in Proposition 4 corre-
sponding to an initial condition of size up to (24 C1)e, and C1 depends only
on cq.

Proof. First, let ¢ be sufficiently small so that, whenever
[w(to)l] 2+ l[v(t0)| g2 + [e(to) = o] < (24 Ch)e,
it follows that v(t) exists on [to,to + d], and
4+2
el * gy, < ol + 2=
where Cj is the implicit constant in the conclusion of Proposition 4.

We wish to prove the claim by induction. First, note that ¢ and + satisfy
the following modulation equations:

{’4 =A l<eay3y(c —co+v)e”Mw,m) e

¢ ey (c—co+v)e”w, ) 2
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where

A= 1+ <eay(6ywc - 3y¢co), 771> - <w76y7]1> <€ay(3c¢c - 8c'(/)c0)77]1> ‘| -

<eay(aywc - 8y¢60)7772> - <w7ay772> 1+ (e (0ethe — Octhey )y M2)

At any time when |c¢ — ¢g| and ||w|| g1 are sufficiently small, it follows that
|All <2, so that

d

Therefore, (35) is satisfied at t = 0 because of our assumptions on the initial
data, so long as 4(max;—1 2 ||7:||g1)e < 1.
Now, assume that (35) is satisfied at ¢t = (n — 1)§. We need to control all 5
quantities going forward to ¢t =nd. Without loss of generality, assume § < 1.
Let n be a sufficiently small constant satisfying

(36) 0< (20+4C))e <n< 1.

A

2

[<eayay(c —cot+v)e”Yw, 771>L2]

(e0y(c— co +v)e”Ww,na) 2

< 2(max ll s ) (Ie = col + o]l ) ] -

For convenience, define
L(t) = ||w®)|| 2 + [[v@®) || o + |e@)] + |7(@&)| + |e(t) — col-

Note that by the inductive hypothesis (35), L((n — 1)d) < (54 C1)e <n. By
continuity, then, there exists dg > 0 so that L(t) <non [(n—1)d,(n—1)5+ dp].
Let 01 be the largest such &y which is at most §. We will first show that 6; = 4.

Let us first estimate ¢ and 4 on I :=[(n—1)§,(n—1)0 + d1]. As above, we
have that for each t € I, |¢| + |5 < C(|c(t) — co| + [[v#®)||z2) [|w(®#) || g2 < Cn?,
which is less than %077 so long as 7 is sufficiently small. Then

le(t) — o < Je((n — 1)8) — e(0)| + /I le(t)] dt < (2 — k") + %7751 < %n.
Next, we estimate ||v(t)||g1. This can be done using the Lyapunov functional
Elul = [T 3(0zu)? — 3u® + Fcou? and considering E[u(t)] — E[ue, ], which is a
constant of the evolution. Exactly as in [17], this leads to the conclusion that,
for n sufficiently small, [[v(t)|| g2 < C1e < 31 on I for some C; depending only
on co.

Finally, we estimate ||w(t)||g:. Define M = ||[w((n —1)8)||%:, and N =
lw((n—1)6 4 61)||%:. Then we have that

d 2
N—M—¢EW@MJt

= 2/<w,wt)H1 dt
I
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- 2/I<w,Aaw +QF) dt
= 2/I<w,Aaw>H1 dt + 2/I<w, Q[e™(ede +40y)|the) 1y di
20 (4 + (c - o)) / (w0, Qu) 1 dt + 2 /1 (w0, Qev0, (v?)),,, dt

I

:2/I<w,AaQw>H1 dt+2/l<w,Q[e“y(éﬁc+*’y6y)}¢c>Hl dt
— 2a/(“'y + (¢ —¢co))(w,Q(8y — a)w>H1 dt
I
+2 [ (10.0e0,(1) .

= (I) + (IT) + (III) + (IV).

We may conclude by Proposition 2 that (I) is less than or equal to
—=2b [, lw(t)]|3. dt.

For (II) we have ) = [, (w, Q[e™ (¢De + YOy)|(the — tcy + Uey)]) mr - Since
Q(e™O e, ) = Q(e“ya (tey)) =0, it follows that

(II):/<w,Q[eay(é80+"yay)](wc—uco)>H1N/[|c—|—’y||c—co|||w ]
I
For (III), consider
<w,Q((‘3y - a)w>H1 = (w, QOyw) 1 — a{w, Q) g1

= (w, Oyw) g1 — (w, POyw) g1 —a(w Qw) g1
=0— < , (Oyw,m; L2<’>H1 — a{w, Q) g1
< 10y wl 2 {mill 2 1wl a2 1€l + allw]| 71
S llwlfp-

Therefore, (IIT) < [,(Jc — co| + [¥])[|w(t)||3: dt.
Finally, we need to estimate (IV). To do so, we write

(w,Qe¥d), (U2)>H1 = (w,e"d, (02)>H1 - <vaeayay(vz)>H1’
Note that

(c™d)y Z<eaya )i o

SO

/I<w,P(eay3y (v*))) . dt
:;/I<w7fi>r11<wvy,m>m dt
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2
<SS Tkl ll€illzs ewllzz oy 2 1) 2] dt
i=171

< / (w15 dt) ol ez

Then we need to estimate

/ (w, e, (v?)) ., dt.

I
This has two terms:

// wyay(wvy)d:rdtJr// w?v, d dt.
1JR 1JR

We estimate the first term as follows:
| [ witutwn) dede <yl o 10,600 o

5 Hwy”Xo‘l/?‘1 Hay(wvy)||xo,1/2,l
Sl g2 1ol g o
S MHUHXL%,U
using (18). For the second term, we get:
n+1
[ [ wtvgand] < ol fon g,

x

ST I

S Hw||L$°L:°||w||L§°L§||Uy||L§°Lg
Sl g allogll o g
S Mo] iy

via Strichartz estimates.
In total, we obtain the following estimate for the increment of w:

N-—M< /[—2b+0|*y+c—60|+CI|UHL;>°H;] (@), dt
:

+ /Ic[|¢+ﬁl|c — col[[eo(®)]| ] dt + Mo 01721

Using our controls above, this yields
N — M < (=2b+ Cn)n?s + Cn?*nd + C, Mn.
Hence, we may conclude that
N < M(1+Cyn) + Cnd.

Therefore, it follows that N <&2(1+ C1n) + Cn3, so, for n sufficiently small,
lw((n—1)8 +61) || < 0.
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Finally, we conclude that L((n—1)6 +01) < ({5 + £ + 1 + )n <n. Hence,
we may continue past §; with (36) remaining valid. Hence, 6; = 6. Therefore,
we have that L(t) <n on [(n — 1)d,nd]. Now, let us verify (35) at t =nd. Set
J:=[(n—1)d,nd].

As above, we have that for each t € I,

el + 131 < C(|e®) = co| + [v@) |, ) [0 @] o < CO+ o ®)]] 1,
which is less than ||w(t)||g: so long as 7 is sufficiently small. Hence, the

control on ¢ and * is valid whenever the control on w holds. When it holds,
then,

le(t) — co| < |e((n—1)8) — c(0)] + /]|c'(t)| dt < (2 — k"2)e + k)

< (2 — H"_l)e.

The estimate on v is the same as above, with the same result.
Finally, we estimate ||w(t)| 1. Define m(n) = inf; |w(t)||%. and N(n) =
[w(nd)||%.. Then we have that

N(n)— N(n—1) :/J%HW)H; dt,

which has the same four terms to be estimated as above. As above, we obtain
the following estimate for the increment of w:

N(n)—=N(n—-1)< / [—2b+ C|3 + ¢ — co| + Cllvll pgo 111 ] Hw(t)”iﬂ dt
S :

+LCW+ﬂ&wMW@M&&+NW—mM&%W
Using our controls above, this yields
N(n)—N(n—1)< /[—2() + Cn) Hw(t)“iﬂ dt +2N(n —1)Cie.
So, for 7 sufficiently small, WIe have
N(n)—N(n—-1)<—-bm(n)+CeN(n—1).

In order to close the loop, we need to relate m(n) and N(n —1). There
are two possible cases. First, suppose that m > %N(n). Then in the above
argument we obtain

(37) N(n) = N(n—1) < —%bN(n—l)—i—CeN(n— 0.

On the other hand, if m(n) < 3N(n — 1), then |m(n) — N(n)| > 1N(n —1).
Let t* be the time at which the minimum value m(n) occurs. By the increment
calculation above, then, we have that

.
lN(n—l)<N(n—1)—m(n):’/ (w, Aqw + QF) g dt|.
4 (n—1)8
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Therefore,

t* 1 t*
/ (w,Aaw>H1dt‘>1N(n—1)—’/ (w, QF) g dt|.
(n—1)68 (n—1)8

By the increment calculation above, we then obtain

/t (w,Aaw>H1dt‘ >-N(n—1)— (CnN(n—1)+ CeN(n—1)).

1
s —4
Since (w, A,w) g <0 for all w by Proposition 2, that is, this quantity has a
definite sign, it follows that

/J(w,Aaw>H1 dt’ > iN(n -1) = (C(n+¢e)N(n—1)).

Hence in this case,

(38)  N(n)=Nn-1)< —iN(n—l)—&—Z(C(n—i—a)N(n— ).

Hence, in either case, it follows that, with 8 = min(%b, i),

(39) N(n)—N(n-1)<—-BN(n—-1)+CnN(n—1).

So, N(n) < (1+Cn—pB)N(n—1). For n sufficiently small, it follows that
with k:=1— g, k<1 and N(n) <xN(n—1). So, since N(n—1) < s,
N(n) < k™e. By the arguments above, the corresponding controls on ¢, 7,
¢ —co, and |Jv(n)| g: immediately follow. Hence, by induction, the theorem

holds. O
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