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ANALYTIC DISCS, GLOBAL EXTREMAL FUNCTIONS AND
PROJECTIVE HULLS IN PROJECTIVE SPACE

BENEDIKT STEINAR MAGNUSSON

ABSTRACT. Using a recent result of Larusson and Poletsky re-
garding plurisubharmonic subextensions, we prove a disc formula
for the quasiplurisubharmonic global extremal function for do-
mains in P". As a corollary, we get a characterization of the
projective hull for connected compact sets in P” by the existence
of analytic discs.

1. Introduction

The global extremal function, also called the Siciak—Zahariuta extremal
function, has proven very useful in pluripotential theory in C", see [6, Sec-
tion 13] and [7, Section 5] for an overview of the applications. We are how-
ever most interested in its counterpart in the theory of quasiplurisubharmonic
functions on P". The quasiplurisubharmonic global extremal function was
defined by Guedj and Zeriahi [3] and has already proven useful, most no-
tably in connection with projective hulls [4]. The projective hull of a com-
pact set in P" is the natural generalization of the polynomial hull of a set
in C™.

We start by making a small generalization of a recent result of Larusson
and Poletsky [8] regarding plurisubharmonic subextensions for domains in
C™ (Theorem 2.3). We also define a disc structure (Lemma 2.6) for sets in
Cn*+1\ {0} with the properties required by Theorem 2.3.

In Section 3, we turn our attention to quasiplurisubharmonic functions,
or w-plurisubharmonic functions, on P* which we denote by PSH(P™, w).
Here, the current w is the Fubini—Study Kéhler form. Using the results from
Section 2, we prove a disc formula for the global extremal function for a
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domain W C P™ (Theorem 3.2),
sup{u(z);u € PSH(P",w),ulw < ¢}

:inf{—/Dlog|~|f*w+/T<POde;f€AI‘P{L/L7f(O):37}-

In Section 4, we apply this result to get a characterization of the projective
hull K of connected compact sets K C P” by existence of analytic discs with
specific properties. More specifically, for A > 0 and a connected compact
subset K C P" the following is equivalent for a point x € P™:

(A) z€ K(A).
(B) For every € > 0 and every neighborhood U of K there exists a disc f € AY,
such that f(0) =z and

f/log\~|f*w<A+€.
D

Here, K(A), A > 0, are specific subsets of K such that K =[], K(A). These
sets are defined using the best constant function for K (see [4, Section 4]).

Finally, in Section 5, we see how the methods presented in Sections 2 and
3 also work for other currents, in particular for the current of integration for
the hyperplane at infinity H,, C P™. This gives rise to the disc formula for
the Siciak-Zahariuta extremal function which was first proved in [9] and [12].

We start by establishing the notation. We assume X is a complex manifold.
Here X will be a subset of either affine space or projective space. Let Ax
denote the space of closed analytic discs in X, that is continuous maps f : D —
X which are holomorphic on the unit disc D, and endow A x with the compact-
open topology. Assume W C X, then AY is the subset of discs in Ay which
map the unit circle T into W.

If H is a disc functional, that is, a function from a subset of Ax to
[—00,+00], then its envelope with respect to the family C C Ax is defined
as the function

EcH(z)= inf{H(f);f eC, f(0) zx}.
The domain of E¢H is all the points z € X such that {f € C; f(0) =z} is
non-empty.

For convenience, we write F for E4, and Eyw for E AW -

The standard example of a disc functional is the Poisson disc functional
H,: Ax — [—00,+00] associated with a function ¢ : X - RU {—oo}. It is
defined by H,(f) = fT o fdo, where the measure o is the arclength measure
on T normalized to one. Another disc functional which we will use is the
Poisson disc functional for the class of w-plurisubharmonic functions

Hw,w(f)=—/Dlog|-\f*w+/T<p0fdo*,
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where f*w is the pullback of w by f (see Section 3). In our case, the (1,1)-
current w will be the Fubini-Study Kéhler form on P”. However, in Section 5,
we look briefly at other currents on P", especially the case when w is the
current of integration for the hyperplane at infinity.

If ¢ is a function defined on W C X, then we let

Fo={uePSH(X);ulw < ¢},
Fup={u€PSH(X,w);ulw < ¢}

REMARK. Although it is more traditional to look at analytic discs which are
holomorphic in a neighborhood of the closed unit disc we are only assuming
the discs are continuous to the boundary. This does in fact not alter the
results obtained here since every disc holomorphic in a neighborhood of D is
clearly in Ay, and conversely if f € Ax then f(r:), r <1 is a family of discs
holomorphic in a neighborhood of I such that H,, ,(f(r-)) = Hw,,(f), when
r — 17. The reason for the approach here is that the authors of [8] applied a
result of Forstneri¢ [2] which uses discs which are only continuous up to the
boundary.

2. Plurisubharmonic subextensions

We start by looking at domains in C™ and prove a small generalization of
a theorem of Larusson and Poletsky.

The settings are the following. For domains W and X in C*, W C X, and
an upper semicontinuous function ¢ : W — R U {—o0}, consider the function

sup Fy, () = sup{u(z);u € F, }.

If F, is locally bounded above, then this is the largest plurisubharmonic
function on X dominated by ¢ on W. The goal is to find sufficient conditions
on W and X so that we can prove a disc formula for this function, namely
that sup F,, = Fw H,, or if we write it out

sup{u(w)u € PSHEO).uby < o =int{ [ po faoif e AY . 50) =2 .
T
We will need the following definitions.

DEFINITION 2.1. We say that two discs fp and f1 in AY with f5(0) = £1(0)
are centre-homotopic if there is a continuous map f : D x [0,1] — X such that
o f(-,t) e AY for all t €0,1],

e f(-,0)=fo and f(-,1)= fi,
e f(0,t) = fo(0) = f1(0) for all ¢ € [0,1].

DEerFINITION 2.2. If W C X, then a W-disc structure on X is a family
B=(8,), of continuous maps 3, : U, — AY, where (U, ), is an open covering
of X, such that
o (,(x)(0) =z for all z € U, (i.e. = is mapped to a disc centred at z),
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o if x €U, NU,, then f,(x) and B,(x) are centre-homotopic.

Furthermore, if there is a g such that U, =W and S,(w)(-) = w for every
weW (ie., f.(w) is the constant disc), then we say that the disc structure
is schlicht.

For a W-disc structure 8 we let B C AY denote the family of discs in 3,
B=U, 5 (U,).

Lérusson and Poletsky showed in [8, Theorem 3] that if W has a schlicht
disc structure then sup F, = Ew H,. By looking closely at their proof, one
sees that it is sufficient to have a disc structure 8 such that EHp,p, < ¢
on W. From this small observation, we get the following theorem.

THEOREM 2.3. Let W C X be domains in C", let ¢ : W —RU {—o0} be
an upper semicontinuous function, and assume B is a W -disc structure on X
such that EgH, < ¢ on W. Then

supF, = EBwH,.
Proof. The formula follows from the inequalities
Sup}"@ S EWHw S EHEBH¢ S sup]—‘w.

The first inequality follows from the subaverage property of the subharmonic
function uo f. If u € F, and f € AY, f(0) =z, then

u(w) = (o HO)< [uofdo< [ o fdo=H,(),
T T
Taking supremum on the left-hand side over u € F, and infimum on the right-
hand side over f € AY gives the inequality.
Lemma 2 in [8] gives the second inequality.
A fundamental property of the envelops of the Poisson disc functional is

that FHy <1 and therefore, with ¢ = EgH,
(1) EHEBHq; SEBH@ S(p

The last inequality then follows from the fact that the function EHp, H, 18
plurisubharmonic by Poletsky’s theorem [13], [14] and not greater than ¢ by
(1). It is therefore in the class F, we are taking supremum over. d

The difference between having a schlicht disc structure and a disc structure
as in Theorem 2.3 is that we do not necessarily have to have the constant
discs on W, it is for example sufficient to have discs which map the unit
circle “close” to the center of the disc. This can be seen in detail from the
construction in Lemma 2.6 where we define a disc structure on a certain
class of sets in X = C™ \ {0} which satisfy the condition in Theorem 2.3. In
Sections 3 and 4, we let m =n+ 1 and apply the result of Theorem 2.3 in P"
using homogeneous coordinates 7 : C**1\ {0} — P".
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DEFINITION 2.4. A set W C C™ is a complex cone if \x € W for every
AeC and z € W. A complex cone in C™ \ {0} is simply a complex cone in
C™ with 0 removed.

DEFINITION 2.5. Assume W is a complex cone. A function ¢ : W — RU
{—o0} is called logarithmically homogeneous if

p(Ar) = p(z) +log[Al,
for every A€ C\ {0} and z € W.
Note that every function on a complex cone in C™ \ {0} which is logarith-

mically homogeneous extends automatically over 0 and takes the value —oo
there.

LEMMA 2.6. Assume W C C™\{0}, m > 2 is a complez cone and a domain,
and assume that ¢ : W — R U {—0c0} is an upper semicontinuous function

which is logarithmically homogeneous. Then there exists a W-disc structure
B in C™\ {0} such that EgH, < ¢.

Proof. For each w € W let U, = C™\ {\w; A € C}. Then for x € U, define
the analytic discs Sy, (x) by

Fono(t) = Bu()(t) = <”z miC] E - w||>tw + (1 + Tt):ln

r [l = wl|

where

i 20l o))

1+ ||z —w|’ 2

and W€ is the complement of W in C™ \ {0}.
It is more convenient to write the formula for these discs in the following
way

(1+ HI;WHt) [w+ (Hw*WHJth);(x —w)]

rTTe—wlt) Te—w]]
(*)
fm.w t) = . r
w0 1% —
(1- )@ —w) ift=—p o

Then we see that 0 is mapped to . Furthermore, the factor in the brackets,
(%), maps the closed unit disc into the complex line through = and w and
maps the unit circle into a circle with centre w and radius r. This can be seen
from the fact that if ¢ € T then |%\ =1 and

Hw — (*)H =r<d(w,W°).
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This implies that for ¢ € T the point fy ., (t) = (1 + Mt)(*) is also in W
since W is a complex cone.

Note also that 0 is not in the image of f; ., since, by the definition of U,,,
the complex line through x and w does not include 0.

To show that (8,), is a W-disc structure in C™ \ {0} we need to show that
every two discs with the same centre are centre-homotopic, that is f; ., and
fww are centre-homotopic for every w,w’ € W. Since W is connected the set
WA\ {Az; A € C} is also connected and path connected. Therefore, there is a
path v: [0,1] = W \ {Az; A € C} such that v(0) =w and (1) =w’. Define
the map f: D x [0,1] — C™\ {0} by

f(t7 5) = fm,'y(s) (t)

The function f clearly satisfies all the conditions in Definition 2.1, which

means that we have defined a W-disc structure B =J,,cyy{ fo,w;® € Uy}
We will now show that EgxH, < ¢ on W. Fix z € W and € > 0. Since

@ is upper semicontinuous there is an open neighborhood U of x such that

olu < p(x) +¢/2. Then select w close enough to z so that

o log(l+ [z —wl|)<e/2, ‘

lz—wl  d(w,W)~ . llz—wl|

Te—wl’ — % } is equal to i e

e the disc on the complex line through x and w with centre w and radius r

(defined as above) is in U.

Then, by using the properties of ¢, the properties of the term (x) and the
Riesz representation formula [5, Theorem 3.3.6] we see that

. r:min{1

EBHz,a(x) < / @ o fx,w do
T

[o((- )

:/gp((*))dow— log|1 + ”‘”;w”t do
T
1 T
<supp — —log
U 2m |z — wl]

< pla) + 5 + 5= Tog(1+ |}z —wl)

<o)+ 5+ 5 log T —w

<o(z) +e.
This holds for every € > 0, hence EgH, < . O

It should be noted that the disc structure above is under heavy influence
from the set of “good discs” used in [9] and [12] for the original proof of
Equation (7).
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3. Disc formula for the global relative extremal function in (P",w)

We let w be the Fubini-Study Kéhler form for P™. Recall that an
upper semicontinuous function u on P" is called w-plurisubharmonic (or
quasiplurisubharmonic) if dd‘u + w > 0. We denote the family of w-
plurisubharmonic function on P by PSH(P", w).

If f € Apn, then there is a well-defined pullback of w by f, denoted f*w.
It is defined locally by A o f where ¢ is a local potential of w, that is, ¥
is a plurisubharmonic function such that dd“iy) =w. For more details about
w-plurisubharmonic functions and analytic discs, see [11, Section 2].

The pullback of the current w to C"1\ {0} satisfies

mrw=ddlog|| - |,
where m: C"*1\ {0} — P" is the projection
(20, 215+ -y 2n) =201 211+t Zp)-

This implies that if f Acnin\ (o} and we let f=mo f € Apn, then

frw=Alog| f|.

Note that there is a one to one correspondence between the family
PSH(P",w) and {u € PSH(C"*! \ {0});u logarithmically homogeneous}.
See [3, Example 2.2].

LEMMA 3.1. Assume X is a domain and a complez cone in C"+1\ {0}. If
v: X 5> RU{—o0} is upper semicontinuous and logarithmically homogeneous
then the function sup F, : C*T1\ {0} = R U {—o0},

sup Fy(z) = sup{u(z);u € PSH(C"\ {0}),ulx < ¢}
is also logarithmically homogeneous.

Proof. We will first show that F is locally bounded above to ensure that
sup F,, is plurisubharmonic. Fix w € X, then for x € C"*\ {\w; X € C} there
exists by Lemma 2.6 a disc f, , centered at  which maps T into X. Then
for every u € F,, by the subaverage property,

(@) = u(f.(0)) < / o fowds < sup (y).

T ly—w|=r

By the continuity of z — r = min{ 1%;3%“ ,

tinuity of ¢ we see that F, is locally bounded above.
If u e F then u < ¢ on X, which implies that for A € C* we have

d(wéwc)} and the upper semicon-

u(Ar) +log() < (Az) + log(\) = p(x).
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This shows that the following is equivalent for A € C*

o ucrk,,
o u(A)+1log(N) € Fy,
o u(-/\) —log(N) € Fo.

Finally, we see that sup F, logarithmically homogeneous since
sup Fo(z) = sup{u(z);u € ]{p}
= sup{u(x);u(-/\) —log(\) € F, }
=sup{u(Az) + log(A);u € F,}
=sup Fy(Az) +log(A). O
Now we prove the main result of this section.

THEOREM 3.2. Let w by the Fubini—Study Kdhler form. If W CP™ is a
domain and ¢ : W — RU{—00} is an upper semicontinuous function then for
xeP”,

(2) sup{u(a:);uE’PSH(P",w),u|W S(p}
inf{/log| : f*w+/<pofd0;f€¢4§z,f(0)x}
D T
or, using the notation from Section 1, sup F,, , = Ew H,, ,.

Proof. Define the complex cone W= 71 (W) and define the logarithmi-
cally homogeneous function ¢ : W — RU {—oc} by

P(z) = @([zo T2yt zn]) +log||z]-

Fix fEAgfLH\{O} and define f € A, by f=mof. Let z= f(O), which
implies 7(z) = f(0). Then

pof=pof+logllf].
By the Riesz representation formula for the function log || f|| at the point 0,
oz |F(0)]| = [ 108 1A 108 1 + [ 10817 do
:/1og|-|f*(7r*w)+/log||f\|da.
) T
Since f*(m*w) = (o f)*w = f*w, this shows that

/ log | fl| do = — / log| - |f*w + log |12,
T D
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Using the three previous equalities, we derive the following

(3) Hw,w(f)Z/TsDOde—/Dlog\ 1w

:A@ofdo—Alog|\f||da—/H)10g\'|f*w

— [ ¢oFdo—1og]le]

= Hg(f) —log||z||

Now note that every disc f € Ag{I,H\{O} gives a disc f=mo f € A, and

=3

conversely for every disc f € AW, there is a disc f € Agﬁ“\ {0} such that

f=mo f. In particular f(0) =n(z) == (f(0)).

Hence, taking the infimum over f € AW, f(0) = m(2), on the left-hand
side of (3) corresponds to taking infimum over f € Ag\{o}, f(0) =z, on the
right-hand side. This shows that

(4) Bw Hy,o(7(2)) = Ey Hp(2) — log||2]].

By Lemma 2.6, W admits a W-disc structure 8 such that EgHz < ¢, and
by Theorem 2.3 we have

(5) sup Fg = By, Hp

in C"t1\ {0}.
Finally, by (4), (5), and Lemma 3.1, we can finish the proof,

EwH, , (77(2)) = Ey Hp(2) —log||z|| = sup F(z) —log||2]| = supfwyso(ﬁ(z)).
O

4. Applications to projective hulls

The case when ¢ = 0 in Theorem 3.2 is interesting in its own, since it gives
a disc formula for the global extremal function defined in [3, Section 5 and 6].

DEFINITION 4.1. Let E be a Borel subset in P"*. The global extremal
function for E is defined as

Ap(z) =sup{u(z);u € PSH(P",w),u|p < 0}.

In the case when E is a domain, Theorem 3.2 (with ¢ = 0) gives the fol-
lowing formula

Ag(z) :inf{—/Dlog| . |f*w;f€AlpEm,f(O) :x}.
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DEFINITION 4.2. Let K be a compact subset of P". The projective hull
of K, denoted K, is defined as all the points = € P™ for which there exists a
constant C, such that

(6) | P(2)] §Cg8111(p||P|| for all P € H°(P",0(d)),

where HY(P",O(d)) are the holomorphic sections of Opn (d).

Just as the polynomial hull can be characterized by the Siciak—Zahariuta
extremal function, the projective hull can be characterized using the global
extremal function.

PROPOSITION 4.3 ([4], Section 4). If K C P™ is compact, then
K= {z € P"; Ak (z) < 400}

Furthermore, for each x the value exp(Ag(z)) is equal to the infimum of
all Cy; such that (6) holds.

For a constant A >0 we let
K(A) = {2z e P Ak (z) <A}

The projective hull can then be written as a union of the sets K(A).

The disc formula proved in Section 3 is only for domains in P™ but not
compact sets. This forces us to take a decreasing sequence of open neighbor-
hoods of K. The following proposition then allows us to take the limit to
obtain Ag.

PROPOSITION 4.4. Assume K CP" is a compact set and (U;); is o de-
creasing sequence of open subsets in P™ such that ﬂj U; =K. Then

AK = hm AUj~
j—o0

Proof. Note first that since U; is a decreasing sequence then the sequence
AUj is increasing, in particular lim;_, AUJ. exists.
Since each function Ay, is in PSH(P",w) (see [3, Theorem 5.2 and Proposi-
tion 5.6]) and is 0 on U; D K, then A > Ay, and therefore A > lim;_, o, Ay, .
Let € > 0. Since each function u € PSH(P",w), u|x <0 is upper semicon-
tinuous there is a neighborhood U of K such that u|y <e. Find Uj, such
that U;, CU. Then for z € X,
u(z) —e < Ay, (z) < lim Ay,
J—00
which implies, by taking supremum over w and letting ¢ — 0, that Ax <
limj_>oo AUj . O

By combining the disc formula for the global extremal function with Propo-
sition 4.3, we obtain a new characterization of the projective hull for a con-

nected set. This characterization is quantitative, that is it uses K(A) just as
the characterization by existence of currents [4, Theorem 11.1].
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THEOREM 4.5. Let A > 0. For a point x in a connected compact subset
K CP" the following is equivalent
(A) ze K(A).
(B) For everye >0 and every neighborhood U of K there exists a disc f € AY,
such that f(0) =x and

—/log\-|f*w<A+€.
D

Proof. First, assume x € K (A). By Proposition 4.4 , there is a domain V/
such that K CV CU and Ay (z) < Ag(z) +¢/2. By Theorem 3.2, there is a
disc f € AY. such that f(0) =z and

_/bmwﬁw<AM@+f.
D 2
Then
—/log|-\f*w§Av(x)+%SAK(:U)+5§A+6.
D

Conversely, assume (B) holds. Now let U; be a decreasing sequence of
domains such that ﬂj Uj = K. This implies that lim; ;. Ay, = Ax. The
sets U; can be chosen to be connected because K is always contained in one
connected component of an open neighborhood of K (otherwise K would not
be connected).

For each j there is a disc f; € A]g,{ such that f;(0) =z and
1
AUj<x>s—/1og|~|f;w<A+3
D

which implies Ax () =lim; ;o Ay, (z) <A, that is z € K(A). O

4.1. Characterizations of Drnovsek and Forstneri¢. In [1] Drnovsek
and Forstneri¢ gave several characterizations of the projective and polynomial
hulls using the existence of analytic disc, both for connected sets and sets
which are not connected. They used analytic discs in P with the bounded
lifting property obtained from Poletsky’s disc formula and discs in C**1\ {0}
derived from the disc formula of the Siciak-Zahariuta extremal function [9].

The result from [1] regarding connected sets which is best compatible with
Theorem 4.5 is the following.

THEOREM 4.6 ([1], Theorem 5.1). Let K be a compact connected set in P™.
A point p € C" T\ {0} belongs to the polynomial hull of the set S C C**! and
hence © = w(p) € P™ belongs to the projective hull of K, if and only if there
ezists a sequence of analytic discs Fj: D — C"1\ {0} such that F;(0) =p
and
lim max dist(F;(e”,Sk) =0.

Jj—oo t€(0,27]



402 B. S. MAGNUSSON

The set Sk is the lifting of K restricted to the unit sphere in C**!, Sk =
7 Y K)N{z e C" L |z|| =1}.

We can restate the theorem above without the limit and with focusing on
the point z € P".

THEOREM 4.7. For a point x in a connected compact subset K C P™ the
following is equivalent.
(A") zeK.
(B’) There exists p € w1 (x) such that for every neighborhood U of Sk there

exists a disc f € Agnﬂ\{o} such that f(0)=p.

Note that this characterization is not quantitative, in other words it does
not use A and K(A) as Theorem 4.5 does. It is however no hard to show
directly that (B) and (B’) are equivalent.

5. Siciak—Zahariuta extremal function and
other global extremal functions

The Fubini—Study K&hler form is not the only current on P" which we wish
to consider. Another interesting class of quasiplurisubharmonic functions are
those where the current w is the current of integration [H| for the hyperplane
at infinity Ho,. Then we look at P™ as the union of C"™ and H.,. The class of
quasiplurisubharmonic functions PSH(P", [Hs]) then becomes the Lelong-
class

L={uecPSH(C");u(z) <log|lz| + Cy}.

The potential for the pullback of this current to C**1\ {0}, denoted
7*[H), has a global potential. That is 7*[Hs] = dd€log|zg|, assuming
H,= 7T({Z e Cntl \ {0}, 20 = 0})

The Siciak—Zahariuta extremal function for a set W is defined as

Sup{u(:v);u €L ulw < 0}
and the weighted version as
sup{u(x);u € L,ulW <o},

where ¢ : W — R is a function.

If W C C™ is a domain and ¢ : W — RU{—o00} is an upper semicontinuous
function, then there is a disc formula for the Siciak—Zahariuta function [9],
(12],

(1) sup{u(x);ue LulW <}

:inf{— Z log|a|+/T<Pode§fGA¥K,f(0):$}~

acf~H(Hoo)

There is also a formula when W is not connected [10], which uses a different
approach and is somewhat more complicated.
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The formula above can be proven easily by the same methods as the formula
in Theorem 3.2 by replacing log||z|| with log |zq|.

We only have to note two things. First, a function u € £ extends to a
plurisubharmonic and logarithmically homogeneous function % : C**1\ {0} —
RU{—o0}, by

(20,21, - - - 2n) :u<(21’z—7zn)) +log | 20]-
0

Secondly, if f=/[fo:f1: " fn] € Apn, then

/Dlog\-|f*[Hoo]: Z mg log |al,

a€f~1(Hoo)

where m,, is the multiplicity of the zero of fy at a. However, by Proposition 1
in [9] the multiplicity m, can by omitted because for a disc f with zero of
order m, at a there is a disc with m, different simple zeros sufficiently close
to a. This implies that the multiplicity m, can be omitted in the disc formula
above.

REMARK. The methods described here actually apply to every current
@ on P" such that the pullback to C**1\ {0}, 7*®, has a logarithmically
homogeneous potential 1 : C"*1\ {0} — R U {—o0} such that dd°y) = 7*@.
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