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HIGGS BUNDLES OVER ELLIPTIC CURVES

EMILIO FRANCO, OSCAR GARCIA-PRADA AND P. E. NEWSTEAD

ABSTRACT. In this paper, we study G-Higgs bundles over an el-
liptic curve when the structure group G is a classical complex
reductive Lie group. Modifying the notion of family, we define a
new moduli problem for the classification of semistable G-Higgs
bundles of a given topological type over an elliptic curve and we
give an explicit description of the associated moduli space as a
finite quotient of a product of copies of the cotangent bundle of
the elliptic curve. We construct a bijective morphism from this
new moduli space to the usual moduli space of semistable G-
Higgs bundles, proving that the former is the normalization of
the latter. We also obtain an explicit description of the Hitchin
fibration for our (new) moduli space of G-Higgs bundles and we
study the generic and non-generic fibres.

1. Introduction

A systematic study of vector bundles over elliptic curves was initiated
in 1957 by Atiyah [A], where he describes the set of isomorphism classes
of indecomposable vector bundles. After the development of GIT and the
introduction by Mumford [Mu] of the notions of stability for vector bun-
dles, Atiyah’s results were interpreted as the construction of an isomor-
phism M (GL(n,C))q = Sym" X, where M(GL(n,C))4 is the moduli space
of semistable vector bundles of rank n and degree d over the elliptic curve X
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and h = ged(n,d). In [Ral], Ramanathan extended the notion of stability to
G-bundles where G is an arbitrary complex reductive connected Lie group.
Schweigert [S], Friedman, Morgan and Witten [FM1], [FM2], [FMW] and for
the topologically trivial case Laszlo [La] gave a description of the moduli space
of semistable G-bundles with topological invariant d over an elliptic curve X
in terms of a quotient

(1) M(G)a=Zga/TG.a,

where Zg 4 is the product of a certain number of copies of the curve and I'g 4
is a finite group. When G is simple and simply connected with coroot lattice
A and Weyl group W, this quotient is (X ®z A)/W. Friedman and Morgan
[FM1], and Laszlo [La] when the topological type d is trivial, constructed a
bijective morphism from Zg 4/T'q 4 to M(G)q which, since M (G), is normal,
is an isomorphism by Zariski’s Main Theorem. Recall that (X ®z A)/W is
isomorphic to a weighted projective space by a result of Looijenga [Lo| (see
also the work of Bernstein-Shvartzman [BS]).

In this paper, we study G-Higgs bundles over an elliptic curve for classical
complex Lie groups. If G is a complex reductive Lie group, a G-Higgs bundle
over a smooth projective curve is a pair (P, ) where P is a principal G-bundle
and ¢, called the Higgs field, is a section of the adjoint bundle ad P tensored
by K, the canonical line bundle of the curve. When the structure group G
is a classical reductive complex Lie group, there is a bijective correspondence
between pairs (P,¢) and triples (E,6,®) where E is a vector bundle, 0 is
a reduction of structure group to G of the GL(n,C)-bundle associated to FE
and @ is a K-twisted endomorphism of E compatible with the reduction of
structure group . We shall work with this latter description of Higgs bundles
rather than the former.

Hitchin introduced G-Higgs bundles and their stability conditions in [Hil].
The existence of the moduli space of semistable Higgs bundles M(GL(n,C))q4
was proved by Hitchin in the case of rank 2, and by Simpson [Sil] and Nitsure
[Ni] in arbitrary rank. In [Si2], [Si3], Simpson proved the existence of the
moduli space M(G)y of semistable G-Higgs bundles when G is an arbitrary
complex reductive Lie group.

Let I" denote the universal central extension by Z of the fundamental group
m1(X) of a compact Riemann surface, and set I'g =R xzI". The moduli space
of representations of I'g in G with topological type d is the GIT quotient

R(G)a = Hom*(I'e, G)a// G,

where Hom“(T'g, G) is the space of central representations (i.e., those repre-
sentations p € Hom(T'g, G) satisfying p(R) C Z¢(G)o).

As a consequence of a chain of theorems by Narasimhan and Seshadri [NS],
Ramanathan [Ral], Donaldson [D], Corlette [Co], Hitchin [Hil] and Simpson
[Sil], [Si2], [Si3], there exists a homeomorphism M(G)g =~ R(G)q4.
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In [Si3], Simpson proved the Isosingularity Theorem which implies that
M(G) is normal if and only if R(G)g is normal. He proves that R(GL(n,C))g
is normal for compact Riemann surfaces of genus g > 2, and therefore, in that
case, M(G)o is normal. His proof does not apply for the genus 1 case but
one can use results of Popov [Po] and computations made by the computer
program Macaulay (see [Hr]) to prove that R(GL(n,C))o and M(GL(n,C))o,
hence also M(SL(n,C)) and M(PGL(n,C))o, are normal for n <4 (see Sec-
tion 3.4). For the rest of the cases, the normality of the moduli space M(G)q4
of Higgs bundles on elliptic curves is a question that remains open.

A key result in our study of G-Higgs bundles for classical complex Lie
groups over an elliptic curve X is that a G-Higgs bundle is (semi)stable if and
only if the underlying principal bundle is (semi)stable. This is a consequence
of the fact that the canonical bundle of an elliptic curve is trivial, that is,
K = . Taking the underlying bundle of a semistable Higgs bundle, we have
a surjective morphism

ag,d: M(G)d — M(G)d

Since the fibres of this surjective morphism are connected and so is M (G)gq,
it follows that M(G)q4 is connected.

We obtain an explicit description of semistable, stable and polystable G-
Higgs bundles over an elliptic curve thanks to the previous result and the
description of (semi)stable vector bundles and G-bundles given in [A] and
[FM1], respectively. The structure group of a polystable G-Higgs bundle can
be reduced to a Levi subgroup L of G giving a stable L-Higgs bundle. In the
elliptic case, the conjugacy class of L is the same for every polystable G-Higgs
bundle with a given topological type. Let Zg 4 and I' 4 be as in (1). Using
families of stable L-Higgs bundles, we can construct families of polystable G-
Higgs bundles £ parametrized by T Zg ¢ such that every polystable G-Higgs
bundle of topological type d is isomorphic to &£, for some z € T*Zg 4 and
&, =&, if and only if there exists v € I'q ¢ giving 29 =+ - z;. This family
induces a bijective morphism

(2) T*Za.a/Ta.d — M(G)a.

If M(G)q4 were normal, this bijection would be an isomorphism by Zariski’s
Main Theorem. However, normality of M(G)4 for g =1 is an open question
except in the topologically trivial cases of G = GL(n,C), G = SL(n,C) and
G =PGL(n,C) when n <4 (see Section 3.4).

In view of this, we construct a new moduli functor. The usual moduli
functor associates to any scheme T the set of families of G-Higgs bundles
parametrized by T. We will consider a new moduli functor that associates a
smaller set of families of G-Higgs bundles, the set of locally graded families
(defined in Sections 4.3, 4.4 and 4.5). For this new moduli functor the family
& of polystable G-Higgs bundles constructed above has the local universal
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property. For the moduli space of Higgs bundles N'(G), associated to this
moduli functor, we have

(3) N(G)a=T"Zg,a/T ¢ a-

From (2), we observe that there exists a bijective morphism N'(G)g — M(G)g4;
thus our new moduli space is not classifying extra structure. Furthermore,
since N'(G)q4 is normal, it is the normalization of M(G)g4.

The Hitchin map is defined in [Hi2] by evaluating a basis of the invariant
polynomials ¢, ...,q¢ on the Higgs field,

bG7d:N(G d—)eaHO X O®T1)7
(an’) (‘h ---#]ﬁ )

We observe that bg 4 is not surjective in general. In order to preserve the
surjectivity of the Hitchin map we redefine for each d the Hitchin base B(G,d)
as the image of bg 4. The explicit description of the moduli space N (G)q
allows us to study in detail the two fibrations

N(G)a

ag,d ba,a

M(G)q B(G,d).

In particular, we describe all the fibres of the Hitchin fibration, not only the
generic ones. Two Langlands dual groups have the same Hitchin base. For
the two pairs of dual groups, SL(n,C) and PGL(n,C), and Sp(2m,C) and
SO(2m + 1,C), the Hitchin fibres over a non-generic point of the base are
fibrations of projective spaces (in some cases quotients of projective spaces by
finite groups) over isomorphic self-dual Abelian varieties.

By means of the quotients (1) and (3) we define natural orbifold struc-
tures on M(G)q and N(G)gq and the projection N(G)g — M(G)q can be
understood as the projection of the orbifold cotangent bundle.

The paper is structured as follows:

Section 2 is a review on vector bundles and principal bundles for clas-
sical groups over an elliptic curve. It contains the description of stable and
polystable bundles derived from [A] and [FM1] and the subsequent description
of the moduli spaces. This section is included not only to set up notation, but
also to emphasize the isomorphism (1) which will be used in the description
of the moduli spaces of G-Higgs bundles.

In Section 3, we give the definitions of G-Higgs bundles for classical groups
and their stability notions. We discuss normality of the moduli space M(G)q4
in Section 3.4 proving that M(GL(n,C))o, M(SL(n,C)) and M(PGL(n,C))o
are normal for n <4 (Theorem 3.7).
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Section 4 contains the explicit description of the moduli spaces of Higgs
bundles. In Section 4.1, we establish the equivalence between the stability of
a Higgs bundle and the stability of its underlying bundle. This fact allows us
to give a complete descrition of the polystable Higgs bundles.

We construct in Section 4.2 a family &, 4 parametrizing all such bundles.

The family &, 4 is parametrized by T*X x 2 % T*X in such a way that two
points parametrize isomorphic polystable Higgs bundles if and only if one is
a permutation of the other. Using &, 4 we obtain a bijection between the
symmetric product Sym” 7% X of the cotangent bundle of the curve and the
moduli space of Higgs bundles M(GL(n,C))q (Theorem 4.19). We also study
the smooth points of the moduli space M(GL(n,C))y and its singular locus
(Theorem 4.20).

We define locally graded families in Section 4.3 and we consider the mod-
ified moduli problem given by taking the image of the moduli functor to be
the set of S-equivalence classes of locally graded families. We prove that &, 4
has the local universal property among locally graded families which implies
that the moduli space associated to the new moduli functor N (GL(n,C)), is
isomorphic to Sym” T* X (Theorem 4.24).

The work of Sections 4.2 and 4.3 allows us to study in Section 4.4 the
moduli spaces M(SL(n,C)) and M(PGL(n,C));for the usual moduli problem
(Theorems 4.27 and 4.28) and N (SL(n,C)) and N (PGL(n,C)); for the new
moduli problem (Theorem 4.29).

In Section 4.5, we study the usual moduli spaces M (Sp(2m,C)), M(O(n,
C))k,o and M(SO(n,C))y, (Theorem 4.34). Following an analogous proce-
dure of that of Section 4.3 we obtain an explicit description of N'(Sp(2m,C)),
N(O(n,C))g,q and N(SO(n,C))y, (Theorem 4.37).

We study the Hicthin map for these moduli spaces in Section 5, and we
describe the generic and non-generic fibres explicitly.

Finally in the Appendix, we define an action of the groups of torsion points
of an Abelian variety on a product of copies of the Abelian variety. We study
properties of this action and its quotient space. These results are used in
Section 5.3 to describe the Hitchin fibres for PGL(n,C) (Proposition 5.6 and
Remark 5.7) (see also Remarks 2.2 and 4.30).

We work in the category of algebraic schemes over C. All the bundles
considered are algebraic bundles. The slope u(E) of a vector bundle E of
rank n and degree d is defined by u(E) :=d/n.

2. Review on principal bundles over elliptic curves
for classical groups

2.1. Vector bundles. Let X be a smooth projective curve of genus g =1
and let zg be a distinguished point on it; we call the pair (X, z¢) an elliptic
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curve. However, by abuse of notation, we usually refer to the elliptic curve
simply as X.

The Abel-Jacobi map ajj, : Sym" X — Pich(X) sends the tuple [zq,...,
xp)s, to the line bundle L(D), where D is the divisor associated to the tuple
of points. For h > 2¢g — 2 =0, the map is surjective and the inverse image
of L € Pic"(X) is given by the zeroes of the sections of L, that is, it is the
projective space

(4) aj, (L) =PH°(X,L) =P

For h =1 this inverse image is a point and then aj; : X =, Pic! (X) is an
isomorphism. The distinguished point xg of the elliptic curve gives an iso-
morphism between Pic?(X) and Pic®™"(X),
) 70 Picm™ (X)) — Pic’(X),

L— L ® O(l’o)h.
For every d, we define an isomorphism
(6) % X — Pic?(X),
given by /% =13°, oaj;. In particular, (¢;g)~" : Pic’(X) —» X defines an
Abelian group structure on X with zg as the identity. The elliptic curve
(X, x0) with this Abelian group structure is an Abelian variety and the dia-
gram

() [x1,...,2h]e, Sym" X —— Sym" X [z1,...,2h]s,
[ [
PR X %Pich(X) O(x1) @+ ® O(p)
commutes.
The vector bundle FE is semistable if every subbundle F' of E satisfies
u(F) < p(E).

The vector bundle is stable if the above inequality is strict for every proper
subbundle and it is polystable if it decomposes into a direct sum of stable
vector bundles, all of the same slope.
Every semistable vector bundle E possesses a Jordan—Hélder filtration
0=FyCE CE GG Ep=E,

where every quotient E;/F;_; is stable of slope u(E;/E;_1) = u(E). The
associated graded vector bundle of E is defined by

gI‘E = @(Ez/Ez—l)
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Although the Jordan—Holder filtration of a given semistable vector bundle £
might not be unique, one can prove that the isomorphism class of gr F is
unique. Two semistable vector bundles F; and Fs are said to be S-equivalent
if gr By 2 gr Fs.

A family of vector bundles over X parametrized by a scheme Y is a vector
bundle V over X x Y. We write V, :=V|X x {y}. Given a property of vector
bundles which is satisfied by V, for all y € Y, we shall say that the family
V satisfies the property pointwise. Two families of semistable vector bundles
parametrized by the same variety Y will be said to be S-equivalent if they are
pointwise S-equivalent.

The moduli functor that associates to every scheme Y the set of S-
equivalence classes of families of semistable vector bundles of rank n and
degree d parametrized by Y possesses a coarse moduli space, which we de-
note by M(GL(n,C))4. (The notation is justified by the fact that there is
a bijective correspondence between GL(n,C)-bundles and vector bundles of
rank n.) Every point of the moduli space represents a S-equivalence class of
semistable vector bundles (or equivalently an isomorphism class of polystable
vector bundles). The moduli space M*'(GL(n,C))4 of isomorphism classes of
stable vector bundles is a smooth Zariski open subset of M (GL(n,C))4. Note
also that, when ged(n,d) = 1, every semistable vector bundle is stable and
then M3'(GL(n,C))y = M(GL(n,C))q4.

These moduli spaces were described implicitly by Atiyah [A], who did not
have the notion of stability available. In 1991, Tu [Tu] interpreted Atiyah’s
results to give an explicit description of the moduli spaces (see also [LeP]).
The following properties of vector bundles over elliptic curves are contained
in [A] or [Tu] (with some changes of notation).

e If ged(n,d) =1,
the morphism given by the determinant

det : M (GL(n,C)), =5 Pic?(X)

is an isomorphism,;

— a stable vector bundle E of rank n and degree d satisfies F ® L =2 F if and
only if L is a line bundle in Pic’(X)[n] (i.e., L is such that L®" = 0);

— writing ¢, = det™! ocyy where i’ is the map given in (6), we have

(8) ¥ X —» M(GL(n,C)) ;

— there exists a family V°, of stable vector bundles of rank n and degree
d parametrized by X such that for every x € X,

9) g:;?d(x) = [(V:;Od):c} S°

Every family F — X x Y of semistable (and therefore stable) vec-
tor bundles with rank n and degree d defines naturally a morphism
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vr: Y = M(GL(n,C))q. The composition with (s;%)" gives us a mor-
phism f:Y — X, which is canonically defined (up to the choice of
zg € X). Thanks to (9) we know that f*F ~g V%, so V% is a uni-
versal family in this sense.

e There exists a unique indecomposable bundle F,, of degree 0 and rank n
such that H°(X, F,) # 0. Moreover, dim H°(X, F,,) = 1 and F}, is a multiple
extension of copies of O. In particular F), is semistable.

e Every indecomposable bundle of degree 0 and rank n is of the form F, ® L
for a unique line bundle L of degree 0.

o If ged(n,d)=h>1,

— the fibre product over X of h copies of the family VZP, 4 gives us a family

Vo, of polystable vector bundles parametrized by Z, = X x 53 x X;

- evéry indecomposable bundle of rank n and degree d is of the form E’' ® F},
for a unique stable bundle £’ of rank n' = 7 and degree d' = %;

— every semistable bundle of rank n and degree d is isomorphic to one of
the form @’_, (E} ® F}, ), where each ] is stable of rank n’ and degree
d and 335_) hj = h;

— every polystable bundle of rank n and degree d is of the form E{ &---® E},
where each E! is stable of rank n’ and degree d’;

— as a consequence M3'(GL(n,C)), is empty and the map to the moduli
space induced by V;'%,,

h
(10) vyeo, + Zp =X x - x X — M(GL(n,C)),,
is surjective and factors through Sym” X giving an isomorphism
(11) ¢Zo,: Sym" X —» M(GL(n,C)),.

o If Eis stable, End E= @D cpico(x)n) Li-
o F, = F* and F, ® F,, is a direct sum of various Fy. In particular End F},
FLOF3®- @ Fopa.

~

2.2. Special linear and projective bundles. A special linear or SL(n,C)-
bundle over the elliptic curve X is a pair (E,7), where E is a vector bundle
and 7 is a never vanishing section of det E. An isomorphism between the
SL(n,C)-bundles (Fy,7) and (E2,72) is an isomorphism of vector bundles
f: E1 — E5 such that 7o =det f(r1). It follows that (E, ) is isomorphic to
(E,1). Therefore, a SL(n,C)-bundle is completely determined by a vector
bundle F with trivial determinant. Note that, since h = n, there are no stable
SL(n,C)-bundles for n > 2.

A SL(n,C)-bundle is semistable or polystable if it is, respectively, a
semistable or polystable vector bundle. Two semistable SL(n,C)-bundles
are S-equivalent if they are S-equivalent vector bundles. Again, we define
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S-equivalence for families pointwise. The moduli functor for SL(n, C)-bundles
under S-equivalence possesses a coarse moduli space M (SL(n,C)).
By [Tu] and the commutativity of (7), the diagram

o

<T‘I,
Sym" X ——*—~ M(GL(n,C))q
sum};( \Ldet
X = Pic(X)
ST

commutes. When d = 0, we have h = ged(n,d) =n, so

M (SL(n,C)) 2 (det) " (0) = (sum%) " (x0) = aj; ' ((0)) =P L.
Take A, to be the subvariety of Z,, = X x Sox X given by
(12) An:{(xl,...,acn)|a:1—|—--~—|—xn=x0}.

Let u,: A, — Z,_1 be the projection on the first n — 1 factors; this
morphism is an isomorphism and its inverse u,! sends (x1,...,7,_1) to
(X1y. s Xpn_1,— y_x;). Since the symmetric group &,, preserves A, C Z,,

. -1 . .
we can use u,, to define an action of &,, on Z,,_1 = X x --- x X. This action
gives an isomorphism between Z,_1/&,, and A,,/&,: composing this with
the restriction of ¢, gives

(13) G50 Zyo1 /S, =X x T x X /&, =5 M(SL(n,C)).

On a curve, every projective bundle or PGL(n,C)-bundle is the projec-
tivization of a vector bundle and we denote by P(E) the projective bundle
associated to E. It is well known that two vector bundles F; and Fy give
isomorphic projective bundles if and only if there exists a line bundle L such
that F5 =2 L ® Fy. Note that the projectivization of a vector bundle of rank
n and degree d is a PGL(n, C)-bundle of degree d = (d mod n).

A PGL(n,C)-bundle P(FE) is semistable, stable or polystable if F is respec-
tively a semistable, stable or polystable bundle. When P(F) is semistable,
we define its associated graded object as the projectivization P(gr E). Two
semistable PGL(n, C)-bundles are S-equivalent if they have isomorphic graded
objects. A family of projective bundles over X parametrized by Y is a pro-
jective bundle over X x Y. We define S-equivalence of families of semistable
PGL(n,C)-bundles pointwise. Let us consider the moduli functor that as-
sociates to every scheme Y the set of S-equivalence classes of families of
semistable PGL(n, C)-bundles of degree d = (d mod n) parametrized by Y.
There exists a coarse moduli space M (PGL(n,C)); associated to this functor.
Since they are no stable vector bundles if the rank n and the degree d are
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not coprime, the stable locus M (PGL(n,C)); is empty in that case, and
M*(PGL(n,C));= M(PGL(n,C)); if n is coprime to d.

REMARK 2.1. Since the dimension of X X Y is greater than 1, not every
projective bundle over X x Y comes from a vector bundle, that is, not every
family of PGL(n,C)-bundles comes from a family of vector bundles. If we
modify the notion of family of projective bundles, allowing only those that
come from families of vector bundles, we obtain a different moduli functor. It
can be proved that the two moduli problems have isomorphic coarse moduli
spaces. Working with the second picture, one sees that M (PGL(n,C)) is the
quotient of M(GL(n,C)) by the action of Pic(X) given by (L,E)— L® E.
One can always fix the determinant by tensoring by some element of Pic(X)
and the only elements of Pic(X) that preserve the determinant are the nth
roots of the trivial bundle, so

M (PGL(n,C)) 72 det ™! (O(20)®?) /Pic”(X)[n].
d
4

Take h = ged(n,d) and set n’ = 3 and d’ = . Consider the following action
of X on Sym" X with weight n’,
(14) X x Sym" — Sym" X,

1
(35, [1,... ,Ih]gh) — [xl +n'z, ...,z + n'z]Gh.

By Atiyah’s results, the diagram constructed using (14)

(15) X x Sym" X Sym” X
% XSIL?d \Lu mli%

Pic’(X) x M(GL(n,C))q ——=——> M(GL(n,C))q4

commutes. The action of X|[n] with weight n’ corresponds to the action
of X[h] with weight 1. Recall that (cﬁ?d)’l(det_l(O(aso)Q@d)) is A/ 6y =
Zn—1/ 6}, and clearly the action (with weight 1) of X[h] on Aj, corresponds
naturally to the action (with weight 1) of X[h] on Z,_1. For every = € X[h],
one has that x = —(h — 1)z, and then the action of X [h] commutes with the
action of the symmetric group &;,. Therefore, we have an isomorphism

. h—1 ~
(16) ¢+ Zn-1/Gn xX[h] =X x -+ x X /&), xX[h] — M (PGL(n,C))
induced by the restriction of ;% to (sum?) =1 (z).

REMARK 2.2. Since Zp_1/(6y xX[h]) = (Zr-1/X[h])/ &p, Lemma A.2
implies that

M(PGL(n,C)) 7% Zy_1 /&h = X x "~ x X /&,
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although the action of &y, is different from the action used in (13). Note that
the action of X[h] on Zj,_1 is free by Lemma A.1.

REMARK 2.3. Recalling (7) one has (sum?%)~1(z) =2 P"~! for every z € X.
The Abelian group structure of X gives an action of X[h] on Sym” X that
preserves the fibres of sum” and hence an action of X[h] on P"~!. Using this
action, we have

M (PGL(n,C)) 7= P"~'/X[h].

2.3. Symplectic and orthogonal bundles. A symplectic bundle or
Sp(2m, C)-bundle over the elliptic curve X is a pair (F,Q), where E is a
vector bundle of rank 2m over X and Q € H°(X,A2E*) is a non-degenerate
symplectic form on E. The Sp(2m,C)-bundles (E,Q) and (E',) are iso-
morphic if there exists an isomorphism f: E/ — E such that ' = f!Qf.

Similarly, an orthogonal bundle or O(n,C)-bundle over X is a pair (E,Q),
where E is a vector bundle of rank n and Q € H°(X,Sym? E*) is a non-
degenerate symmetric form on E. Again, two O(n,C)-bundles (E,Q) and
(E', Q") are isomorphic if there exists an isomorphism f: E’ — E such that
Q' =rQf.

A special orthogonal bundle or SO(n,C)-bundle is a triple (F,Q,T) such
that (E,Q) is a O(n,C)-bundle and 7 is a trivialization of det E (a never
vanishing section of det E) compatible with @, that is 72 = (detQ)~*. An
isomorphism between the SO(n,C)-bundles (E1,Q1,71) and (Fa, Q2,72) is an
isomorphism of the underlying O(n, C)-bundles that sends 71 to 5. Note that
the existence of a trivialization of det F implies that det £ = O. A direct sum
of various SO(n;,C)-bundles is the SO(n,C)-bundle given by the O(n,C)-
bundle which is the direct sum of the underlying O(n;,C)-bundles plus the
trivialization of the determinant induced by those of the SO(n;,C)-bundles.

Symplectic and orthogonal bundles are particular cases of pairs (E,O),
where F is a vector bundle and © : ' — E* is an isomorphism that satisfies
© =b0t. If b= 1, we have an O(n,C)-bundle, and if b= —1 it is a Sp(2m, C)-
bundle.

Given the isomorphism © : £ — E*, for every subbundle F' of £ we can
define its orthogonal complement with respect to ©,

Fte ={v e E|0(v)(u) =0 for every u € F'}.

A subbundle is isotropic with respect to © if F C F+e. It is coisotropic if
Fte C F. Since E = E*, the exact sequence

0—F* S E—F"—0
implies that
(17) deg(FLe) = deg(F).
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Let (E,©) be a Sp(2m, C)-bundle or an O(n,C)-bundle. Note that u(E) =
0 since F = E*. We say that (E,0©) is semistable if and only if, for any
isotropic subbundle F' of E,

u(F) < p(E) =0,

and it is stable if the above inequality is strict for any proper isotropic sub-
bundle. Recall that every parabolic subgroup of O(n,C) or Sp(2m,C) may
be described as the subgroup that preserves a partial flag of isotropic sub-
spaces in the standard representation (see for instance [FH, Section 23.3]). By
[Ra2, Proposition 3.12], if (E,©) is a semistable Sp(2m, C)-bundle or O(n, C)-
bundle, there exists a reduction of structure group to a parabolic subgroup
giving a Jordan—Hdélder filtration,

0=FyCFEC CE 1 CEyCE°CE® C - CE°CE°=E

3

where for every i <k, E;/E;_; and E;-5/E;® are stable vector bundles and
© induces an isomorphism 6, : E;/FE;_ = (Ei-9/E;-®)*. If Ej® /E}, is non-
zero, © induces a non-degenerate quadratic form O on it in such a way that
(Ele/E},0) is a stable Sp(2m/,C) or O(n’,C)-bundle.

For every semistable Sp(2m,C) or O(n,C)-bundle (E,©) we define its as-
sociated graded object

ox(E,0) = (Ef*/E,, 8) é (BB @) (g ).

where b = —1 for Sp(2m,C)-bundles and b =1 for O(n,C)-bundles. As hap-
pens in the case of vector bundles, the Jordan—-Holder filtration may not be
unique but gr(F,©) is unique up to isomorphism. We say that a semistable
Sp(2m,C) or O(n,C)-bundle (E,O) is polystable if (E,0) = gr(F,0). The
notion of S-equivalence is clear.

The stability notions of principal bundles were introduced by Ramanathan
[Ral] in terms of the degrees of line bundles constructed with antidominant
characters applied to the reduction of the structure group of the bundle to
parabolic subgroups. By [Ral, Remark 3.1] and [R, Remark 4.3] the notions
of stability, semistability and polystability of O(n,C) and SO(n,C)-bundles
are equivalent to those described above. This statement can be extended to
the case of symplectic bundles.

Since SO(2,C) = C* is Abelian, every SO(2,C)-bundle is stable. Whenever
n > 2 we have that Z(SO(n,C)) is a subgroup of Z(O(n,C)) and then by
[Ral, Proposition 7.1 and Corollary to Theorem 7.1], a SO(n,C)-bundle is
semistable, stable or polystable if it is semistable, stable or polystable as
an O(n,C)-bundle. The graded object of a SO(n,C)-bundle is given by the
graded object of the underlying O(n,C)-bundle:

gr(E,Q,7) = (gr(E,Q), 7).
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S-equivalence of families of symplectic, orthogonal and special orthogonal
bundles is defined pointwise, as in the case of families of vector bundles. The
moduli functor associating to any scheme Y the set of S-equivalence classes of
families of semistable Sp(2m,C), O(n,C) or SO(n,C)-bundles parametrized
by Y posseses a coarse moduli space, which we denote by M (Sp(2m,C)),
M(O(n,C)) or M(SO(n,C)). Although Ramanathan works in [Ra2] and [Ra3]
with principal bundles over smooth projective curves of genus g > 2, his con-
struction can be extended to the g =1 case and therefore these moduli spaces
exist and are normal projective varieties.

Let us recall the following well known result about symplectic and othog-
onal bundles over smooth projective curves of arbitrary genus.

PROPOSITION 2.4. Let (E,©) be a semistable Sp(2m,C) or O(n,C)-bundle.
Then E is semistable. Let n>2 and let (E,Q,T) be a semistable SO(n,C)-
bundle. Then E is semistable.

Proof. The proof of the semistability of the underlying vector bundle of a
semistable orthogonal bundle is given in [R, Proposition 4.2] (see also Propo-
sition 4.6 below). The same proof applies to semistable symplectic bundles.
Since for n > 2 a SO(n,C)-bundle is semistable if and only if its underlying
orthogonal bundle is semistable, the result can be extended to special orthog-
onal bundles. O

We denote the elements of Pic’(X)[2] by O (= Jy), Ji, Jo and Js.

THEOREM 2.5. Suppose n > 4. We have

Mst |_|{ Eita’Qst
(0 |_| (B 05)}
Mst |_|{ Egtaa ?))t
Mbt(o(47(c)) = {(E4 054 )}
M**(O(n,C)) =0,
where (E}',,Q}) are defined in (18), (19), (20) and (21). For every m >0,

M®*(Sp(2m,C)) = 0.

Proof. By [R, Proposition 4.5], the orthogonal bundle (E, Q) is stable if and
only if (E,Q) is an orthogonal direct sum of subbundles (E;, Q;) which are
mutually non-isomorphic with each F; stable. The only stable vector bundles



56 E. FRANCO, O. GARCIA-PRADA AND P. E. NEWSTEAD

with degree 0 are the line bundles, so E; are line bundles. Every O(1,C)-
bundle is isomorphic to (J,,1) so the only possible stable O(n,C)-bundles
are

(18) (BT, Q1) = (Ja, 1),

(19) (B30, Q) = (I 1) @ (Jo;, 1),

where a’ indexes the pairs {7, j} such that b; # b;,

(20) (B34 Q%) = (Jor, 1) & (o, 1) & (Joy, 1),
where b; # a and b; #b; if i # j, and

(21) (B3, Q%) = (Jo,1) @ (J1,1) ® (J2,1) @ (J3,1).

The proof of [R, Proposition 4.5] can be extended to symplectic bundles.
Then, since there are no stable vector bundles of even rank and degree 0,
there are no stable Sp(2m, C)-bundles. O

COROLLARY 2.6. Let n# 2. Any stable SO(n,C)-bundle is isomorphic to
one of
(1) the SO(1,C)-bundle (E5%,Q5,1) = (O,1,1),
(2) the SO(3,C)-bundle (E5'), Q% 1),
(3) the SO(4,C)-bundle (E3'), Q% ,1).

The following is immediate after the definition of the associated graded
object, Theorem 2.5 and Corollary 2.6.

COROLLARY 2.7. Let (E,0) be a polystable Sp(2m,C), O(n,C) or
SO(n,C)-bundle. Then E is polystable.

Every SO(2,C)-bundle is stable and isomorphic to
(B.Q.r)= (L@L*, <1 1) ,¢—1> ,

where L is a line bundle. The degree of a SO(2,C)-bundle is the degree of L.
We can now give a description of the polystable Sp(2m,C), O(n,C) and
SO(n,C)-bundles.

PROPOSITION 2.8. A Sp(2m,C)-bundle over an elliptic curve is polystable
if and only if it is isomorphic to a direct sum of polystable Sp(2,C)-bundles.
An O(n,C)-bundle is polystable if and only if it is isomorphic to a di-
rect sum of polystable O(2,C)-bundles or it is isomorphic to a direct sum of
polystable O(2,C)-bundles and a stable O(m,C)-bundle (where m =1,3 or 4).
Let n> 2. Let (E,Q,7) be a polystable SO(n,C)-bundle with Stiefel-
Whitney class wo,
(1) if n=2n" and wy =0, then (E,Q,T) is a direct sum of my, 4, =n’ stable
SO(2,C)-bundles of trivial degree,
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(2) if n=2n"+1 and wy =0, then (E,Q,T) is a direct sum of (E5%,Q5,1)
and My, =1’ stable SO(2,C)-bundles of trivial degree,

(3) if n=2n"+1 and wy =1, then (E,Q,T) is a direct sum of (E5%,Q%,1)
and My, 4, =0’ — 1 stable SO(2,C)-bundles of trivial degree,

(4) if n=2n" and wo =1, then (E,Q,7) is a direct sum of (Ef%,,Q%,1) and
My =1 — 2 stable SO(2,C)-bundles of trivial degree.

Proof. By definition (F,©) is polystable if and only if it is isomorphic to
gr(E,0) and then decomposes as follows,

(P.0)= (5° /B B) & E_B (Emne EisEs). () ).

where (E;-° /Ej, ©) is stable (if it is not zero) and (E;/E;_;) and (E;-5/E;-®)
are stable vector bundles of degree 0 and therefore have rank 1. So the factors

((Ei/Eil) ® (B9 /E;°), (3 bff))

are polystable Sp(2,C) or O(2,C)-bundles. This, together with Theorem 2.5,
proves the statement for Sp(2m,C) and O(n,C)-bundles.

Every SO(2,C)-bundle is stable. Recall that for n > 2, a SO(n,C)-bundle
is polystable if and only if the underlying O(n,C)-bundle is polystable.

Let us take n > 2. By the description of polystable O(n, C)-bundles we have
given above, a SO(n,C)-bundle is polystable if and only if it is a direct sum
of stable SO(2,C)-bundles of trivial degree and perhaps a SO(m,C)-bundle
with stable underlying O(m, C)-bundle. From Theorem 2.5, we see that the
only possible SO(m,C)-bundles with stable underlying O(m,C)-bundles are
the stable SO(m, C)-bundles given in Corollary 2.6.

Thanks to [FM1, Proposition 7.7 and Theorem 7.8], if (F,Q,7) is a
semistable SO(2n’, C)-bundle that lifts to a Spin(2n’, C)-bundle, then the un-
derlying vector bundle of gr(E, @, ) is isomorphic to @~ (L; ® L}). On the
other hand, if (F,Q,7) does not lift to the group Spin(2n’,C), its underlying
vector bundle is isomorphic to O ® J; ® Jo ® J3 & @1";2([/1 ® L}). This im-
plies that the SO(2n’, C)-bundles of type 1 lift to Spin(2n’,C) and therefore
they have trivial Stiefel-Whitney class, while the SO(2n/,C)-bundles of type
4 do not lift to Spin(2n’,C) and they have non-trivial Stiefel-Whitney class.

The odd case is analogous. O

THEOREM 2.9. We have

M*(S0(1,€))y = {[(Ef0. @1 1)]}
M*(SO(1,C)), =0,
M™*(S0(2,C)) ,= M (SO(2,C)) , = X,
M*(S0(3,C)), =0,
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M*(SO(3,0)), = {[(Ezo, @5, 1))}
M* (SO(4,(C))O =0,
M (S0(4,0)), = {[(E3o, @7, 1)) }-
Suppose n >4 and let wy be either 0 or 1, then
M (SO(n, (C))w2 =0.

Proof. This is a straightforward consequence of Corollary 2.6 and Propo-
sition 2.8. The description of M(SO(2,C)) follows from the isomorphism
SO(2,C) = C~. O

LEMMA 2.10. Let (E1,04) and (E3,03) be two polystable Sp(2m,C) or
O(n,C)-bundles. If E1 = Es, then (E1,01) 2 (Fy,02).

Proof. 1If (E;,0;) are polystable O(n,C)-bundles, then by Proposition 2.8
they have, up to isomorphism, the form

(E;,0,)= P (a,.n 1) & @ (Lj’k S <1 1>> '
=J

i
If By = FE», we have, after possible reordering, that J,, , as; and Ly g =
Loyor L= L;yk. Since

x N o 7« 1
(LJJC 69‘Lg,lm (1 )) = <L],k GBLJJW <1 >> y

it follows that (E1,0;) and (E2,O2) are isomorphic O(n,C)-bundles. The
statement for Sp(2m, C)-bundles follows from the discussion above and the

fact that
* -1 ~ * -1
Lj,k 69Lj,kv 1 = Lj,k @Lj,kv 1 ’

where the isomorphism is given by
v-=1
—/=1)" U
LEMMA 2.11. Let (E1,Q1,71) and (E3,Q2,72) be two polystable SO(n,C)-
bundles with invariants (n,ws) equal to (2n',1), (2n’ +1,0) or (2n' +1,1). If
(E1,@Q1) = (E2,Q2), then (E1,Q1,m1) = (B2, Q2,72).

Proof. By Proposition 2.8, a SO(n,C)-bundle whose invariants (n,ws) are
equal to (2n/,1), (2n’ 4+ 1,0) or (2n’ + 1,1), has the form

(5, Q5,7) = (B0, Qi 1) @ @D (Bij, Qi Ting),

where k=1, 3 or 4 and the (E; ;,Q; ;,Ti;) are stable SO(2,C)-bundles of
trivial degree.
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Recall that an isomorphism of SO(n,C)-bundles is an isomorphism of
O(n,C)-bundles that preserves the trivialization 7. If (E1,Q1) = (F2,Q2),
then the O(2,C)-bundles (E1 ;,Q1,;) and (E2,;,Q2,) are isomorphic, possi-
bly after reordering of the factors. For this order, either

(E1,j, @15, 71,5) = (B2,j,Q2,5,72,5),
or

(E1,j,@1,5:71,5) = (B2, Qa,5, —T2,5)-
On the other hand, for k=1, 3 and 4, we have

(Ek 0 ) (Ek: 0 k:7 1)

since both SO(k, C)-bundles are stable and by Theorem 2.9 there is a unique
stable SO(k,C)-bundle up to isomorphism.

As a consequence, we can construct a morphism that inverts the trivial-
ization 7; combined with the morphism that inverts the trivialization of the
stable factor. This leaves the trivialization 7 of the total SO(n,C)-bundle
unchanged. O

LEMMA 2.12. Let (E1,Q1,71) and (E2,Q2,T2) be two polystable SO(2m, C)-
bundles with we =0 of the form

m
EzanaTz g@ z]in,jvTi,j)v
j=1

where the (E; j, Qi j,Ti;) are SO(2,C)-bundles of degree 0. The SO(n,C)-
bundles are isomorphic if and only if one can form m pairs of the form

(Brip Quiivs i)y (Bajys Q2.5y s T2,5,))
such that for every ¢, we have (E1;,,Q1,,) = (E2,j,,Q2,j,) and the number of
pairs such that

(Bvies Quies Tie) Z (B2, Q2,505 T2,50)

s even.

Proof. If (E1,Q1) and (Es,Q3) are isomorphic O(2m,C)-bundles, one can
form m pairs of isomorphic O(2,C)-bundles (E1,,@Q1,,) and (Esj,,Q2,j,)-
The associated SO(Q,C)—bundles, (El,igan,i[7T1,ig) and (E27jz7Q27j277-27j£)’
satisfy

(El,iev Ql,eaTl,z) = (EQ,jw Q27j[77—21jl)
or
(ELizan,zaTLe) = (E2,jtz’ QQ;jzv _7-2,3'2)-

In the second situation, the SO(2,C)-bundles are not isomorphic unless L; =
L;. If we have an isomorphism of O(2m,C)-bundles that inverts an even
number of 7; then the product of all of them remains unchanged and then the
SO(2m, C)-bundles are isomorphic.
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If our isomorphism of O(2m,C)-bundles inverts an odd number of 7;, then
the product of all of them changes its sign and then the SO(2m, C)-bundles
cannot be isomorphic. O

Recall the universal family of line bundles Vi’ of degree 0. Let us note
that A(Vh @ (V1)) =2V © (V)" = Oxxx and take the non-vanishing
section of A>(V'G @ (V19)"),

0 -1
o= ).

V' =g e (Vig) . 0)
is a family of polystable Sp(2,C)-bundles parametrized by X. If, instead of
12, we take the non-vanishing section of Sym? Ve Vi)™,

0 1
o= (7 )
we obtain a family of polystable O(2,C)-bundles parametrized by X,
Ve =(Vige (Vin)" Q)
We see that (det Q)~! is the section —1 of Oxxx. Then the section 7 of
det(V7'h ® (V)*) can be taken to be the imaginary number /—1 or —/—1.

We fix 7 = +/—1 and we construct the following family of SO(2,C)-bundles of
degree 0

Then

V' =(Vige (Vip)' Q. V-1).

REMARK 2.13. The restriction of VI and VI to two different points of
X, x1 and x9, give S-equivalent (isomorphic) bundles (V3°),, ~s (V3°)., and
(V5% zy ~s5 (V5°)z, if and only if x; = —xo.

Now we define VZ° to be the family of polystable Sp(2m,C)-bundles in-
duced by taking the fibre product of m copies of V3°, which is parametrized
by Zp,, =X % Tox X By Proposition 2.8, this family includes representatives
of all S-equivalence classes of semistable Sp(2m,C)-bundles. It follows that
M (Sp(2m,C)) is connected.

Recall the stable O(k, C)-bundle (Ej}',, Q%) appearing in Theorem 2.5. De-
fine Vﬁ”k . to be the family of polystable O(n,C)-bundles given by the direct
sum of (E},, Q%) and my = % copies of V2I° This family is parametrized
by Zm, =X x 5 x X.

Analogously, for all values of (n,ws), we define families of polystable
SO(n,C)-bundles VZ?MZ as follows:
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o Vs, is given by m copies of V' and therefore it is parametrized by Z,, =
’ m

Xx---xX,

o V;Sn+1,0 is given by the direct sum of (EY), Q5*,1) and m copies of V,° and
therefore it is parametrized by Z,, = X x Mox X ,

o V;an’l is given by the direct sum of (E5%,Q3',1) and m — 1 copies of Vy'

- . -1

and therefore it is parametrized by Z,,_1 = X X T x X,

o V;ﬁm is given by the direct sum of (Ef',, Q5',1) and m — 2 copies of Vy'

and therefore it is parametrized by Z,, o = X X TP X,
It follows from Proposition 2.8 that M (SO(n,C)) has two connected com-
ponents, denoted by M (SO(n,C)),,, where wy =0, 1.

The symmetric group &,, acts naturally on (Zg X o Zs) permuting the
factors. Using this action, we define I';,, as the semidirect product

(22) Ty o= (Zo X " X L) % Gy

determined by the commutation relations o¢ = (o - ¢)o, for any o € &,,, and
any ¢ € (Za X -+ X Zs).

The permutation action of the symmetric group and the action of Zs on
X given by —1-x = —x induce an action of '), on Z,, = X X " x X. The
quotient of this space by I'j, under this action is

Zin /T =X x - x X /Ty, = Sym™ (X /Zy) = Sym™ (P') = P™.

Let D,, be the subgroup of Zs x X Ty given by the tuples ¢ = (¢;, ..., ¢m)
such that only an even number of ¢; are equal to —1. We recall that I, is
the semidirect product of (Zg x Thx Zs) and &,,. We define A,, C T, as the
subgroup

(23) A, :={oceTl,, such that ¢€ D,,}.

The action of I';,, on X x " x X induces an action of A,

REMARK 2.14. Consider the families V30, V0 and V., when (n,ws)

2m> Yn.k,a n,ws
is (2m,1), (2m 4+ 1,0) or (2m + 1,1). These families are parametrized by
Zor = X x4 x X for some m’. By Remark 2.13 and Lemma 2.11 we have that
any two points 21, 23 € Z,,y parametrize isomorphic (S-equivalent) bundles if
and only if 21 = - 2z, for some vy € T'y,.

REMARK 2.15. Let 21,20 € Zp, = X x -+ x X. It follows by Lemma 2.12
that (Vs,, )z is isomorphic (S-equivalent) to (Vy,, o)z, if and only if there
exists v € A,, such that v- 2z = 2z5.

PROPOSITION 2.16. The connected components of M(O(2m + 1,C)) are
indexed by k=1,3 and a=0,...,n; — 1 where n1 =4, and nz =4.



62 E. FRANCO, O. GARCIA-PRADA AND P. E. NEWSTEAD

The connected components of M(0(2,C)) are indexed by k=0,2 and a =

0,...,nr — 1 where ng =1 and ny =6.
If m > 1, the connected components of M(O(2m,C)) are indexed by k =
0,2,4 and a=0,...,n —1 where ng =1, ng =6 and ngy = 1.

Proof. Since the families fo“ka are parametrized by the connected va-
riety Z(,—r)/2, all the S-equivalence classes of semistable O(n,C)-bundles
parametrized by OZ?,C)Q lie in the same connected component of M (O(n,C)).

On the other hand if (E}',,Q3) 2 (B} ,/,Q3), we observe that there
is no family of semistable O(n,C)-bundles connecting an S-equivalence

class parametrized by V°

k.o and an S-equivalence class parametrized by
Vo
n,k’

O

7.
,a

THEOREM 2.17. Denote the connected components of M(O(n,C)) by
M(O(n,C))k,q where k,a are as in Proposition 2.16. There are natural iso-
morphisms

S 2 Z /T = Sym™ (X Zo) —>
% 0t Zint)j2/Tnry2 = Sym"M/2(X/Z,)
fg;)n,o : Zm/Am

For (n,ws) = (2m+1,0), (2m+1,1) and (2m,1) we set respectively m' =m,
m —1 and m — 2. There are natural isomorphisms

M(Sp(?m, (C)),
M (O(n,C))
M

i) k,a’
=5 M(S0(2m,©)),.

20yt Zyr [Ty = Sym™ (X/Zs) —> M(SO(n,C)), .
Proof. The family ]N}T”ff induces a morphism

Ve

0t Zm =X x " x X — M (Sp(2m,C)),

and by Remark 2.14 it factors through ¢*°. By Zariski’s Main Theorem, this
map is an isomorphism since it is bijective and M (Sp(2m, C)) is normal.
Using V™, . and V., . we describe M(O(n,C))y.a and M(SO(n,C))y,-

n,k,a n,ws’

3. Higgs bundles over elliptic curves

3.1. Higgs bundles. A Higgs bundle over an elliptic curve X is a pair
(E,®), where E is a vector bundle on X and ® is an endomorphism of E called
the Higgs field. Two Higgs bundles, (F1,®1) and (Fs, ®5), are isomorphic if
there exists an isomorphism of vector bundles f: E; — F5 such that &5 =
fodiof L

Given the Higgs bundle (E,®), we say that a subbundle FF C E is ®-
invariant if ®(F) is contained in F'. A Higgs bundle (E,®) is semistable if
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the slope of any ®-invariant subbundle F' satisfies

u(F) < p(E).
The Higgs bundle is stable if the above inequality is strict for every proper
®-invariant subbundle and polystable if it is semistable and isomorphic to a
direct sum of stable Higgs bundles.

If (E, ®) is semistable, then it has a Jordan—Holder filtration of ®-invariant
subbundles

0=ECE1CEC - CE,=E,
where the restriction of the Higgs field to every quotient F;/E;_; induces a
stable Higgs bundle (E;/E;_1,®;) with slope ju(E;/E;_1) = u(E). For every
semistable Higgs bundle (E,®), we define its associated graded object
gr(E, @) := P(Ei/Ei_1,P;).
K3

Although the Jordan—Holder filtration may not be uniquely determined by
(E,®), the isomorphism class of gr(F,®) is. Two semistable Higgs bundles
(E,®) and (E’, ") are said to be S-equivalent if gr(F, ®) = gr(E’, ®’). Denote
by [(E,®)]s the S-equivalence class of (E, ®).

A family of Higgs bundles parametrized by Y is a pair £ = (V, ®), where V
is a family of vector bundles parametrized by Y and @ is a section of End V.
For every y € Y, we will write &, for the Higgs bundle over X obtained by
restricting £ to X x {y}. Two families of semistable Higgs bundles are S-
equivalent if they are pointwise S-equivalent.

Consider the moduli functor that associates to every scheme Y the set
of S-equivalence classes of families of semistable Higgs bundles parametrized
by Y. By [Ni] and [Sil] there exists a coarse moduli space M(GL(n,C))q
of S-equivalence classes of semistable Higgs bundles of rank n and degree d
associated to this moduli functor. The points of M(GL(n,C))4 correspond
to S-equivalence classes of semistable Higgs bundles and can be identified
also with isomorphism classes of polystable Higgs bundles since in every S-
equivalence class there is always a polystable Higgs bundle which is unique
up to isomorphism. The locus of stable Higgs bundles M3'(GL(n,C))q4 is an
open subvariety of M(GL(n,C))q4.

3.2. Special linear and projective Higgs bundles. A special linear or
SL(n,C)-Higgs bundle over the elliptic curve X is a triple (E,®,7) where
(E, 1) is a SL(n,C)-bundle and ® is an endomorphism of E such that tr & = 0.
As we saw in Section 2.2, we can forget about 7 and then a SL(n,C)-Higgs
bundle over X is a Higgs bundle (E, ®) with trivial determinant and traceless
Higgs field, that is, det E = O, tr® =0. Two SL(n,C)-Higgs bundles are
isomorphic if they are isomorphic Higgs bundles.

A SL(n,C)-Higgs bundle is semistable, stable or polystable if it is, re-
spectively, a semistable, stable or polystable Higgs bundle. Two semistable
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SL(n,C)-Higgs bundles are S-equivalent if they are S-equivalent Higgs bun-
dles, and two families of SL(n,C)-Higgs bundles are S-equivalent if they are
pointwise S-equivalent. Using the moduli problem for Higgs bundles, we de-
fine the moduli functor for SL(n,C)-Higgs bundles by restricting to trivial
determinant and traceless Higgs fields. We denote by M(SL(n,C)) the coarse
moduli space associated to this moduli problem and by M3*(SL(n,C)) the
stable locus, which is a Zariski open subset of M(SL(n,C)).

Take the morphism (det,tr) from M(GL(n,C))y to Pic’(X) x H(X,0)
and note that

(24) M(SL(n,C)) = (det, tr)~*(0,0) € M(GL(n,C)),.

A PGL(n,C)-Higgs bundle over the elliptic curve X is a pair (P(E),®)
where P(FE) is a projective bundle given by the vector bundle F and & is
an element of H°(X,End F) with tr® = 0. There exists a natural isomor-
phism between End E' and End(L ® E) and then an isomorphism between the
PGL(n,C)-Higgs bundles (P(F;),®;) and (P(Es),P2) corresponds to an iso-
morphism f: E; B L, for some L € Pic(X), such that fo®;o f~1 =
Dy @idy.

A PGL(n,C)-Higgs bundle (P(E),®) is semistable, stable or polystable
if (E,®) is respectively a semistable, stable or polystable Higgs bundle.
If (P(E),®) is semistable and gr(E,®) = (gr E,gr ®), we define the associ-
ated graded object of (P(E),®) as the pair (P(grE),gr®). Two semistable
PGL(n,C)-Higgs bundles are S-equivalent if they have isomorphic graded ob-
jects.

Following Remark 2.1, we require that a family of PGL(n, C)-Higgs bundles
(P(E),P) comes from a family of Higgs bundles (£,&). Define S-equivalence
of families of semistable PGL(n, C)-Higgs bundles pointwise and consider the
moduli functor that associates to every scheme Y the set of S-equivalence
classes of families of semistable PGL(n, C)-Higgs bundles of topological type
&Vparametrized by Y. There exists a coarse moduli space M(PGL(n,C));

associated to this functor and, if d is a representative of d, it can be proved
that M(PGL(n,C)); is the quotient of (tr)~'(0) € M(GL(n,C))4 by Pic(X)°
and therefore

(25) M(PGL(n,C)) 7= (det, tr) " (O(20)®%,0) /Pic’(X)[n].

3.3. Symplectic and orthogonal Higgs bundles. A Sp(2m,C)-Higgs
bundle over the elliptic curve X is a triple (E,Q,®), where (E,Q) is a
Sp(2m,C)-bundle and ® € H°(X,End E) is an endomorphism of E which
anticommutes with €, that is, for every z € X and every u,v € E,,

Qu,®(v)) = —Q(®(u),v).
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Two Sp(2m,C)-Higgs bundles, (E,Q,®) and (E',Q,®') are isomorphic if
there exists an isomorphism of Sp(2m,C)-bundles f: (E',Q) — (E,2) such
that ® = f~1of.

An O(n,C)-Higgs bundle (resp. a SO(n,C)-Higgs bundle) over X is a triple
(E,Q,®) (resp. a quadruple (F,Q,®,7)), where (E,Q) is an O(n,C)-bundle
(resp. (E,Q,7) is a SO(n,C)-bundle) and ® € H°(X,End E) is an endomor-
phism of E which anticommutes with @, that is, for every x € X and every

u,v € Fy,

Q(u,fb(v)) = —Q(CI)(u),v).
We say that two O(n,C)-Higgs bundles (resp. SO(n,C)-Higgs bundles)
(E,Q,®) and (E',Q',®") (resp. (F,Q,®,7) and (E',Q’',®’,7')) are isomor-
phic if there exists an isomorphism of O(n,C)-bundles f: (E',Q") — (F,Q)
(resp. an isomorphism of SO(n,C)-bundles f: (E',Q',7") = (E,Q, 7)) such
that ® = f~1df.

The following notions of stability, semistability and polystability of
Sp(2m,C), O(n,C) and SO(n,C)-Higgs bundles are the notions of stabil-
ity worked out in [GGM] (see also [AG] for the stability of SO(n,C)-Higgs
bundles).

Let (E,0,®) be a Sp(2m,C)-Higgs bundle or an O(n,C)-Higgs bundle.
Note that p(FE) =0 since F = E*. We say that (F,©,®) is semistable if and
only if, for any ®-invariant isotropic subbundle F' of F,

u(F) < u(E)=0,
and it is stable if the above inequality is strict for any proper ®-invariant
isotropic subbundle. If (F,0,®) is a semistable Sp(2m,C)-Higgs bundle or

O(n,C)-Higgs bundle, we have a Jordan-Hélder filtration (see for instance
[GGM]) of ®-invariant subbundles, consisting of

le le le le
0=EyCEC--CE,1CE,CE® CEN C--- CE°CE*=F

)

such that, if we denote by ®; and 62 the Higgs fields on E;/FE; 1 and
Ef_@l/Ef@ induced by ®, we have for every i <k that (E;/F;_1,®;) and
(EZL_“’1 /Ef@,Eg) are stable Higgs bundles and O induces an isomorphism
: (B;/Ei_1,®;) — (E Lo /By, —(6/) ). If E°/E}, is non-zero and d
is the Higgs field on it induced by @, © induces a non-degenerate symplectic or
symmetric form © anticommuting with @, in such a way that (E;-©/E, 0,9)
is a stable Sp(2m/,C) or O(n’, C)-Higgs bundle
We define the associated graded object of a semistable Sp(2m, C) or O(n, C)-
Higgs bundle (E,©,®) in terms of a Jordan—Hoélder filtration,

gr(E,0,®) = (Ei°/E), 0, %)

manmzn 3 9 ()
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where b = —1 for Sp(2m,C)-Higgs bundles and b =1 for O(n,C)-Higgs bun-
dles. Asin the previous cases, the Jordan—Hélder filtration may not be unique,
but gr(E,©,®) is unique up to isomorphism.

For n > 2, a SO(n,C)-Higgs bundle is semistable, stable or polystable if it is
semistable, stable or polystable as an O(n,C)-Higgs bundle. The graded ob-
ject of a SO(n, C)-Higgs bundle is given by the graded object of the underlying
O(n,C)-Higgs bundle.

We define stability and S-equivalence of families pointwise, as we did
for families of Higgs bundles. S-equivalence between families of stable ob-
jects implies isomorphism pointwise. The moduli functors are defined by
associating to every scheme Y the set of S-equivalence classes of fami-
lies parametrized by Y. In [Si3] it is proved that there exist moduli
spaces associated to these moduli functors; we denote them respectively by
M(Sp(2m,C)), M(O(n,C))k.. and M(SO(n,C)),,. We denote the stable
loci by M (Sp(2m,C)), M**(O(n,C)) and M*(SO(n,C)).

3.4. Normality of the moduli spaces. Normality is an important local
property of some algebraic varieties whose study is simplified by the following
result (see, for example, [Ha, Chapter I1.8]).

PROPOSITION 3.1 (Serre’s criterion of normality). The algebraic variety Y
is normal if and only if the following properties are satisfied:

(R1) the codimension of the singular locus Sing(Y") is strictly greater than 1;
(S2) for every y €Y we have

depth(Oy,,) > min{2, dim(Oy,)}.

Recall that I'r =R xz I', where I'" denotes the universal central extension
by Z of the fundamental group 71(X). To study the normality of the moduli
space M(G)q of G-Higgs bundles it is enough, by the Isosingularity Theorem
of [Si3], to study the normality of the moduli space R(G)q of central repre-
sentations of I'g into G. Recall that the latter is a GIT quotient of the space
Hom®(T'g, G)q of central representations of I'g in G' with topological invariant
d € 71 (G) by the adjoint action of G.

ProposITION 3.2 ([MFK, Section 0.2]). Suppose that Y is a categorical
quotient of Z by the complex reductive Lie group G. If Z is mormal and
locally integral, then Y is normal and locally integral.

We focus our study on the normality of Hom(T'r,G)4. If p is a central
representation of topological type 0, one has p(R) = 1. Therefore the space
Hom‘(T'g, G)o is identified with the space Hom(71(X),G)o of representations
of the fundamental group of the curve with topologically trivial invariant.
Since 71 (X) =2 Z x Z, we have that Hom(m(X), G) is the commuting variety
of the group G,

C(G):={(9,9') € GxG|[g,4'] =id}.
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Also the commuting variety of a Lie algebra g, defined by
C(g):={(A,4") egxg|[4 A] =0},

will be important for us. Commuting varieties have been extensively studied.
For example, one can check that they are reduced algebraic varieties and, by
the following result of [Ri], C(g) is irreducible and therefore integral. When
G is semisimple and simply connected, so is C(G).

PRrROPOSITION 3.3 ([Ri, Corollary 2.5 and Theorem C]). Let G be a semisim-
ple simply connected complex Lie group and let g be a reductive Lie algebra.
Then C(G) and C(g) are irreducible algebraic varieties.

The property of C(G) and C(g) being normal has not been determined in
general but there is a long-standing conjecture stating that the commuting
variety C(g) is always normal (see [Po] and [Pr]). The following result states
that C(g) satisfies Serre’s condition (R1).

PROPOSITION 3.4 ([Po, Corollary 1.9]). Let g be a non-commutative com-
plex reductive Lie algebra. The singular locus Sing(C(g)) has codimension
greater than or equal to 2.

If C(g) were Cohen—Macaulay, then it would automatically satisfy Serre’s
condition (S2) and would therefore be a normal variety. Up to now, this
has only been determined for gl(n,C) and lower rank using computations
performed by the computer program Macaulay.

PROPOSITION 3.5 ([Hr]). Let n <4. Then the commuting variety C(gl(n,
C)) is Cohen—Macaulay.

Note that C'(GL(n,C)) is an open subset of C(gl(n,C)) given by the non-
vanishing of the determinant.

COROLLARY 3.6. The commuting varieties C(GL(n,C)) and C(gl(n,C))
are normal for n <4.

THEOREM 3.7. Let n < 4. Then the moduli spaces M(GL(n,C))o,
M(SL(n,C)) and M(PGL(n,C))o are normal.

Proof. By Proposition 3.3 and Corollary 3.6, the variety Hom(m;(X),
GL(n,C)) is normal and integral. By Proposition 3.2, the moduli space of
representations R(GL(n,C))o is normal. This implies that M(GL(n,C))g is
normal by the Isosingularity Theorem [Si3, Theorem 10.6].

For M(SL(n,C)), in view of (24) and the fact that Pic’(X) x H(X,0) is
smooth, it follows that M(SL(n,C)) is a complete intersection in some open
set in M(GL(n,C))o, so (S2) holds. It is easy to check that (R1) also holds
(or see Theorem 4.27).

Finally, for M(PSL(n,C))g, use the result for M(SL(n,C)) and (25). O



68 E. FRANCO, O. GARCIA-PRADA AND P. E. NEWSTEAD

4. Description of the moduli spaces

4.1. Stability in terms of the underlying bundle. The triviality of the
canonical line bundle simplifies the study of the semistability of Higgs bundles
over elliptic curves.

PROPOSITION 4.1. The Higgs bundle (E,®) is semistable if and only if E
is semistable.

Proof. If the vector bundle E is semistable, every subbundle F' satisfies
w(F) < p(E), so the Higgs bundle (E,®) is semistable too.
Suppose E is not semistable and take its Harder—Narasimhan filtration

0=FyCF,C---CFs_1CF,=EF,

where the E; = F;/F;_; are semistable with p(E;) > p(E;) if i < j. In partic-
ular, we have H%(X,Hom(E;, E;)) =0 if i < j.

The subbundle F} = E; has u(Fy) > p(E). Suppose ®(F}) is non-zero and
take Fy such that ®(Fy) C Fy, but ®(Fy) € Fy—;. Thus, ® induces a non-
zero morphism from F; = Fy to Ey = Fy/F,_1, but there are no non-zero
morphisms unless £ = 1. Then F} is ®-invariant and (E, ®) is not semistable.

O

COROLLARY 4.2. If ged(n,d) =1, then (E,®) is stable if and only if E is
stable.

We need to extend Corollary 4.2 to the non-coprime case.
PROPOSITION 4.3. (E,®) is stable if and only if E is stable.

Proof. Take first E strictly semistable and indecomposable, so £ = E' ® F},,
where h = ged(n,d) > 1 and E’ is stable of rank n’ =% and degree d’' = £.
The endomorphism bundle satisfies

H°(X,EndE)=~ H(X,End E' ® End F},)

i~ @ H°(X,L; ® End Fy,).
L;ePic®(X)[n’]

We have End Fy, @ Fy & - -+ & Fyy,—1, and H°(X, L; ® F;) =0 for every F; and
every non-trivial L; € Pic’(X)[n], so H*(X,L; ® End F;,) =0 if L; 2 O. This
implies that H°(X,End E) = H°(X,End F},) and every endomorphism of E
has the form ® =idg ® ¢ for some ¢ € End F,.

The vector bundle Fj, has a unique subbundle isomorphic to O. Let ¢ €
End F,. If ¢ is non-zero, ¢(O) is either zero or a subbundle of F}, with a non-
zero section, so ¢(0) CO. If ¢ =0, O is again ¢-invariant. The subbundle
E' ® O contradicts the stability of (E, ®).
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Now consider F strictly semistable and decomposable. One can write

EN@E @ ' ® (Fpyy @ @ Fiyy ),
j=1
where the E} are stable vector bundles of rank n’ and degree d’ such that
E, 2 E, if j#k. For j#k,

Hom(Eé ®th7E]/g ®Fhk) =0,

so ®(E,) C E; and then the Higgs bundle (E,®) decomposes in a direct sum
of (E;,®;) where ®; is the restriction to E;. This contradicts stability of
(E,®) when s # 1.

Now consider E~ E' ® (Fp, @ ---® Fy, ) with E’ stable, so

k k
End E 2 End <@th>, P=idp @p, ¢ecH° <X,End <@Fh>>

j=1

Now @le Fj, has a unique subbundle O* and H°(OF) S HO(GB;?:1 Fy,).
So OF is ¢-invariant and E’ ® OF is ®-invariant. This implies that (E,®)
is strictly semistable unless all h; =1 and EZ E' ® O". In this case, ¢ €
End OF = {k x k matrices}. Choose an eigenvector v for ¢. Then E' ® v
contradicts stability of (F,®) and (F,®) is strictly semistable. O

COROLLARY 4.4. Let (E,®) be polystable of rank n and degree d, and
h=ged(n,d). Then

h
EB E;, ®,),

i=1
/

where E; is a stable bundle of rank n' = 3 and degree d’' = § (md

®, € H(X,End E;) = H*(X,0) ® idp, .
Furthermore (E,®) is polystable only if E is polystable.

REMARK 4.5. Although the polystability of the underlying vector bundle
is a necessary condition for the polystability of the Higgs bundle, it is not
sufficient.

To illustrate this fact, take (E,®) such that EX 0@ O and =A® 1x,
where A is non-diagonalizable. It follows that (E,®) is an indecomposable
Higgs bundle. Since F is a strictly polystable vector bundle, (E,®) is not
stable. Also, (E,®) is indecomposable so it is not possible to express (E, ®)
as a direct sum of stable Higgs bundles.

The following result is well known for Sp(2m, C), O(n,C) or SO(n,C) over
smooth projective curves of arbitrary genus. We give here a proof specific for
g=1.
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PROPOSITION 4.6. If (E,0,®) is a semistable Sp(2m,C) or O(n,C)-Higgs
bundle, then (E,®) is semistable. If n>2 and (E,Q,®,7) is a semistable
SO(n,C)-Higgs bundle, then (E,®) is semistable.

Proof. Suppose that (F,®) is not semistable and take the first term of its
Harder—Narasimhan filtration

O0=FyCF,C---CF,=E.

The subbundle Fj is ®-invariant, p(Fy) > p(E) =0 and (Fy,®p) is
semistable; by Proposition 4.1 so is Fy. By [AB, Lemma 10.1] Fy ® Ff
is semistable of negative degree. If the bundle Fj is not isotropic, then
Or, r, € H'(X, F} ® F}) must be non-zero and there exists a line subbundle
of F} ® F} of degree > 0, contradicting the semistability of F} ® F}". So F}
is isotropic and contradicts the semistability of (E,©, ®).

The statement for SO(n, C)-Higgs bundles follows from the fact that (when
n > 2) a SO(n,C)-Higgs bundle (E,Q,®,7) is semistable if and only if the
underlying O(n,C)-Higgs bundle (E,Q, ®) is semistable. O

Combining Proposition 4.6 with Proposition 4.1 gives us the following corol-
lary.

COROLLARY 4.7. If (E,0,®) is a semistable O(n,C) or Sp(2m, C)-Higgs
bundle, then (E,©) is semistable. If (E,Q,®,7) is a semistable SO(n,C)-
Higgs bundle, then (E,Q,T) is a semistable SO(n,C)-bundle.

PROPOSITION 4.8. Let (E,0,®) be a stable O(n,C) or Sp(2m,C)-Higgs
bundle. Then ® =0 and (E,0©) is a stable O(n,C) or Sp(2m, C)-bundle.

Let (E,Q,®,7) be a stable SO(n,C)-Higgs bundle. Then ® =0 and
(E,Q,T) is a stable SO(n,C)-bundle.

Proof. By Proposition 4.6 (E,®) is semistable. If (E, ®) is stable, then F
is stable by Proposition 4.3; since deg ' =0, it follows that F has rank 1.
Since ¢ anticommutes with O, this implies that ® =0.

Assume now that (E,®) is not stable and take (Fi,®;) to be the first
term of a Jordan—Holder filtration; since ¢ anticommutes with ©, one infers
that Ff@ is ®-invariant. Following [R], we define the ®-invariant subbundles
W and V generated by F; N FIJ‘(" and Fi + Ff‘@, respectively. Note that
V =W+=e and then the exact sequence

0—W-—-FR&F®—V-—0

implies that deg(W) + deg(W+e) = deg(F}) + deg(F-®). Recalling (17), one
has that deg(W) = deg(Fy) =0. This implies that W =0 by the stability of
(E,0,®) and the fact that W is isotropic and ®-invariant. Then V =F =
Fy @ F® and

(B, ®) = (Fy, @) ® (F{-°, @),
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where @, is the restriction of ® to F;-®. Note that (F},®;) is a stable Higgs
bundle and (Fj-®,®,) is semistable. By induction, we decompose (Fi-©,®y)
into stable factors proving that (E,®) is polystable. Since deg(E) =0, by
Corollary 4.4 (E,®) decomposes as a direct sum of Higgs line bundles of
degree 0,

(E,®) =P (Li, d).
No L; is isotropic, otherwise it would contradict the stability of (E, ©, ®) since
L; is ®-invariant. Thus © restricts to L; and since © anticommutes with the
Higgs field we have ¢; = —¢;. Therefore, ® = 0. (|

COROLLARY 4.9. The only stable O(k,C)-Higgs bundles are (E}',,Q},0),
where the underlying O(k,C)-bundles (Ej',, Q%) are the stable O(k,C)-
bundles appearing in Theorem 2.5.

COROLLARY 4.10. Let (E,0,®) be a polystable O(n,C) or Sp(2m, C)-Higgs
bundle. Then (E,©) is a polystable O(n,C) or Sp(2m,C)-bundle.

Let (E,Q,®,7) be a polystable SO(n,C)-Higgs bundle. Then (E,Q,T) is a
polystable SO(n,C)-bundle.

Proof. This follows from Proposition 4.8 and the definition of polystability.
O

COROLLARY 4.11. A Sp(2m,C)-Higgs bundle over an elliptic curve is
polystable if and only if it is isomorphic to a direct sum of polystable Sp(2,C)-
Higgs bundles.

An O(n,C)-Higgs bundle is polystable if and only if it is isomorphic to a
direct sum of polystable O(2,C)-Higgs bundles or it is isomorphic to a direct
sum of polystable O(2,C)-Higgs bundles and a stable O(m,C)-Higgs bundle
(where m=1,3 or 4).

Let n > 2. Let (E,Q,®,7) be a polystable SO(n,C)-Higgs bundle with
Stiefel-Whitney class wa,

(1) if n=2n" and wy =0, it is a direct sum of My, =n' stable SO(2,C)-
Higgs bundles of trivial degree,

(2) ifn=2n"+1 and wy =0, it is a direct sum of (ES%), Q5*,0,1) and my, , =
n' stable SO(2,C)-Higgs bundles of trivial degree,

(3) ifn=2n"+1 and wy =1, it is a direct sum of (E5%), Q%,0,1) and my, , =
n' — 1 stable SO(2,C)-Higgs bundles of trivial degree,

(4) if n=2n" and wo =1, it is a direct sum of (E3%,Q%,0,1) and my w, =
n' — 2 stable SO(2,C)-Higgs bundles of trivial degree.

Proof. This follows from Propositions 4.8 and 2.8. O

PROPOSITION 4.12. Let G be GL(n,C), SL(n,C), PGL(n,C), Sp(2m,C),
O(n,C) or SO(n,C). Then we have a morphism between moduli spaces

ag - M(G)d — M(G)d
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defined by the underlying principal bundle of a Higgs bundle for these structure
groups. The fibres of this map are connected.

Proof. The existence of this map follows from Proposition 4.1 and Corol-
lary 4.7.

For any Higgs bundle (E, ®) in the fibre of E there exists a path connecting
(E,®) to (E,0). So the fibre is connected. O

COROLLARY 4.13. For any topological type d, M(G)q4 is connected.

Proof. This follows since M (G)q is connected by (11), (13), (16) and The-
orem 2.17. O

4.2. The moduli space of Higgs bundles. The Abelian group structure
defined on X induces naturally an Abelian group structure on 7*X. Recall
here that the canonical bundle is trivial, so

T"X =X xC.

The moduli space M(GL(1,C)) is naturally identified with T* Pic’(X), so
the isomorphism ¢;% : X — Pic?(X) of (6) gives an isomorphism

oy

n: T*X — M(GL(1,C)),
for every d.

THEOREM 4.14. Let n and d be two integers and write h = ged(n,d). If
h > 1, we have
M (GL(n,(C))d = 0.

Proof. This follows from Proposition 4.3 and Atiyah’s results. O

PROPOSITION 4.15. If ged(n,d) =1, then M (GL(n,C))y = M(GL(n,
C))a and the morphism

(det, tr) : M(GL(n,C)),, — M(GL(1,C))

is an isomorphism.

d

Proof. When ged(n,d) =1 there are no strictly semistable vector bun-
dles nor strictly semistable Higgs bundles. As a consequence one has
that M®'(GL(n,C))q = M (GL(n,C))q and M5 (GL(n,C))q = M(GL(n,C))4.
Moreover, the determinant gives an isomorphism

det : M (GL(n,C)), —» M(GL(1,C)),,.
Taking differentials we obtain the isomorphism
(det, tr) : T*M(GL(n,C)),, —» T"M(GL(1,C)) .

Now, for any (n,d), T*M**(GL(n,C)), is an open subscheme of M'(GL(n,
C))a. Due to Proposition 4.3, every stable Higgs bundle has a stable
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underlying vector bundle, so T*M**(GL(n,C))q = M (GL(n,C))4. Since
T*M(GL(n,C))q = M(GL(n,C))q, the result follows. O

If ged(n,d) =1, we set 7,y = (det, tr) =" 077,
THEOREM 4.16. If ged(n,d) =1, then
(26) ey T°X = M(GL(n,0)),
is an isomorphism.

Proof. This follows from Proposition 4.15 and the definition of the isomor-
phism 77", O

PROPOSITION 4.17. Let ged(n,d) = 1. There exists a universal family
Ejff)d = (Vﬁfd,@n,d) of stable Higgs bundles of rank n and degree d parametrized
by T X.

Proof. Consider the family of Higgs bundles over X x C=T*X such that
the restriction to X x (z,t) is given by the pair ((V;%)z, A ®id(y20 ) ) where
A= 1t We can check that for any (z,t) € T*X one has

ni?d((m,t)) = [(gvf?d)(x,t)]s'
Any family F — X x Y induces canonically a morphism to the moduli space
vr: Y = M*(GL(n,C))4. Clearly, the composition f = (1,%) " ovr is a
morphism f:Y — T*X such that F is S-equivalent to f*ETff’d. O

If ged(n,d)=h>1,n"= 3 and d’ = %, we take the fibre product of h copies
of £;7 v to define the family £ of polystable Higgs bundles parametrized

by T*Zp = T*X x - x T*X.

REMARK 4.18. The action of &), on Zj induces an action of &;, on T*Zj,.
If wy and wy are two points of T Z},, the Higgs bundles (E7%))w, and (&%) w,
are S-equivalent if and only if for some v € &}, one has wy = -w; (i.e., wy is
a permutation of ws).

THEOREM 4.19. Let h = ged(n,d). Consider the moduli space M(GL(n,
C))a associated to the usual moduli problem.

(i) There exists a bijective morphism

ISR Sym" T* X —>M(GL(n7(C))d.
(ii) Sym"T*X is the normalization of M(GL(n,C))q.
i

(iii) M(GL(n,C))q is irreducible.
(iv) If n <4, then 1, is an isomorphism.
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Proof. (i) The family EZ?d induces a morphism
h
Vero : T Zp =T*X x --- x "X — M(GL(n,C)),,

and by Remark 4.18 it factors through Sym” 7* X giving the required bijective
morphism.

Since Sym” T* X is normal, (ii) follows from Zariski’s Main Theorem. The
continuity of 7;°, and the irreducibility of Sym" T* X imply (iii). (iv) follows
from Theorem 3.7. (|

Although we cannot prove normality except when n <4, d =0, or
ged(n,d) =1, we can identify the singular set of M(GL(n,C))4 in all cases.

THEOREM 4.20. The singular set Sing(M(GL(n,C)q)) coincides with the
set S of points represented by polystable Higgs bundles for which at least two
of the direct summands are isomorphic. In particular, if h = ged(n,d) > 2,
this set has codimension 2.

Proof. Note first that S is the image under Vero, of the union A of the diag-

onalsin T* 7, =T*X x M x T* X . This union coincides with the union of the
fixed point sets of the elements of &), acting on T*Zj. Since codim A = 2, the
image of A in T"Z),/ &y, is Sing(T*Zy/ &y). Since S =n,°,(Sing(T*Z),/ &y))
and 7,.°, is bijective, it follows that S is contained in Sing(M(GL(n,C)q)).
To see that the points outside S are smooth, we consider the deformation
complex of a Higgs bundle (FE,®). This gives rise to an exact sequence

H(X,End E) %Y HO(X,End E) — T

s HY(X,End E) “% HY(X,End B),

where T is the infinitesimal deformation space of (E,®), the maps e;(®) are
given by €;(®)(¥) = [T, @] and e;(P) is the Serre dual of ey(®P). (For this,
see [Ni] and note that in our case the canonical bundle is trivial.) If (F,®)
is polystable with non-isomorphic summands (F;, ®;) (1 <i < h), we have
®; = \;idg,; moreover, if F; = E; with ¢ # j, then A\; # A;. It follows that

Uekereg(®) <= U=EPuidg,

for some p; € C. Hence, codim(imeg(®)) = h. By duality dim(kere; (®)) = h,
S0

dim(T) = 2h.
On the other hand, we have a family of polystable Higgs bundles parametrized
by T* Z},, which has dimension 2h. It follows that the local deformation space
of (E,®) is a complete family and is smooth. So the point of the moduli space
represented by (E,®) is smooth. O
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REMARK 4.21. Note that this gives a direct proof that Sing(M(GL(n,C)4))
has codimension 2 without using Proposition 3.4. Moreover, we have shown
that a small deformation of a polystable Higgs bundle with non-isomorphic
direct summands is polystable. In fact, one can show directly, without using
deformation theory, that, if (E,®) is a semistable Higgs bundle such that
gr(E, ®) has non-isomorphic direct summands, then (F,®) is polystable. To
see this, it is sufficient to show that, if F; and E5 are stable bundles of the
same slope and (E7,®;1) 2 (E2, ®2), then any extension

0— (El,‘bl) — (E,@) — (EQ,(I)Q) —0

splits. If By 2 Fo, this is clear since then H(E; ® F1) =0 and H°(E} ®
E;)=0 when i #j. If By =Ey but E2% Ey & E,, then E= E; ® F» and
any endomorphism of E has the form idg, ® ¢ for some endomorphism ¢
of Fy. Now ¢ = \idf, +v where v? = 0, which implies that ®; = &5 = \idp,,
contradicting the hypothesis that (Fy, ®1) 2 (Eq, ®2). Finally, if EX F1 @ F;
but ®; # @5, then ® can be written as a diagonalisable 2 x 2 matrix, giving
the required splitting of (E, ®).

4.3. A new moduli problem. In view of the fact that the normality of
the moduli space is in general an open question, we shall now define a moduli
functor whose associated moduli space is the normalization of M(GL(n,C))q4.
To do so, we modify the definition of family.

We say that a family of semistable Higgs bundles F — X x Y is locally
graded if for every point y of Y there exists an open subset U C Y containing
y and a set of families &1,...,& where each &; is a family of stable Higgs
bundles parametrized by U such that for every point v’ of U we have

‘
ot Flxs(yy 2P Eilxxys
i=1
and therefore F|xxuv ~s @,;&. The new moduli functor associates to
a scheme Y the set of S-equivalence classes of locally graded families of
semistable Higgs bundles of rank n and degree d parametrized by Y.

A family £ parametrized by Z is said to have the local universal property
if, for any family F parametrized by Y and any point y € Y, there exists
a neighbourhood U containing y and a (not necessarily unique) morphism
f: U — Z such that F|y ~ f*€. Families with the local universal property
are very useful for describing moduli spaces as we can see in the following
result.

PROPOSITION 4.22 (Proposition 2.13 of [Ne]). Let us suppose that there
ezists a family € parametrized by Z with the local universal property. Suppose
that there exists a group I' acting on Z such that €., ~&,, if and only if z1
and zo lie in the same orbit of this action. Then a categorical quotient of Z
by T is a coarse moduli space if and only if it is an orbit space.
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The definition of locally graded families is justified thanks to the next
result.

PROPOSITION 4.23. The family c‘,’sf’d has the local universal property among
locally graded families of semistable Higgs bundles.

Proof. Take F to be any locally graded family of semistable Higgs bundles
of rank n and degree d parametrized by Y. Set h =gcd(n,d), n’ =n/h and
d'=d/h. Since F is locally graded, for every y € Y there exists an open
neighborhood U and a set of families &1,...,&, of stable Higgs bundles of
rank n’ and degree d’ parametrized by U and such that

h
Flxxuv ~s EB&'-

i=1
Since &7 ,, is a universal family, for every &; there exists f; : U — T*X such
that & ~g fFEY . Setting f = (f1,..., fn), we have

Flxxv ~s [7E°%. O

THEOREM 4.24. There exists a coarse moduli space N(GL(n,C))q of S-
equivalence classes of semistable Higgs bundles of rank n and degree d. Fur-
thermore, there is a morphism T*Zy, — M(GL(n,C))4 which induces an iso-
morphism

€r, s Sym" "X =5 N (GL(n,C)),,-
Moreover N (GL(n,C))q is the normalization of M(GL(n,C))g4.

Proof. Since Sym" T* X =T*Z;,/ &}, is an orbit space, by Propositions 4.22
and 4.23 and Remark 4.18, the coarse moduli space N (GL(n,C)), exists and
is isomorphic to Sym™ T* X . The isomorphism is given by

&r,: Sym" T*X — N(GL(n,C)) ,,
[(@1,t1),. (xhath)]Gh — [8711’0@’ | Xx(art) @ @ 5iﬁ,d'|XX(rh,th)] s

The last statement follows from Theorem 4.19. O
4.4. Moduli spaces of special linear and projective Higgs bundles.

THEOREM 4.25.

M (SL(1,C)) = {pt},
and forn>1
M3 (SL(n,(C)) =0.

Proof. When the determinant is trivial the vector bundle has degree 0.
The only stable Higgs bundles with degree 0 are the Higgs line bundles and
therefore (O, 0) is the only stable SL(n,C)-Higgs bundle. O
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THEOREM 4.26.
M (PGL(n,C)) ;=10

unless n € Z+ and d € Z., are coprime. In that case
M(PGL(n,C)) ;= M* (PGL(n,C)) ;= {pt}.

Proof. We recall from Theorems 4.14 and 4.16 that there exist stable Higgs
bundles of rank n and degree d if and only if ged(n,d) =1. Recall that
a stable PGL(n,C)-Higgs bundle of degree d can be represented by a pair
(P(E),®), where E is a stable vector bundle of degree d and tr ® =0. When
ged(n,d) =1, E is determined up to tensoring by a line bundle L, so P(E)
is uniquely determined. Since E is stable, the endomorphism ® is a scalar
multiple of the identity; so ® = 0. Thus (P(E), ®) is uniquely determined. O

We now study the preimage of (det,tr). We have a morphism

sumh.  : Sym"T*X — T* X,

h
[(xlvtl)v LERR} (xhath)]eh — Z(mlvtz)
i=1

Take the bijective morphism given in Theorem 4.19 to construct the diagram

zq
Nn.,d

(27) Sym" T* X ™ M(GL(n,C))4

_—
sumfs y l l(det,tr)

T*X = Pic(X)4 x HO(X,0).

77f,0.i
One can easily check that this diagram commutes.

THEOREM 4.27. Consider the moduli space M(SL(n,C)) associated to the
usual moduli problem.

(i) There exists a bijective morphism
20 (T°X x "7 x T*X) /&, — M(SL(n,C)),

where the action of &, on T*Z,_1 =T*X x nl x T*X is induced by

the action on Z,—1 =X X "I X used in (13).

(ii) M(SL(n,C)) is irreducible.

(iii) Sing(M(SL(n,C))) coincides with the set of points represented by
polystable Higgs bundles for which at least two of the direct summands
are isomorphic.

(iv) If n>2, Sing(M(SL(n,C))) has codimension 2.

(v) If n <4, the morphism of (i) is an isomorphism.
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Proof. (i) By (24) and (27), we have a bijective morphism
fin  (sumfux ) ((20,0)) — M(SL(n,C)).

The action of &,, on T*Z,,_1 induced by the action of &, on Z,_; used in
(13) gives us an isomorphism between T*Z,,_1/&,, and (sum%. ) ~!((x0,0)).
(ii) follows from the continuity of 7° and the irreducibility of the source.
(iii) and (iv) are proved in the same way as Theorem 4.20. The only
changes are to replace End E by Endg £ and note that h =n. This gives
dim(T)=2(n—1)=dim(T*Z,,_1).
(v) follows by Zariski’s Main Theorem from Theorem 3.7. O

Let h=gcd(n,d), n' = and d' = %. Recall the action of X on Sym” X

defined in (14); we extend it to an action of X on Sym” T*X. The commuta-
tivity of (15) implies the commutativity of

(28) X x Sym" T*X Sym” T* X
cf%xnﬁf’dilzl :ln:?d
Pic’(X) x M(GL(n,C))q M(GL(n,C))g4,

where the right arrow is the bijective morphism of Theorem 4.19. Recall
that the action of X[n] with weight n’ corresponds to the action of XIh|
with weight 1 and that the action of X[h] commutes with the action of the
symmetric group Gy,.

Note that h =ged(n,d) is equal to n when d = 0.

THEOREM 4.28. Consider the moduli space M(PGL(n,C))5 associated to
the usual moduli problem.

(i) There exists a bijective morphism

7705 (T°X % "X T X) /&) x X [n] — M(PGL(n,C),),

where the action of S, x X [h] on T*Zp_1 =T*X x " T*X is induced
by the action on Zp_1 =X X "TIx X used in (16).

(i) M(PGL(n,C)); is irreducible.

(iii) Sing(M(PGL(n,C));) coincides with the set of points represented by
polystable Higgs bundles for which at least two of the direct summands
are isomorphic.

(iv) If h>2, SingEM(PGL(n,(C))J) has codimension 2.

(v) If n <4 and d =0, the morphism of (i) is an isomorphism.

Proof. The proof is similar to that of Theorem 4.27.
(i) By (25), (27) and (28), we have a bijective morphism

((sumfk. ) ' ((20,0))) /X [h] — M(PGL(n,C)) ;.
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One has an action of &p, xX[h] on T*Z,_; induced by the action of
Sy on Zp_1 used in (16). This action gives an isomorphism between
T*Zp—1/(Sp x X[R]) and ((sumf. x)~*((20,0)))/ X [h].

(ii) follows from the continuity of ﬁz"g and the irreducibility of the source.

To prove (iii) we again modify the proof of Theorem 4.20 by replacing
End E by Endg E, giving dim(T") = 2(h — 1) = dim(M(PGL(n,C)) ;).

(iv) follows from Theorem 4.27 when we note that, by Atiyah’s results,
X[h] acts freely on ((suml. ) ~1((z0,0))).

(v) follows by Zariski’s Main Theorem from Theorem 3.7. O

In order to obtain normal moduli spaces in the cases not covered by Theo-
rems 4.27(iv) and 4.28(iv), we again need to restrict ourselves to locally graded
families.

A locally graded family of semistable SL(n,C)-Higgs bundles is a family of
SL(n, C)-Higgs bundles which is locally graded as a family of semistable Higgs
bundles. The existence of a moduli space N (SL(n,C)) for the corresponding
moduli functor follows from the existence of A'(GL(n,C))o and

N (SL(n,C)) = (det, tr)~*((0,0)) € N (GL(n,C)),.

A locally graded family of semistable PGL(n,C)-Higgs bundles is a fam-
ily of PGL(n,C)-Higgs bundles (P(V),®) which is the projectivization of a
locally graded family of semistable Higgs bundles (V,®). The existence of
N(GL(n,C))4 implies the existence of N (PGL(n,C)); and furthermore

N (PGL(n,C)) ;& (det, tr) "' ((O(x0)®%,0)) /Pic®(X)[n].
As in the case of (27) and (28), one can easily check that the diagrams

(29) Sym" T* X ¢>N(GL(n,C))d
sum}%*xl i(dct,tr)
T*X ;C’d Pic(X)? x HO(X,0)
and
(30) X x Sym" T*X Sym" T* X

Pic’(X) x N (GL(n,C))q

N(GL(n,C))q

commute.

Note that in the commuting diagrams (29) and (30) we have an isomor-
phism £°, for any value of n and d, while in the case of (27) and (28) the
bijection ni?d is proved to be an isomorphism only in lower rank.
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THEOREM 4.29. Consider the action of &, on T*Z, 1 =T*X x n! X

T*X induced by the action on Z,_1 = X X "% X used in (13). We have
isomorphisms

(31) €0 (T*X x "7 x T"X) /&, ——= N (SL(n,C))
and
(32) €00 (T°X x "= x T*X) /&, x X [h] ——= N (PGL(n,C)) ;.

Moreover, there are natural bijective morphisms
N(SL(n,(C)) — M(SL(n,(C))

and
N (PGL(n,C)) ; — M(PGL(n,C))

J.
Hence, N'(SL(n,C)) is the normalization of M(SL(n,C)) and N (PGL(n,C));
the normalization of M(PGL(n,C));.

Proof. The proofs of (31) and (32) follow the proofs of Theorems 4.27
and 4.28.
The remaining statements follow from the universal property of M(SL(n,

C)) and M(PGL(n,C))y, the normality of the quotients of 7% X x X
by the finite groups &,, and &,, x X [n] and Zariski’s Main Theorem. O

REMARK 4.30. By Lemma A.2, we have that Z,_1/X[h]| = Z,_1. Since
T*X >~ X x C we have that T*Zy,_1/X[h]| 2 T*Z,_1. Thus
N(PGL(n,C)) ;2 T*Zy_1 /&, = T*X x "~ x T* X /&),

where the action of &), of T*Z;,_; is induced by the action of &5 on Z;_;
used in Remark 2.2 and is different from the action used in (31).

4.5. Moduli spaces of symplectic and orthogonal Higgs bundles.
THEOREM 4.31.
M (Sp(2m, C)) = M**(Sp(2m,C)) =0,
M (O(n,(C)) = M“(O(n,(C)),
M (SO(n,C)) = M*(SO(n,C)).
Proof. This follows from Proposition 4.8. (]

Recall the universal family of Higgs line bundles &7 = (Vi'y,®1,0) with
degree 0 and the family of Sp(2,C)-bundles V20 = Vi@ (Vi9)*, 92). We can
check that 2 anticommutes with @, 0 @ (—®1,0) and then

&= (Vp© (Vi%)", 2,910 ® (~P10))
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is a family of polystable Sp(2,C)-Higgs bundles parametrized by T*X.
Similarly, we can construct a family of polystable O(2,C)-Higgs bundles
parametrized by 7% X,

é;:o = (Vlz,OO D (Vlz,%)*> Qv¢170 D (_élxo))’
and a family of stable SO(2, C)-Higgs bundles of degree 0,
&' = (Vh @ (V)" Q,8100 (~Brp), V=1).

REMARK 4.32. The restrictions of £2° and £3° to two different points
of T*X, z1 = (x1,t1) and 2o = (x2,ta), give S-equivalent (isomorphic) Higgs
bundles (£2°),, ~g (E3°),, and (£2°),, ~g (E°)., if and only if z; = —z.
Two points z1 # 22 of T*X give non-S-equivalent SO(2,C)-Higgs bundles,
(E;O)zl Kol (E;O)xl-

Now we define g;;jl to be the family of polystable Sp(2m, C)-Higgs bundles
induced by taking the fibre product of m copies of &. Note that ggﬁl is
parametrized by T*Z,, =T*X x - x T*X.

We define Eﬁi”ka to be the family of polystable O(n,C)-Higgs bundles given

by the direct sum of (E3',,Q3',0) and my, = 25% copies of &;. This family is
parametrized by T*Z,,, =T*X X T TrX
Analogously, for all values of (n,ws), we define families of polystable

SO(n,C)-Higgs bundles Ei?wz as follows:

° E;fn’o is given by m copies of E§° and therefore it is parametrized by
T*Zp =T*X x - x T*X,

. 8;21_‘_1)0 is given by the direct sum of (Ef%, Q3% 0,1) and m copies of g5’
and therefore it is parametrized by T*Z,, =T* X x o T*X,

. ngnﬂ,l is given by the direct sum of (E35'%,@%,0,1) and m — 1 copies of
E;”" and therefore it is parametrized by T*Z,, 1 =T*X X ol T X,

. ngml is given by the direct sum of (E§%,Q3,0,1) and m — 2 copies of £’

and therefore it is parametrized by T*Z,, o =T*X X TP TrX.

REMARK 4.33. Consider the action of I';,,» on T*Z,,,, induced by the action
of Iy on Z,,y used in Remark 2.14 (i.e., the action induced by Zs acting on
T*X as —1- (z,t) = (—z,—t)). Take the families £2° | Sfjoka and gz?wQ when
(n,we) is (2m,1), (2m+1,0) or (2m + 1,1). These families are parametrized
by T*Z, =T*X X "X T*X for some m/. By Remarks 4.32 and 2.14, two
points z1,29 € T*Z,,, parametrize isomorphic (S-equivalent) Higgs bundles
on these families if and only if z; =+ - 2z for some v € I';,,. By Remarks 4.32
and 2.15, (?ﬁfn,o)zl is isomorphic (S-equivalent) to (E§;70)22 if and only if
there exists v € A,, such that ~ - z; = 2.
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Recall Corollary 4.13.

THEOREM 4.34. Let G be Sp(2m,C), O(n,C) or SO(n,C). Consider the
moduli spaces M(G)q associated to the usual moduli problems.

(i) We have bijective morphisms
w0 s Sym™ (T*X/Zs) — M(Sp(2m,C)),
0%t Sym™™ Wz(T*X/ZQ) — M(0(n,C)), ,
Tom.o: T*X x - X T* X [ A, — M(SO(2m, C)),,,
: Sym™ (T*X/Zs) — M(S0(n,0)),,

nn,wg N

where m' =m if (n,w2) = (2m+1,0), m' =m—1if (n,wz) = (2m+1,1)
and m' =m —2 if (n,wy) = (2m, 1).

(ii) M(G)q is irreducible.

(iii) The normalization of M(G)4 is isomorphic to the source of the bijection.

(iv) Sing(M(G)q) coincides with the set of points represented by polystable
G-Higgs bundles for which at least two of the direct summands of the
underlying polystable Higgs bundle are isomorphic.

(v) If dim(M(G)q) > 2, Sing(M(G)q) has codimension 2.

-Xo .
Exo r & induce mor-

m?’ “n,k,a n, w2

Proof. (i) The corresponding families £2°
phisms

vG.d: TZGd—TXX XT*X—>M( )

where m’ depends on G and d. By Remark 4.33 when I'g 4 is the correspond-
ing finite group, this map factors through 7T%Z¢ 4/T'¢ ¢ giving the required
bijective morphism.

(ii) follows from the continuity of the morphisms and the irreducibility of
the sources.

(iii) follows from Zariski’s Main Theorem.

For the proof of (iv) and (v) take a G-Higgs bundle (F,0,®) (resp.
(E,0,9,7)) and denote by P the principal G-bundle associated to (F,O)
(resp. (E,0,7)) and by ¢ the section of the adjoint bundle P(g) associ-
ated to ®. If T is the infinitesimal deformation space of (E,0,®) (resp.
(E,0,®,7)), by [BR] one has the exact sequence

(X, P(g)) L9 HO(X, P(g)) — T — H'(X, P(g)) 2% H'(X, P(g)),
where e;(¢)(¢¥) = [¢,¢] and e1(p) is the Serre dual of eg(p). Recall that
the canonical bundle is trivial in our case. The standard representation of
G gives us an isomorphism between H*(X, P(g)) and H*(X,End E)®, where
the latter is given by the elements ¥ of H*(X,End E) such that O(u, ¥(v)) =
—O(¥(u),v) for u,v in E, and every point € X. The maps e;(¢) correspond
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to
e;(®): H(X,End E)® — H'(X,End E)®,
U — [T, ).

From this point, the proof is similar to that of Theorem 4.20, replacing
H°(X,EndE) by H°(X,End E)® and taking into account in each case the
same dimension of dim(M(G)g). O

REMARK 4.35. The bijection 77, is an isomorphism if and only if M(G)4
is normal, but the normality of the moduli space of Higgs bundles over a
smooth projective curve of genus g =1 is an open question.

As in Section 4.3, we modify the moduli problem in such a way that the
associated moduli space will be isomorphic to the normalization of M(G)q.

We say that a family of semistable Sp(2m,C)-Higgs bundles £ — X x Y is
locally graded if for every y € Y there exists an open subset U C Y containing
y and a set of families of Higgs bundles (V1,®1),..., Vi, @) of rank 1 and
degree 0 parametrized by U, such that

A . (0 =1\ (&
5|X><U'\‘S@(Vi®vi,<1 0)?( _QS}>>'
i=1 ¢

We define locally graded families of semistable O(n,C)-Higgs bundles in
similar terms; the only change is that there might exist a stable O(k, C)-Higgs
bundle (E,,Q3,0) such that

« (0 1 b;
8|X><UNS(Eka’ kv @(Vl@vz’<1 0)7( _djz>)

Analogously, we say that a family of semistable SO(n,C)-Higgs bundles
E = X xY is locally graded if for every y € Y there exists an open subset U C
Y containing y, families (V;, ®;) parametrized by U and (if (n,wsz) # (2m,0))
a stable SO(k, C)-Higgs bundle (Ezto, %£,0,1) such that

. (0 1\ (& j—
Elxxv ~s (Eilo, Q%5 0,1) @@(Viegvi’(l o>< —sﬁ-)’ _1>'

For G = Sp(2m,C), O(n,C) and SO(n,C), we define a new moduli functor
associating to any scheme Y the set of S-equivalence classes of locally graded
families of semistable G-Higgs bundles parametrized by Y.

PrOPOSITION 4.36. The families 52121, éﬁfok and &, w, have the local
universal property among, respectively, locally gmded families of semistable
Sp(2m,C), O(n,C) and SO(n,C)-Higgs bundles of the appropiate topological

type.
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Proof. Take any locally graded family £ — X x Y of semistable Sp(2m, C),
O(n,C) or SO(n,C)-Higgs bundles. By definition of locally graded for every
y €Y we have an open subset U CY containing y and families (V;, ®;) of
Higgs bundles of rank 1 and degree 0 parametrized by U. Take the universal
family €70 = (V1§, P1,0); for every (Vi,®;) there exists f;: U — T*X such

that (VHQP ) ~g f &1y With the f; we can construct f: U —T*X x .- x
T*X such that the restriction £|xxy is S-equivalent to f* EZo - frE¥0 op

2m> n,k,a

* oL0
T €, O

THEOREM 4.37. There exist coarse moduli spaces N'(Sp(2m,C)), N'(O(n,
C))(k,a) and N (SO(n,C))w,. Furthermore, there are isomorphisms

w0 Sym™ (T X/ Zs) i>./\/(Sp 2m, C)),
S Sym("‘k’/ (I X/22) = N (O(n,C)),
Emo: T"X x " X T*X /A, = N (SO(2m, C)),,

o~

Eﬁ s Sym™ (T* X/ Zs) —+ N (SO(n, C)) .
where m’ =m if (n,we) = (2m+1,0), m' =m—1 if (n,we) = (2m+1,1) and
m' =m—2 if (n,we) = (2m,1).

Proof. Since T*Z¢ 4/T'c.q is an orbit space, the theorem follows from
Proposition 4.36 and Remark 4.33. Note that the isomorphisms are defined
as follows

§a: T"Zc.a/Tc.a — N(G)a,
[Z]Fcyd — [5g?d|x><z}s’

. e =To . .
where we write £, for £r0, fn k.a OF & o for the groups considered in the

statement and the correspondlng topological invariant. U

REMARK 4.38. If an orbifold is defined as a global quotient Z/T', its cotan-
gent orbifold bundle is the orbifold given by T*Z/T', where the action of I" on
T*Z is the action induced by the action of I on Z.

Let G be GL(n,C), SL(n,C), PGL(n,C), Sp(2m,C), O(n,C) or SO(n,C).
Denote by M(G)d and N( )a the orbifolds given by the quotients Zg, d/I‘G d
and T*Z¢ 4/T'¢.q. Then N(G)q is the cotangent orbifold bundle of M(G)

5. The Hitchin map

5.1. Description of the Hitchin map. Let ¢y, 1,...,¢n,» be the standard
basis for the invariant polynomials of a rank n matrix. The Hitchin map is
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defined in [Hi2] by evaluating this basis on the Higgs field:

n
bna: N(GL(n,C)), — B, =P H(X,0),
(33) i=1
[(E7 (I))]S — (qn,l(‘l)), ... ,qn,n((I))).

Since H°(X,0) = C we have that B,, = C". Take h = ged(n,d) and set n’ =
n/h and d' =d/h. If (E,®) is a polystable Higgs bundle of rank n and degree
d, we have (E,®) @?:l(Ei,éi) where the E; are stable and ®; = \;idg;;
moreover 579397(1/((-731’7751‘)) = [(E;, ®;)]s, where t; =n' - A\;. When we apply g ;
to ® we obtain polynomials in t1,...,t,

h
Qn,l(q)) == Z tia
1=1

1 \" 1 \"
Qn,n(q)) = (ﬁtl) <;th> .

The image of the Hitchin map is always contained in a subvariety of dimension
h which we denote by B, 4. If Dy is the diagonal matrix with eigenvalues

A=(A1,...,\n) we can construct the following bijective morphism
- Bua: Sym"C — Bya,
(tls, =[t1,-- - thls, — (qn,l(D%g), (D 1g)).
Let us define the projection
(35) 7 : Sym” (T*X) — Sym"(C),
(@1, t), s (@ntn)] g, > [t thls,-

It is immediate from the definitions of (33), (34) and (35) that the diagram

(36) Sym"(T*X) — " Sym"(C)
iﬁ?dlz 1:1\Lﬁn,d
by
N(GL(n,C))g —= Boa

commutes.

The Hitchin map for a classical structure group G is defined in [Hi2] by
evaluating the invariant polynomials for the adjoint representation of G on its
Lie algebra on the Higgs field:

bG,d : N(Gd) — B(G,d)
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Let Cg 4 C T*Zg 4 be the subset ({zo} x C) x -+ x ({zo} x C), and consider
the induced action of I'g 4 on Cg 4. Consider also the projection
mcd: 1" Zca/Ta,a— Caa/Tc.a,
[(xlatl)a RN (:L‘g,tg)] Tg.a — [t1, .. 7tf]FG,d'

In each case, the invariant polynomials for the adjoint representation of G on
its Lie algebra allow us to construct a bijective morphism

(37) Be.a: Cc.a/Taa— B(G)a,

and we can extend (36) to the rest of the classical complex Lie groups covered
in this article:

(38) T*Zga/Tca e Ce.a/Tcd
Eé?di: lzllﬁc},d
b
N(G)q o B(G)q.

5.2. The Hitchin fibres for the general linear case. The set of tuples
of the form

(39) ty=(t1,...,tn),

where ¢; #t; if i # j, form a dense open subset of C". We call a point of B,, 4
generic if it is the image under 3, 4 of the &-orbit of some 4. An arbitrary
point of B,, 4 is the image under (3, q of a h-tuple of the form

(40) to=(t1,™, 11, .., te, T, tg),
where h =mq + -+ +my.

PRrROPOSITION 5.1.

i (Folen) =X x -2 x X

and

7, (Ha)s, ) = Sym™ X x L% Sym™ X

Proof. The centralizer Zg, (t4) of ¢4 in &}, is trivial. Hence, the centralizer
of any element of T*X x --- x T*X of the form

((:Zfl,tl), ceey (Ih,th))
is also trivial. If two tuples ((z1,%1),..., (zn,ts)) and ((z7,t1),..., (z),ts)) lie
in the same &p-orbit, then they are related by the action of an element of
Zs, (t,). Since this group is trivial, it follows that 7, *([f,]e, ) is given by the
subset of T*X x - x T* X which projects to (t1,...,ts), which is isomorphic
to X x-" x X.
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On the other hand, the centralizer of ¢, in &}, is
ZG}—L(%G) = Gml X X 67”@’

where the factor &,,, acts only on the entries of ¢, equal to ;. Two tuples
of T*X x --- x T*X that project to %, lie in the same Gj-orbit if and only if
some element of Zg, (t,) sends one tuple to the other. Let us write (T*X X
--- x T*X);, for the set of tuples as above that project to t,. We have

W;:l([ia}sh) o (T*X o % T*X)ga/Zsm(fa),

where the action of G,,,, permutes the entries of a tuple that are pairs of the
form (xij7ti)-
We can easily see that (T*X x --- x T*X); =2 X x---x X and then

1/ h
T (Falsy) 2 (X X X X) /Gy X+ X Gy,
&~ Sym™ X x -5+ x Sym™ X. O
Note from (4) and (6) that Sym” X is a fibration over X with fibre P*~1,

COROLLARY 5.2. The generic Hitchin fibre of N(GL(n,C))q — By,.q is the
self-dual Abelian variety X X P X, The fibre over an arbitrary point of
the base is Sym™! X X Lox Sym™* X which is a fibration over the self-dual
Abelian variety X x L% X with fibre P11 x Lok praet,

5.3. The Hitchin fibres for the special linear and projective cases.
The Hitchin maps
by : N'(SL(n,C)) — B,

and

lv)njz N(PGL(n,(C))g—> Bn,J
are induced by the Hitchin map for Higgs bundles (33). The Hitchin base B,
is equal to the subvariety BI=0 = @' , H’(X, 0) of B, while Bn,(f = Bir=0n
B, 4, where d=(d modn). Note that the groups SL(n,C) and PGL(n,C)
are Langlands dual groups and that B,, = By, .

LEMMA 5.3. Let e be any element of B, and ¢’ be any element of Bn 7
Then

bt (e) = b;})(e) N ((det, tr)~'(0,0))

and
b1 (e') = (b, (¢) M ((det, tr) 7 (O(20)®*,0)) ) /Pic’(X)[n].

s
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Proof. Since l;n and Bn) g are induced by by, o and by, 4, this follows from the
fact that
N (SL(n,C)) = (det, tr)~1(0,0) C N(GL(n,C))
and
N (PGL(n,C)) = (det, tr) " (O(z0)®%,0) /Pic®(X)[n]. O
The generic elements e, and ej, of B, and Bn’ 7 come from a tuple #, of the
form (39) such that >"t; = 0. Analogously, the arbitrary elements e, and e,
of B, and Bn,[i come from a tuple Z, of the form (40) such that 2?21 t; =0.

Recall the definition of A, given in (12) and the isomorphism u, : Zp_1 =
Ay. Since Sym™ X — X is a fibration over X, we can consider the restric-

tion of Sym™* X x --- x Sym™ X to Ay C X X L% X and the pull-back
up (Sym™ X x - x Sym™ X)|4,.

PROPOSITION 5.4. Let eg4 € B, and ey € Bn 7 be generic elements. Then
l;’:],l (eg) = A,
and
b;{i(e;) =~ A,/ X[h].
Let e, € Bn and e, € Bn g be arbitrary elements. Then

b, (eq) =) (Sym™ X X -+ x Sym™ X)| 4,
and
B;}i(e;) ~ 5 (Sym™ X x -+ x Sym™ X)|a,/X[h].
Proof. This follows from Lemma 5.3 and Corollary 5.2. 0

COROLLARY 5.5. The generic Hitchin fibre of N(SL(n,C)) — B, is the
Abelian variety X x "I X. The arbitrary Hitchin fibre is a fibration over
the Abelian variety X x Ty X with fibre P11 x Lok pruet,

PROPOSITION 5.6. The generic fibre of the Hitchin fibration N (PGL(n,
C));— B, 7 is the Abelian variety X x S'e

The arbitrary fibre of the Hitchin fibration N(PGL(n,C)); — B, 7 is a
fibration over X x X with fibre (P11 x ... x Pme=1) /X [r], where r =
ged(h,my, ..., mye).

Proof. The action of X[h] on the fibration Sym™* X x Lo Sym™ X gives

a weighted (mq,...,m¢)-action of X[h] on X x Sox X, the base of the fibra-
tion. Let us set r = ged(h,mq,...,m¢). The subgroup X|[r] C X[h] acts on

Sym™*! X x Lo Sym™¢ X and it acts trivially on the base X x £ % X. The
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quotient of Sym™! X x Lox Sym™* X by the action of X[r] is a fibration over
X % -+ x X with fibre (P11 x ... x P™e=1)/ X[r], where the action of X|r]
is described in Remark 2.3. ,

The quotient of Sym™ X x --- x Sym™ X by X[h] is equivalent to
the quotient of (Sym™' X x R Sym™¢ X)/X[r] by X[h]/X][r]. Since
X[h]/X[r] = X[h/r] and the weighted action of X[r] is trivial, the weighted
(mq,...,mg)-action of X[h|/X|[r] on X x Lo X s equivalent to the weighted
(mq/r,...,mg/r)-action of X[h/r] on X X % X. Since ged(h/r,my/r, ...,
mye/r) =1, this action is free by Lemma A.1. As a consequence, (Sym™ X x
-+ x Sym™* X)/X[h] is a fibration with fibre (P17 x ... x P™¢~1)/ X[r] over
(Xx - xX)/X[h/r].

The weighted (mq/r,...,me/r)-action of X[h/r] restricted to A, is equi-
variant under wuy to the weighted (mq/r,...,m¢_1/r)-action of X[h/r] on
Xx xX, so the pull-back uj(Sym™! X x --- x Sym™* X)|4,/X[h] is a
fibration with fibre (P™1 =1 x ... x P"™~1) /X [r] over (X x Tl X)/X[h/r].

Finally, by Lemma A.2, the quotient (X x ol xX)/X[h/r] is isomorphic

-1
to X x - x X. O

REMARK 5.7. The generic fibre of the Hitchin fibration N'(PGL(n,C))o —
B,,0 = B,, and the corresponding fibre of the Hitchin fibration A/(SL(n,C)) —
B,, are isomorphic to X x e x , which is a self-dual Abelian variety.

The arbitrary fibre of the Hitchin fibration N'(PGL(n,C))o — B, o and the
corresponding fibre of the Hitchin fibration N (SL(n,C)) — B,, are fibrations

over X x ' x X , which is a self-dual Abelian variety.

5.4. The Hitchin fibres for the symplectic and orthogonal cases.
Consider the following projection induced by the natural projection T*X =
X xC—C,

T+ Sym™ (T*X/Zs) — Sym™ (C/Z).

We set:

m’ =m if G=S8p(2m,C),

m' =(n—k)/2 if G=0(n,C) and the topological invariant is (k,a),
m' =m if G=S0(2m+1,C) and wy =0,

m'=m—1if G=S0(2m +1,C) and wy =1,

m'=m —2 it G=S50(2m,C) and wy = 1.
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By (38), we have the following commuting diagram for the cases considered
above:

T[m/]

Za,a/Tad Ca.a/Tca
fé(fdi% 1:1iﬁc,d
ba,a
N(G)a B(G)a.

The elements of C x -~ . x C of the form
fg - (t1, e 7tm’)7

where t; # £t; if i # j and for every ¢ we have t; # 0, form a dense open
subset. For each (G,d), we call a point of B(G)q generic if it is the image
under B¢ q of [tg]s, ,. An arbitrary element of B(G)4 is the image under B¢ 4
of the I',,-orbit of the following tuple

To = (0,m0,0,t1,™1 b1, ... tg, ™ ),

where t; #0, t; # +t; if i # j and m' =mg +mq + - +my.
The following proposition applies to all the situations listed above.

PROPOSITION 5.8.

and
Tfni’] ([Za]Fm/) 2P0 x Sym™ X x -+ x Sym™* X.

Proof. Since t; # —t; and t; # £t; for every 7, j such that i # j, the sta-
bilizer in I'y, of ¢, is trivial and then the stabilizer of every tuple of the
form

((xlvtl)v B (xm’vtm’))

is trivial too. This implies that every such tuple is uniquely determined by the
-1

choice of (z1,...,2Zm ), and then w[m,]([fg]pm,) is isomorphic to X x "+ x X
Since the stabilizer in T,/ of %, is
Zp, (ta) =Ty X Gy X - X Gy,
we have
T ([alr, ) = (X X7 % X) /2, (Fa)
>~ Sym™(X/Zy) x Sym™ X x --- x Sym™* X.
Note that Sym"°(X/Zy) = Sym™° P! =2 pmo, O

Recall that Sym™ X is a projective bundle over X.
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COROLLARY 5.9. The generic fibre of the Hitchin map for N (Sp(2m,C)) is
the Abelian variety X x " x X. The Hitchin fibre over an arbitrary element
s a fibration over X X Lox X with fibre Pmo x P L Pre—l

COROLLARY 5.10. The generic fibre of the Hitchin fibration for N'(SO(2m+
1,C))o is isomorphic to X x "M x X. The Hitchin fibre over an arbitrary ele-

. . 4 .
ment s a fibration over X x --- x X with fibre P™o x P11 i ... Pre—l,

REMARK 5.11. Note that the groups Sp(2m,C) and SO(2m + 1,C)
are Langlands dual groups and the Hitchin bases for N (Sp(2m,C)) and
N(SO(2m + 1,C))o are the same. The generic fibre of the Hitchin fibra-
tion for N (Sp(2m,C)) and the corresponding fibre of the Hitchin fibration
for N'(SO(2m + 1,C))o are isomorphic to X x -+ x X, which is a self-dual
Abelian variety.

The fibre of the Hitchin fibration for A/ (Sp(2m,C)) over an arbitrary point
of the Hitchin base and the fibre of the Hitchin fibration for A’ (SO(2m+1,C))g

. . 4 c .
over the same point are fibrations over X x - -- x X, which is a self-dual Abelian
variety. The fibres are isomorphic to P™o x P11 x ... x Pme—l,

Recall the finite group A,,, defined in (23). Thanks to the natural projection
T*X = X x C— C we define

Tt TFX X 0 % T*X /A, — C x o C/A,,.

Let us denote bg,q, Bg,qa and Bg,q by 52771,,07 Fgm,o and BQm,O when G =
SO(2m,C) and wy =0. By (38) and Theorem 4.37, we have the following
commuting diagram for the Hitchin fibration associated to N (SO(2m,C))q

T*X x - x T*X /A, T Cx " x C/A,,
&m0 | = 151lﬁ2m,0
b2m,0 —
N(SO(2m,C))g Bam,o-

Using the map
r:X><~m-><X—>X><-n~1-><X,
(1,22, Tm) — (—21,%2, ., Tpn),

we define the r-action of &,, on X x --- x X as follows. Suppose that for

o € 6, we denote by f, the permutation of X x T x X associated to o. We
define the r-action of o to be the morphism 7o f, or.
Consider the elements of C™ of the form

zg = (tlv"'vtm)a
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where t; # 0 and ¢; # £t;. We call a point of Egm)o generic if it is the image
under B2m,0 of some A,,-orbit of ¢,. There is a special set of points of §2m70
that come from tuples of the form

Zsl = <_t1at137n~1-_'1)t1at27m%7t27 o 7t€am€7t€>7

where ¢; # *t; if i # j, and for every i we have t; # 0 and m; even. If our
point of Ba,, ¢ is given by a tuple different from t, and ts, we can always find
a representative of the A,,-orbit with the form

ts, = (0,00, 1, ™ by, ... t, T ),
where t; # £t; if i # j and for every i >0 we have t; # 0.

ProroOSITION 5.12.
ﬁ;zl([zg]Am) =X x " x X,
Tl ([Esi]a,,) = Sym™ X x Sym™? X x -+ x Sym™ X

m

and
Tt ([Fsala) = (X X) /Ay ) x Sym™ X x - x Sym™ X.

Proof. The first result follows from the observation that the stabilizer of ¢,
is trivial.
The stabilizer of %, is
Zn, (tsy) = Zn,, ((—t1,t, ™7 8) X Sy X oo X Gy,

We can check that Za,, ((—t1,t1,™.7%,t1)) is given by the elements ¢o of
Ay, such that o sends the first entry of (—t1,%1,™.7%¢1) to the ith en-
try and ¢ inverts the first and the ith entry. This shows that the action of
Za,, ((—t1,t1,™71 1)) on X x -+ x X is equivalent to the r-action of the
symmetric group. One can check that the quotient of X x --- x X under this
action is isomorphic to the symmetric product of the curve, so

X X oo x X/ZA, (L) = Sym™ X x Sym™2 X x -+ x Sym™ X.
The last statement follows from the fact that the stabilizer of ts, is
Zp,, (ta) = Ay X Spyy X oo X Sy, O

COROLLARY 5.13. The generic fibre of the Hitchin fibration N (SO(2m,
C))o — Bamo is the self-dual Abelian variety X x "% X. The fibre over
an arbitrary point of Bamo is a fibration over the self-dual Abelian variety
X x -+ x X with fibre

Pl .o pmel

or
m

(X XX X) /Ay x P71 Pl
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REMARK 5.14. We observe that (X x - x X)/A,, is isomorphic to the
moduli space M (SO(2myg,C))o. By [FM1] and [Lo], this variety is isomorphic
to the quotient of the weighted projective space WP(1,1,1,2,™0~2,2) by a
finite group.

Appendix: Some results on Abelian varieties

In this appendix, we prove two lemmas; the first is certainly well known, the
second presumably so, but we have been unable to find a suitable reference.

Let A be an Abelian variety and let ag € A be the trivial element. For any
integers my,...,my, the formula

a - (ay,...,ap) = (a; +mqd,... a0 +mea’)
¢
defines the weighted (my,...,mg)-action of A on A x --- x A.
LEMMA A.1. Let mq,...,my be integers and let h be a positive integer.

Write r for ged(h,ma,...,mg). The weighted (mq,...,my)-action of A[h] on
Ax-xAis free if and only if r =1.

Proof. Suppose a’ € Alh] and a’-(ao,...,a0) = (ag,...,a0). Then m;a’ = ag
for every ¢. This implies that a’ is a m;-torsion element for every i. On
the other hand, if there exists a’ € A[h]| N[, A[m;] different from ao, the
(myq,...,my)-weighted action of a’ is trivial and therefore the action of A[h] is
not free. Thus, the action is free if and only if the subgroup A[h] N (), A[m;]
is trivial.

It is easy to see that A[nq]N A[ns] = A[r'] where ' = ged(nq,nz). It follows
by induction that A[h] N[, Alm;] = A[r]. The result follows. O

For every positive integer h, we have an exact sequence

0 Alh] Ly 0,

where mul,(a) =ha=a+ .+ a. This induces an isomorphism
(41) mul, : A/A[R] =5 A.
LEMMA A.2. Consider the weighted (mq,...,me)-action of Alh] on (A X
¢
-+ x A). Then
(Ax " x A)JAR] = Ax - x A.

Proof. First, we treat the case where ged(mq,h) =1. Let p, ¢ be integers
such that pmy + gh =1. Since ged(p,h) = 1, the action is equivalent to the
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action of A[h] with weights (1,pma,...,pm¢). For this action, consider the
morphism

(Ax -t x A)JA[R] — AJA[R] x A x ' x A,
[(al, . ,ag)]A[h] > ([al]AW,ag — pmaai,...,as —pmgal).
This is in fact an isomorphism of Abelian varieties since it has an inverse
AJAIR] x Ax T x A—s (Ax -5 x A)JA[R,
([ay) ap)s @b, - - - ap) — [(a), pmaoa) + ay, ..., pmeal + a'z)]A[h].

It follows from (41) that the lemma is true when ged(mq,h) = 1.
For the general case, let 71 := ged(mq,h) and write

(42)  (AxAx " x A)JA[R] = (A x Ax 1 x A)JA[r]) JA[h/r].

Since r; divides my, the action of A[r;] on the first factor is trivial, so

(Ax Ax "D x A)JA[M] = Ax (Ax 1 x A)/Alr).
When ¢ =1 the result follows from (41), so we can suppose inductively that

the lemma is true for A x ! x A. Then
A X (A><li_~-1 ><A)/A[r1]%A><A><ti_--1 x A.

This implies by (42) that the original quotient is isomorphic to the quotient by
an action of A[h/r1] whose first weight is mq/r1. Since ged(mq/r1,h/r1) =
1, the first part of the proof completes the induction and hence the entire
proof. O

Acknowledgments. This article is a modified version of part of the Ph.D.
thesis of the first author prepared under the supervision of the second and
third authors at ICMAT (Madrid). The first author wishes to thank the
second and third authors for their teaching, help and encouragement.

REFERENCES

[AG] M. Aparicio Arroyo and O. Garcia-Prada, Higgs bundles for the Lorentz group,
Illinois J. Math. 55 (2013), 1299-1326. MR 3082870

[A] M. F. Atiyah, Vector bundles over elliptic curves, Proc. Lond. Math. Soc. (3) 7
(1957), 414-452. MR 0131423

[AB] M. F. Atiyah and R. Bott, The Yang—Mills equations over Riemann surfaces,
Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 308 (1982), 523-615.
MR 0702806

[BS] J. Bernstein and O. Schwarzman, Chevalley’s theorem for the complex crystallo-
graphic groups, J. Nonlinear Math. Phys. 13 (2006), no. 3, 323-351. MR 2249806

[BR] I. Biswas and S. Ramanan, An infinitesimal study of the moduli of Hitchin pairs,
J. Lond. Math. Soc. (2) 49 (1994), 219-231. MR 1260109

[Co] K. Corlette, Flat G-bundles with canonical metrics, J. Differential Geom. 28
(1988), 361-382. MR 0965220


http://www.ams.org/mathscinet-getitem?mr=3082870
http://www.ams.org/mathscinet-getitem?mr=0131423
http://www.ams.org/mathscinet-getitem?mr=0702806
http://www.ams.org/mathscinet-getitem?mr=2249806
http://www.ams.org/mathscinet-getitem?mr=1260109
http://www.ams.org/mathscinet-getitem?mr=0965220

D]
[FM1]
[FM2]
[FMW]
[FH]

[GGM]

[MFK]
[NS]

[Ne]

[Ral]
[Ra2]
[Ra3]

[Ri]

HIGGS BUNDLES OVER ELLIPTIC CURVES 95

S. Donaldson, Twisted harmonic maps and the self-duality equations, Proc. Lond.
Math. Soc. (3) 55 (1987), 127-131. MR 0887285

R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves I,
available at arXiv:math/9811130.

R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves 11,
J. Differential Geom. 56 (2000), 301-379. MR 1863019

R. Friedman, J. Morgan and E. Witten, Principal G-bundles over elliptic curves,
Math. Res. Lett. 5 (1998), 97-118. MR 1618343

W. Fulton and J. Harris, Representation theory. A first course, Graduate Texts in
Mathematics, vol. 129, Springer, New York, 1991. MR 1153249

O. Garcia-Prada, P. Gothen and I. Mundet i Riera, The Hitchin—Kobayashi
correspondence, Higgs pairs and surface group representations, available at
arXiv:0909.4487v2.

R. Hartshorne, Algebraic geometry, Springer, New York, 1977. MR 0463157

N. J. Hitchin, The self-duality equations on a Riemann surface, Proc. Lond. Math.
Soc. (3) 55 (1987), no. 1, 59-126. MR 0887284

N. J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54 (1987),
no. 1, 91-114. MR 0885778

F. Hreinsdottir, A case where choosing a product order makes the calculations of a
Groebner basis much faster, J. Symbolic Comput. 18 (1994), 373-378. MR 1324496
Y. Laszlo, About G-bundles over elliptic curves, Ann. Inst. Fourier (Grenoble) 48
(1998), no. 2, 413-424. MR 1625614

J. Le Potier, Lectures on vector bundles, Cambridge University Press, Cambridge,
1997. MR 1428426

E. Looijenga, Root systems and elliptic curves, Invent. Math. 38 (1976), 17-32.
MR 0466134

D. Mumford, Projective invariants of projective structures and applications, Proc.
internat. congr. mathematicians, Inst. Mittag-Leffler, Djursholm, 1962, pp. 526—
530. MR 0175899

D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory, 3rd ed.,
Springer, Berlin, 1994. MR 1304906

M. S. Narasimhan and C. Seshadri, Stable and unitary vector bundles on a compact
Riemann surface, Ann. of Math. (2) 82 (1965), 540-567. MR 0184252

P. E. Newstead, Introduction to moduli problems and orbit spaces, Tata Institute
of Fundamental Research, Bombay, 1978. Reprinted by Narosa Publishing House,
2012. MR 0546290

N. Nitsure, Moduli space of semistable pairs on a curve, Proc. Lond. Math. Soc.
(3) 62 (1991), 275-300. MR 1085642

V. L. Popov, Irregular and singular loci of commuting varieties, Transform. Groups
13 (2008), 819-837. MR 2452617

A. Premet, Nilpotent commuting varieties of reductive Lie algebras, Invent. Math.
154 (2003), 653-683. MR 2018787

S. Ramanan, Orthogonal and spin bundles over hyperelliptic curves, Proc. Indian
Acad. Sci. Math. Sci. 90 (1981), no. 2, 151-166. MR 0653952

A. Ramanathan, Stable principal bundles on a compact Riemann surface, Math.
Ann. 213 (1975), 129-152. MR 0369747

A. Ramanathan, Moduli for principal bundles over algebraic curves: I, Proc. Indian
Acad. Sci. Math. Sci. 106 (1996), no. 3, 301-328. MR, 1420170

A. Ramanathan, Moduli for principal bundles over algebraic curves: II, Proc.
Indian Acad. Sci. Math. Sci. 106 (1996), no. 4, 421-449. MR 1425616

R. W. Richardson, Commuting varieties of semisimple Lie algebras and algebraic
groups, Compos. Math. 38 (1979), no. 3, 311-327. MR 0535074


http://www.ams.org/mathscinet-getitem?mr=0887285
http://arxiv.org/abs/arXiv:math/9811130
http://www.ams.org/mathscinet-getitem?mr=1863019
http://www.ams.org/mathscinet-getitem?mr=1618343
http://www.ams.org/mathscinet-getitem?mr=1153249
http://arxiv.org/abs/arXiv:0909.4487v2
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0887284
http://www.ams.org/mathscinet-getitem?mr=0885778
http://www.ams.org/mathscinet-getitem?mr=1324496
http://www.ams.org/mathscinet-getitem?mr=1625614
http://www.ams.org/mathscinet-getitem?mr=1428426
http://www.ams.org/mathscinet-getitem?mr=0466134
http://www.ams.org/mathscinet-getitem?mr=0175899
http://www.ams.org/mathscinet-getitem?mr=1304906
http://www.ams.org/mathscinet-getitem?mr=0184252
http://www.ams.org/mathscinet-getitem?mr=0546290
http://www.ams.org/mathscinet-getitem?mr=1085642
http://www.ams.org/mathscinet-getitem?mr=2452617
http://www.ams.org/mathscinet-getitem?mr=2018787
http://www.ams.org/mathscinet-getitem?mr=0653952
http://www.ams.org/mathscinet-getitem?mr=0369747
http://www.ams.org/mathscinet-getitem?mr=1420170
http://www.ams.org/mathscinet-getitem?mr=1425616
http://www.ams.org/mathscinet-getitem?mr=0535074

96

[S]
[Sil]

[Si2]

[Si3)

[Tu]

E. FRANCO, O. GARCIA-PRADA AND P. E. NEWSTEAD

C. Schweigert, On moduli spaces of flat connections with non-simply connected
structure group, Nuclear Phys. B 492 (1997), 743-755. MR 1456123

C. T. Simpson, Higgs bundles and local systems, Publ. Math. Inst. Hautes Etudes
Sci. 75 (1992), 5-95. MR 1179076

C. T. Simpson, Moduli of representations of the fundamental group of a smooth
projective variety I, Publ. Math. Inst. Hautes Etudes Sci. 79 (1994), 47-129.
MR 1307297

C. T. Simpson, Moduli of representations of the fundamental group of a smooth
projective variety II, Publ. Math. Inst. Hautes Etudes Sci. 80 (1995), 5-79.
MR 1320603

L. Tu, Semistable bundles over an elliptic curve, Adv. Math. 98 (1993), 1-26.
MR 1212625

EMmiLio Franco, IMECC-UNicAMP, UNIVERSIDADE ESTADUAL DE CAMPINAS, RuUA
SERGIO BUARQUE DE HOLANDA, 651, CAMPINAS 13083-859, SP, BRAZIL

E-mail address: emilio_franco@ime.unicamp.br
OscAR GARCIA-PRADA, INSTITUTO DE CIENCIAS MATEMATICAS, CSIC-UAM-UC3M-
UCM, CALLE NICOLAS CABRERA, 15, 28049 MADRID, SPAIN

E-mail address: oscar.garcia-prada@icmat.es
P. E. NEWSTEAD, DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF LIVER-
POOL, PEACH STREET, LIVERPOOL L69 7ZL, UNITED KINGDOM

E-mail address: newstead@liverpool.ac.uk


http://www.ams.org/mathscinet-getitem?mr=1456123
http://www.ams.org/mathscinet-getitem?mr=1179076
http://www.ams.org/mathscinet-getitem?mr=1307297
http://www.ams.org/mathscinet-getitem?mr=1320603
http://www.ams.org/mathscinet-getitem?mr=1212625
mailto:emilio_franco@ime.unicamp.br
mailto:oscar.garcia-prada@icmat.es
mailto:newstead@liverpool.ac.uk

	Introduction
	Review on principal bundles over elliptic curves for classical groups
	Vector bundles
	Special linear and projective bundles
	Symplectic and orthogonal bundles

	Higgs bundles over elliptic curves
	Higgs bundles
	Special linear and projective Higgs bundles
	Symplectic and orthogonal Higgs bundles
	Normality of the moduli spaces

	Description of the moduli spaces
	Stability in terms of the underlying bundle
	The moduli space of Higgs bundles
	A new moduli problem
	Moduli spaces of special linear and projective Higgs bundles
	Moduli spaces of symplectic and orthogonal Higgs bundles

	The Hitchin map
	Description of the Hitchin map
	The Hitchin ﬁbres for the general linear case
	The Hitchin ﬁbres for the special linear and projective cases
	The Hitchin ﬁbres for the symplectic and orthogonal cases

	Appendix: Some results on Abelian varieties
	Acknowledgments
	References
	Author's Addresses

