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RIGIDITY OF DERIVATIONS IN THE PLANE AND
IN METRIC MEASURE SPACES

JASUN GONG

ABSTRACT. Following the work of Weaver, we study generalized
differential operators, called (metric) derivations, and their linear
algebraic properties. In particular, for £ = 1,2 we show that

measures on R* that induce rank-k modules of derivations must
be absolutely continuous to Lebesgue measure. An analogous

result holds true for measures concentrated on k-rectifiable sets
with respect to k-dimensional Hausdorff measure.

These rigidity results also apply to the metric space setting
and specifically, to spaces that support a doubling measure and a
p-Poincaré inequality. Using our results for the Euclidean plane,
we prove the 2-dimensional case of a conjecture of Cheeger, which
concerns the non-degeneracy of Lipschitz images of such spaces.

1. Introduction

In this work, we consider Weaver’s theory of (metric) derivations [Wea00],
which are generalizations of differential operators on Riemannian manifolds.
For metric spaces equipped with a Borel regular measure, derivations are
linear operators from the class of bounded Lipschitz functions to the class
of essentially bounded functions with respect to certain weak topologies; see
Lemma 2.3 and Definition 2.5.

On R” equipped with the standard metric, Rademacher’s theorem states
that every Lipschitz function is almost everywhere (a.e.) differentiable with
respect to the Lebesgue measure. Put one way, the validity of Rademacher’s
theorem is encapsulated in the structure of a metric space, if there exists a
nonzero derivation with respect to a fixed measure on that space.
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1.1. Rigidity of measures and derivations. The framework of [Wea00]
includes many examples, such as Riemannian manifolds, the self-similar frac-
tal spaces of Laakso [Laa00], and infinite-dimensional spaces such as Banach
manifolds and abstract Wiener spaces. In each example, there are natural
choices for the metric and measure, but one may inquire as to how flexible
these choices can be made.

QUESTION 1.1. On a given metric space, which measures induce nontrivial
derivations? Of those, how many can we expect?

For a fixed space, the set of derivations admits a natural module structure,
so the notions of linear independence and basis are well defined for derivations.
We therefore determine “how many” derivations exist on a space in terms of
the rank of the module.

To clarify, Question 1.1 is not simply a matter of the Hausdorff dimensions
of the relevant spaces, but of subtler issues of geometry as well. Given a line in
R™, for instance, 1-dimensional Hausdorff measure induces a rank-1 module of
derivations [Wea00, Theorem 38]. On the other hand, the standard Sierpiriski
carpet in R? equipped with its natural Hausdorff measure (of dimension log; 8)
does not admit any nonzero derivations [Wea00, Theorem 41].

In this paper, we will focus on the case of Euclidean spaces. The following
result indicates that, for k = 1,2, there are few choices of Radon measures on
(R*,|-]) that induce rank-k modules of derivations.

THEOREM 1.2. Let k € {1,2}. If u is a Radon measure on (R |-|) that
induces a rank-k module of derivations, then it is absolutely continuous to
Lebesgue measure. Moreover, derivations with respect to p are linear combi-
nations of the differential operators {0/0x;}¥_, with scalars in L= (R*, p).

The class of Lipschitz functions on a space clearly depends on the choice
of metric on that space. So in terms of derivations, Theorem 1.2 can be
viewed as a rigidity result for measures on R* that obey a Rademacher-type
theorem.

Regarding the k = 2 case, the proof uses a result of Alberti, Csoérnyei, and
Preiss [ACPO05] about the structure of Lebesgue null sets in R%. Roughly
speaking, it asserts that every Lebesgue null set in R? (that is, a subset of
zero Lebesgue measure) splits into a horizontal part and a vertical part. So
given a measure p that is concentrated on such a set, we also show that
each part admits a generalized “tangent” vector field, but whose components
satisfy a linear dependence relation for all derivations with respect to u; see
Lemma 4.11.

1.2. Applications to metric spaces. Though formulated for Euclidean
spaces, the results in Section 1.1 are also relevant to the general setting of
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metric measure spaces—that is, metric spaces equipped with Borel regular
measures.

To obtain a reasonable setting for analysis, we restrict our focus to spaces
that support doubling measures. Recall that a Borel measure p on (X,d) is
called doubling if there exists k > 1 so that

(1.1) 0 < p(B(z,2r)) < kp(B(z,r)) < oo

holds for all z € X and all » > 0. Spaces supporting such measures are par-
ticular cases of spaces of homogeneous type [CWT7]; in particular they have
finite Hausdorff dimension and admit generalized dyadic-cube decompositions
[Chr90]. Intuitively, the doubling condition (1.1) ensures that the space X
has good scaling properties, from which we obtain a rich theory of “zeroth
order” calculus—that is, good analogues of Riesz potentials, the Lebesgue
differentiation theorem, and other elements of harmonic analysis.

For a theory of first-order calculus, however, we also require the spaces to
support a generalized Poincaré inequality. Indeed, on R” the inequality takes
the form

1/p
£ 1 fonldr <Oy (][ v dx)
B(z,r) B(z,r)

for all p > 1 and all Lipschitz f: R™ — R. Here mean values are denoted

by
fA::]{‘fdx::ﬁ/Afdx.

So at small scales, the inequality asserts that the slopes (f — fp(,)/r are
comparable to the usual gradients |V f| in an averaged sense.

There is an analogous formulation of the Poincaré inequality for metric
spaces supporting doubling measures. In this setting, upper gradients replace
the usual gradients, but there remains the same consequence that Lipschitz
functions have good infinitesmal behavior [HK98], [Sha00]. Indeed, Cheeger
[Che99] has shown that Lipschitz functions on such spaces are also a.e. dif-
ferentiable; see Theorem 5.7. As a result, these spaces admit generalized dif-
ferentiable structures, and Keith has extended the result for a more general
class of spaces [Kei04a].

In particular, Theorem 1.2 gives rise to geometric rigidity theorems in cases
when the metric space embeds isometrically into a Euclidean space. For exam-
ple, it implies an affirmative answer to a conjecture of Cheeger [Che99, Con-
jecture 4.63] when the generalized differentiable structure is 2-dimensional—
that is, the N <2 case of Theorem 5.7. The statement of the conjecture is
technical, but combined with [Che99, Theorem 14.2] it implies the following
fact.
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THEOREM 1.3. Let (X,d) be a complete metric space that supports a dou-
bling measure p and a p-Poincaré inequality. If the corresponding measurable
differentiable structure is (at most) 2-dimensional and if there is an isomet-
ric embedding 1: X — RN for some N € N, then the image «(X™) of each
coordinate chart X™ is an n(m)-rectifiable set.

Recently Bate has proven a more general version of the same result [Bat12,
Corollary 6.10]. Though his methods are independent of ours, his argument
also relies on the results of Alberti, Csérnyei, and Preiss about Lebesgue null
sets in R? [ACP05].

In the context of geometric measure theory, it is a fact that every n-
rectifiable set in R agrees with a countable union of n-dimensional, C'-
smooth submanifolds, up to a set of zero n-dimensional Hausdorff measure
[Mat95, Theorem 15.21]. Theorem 1.3 therefore asserts that 2-dimensional
spaces supporting Fuclidean metrics and nontrivial derivations must also have
locally Euclidean geometry (up to negligible subsets).

As a special case, Theorem 1.2 implies additional rigidity for measures
in the plane. The case of R was proven by Bjorn, Buckley, and Keith
[BBKO06].

THEOREM 1.4. Let u be a doubling measure on R2. If (R2,|-|, 1) supports
a p-Poincaré inequality, then p is absolutely continuous to Lebesgue measure.

The hypothesis of a Poincaré inequality is necessary. Namely, there exist
doubling measures on R™ that give positive mass to Lebesgue null sets; for
examples, see [KW95], [Wu98|, and [GKS10].

We note that Keith has proven [Che99, Conjecture 4.63] for 1-dimensional
differentiable structures, and that our methods are independent of his. His
proof relies on a fact about sets of non-differentiability of Lipschitz functions
on R [PT95]. Alberti, Csornyei, and Preiss have recently announced an anal-
ogous fact in R? [ACP05, Theorem 7.5] and from this, Keith’s techniques will
also prove the 2-dimensional case of Cheeger’s conjecture; see also the proof
in [Bat12].

1.3. Plan of the paper. Section 2 begins by introducing terminology and
recalling basic facts about Lipschitz functions. It also contains the basics
of Weaver’s theory, clarifies the equivalence of definitions from [Wea00] and
[Hei07], and gives new facts about derivations.

The case of derivations on 1-dimensional sets in R™ is treated in Section 3;
this includes the setting of 1-rectifiable sets. In Section 4, we discuss the
structure of Lebesgue null sets in R? and the rigidity of measures that in-
duce rank-2 modules of derivations. Section 5 begins with basic facts about
spaces admitting a Poincaré inequality and concludes with a proof of the
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2-dimensional case of Cheeger’s conjecture; we also explore the relationship
between several open problems.

2. Preliminaries

2.1. Notation and preliminaries. The identity map on a set .S is denoted
by idg. For real-valued functions f and g, we denote their pointwise minimum
and maximum as f A g and f V g, respectively.

For a measure i on a set X and a py-measurable subset A of X, the restric-
tion measure p| A is defined as

(u[A)(E) = p(ANE)

for all p-measurable subsets E in X. If y= u|A, then we say that p is
concentrated on A. A collection {X;}3°, of p-measurable subsets of X is
a p-measurable decomposition of X if p is concentrated on J;—, X; and if
1(X; N X;) =0 holds whenever i # j.

Given p € [1,00] and a measure p on a set X, the standard norm on the
Banach space LP(X,pu) is denoted by || - ||,,p. We will write || f|/s for the
supremum norm of a function f, whenever it exists. As indicated before,
given a function u € L (X, ) and a subset A C X with 0 < u(A) < oo, its

loc

1
UQ = ud,u:—/udu.
! J{\ u(4) Ja

On a metric space X, a measure p is Radon if it is Borel regular and if
balls have positive finite u-measure. We will denote a-dimensional Hausdorff
measure on a metric space X by HS. For X =R", we write H* = H% and
m,, for the Lebesgue measure.

The standard basis of vectors on R" is denoted by {ej,es,...,e,}. If V
is a linear subspace of R", then proj;, : R” — V is the orthogonal projection
map onto V. For j=1,2,...,n, the standard partial differential operators on
R™ are denoted by 9; := d/0x;. The class of smooth functions on R™ with

compact support is denoted by C§°(R™).

mean value is

2.2. Lipschitz functions. Let (X, px) and (Y, py) be metric spaces. Recall
that a function f: X — Y is Lipschitz if

(2.1) L(f):= sup{%;’g)(y))

and we refer to L(f) as the Lipschitz constant of f.

We write Lip(X;Y) for the space of Lipschitz maps from X to Y and
Lip,(X;Y) for the subspace of bounded Lipschitz maps in Lip(X;Y’). For
Y =R, we write

Lip(X) :=Lip(X;R) and Lip,(X):=Lip,(X;R).

:x,yeX,x;éy}<oo
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We now recall some basic properties of Lipschitz maps. Their proofs are
elementary and we omit them.

LEMMA 2.1. Let X, Y, and Z be metric spaces.
(1) If feLip(X;Y) and g € Lip(Y; Z), then go f € Lip(X; Z).
(2) Lip(X) is a vector space, and Lip,(X) is an algebra over R.
(3) If f and g are functions in Lip(X), then so are fV g and f Ag.
(4) Let A be a closed subset of X. If f € Lip(A), then there exists F € Lip(X)
so that F|A= f and L(F) = L(f).

Part (4) of Lemma 2.1 is known as the McShane—Whitney extension of a
Lipschitz function [McS34]. For f € Lip(A), an explicit formula is

z):=inf{f(a) + L(f)d(z,a) : a € A}.
Combining Parts (3) and (4), we obtain an analogous fact for Lip,(X).

LEMMA 2.2. Let A be a closed subset of X. If f € Lip,(A), then there exists
fA € Lipy(X) so that fAA=f, L(f*) = L(f), and || f*]lcc = || f]loo-

We refer to f4 as the bounded McShane extension of f. Note that Lip,(X)
is a Banach space with respect to the norm

(2.2) [ fllLip := [1flloo V L(f)-

For a proof, see [Wea99, Proposition 1.6.2(a)]. In fact, Lip,(X) is a dual
Banach space [AE56]; see also [Wea96, Propositions 2 and 8].

LEMMA 2.3 (Weaver, 1996). Let X be a metric space.
(1) Lipy(X) is a dual Banach space with respect to the norm || - ||Lip.
(2) If {fa}tacr is a bounded net in Lip,(X), then fo converges weak-* to f
in Lip,(X) if and only if f, converges pointwise to f.

The next lemma follows from the first lemma and from several explicit
constructions in [Wea99, Sections 1.7 and 2.2].

LEMMA 2.4. If X is a separable metric space, then the pre-dual of Lip,(X)
is a separable Banach space.

Proof. Clearly, ps :=p A2 is a metric on X and the metric space X5 :=
(X, p2) is separable because (X, p) is separable. By [Wea99, Proposition 1.7.1],
we have the isometric isomorphism Lip,(X) 2 Lip,(X2).

Let X;r be the set of all points in X5 as well as one additional point e, so
X =X U{e}. We may extend ps to a metric pJ on X5 by the rule
t(z,€) = {diam(Xg), x#e,

P2 0, z=e.
Now consider the space of functions given by
Lip, (X5) :== {f € Lip(XJ) : f(e) =0}.
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By [Wea99, Proposition 1.6.2(b)], Lipy(X;) is a Banach space with respect
to the norm f— L(f). Moreover, by [Wea99, Theorem 1.7.2] we also have
the isometric isomorphism Lipy(X5) = Lip, (X2).

Clearly X is bounded, so by [Wea99, Theorem 2.2.2] the pre-dual of
Lipo(X5") is isometrically isomorphic to the Arens-Eells space AE(X5 ). Since
X;r is a bounded, separable metric space, it follows by construction [Wea99,
Definition 2.2.1] that AE(X,") is a separable Banach space. Thus, the desired
result follows from the isometric isomorphism Lip,(X) = [AE(XS)]*. O

2.3. Derivations and basic properties. Here and in what follows, triples
of the form (X, p, ) will denote a metric space (X, p) equipped with a Borel
measure fi.

DEFINITION 2.5 (Weaver). A derivation § : Lip,(X) — L*°(X, p) is a linear
map that satisfies

(1) the Leibniz Rule: §(fg) = fog + gdf holds for all f,g € Lip,(X);
(2) Weak-* continuity on bounded sets: if {f;};cr is a bounded net in Lip, (X)
so that f; = f, then 6 f; =0 f in L®(X, ).

The set of derivations on (X, p, pt) is denoted by YT (X, u).

REMARK 2.6. The Leibniz rule implies that §(1) =2d(1), so dc =0 holds
for every constant ¢ € R.

REMARK 2.7. Property (2) in Definition 2.5 is better known as bounded
weak-+ continuity, which refers to continuity with respect to the bounded
weak-+ topology on the space of linear operators between Banach spaces. For
more about this topology, see [DS88, Theorem V.5.3].

We will refer to Property (2) as the continuity property of derivations, or
simply as continuity. For separable metric spaces, this property reduces to
familiar modes of continuity from functional analysis. In particular, Defini-
tion 2.5 agrees with that in [Hei07, p. 68].

LEMMA 2.8. Let (X,p) be a separable metric space, let p be a measure on
X, and let 0 : Lip,(X) — L*™(X,u) be a linear operator.

(1) If 6 € Y(X, ), then ¢ is a bounded operator.
(2) 6 € Y(X,u) holds if and only if & satisfies the Leibniz rule and is weak-
continuous with respect to sequences in Lipy(X).

Proof. Suppose there is a 6 € T(X, ) with the property that, for each
n € N, there exists f,, € Lip,(X) so that || fn||Lip <1 and [|6 f|lco,x > 1.

By Lemma 2.4, Lip,(X) is the dual of a separable Banach space, so by
the Banach—Alaoglu theorem [Rud91, Theorem 3.17], it follows that there
is a weak-* convergent subsequence {f,, }°>°_;. The sequence {df,,  }>°_; is
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weak-* convergent in L>°(X, i), by the continuity property of derivations, and
therefore bounded. On the other hand, we have, by hypothesis,

16f...
as m — oo. This is a contradiction, which gives Part (1).

Since Lip,(X) has a separable pre-dual, by [Rud91, Theorem 3.16] the
weak-* topology on B(0,R) C Lip,(X) is metrizable. As a result, weak-*
convergence on bounded sets in Lip, (X) agrees with weak-* convergence with
respect to sequences; this gives Part (2). O

soyu = N, —+ 00

By Lemma 2.8, each derivation in Y (X, ) has a well-defined operator norm
whenever X is separable. We will denote this norm by

(2.3) 18]lop := sup{ 10 flloc,u : f € Lipy(X), || fllLip < 1}-
We now give two examples of metric measure spaces and their derivations.

They are [Wea00, Section 5B] and [Wea00, Corollary 35], respectively.

EXAMPLE 2.9. Fori=1,2,...,n, each 9; lies in T(R™,m,,). The continuity
follows from an integration by parts argument.

ExaMPLE 2.10. If p is any measure on R that is concentrated on the
“middle-thirds” Cantor set, then Y(R, ) = 0. This fact follows from Lemma
3.2, but the original proof in [Wea00] relies on the total disconnectedness and
self-similarity of the Cantor set.

As stated in the Introduction, the set T(X,u) is a module over the ring
L (X, ). Indeed, for 6 € T(X,u) and A € L (X, 1), we define Ad € T(X, )

by the rule
(M) f(z) := M@)o f ().
DEFINITION 2.11. A set {0;}M, generates YT (X, u) if, for all 6 € T(X, p),
there are scalars {c;}M, in L>(X, u) so that § = Zz 1 €Ci0j.
A set {n;}}¥, is linearly independent in Y(X,p) if whenever there are
scalars {\;} | in L>°(X, u) so that Y, \;n; =0, then each ); is zero. The rank

of the module T (X, u) is the largest cardinality of any linearly independent
set in T(X, p).

The next lemma follows directly from Definition 2.11, so we omit the proof.

LEMMA 2.12. Let N € N and let A be a p-measurable subset of X with
pu(A) > 0. If {6:;}, is a linearly independent set in Y (X, p), then {x6; }}¥,
is also a linearly independent set in T (X, u).

EXAMPLE 2.13 ([Wea00, Theorem 37]). For X =R", {0;}; is a lin-
early independent set that generates Y(R™,m,,). Moreover, as L>®(R"™,m,,)-

modules,
m ) >~ @ L>® (R
i=1
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More generally, let X be a compact Riemannian manifold and let u be the
volume element. Then YT(X,p) is isomorphic to the L% (X, u)-module of
bounded measurable sections of the tangent bundle T'X.

Derivations are also known as measurable vector fields [Wea00], [Hei07]. In
the remainder of the section, we investigate properties of derivations which
are similar to those of vector fields on smooth manifolds.

2.4. Locality and applications. On a smooth manifold M, vector fields
are local objects; that is, their action on a function ¢ € C°°(M) near a point
x € M depends only on the behavior of ¢ near . The next theorem shows
that derivations enjoy a similar property, called the locality property. It is a
special case of [Wea00, Theorem 29]; see also [Hei07, Theorem 13.3].

THEOREM 2.14 (Weaver, 2000). Let 1 be a Radon measure on X. If A is
a p-measurable subset of X, then we have the L (X, u)-module isomorphism

T(A,p) = {XA53 (5€T(X,M)}.

By definition, each 6 € T(X, u) acts only on bounded Lipschitz functions.
In the case of Radon measures p, however, the domain of definition of ¢
extends to include all Lipschitz functions.

THEOREM 2.15. Let p be a Radon measure on X. For each § € T (X, ),
there is a linear map 0 : Lip,,o(X) — L2 (X, n) with the following proper-
ties:

(1) for all f € Lip,(X), we have §f =§f,

(2) for all f € Lip(X) and all balls B in X, we have
xBof =xss((fIB)?),

(3) the Leibniz rule holds for 6;

(4) if X is separable, then for all f € Lip(X), we have
16 10, < 10llop L(f)-

To reiterate, (f|B)? refers to the bounded McShane extension of f|B.
Theorem 2.15 will follow from the next lemma and a locality argument.

LEMMA 2.16. Let X be a separable metric space, let p be a Radon measure
on X, and take a p-measurable decomposition {X;}2, of X. Suppose that
for each i € N, there exists §; € Y(X;, ) so that ||6;|lop < 1. Then the linear
operator § : Lipy(X) — L>=(X, 1), given by

5f = xx.0i(f1X:)

i=1

determines a derivation in Y (X, p), with ||0]op < 1.
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Proof. For each f € Lip,(X), we have
u({x:’éf( >1} Zu {zeX;:|6:(f1X;)(x ’>1})

Therefore 0 f is well defined in L>(X,u) with |[0f]|4,00 <1. The map ¢ is
clearly linear and satisfies the Leibniz rule. To check continuity, let {fs}acr
be a net in Lip,(X) so that fo, — 0 and sup, || follLip < L holds, for some
L€ [0,00).

Let € >0 be arbitrary. For each h € L'(X, ), there is an N € N so that

e
hldp< —-—.
> / k< 6T

i=N-+1

Moreover, for each i =1,2,..., N, we have h|X; € L'(X;, ), so the bound

‘/ hdfadu’ ‘/ héi( f|X)du' o

follows from the continuity of §;. We then compute

‘/ Mfad“’ s ||5fa||m/ b dp

1=N+1

h5 fadp

SN—+L Olo —:E.
o T POl 37 s

As a result, we have §f, = 0 in L>(X, ), which proves the lemma. O

Proof of Theorem 2.15. Without loss of generality, take a u-measurable
decomposition {X,,}52 ; of X where each X, is a bounded set. (For example,
fix a base point a € X and put X,, := B(a,n) \ B(a,n — 1) for n € N.) Put

of = ZXX (f1Xn)*").

Indeed, _5f is well defined because f|X,, € Lip,(X,) holds, for all n € N.
Clearly 4 is linear. By Theorem 2.14, we have

Xx. 8((F1Xn) ™" = xx.0f

for all f € Lip,(X) and all n € N, so Property (1) follows. Similarly, for each
n € N and each ball B in X, Property (2) follows from

XBrx, 05,6 ((f1X)) " = xBrx,. 6 ((F1B)P).

By a similar argument, Property (3) is a consequence of Property (2), the
locality property, and the Leibniz rule for 6. Now suppose that X is separable.
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Letting {,}2°, be a countable dense subset of X, put Xy =0 and for each
n € N, put

n—1
Xn::B(xn,1/2)\<UXk> and  f,:= f —ipf f.

k=0

Since each set X,, has diameter at most 1, we obtain
[Fallse = [sup f — inf £| < L(7) diam(X,.) = L().

Invoking Lemma 2.8 and the estimate above, we now compute

105 (FIX) e = 10 (X T )], o0 = [ ((Fnl Xn) *) |
< H6||0p||fn|Xn||Lip < ||(5H0PL(f).
This gives Property (4) and proves the theorem. O

H,00

2.5. Pushforward derivations. Recall that for smooth manifolds M and
N with respective tangent bundles TM and T'N, every smooth bijective map
from M to N induces a pushforward operator on vector fields. Indeed, for each
smooth vector field v : M — T'M we obtain a new vector field fyv: N = TN
from the rule

fuv(z) = Df(f_l(x))v.
A similar procedure holds for derivations, by means of pushforward measures.

Recall that on a measure space (X,u), a set Y, and a map T': X — Y, one
defines the pushforward measure T on Y by the rule

Typp(A) = p(TH(A)).

It is well known that if  is a Borel measure and 7" a Borel map, then Tl p is
a Borel measure and we have the “change of variables” formula

(2.4) [ eitom = [ poran
Y b'e
whenever ¢ : Y — R is a Borel function; see [Mat95, Theorem 1.19].

LEMMA 2.17. Let X, Y be metric spaces, let p be a Radon measure on
X, and let m € Lip(X;Y). For each 0 € T(X, ), there is a unique myd €
T(Y,mup) so that

(2.5) | 1) fatmn) = [ (nomasoman
holds for all h € L*(Y,mup) and all f € Lip,(Y). If X is separable, then
(2.6) 17 40llop < (1V L(7)) [16]lop-

We refer to m40 as the pushforward (derivation) of § with respect to .
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Proof of Lemma 2.17. Put v:=mgu. For h € L'(Y,v), formula (2.4) gives
hom e LY(X,p), with ||h||,1 = ||hon]|,1. For each f € Lip,(Y), define a map
Ari LYY, v) = R by

M) i= [ (hom)(f o) dp.

Clearly Af, is linear and bounded, so there is a unique function (w4d)f €
L>(Y,v) which satisfies, for all h € L'(Y,v), the identity

/h(ﬂ#d)fduz/(h07r)(5(f07r)du.
Y p's

As constructed, the map w46 : f > (mx0)f satisfies formula (2.5). Moreover,
it is linear because ¢ is linear; the same is true of the Leibniz rule.

To show that w4 is continuous, suppose { fa}aer is a net in Lipy(Y) that
converges pointwise to 0 and so that C :=sup,, || follLip < c0. Clearly foom
converges pointwise to 0, and from the estimates

[fa oo < fallo <C,
L(faom) < L{fa) L(r) < CL()
the net {fo 07 }aer is bounded in Lip,(X). By Lemma 2.3 and the continuity
of §, we obtain §(f, om) =0 in L>®(X, ). Since h € L*(Y,v) implies ho €
LY(X, p), it follows that (m48)fy — 0 in L®(Y,v).
Let f € Lip,(Y). If X is separable, then by the estimates (2.7), we obtain
[(@40)£],, oo = IAs.xllop < Ml [|0(F 0 ], .,
< llvalléllopll £ © 7llip
< [IhllalldllopC (1 V L(m)) 1 f [l Lip-

This implies inequality (2.6). Lastly, suppose that ¢’ € T(Y,v) also satisfies
formula (2.5). By linearity, we have, for all h € L*(Y,v) and all f € Lip,(Y),

/ h(mus — &) for=0.
Y

This means that 740 = ¢’, which gives the desired uniqueness. O

(2.7)

For 7w € Lip(X;Y'), note that T(X,u) is an L>®°(Y,mgp)-module. Indeed,
for A€ L>°(Y,mup), f € Lip,(X), and § € T(X, i), the action is given by

(2.8) (A0 f:=(Nom)df.

Recall that an embedding 7 : X — Y is bi-Lipschitz if m# and 7! are both
Lipschitz maps; it is A-bi-Lipschitz if L(7) <X and L(r~1) < \.

So if 7 is bi-Lipschitz, then the proof of Lemma 2.17 (with 7=! for 7) also
shows that T (Y, myp) is an L*°(X, p)-module. Under an appropriate choice of
measures, we now obtain a “functorial” property of pushforward derivations
with respect to bi-Lipschitz embeddings.
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COROLLARY 2.18. Let (X, px,n) and (Y, py,v) be metric measure spaces,
with @ a Borel measure, and let m: X — Y be a bi-Lipschitz embedding. If
v and Ty p are mutually absolutely continuous, then T(X,u) and Y(Y,v) are
isomorphic as L™ (X, u)-modules.

2.6. The Chain Rule. On Euclidean spaces, derivations exhibit behavior
similar to that of the differential operators {9;}?_;. For instance, they satisfy a
weak form of the Chain Rule from differential calculus. To formulate this fact,
recall that by Theorem 2.15, each dz; is a well-defined function in L>(R", 1)
for j=1,2,...,n.

LEMMA 2.19. Let p be a Radon measure on R™. For each f € Lip(R"™),
there exist functions {g}}", C L™°(R™, ) so that

(2.9) 9511, o < L(F),
(2.10) 5f = gfom:.
=1

If f is smooth, then g}:@if fori=1,2,... n.

We refer to Lemma 2.19 as the Chain Rule for derivations. Its proof uses
a classical fact about approximation of smooth functions [CH53, Theorem
11.4.3].

LEMMA 2.20. Let p € C*°(R™). For each compact subset K of R™, there
is a sequence of polynomials {Pp}5°_1 so that on K, we have the uniform
convergence Py, — f and 0; Py, — 0; f, for 1 <i<n.

Proof of Lemma 2.19. Since R™ is a countable union of closed cubes
{Qr}72,, it suffices to show formula (2.10) for x¢g,d in place of §. By the
locality property, we therefore assume that 6 € T(Qg, p).

We now argue by cases. Formula (2.10) clearly holds when f = z;, for each
7=1,2,...,n, and where g} is the Kronecker symbol €;;. If f is a polynomial,
then for each a € N, the Leibniz rule implies a “power rule”

(5(3@?) = ax?il&cj

which further implies formula (2.10), with g;} =0, f.

We next assume that f is a smooth Lipschitz function on R”. By Lemma
2.20, there is a sequence of polynomials {P,,, }5°_, which converges uniformly
to f on K and where {VP,,}2°_, converges uniformly to Vf. This implies
that P,, — f in Lip,(Qg), and by continuity of §, we obtain 6P, — §f in
L (Qp, ). On the other hand, the convergence VP, — V f is uniform, hence
weak-*. It follows that 9;P,,0z; — 8; f0z; in L (Qp, 1) and by uniqueness of
limits, we obtain formula (2.10), where again g;} =0;f.

For the general case, let € > 0 be arbitrary, let 1. be a smooth, symmetric
mollifier, and consider convolutions f. := f *xn.. It is a fact [EG92, Theorem
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4.2.1.1] that if f is continuous, then f. converges locally uniformly to f.
Moreover, the bound L(f.) < L(f) follows from the computation

1) = 2| < [ ne@ (o) - fly - )] dz
]Rn
< [ nGLlw =2 - = 2)]dz < LDl ol

This implies that f. = f in Lip,(Qx) and from the continuity of &, we also
have 6 f. =6 f in L®(Qg, p).

However, note that formula (2.10) holds for each f., where g'} = 0; fe, and
note that {0;fi/,}52, is a bounded sequence in L>(R™,u), for each i. It
follows from the Banach—Alaoglu theorem that there are weak-* convergent
subsequences {0 f1/a, }5=, With weak-+ limits g5.

By uniqueness of limits, formula (2.10) holds for f with these choices of
g} Since the norm on L>(R™, u) is lower semi-continuous (with respect to
the weak-* topology), it follows that

191, oo <liminf 19: 10, 1,00 < L(F)
which further implies (2.9). 0

The next corollary is a criterion for detecting nonzero derivations on R™.
It follows directly from Lemma 2.19, so we omit the proof.

COROLLARY 2.21. Let i be a Radon measure on R™ and let § € T(R™, u).
If 65 =0 holds for each j=1,2,...,n, then § =0.

3. Derivations on 1-dimensional sets

Adapting the terminology in [Fal86], a subset of R™ is called a k-set if
it is H*-measurable and has o-finite H*-measure. In this section, we will
focus on the following fact about measures concentrated on 1-sets and their
derivations.

THEOREM 3.1. Let pu be a Radon measure on R™. If u is concentrated on
a 1-set, then the module T(R™, u) has rank at most 1.

The proof uses facts from geometric measure theory, which are discussed
in Section 3.2. We begin with a special case.

3.1. The case of R. Using the Borel regularity of Lebesgue measure, we
prove Theorem 1.2 for k= 1, which is a characterization of Y(R,u). To
this end, recall that every Radon measure p on R admits a decomposition
w=pac + s, where pac is absolutely continuous to m; and pg is singular
to my [Fol99, Theorem 3.8].
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LEMMA 3.2. Let pu be a Radon measure on R. If ug is concentrated on a
Lebesgue null set E, then for all § € T(R, ) and all f € Lipy(R),

5f(x) = {5(idR)($)f'(w), forz€R\ E,

(3.1)
0, forx e F,

where [’ is the classical derivative of f. Moreover, as L (R, u)-modules,
T(R 1) = L% (R, prac).

Proof. Let 6 € T(R, ) and f € Lip,(R) be arbitrary. For subsets of R\ F
we have u = pac, so by Rademacher’s theorem, f is differentiable u-a.e. on
R\ E. The Chain Rule for derivations then implies that

6f(x) = 0(idg) () f'(x)

for pac-a.e. x € R and hence for p-a.e. z € R\ E.

To show xgdf =0, assume by locality (Theorem 2.14) that E is bounded.
In particular, let E C [0,1], so xgd € Y([0,1], 1).

Since my (E) =0, for each j € N there is a open set O, so that E C O; and
m1(0;) <277. We next define functions ¢, : [0,1] = R by the formula

pj(z) = /Om(l - Xo,)dm.

Clearly ||¢;llLip <1 holds, for each j. Estimating further, we see that
x
ng—apj(:v):/ Xo, dmy <my(0;) <277,
0

and hence {(pj © , converges pointwise to the identity on R. By Lemma 2.3,
this is equlvalent to weak-* convergence in Lip,([0,1]), and by continuity, we
obtain dp; = §(idg) in L([0,1], ).

However, if O; is a connected component of O, then by construction,
¢;|0; is constant for each j. The locality property implies that dp;(x) =0
holds for p-a.e. € O; N[0, 1], for each j, and hence xpdp; = 0. By continuity
we obtain xgd(idg) =0, and by the Chain Rule we further obtain xgdf = 0.
This proves formula (3.1).

Consider maps S: T(R,u) = L®(R,pac) and T : L (R, pac) = T(R, 1)
given by S(d) :=d(idg) and T'(\) := A\(d/dx). Clearly, S and T are homomor-
phisms of L*°(RR, )-modules. Using (3.1) and the previous estimates,

(T 0 9)(8) =T (xr\£0(idr)) = xz\ £ (idg) (d/dx) = §

and hence SoT = idy(g,,). A similar computation gives SoT =id e (g ). U
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3.2. The general case. We now introduce two types of sets in R™.

DEFINITION 3.3. Let k£ € N A subset F in R"” is k-rectifiable if, for some
A € (1,00) it admits a HF-measurable decomposition of the form

(3.2) E:NUGfi(Ai)a

where H*(N) =0 and where, for each i € N, A; is a compact subset of R¥
with my(4;) >0 and f; : A; = R™ is a A-bi-Lipschitz embedding.

A subset I in R" is purely k-unrectifiable if H*(E N F) =0 holds for all
k-rectifiable sets E in R™.

REMARK 3.4. This definition of k-rectifiability differs substantially from
the standard one; see [Mat95, Definition 15.3] or [Fed69, Definition 3.2.14(1)].
However, by [Fed69, Lemma 3.2.18] these definitions are equivalent.

Indeed, each k-set is a union of sets of the above types [Mat95, Theorem
15.6].

LEMMA 3.5. Let n € N and let k be an integer in [0,n]. If A is a k-set
in R™, then there is a H*-measurable decomposition A= E U F, where E is
k-rectifiable and F is purely k-unrectifiable.

To prove Theorem 3.1, we will use an alternative characterization of purely
k-unrectifiable subsets in R™ [Mat95, Theorem 18.1]. Below, G(n;k) denotes
the space of k-dimensional subspaces of R™ and “almost everywhere” refers
to the Haar measure on G(n;k). When k =1, this measure is equivalent to
(normalized) surface measure on the half-sphere {z € S"~!: z,, > 0}.

THEOREM 3.6 (Besicovitch-Federer). For 0 <k <n, let F be a k-set in
R™. Then F is purely k-unrectifiable if and only if for a.e. V € G(n;k), the
image projy, (F) has H*-measure zero.

In the remainder of the section, we assume k = 1. The proof of Theorem 3.1
is split into two cases.

LEMMA 3.7. Let u be a Radon measure on R™ that is concentrated on
a purely l-unrectifiable set of Hausdorff dimension (at most) one. Then
T(R™, u) =0.

Proof. By Theorem 3.6, F satisfies H!(projy (F)) =0 for a.e. V € G(n;1).
In particular, there exist subspaces {V;}"_; C G(n;1) whose union spans R"
and so that H*(projy. (F)) =0 holds, for each 1 <i <n.

Put p’ := projy,. Since H(p'(F)) =0, we observe that p;m is singular to
H'|V;. By identifying V; with R, we further observe that 'I‘(Vi,p;éu) =0.

We claim that §p® = 0 holds for all § € T(R", u); if not, the set

Fi:={z€eF: op'(x) # 0}
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has positive y-measure. For each bounded domain Q in R™, (2.5) implies

0< /n XonF,6p' dp = /V Xpi (@nF)Pad(1dr) d(plup).
However, the rightmost term is zero because p;ﬁ e T (V;, p;ﬁ 1); therefore p;ﬁ
is zero. Since ) was arbitrary, the claim follows.

Lastly, the linear functions {p’}"_; generate the coordinates {z;}" ;. This
implies that dz; =0 holds p-a.e. for each 4, so by the Chain Rule for deriva-
tions, we conclude that § =0. ]

In the case of 1-rectifiable sets, the next lemma extends a result of Weaver
[Wea00, Theorem 38] to arbitrary Radon measures on R™.

LEMMA 3.8. Suppose that u is a Radon measure on R™ that is concentrated
on a 1-rectifiable set E. If T(R™, ) is nontrivial, then T(R™, u) has rank-1.

One can further show that the generator of T(R", u) is given by f —
XEDapf, where Dypf is the approzimate derivative of the restriction f|E.
For more about approximate derivatives, see [Fed69, Section 3.1.22].

Proof of Lemma 3.8. Let E be a 1-rectifiable set on which u is concen-
trated. As a first case, assume that E = f(A), where A C R satisfies m;(A) >0
and where f: A — R" is a bi-Lipschitz embedding. By Lemma 2.17, for each
0 € T(R™, u) there is a unique element fﬁ;ld in T(A,v), where v := f#lu.

If v4c =0, then f;lé =0 follows from Lemma 3.2. Let h € L'(R", ) and
¢ € Lip,(R™) be arbitrary. By formula (2.5) and the previous identity,

hépdp= [ (ho f')fz'6(pof™")dv
n A
d
= [ e (xa gy oo s
= | h(Aof)fy (XA’ di) @ dp.

R

so fu(xad/dx) generates T(R", 11).

For the general case, let E =J;, fi(A;), where each A; is compact and
each f; : A; — R" is 2-bi-Lipschitz. Indeed, if N is an H!-null set in R™, then
N is purely 1-unrectifiable and by Lemma 3.7, T(N, ) =0.

Put E; := f;(A;) and p; := p| E;. By the previous case, the derivation

6; = (fi)#(xa; d/dz)

generates Y(E;,ut), where each A/ is a subset of A; on which (f;")gpu; is
concentrated. Moreover, from estimate (2.6), we have

18illop < (LV L(f0))lIxa; d/d[lop < 2.
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By Lemma 2.16, the map dp := Zfol X, 0; is a well-defined element of T (R"
). For each ¢ € N and each ¢ € T(R", ), put

Nii=((f71) 40)(idz) and A= xm A
i=1

By an analogous argument as above, we obtain § = A§yp. In addition, for each
1 € N, the set F; is bounded and hence

IxEAill oo < [[(F7) 400, lid,
< (VLS ))||5Hop(1 v diam(E;)) < 2[18]op.
By Part (1) of Lemma 2.8, ¢ is a bounded operator, so A € L= (R"™, p). U

Proof of Theorem 3.1. Let A be a 1-set on which p is concentrated. By
Lemma 3.5, we have the H!-decomposition A = EUF, where E is 1-rectifiable
and F' is purely l-unrectifiable.

If u(F) >0, then by the locality property and by Lemma 3.7, the set
{xFd1,xrd2} is linearly dependent in T(R", u). It follows from Lemma 2.12
that {d1,d2} is also linearly dependent in T(R™, u).

If instead p(F) =0, then p is concentrated on F and hence = | E. Let d
be the generator of T(R"™, u| F). For each ¢ = 1,2 there is a nonzero function
Ai € L®(R™, i) so that xgd; = 6; = A;dp. We now put

A2 ()
A1 (Z) = Xept(n) [1 A )\1($):| and  Aa() := Xspt(ra) [1 A

el

By construction, A1d; — Agds = 0. Neither Ay nor As is zero, otherwise one
of A1 and A, is zero, which is a contradiction. O

4. Derivations on 2-dimensional sets

Let 1 be a Radon measure on R. As a consequence of Theorem 3.2, if p is
singular to Lebesgue measure, then T (R, 1) has rank 0. A similar statement
holds true for Radon measures on R2.

THEOREM 4.1. Let p be a Radon measure on R%. If p is singular to
Lebesgue measure, then the module Y (R?, u) has rank 1.

Recall that the proof of Theorem 3.2 consists of selecting open covers for
a Lebesgue null set (on which p is concentrated). From these covers, one
constructs a sequence of uniformly Lipschitz functions on R that converges to
the identity.

The proof of Theorem 4.1 follows similar ideas. However, in order to con-
struct analogous functions, we will use recent results of Alberti, Csornyei, and
Preiss about the structure of Lebesgue null sets [ACP05]. This provides covers
of such sets with a suitable geometry. In what follows, we refer to Lebesgue
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null sets simply as null sets, Lebesgue singular measures as singular measures,
and so on.

4.1. Null sets in R%2. We begin with a few definitions from [ACP05].

DEFINITION 4.2. An z;-curve in R? is a graph of the form

Y ={(t, f(t)) : teR},

where f: R — R is 1-Lipschitz. We call f the (Lipschitz) parametrization of
v=~Y(f). For 6 >0, an x;-stripe of thickness 0 is a set of the form

Ng:6) :=={(t,y) : |y —g(t)]| <6/2},

where g : R — R is also 1-Lipschitz. An zo-curve and a xo-stripe (of thickness
0) are similarly defined.

We now state a covering theorem for null sets in R? [ACP05, Theorem 2];
for an earlier version of this result, see [Mat97]. The case of compact null sets
follows from the proof in [ACPO05, pp. 4-5].

THEOREM 4.3 (Alberti-Csérnyei—Preiss, 2005). Let E be a null set in R?.
Then there is a decomposition E = E' U E?, where each set E* satisfies the
following property: for each & > 0, there are x;-stripes {N'( ]’, 5;)}3";1 so that
their union covers E* and so that Z;il 6; <Ee.

If E is compact, then for each € >0, there exist N € N and § >0 so
that each E' can be covered by N many x;-stripes N( ;;5), with N§ < g,
and so that each f; is piecewise-linear with finitely many points of mon-

differentiability.

REMARK 4.4. Strictly speaking, the argument in [ACP05] only shows that
shows that for each € > 0, the null set E can be covered by unions of z1- and
xo-stripes {/\fil’s}fil and {J\/}Z’E 721, respectively, with the desired properties.
However, one easily obtains the subsets E' and E? by putting

oo o0
E'= ﬂ LJ./\/Z.M/’c and E*:=F\E'.
k=1i=1

The next theorem will be a crucial step in the proof of Theorem 4.1.

THEOREM 4.5. Let E be a compact null set in R%2. In addition to the
properties given in Theorem 4.3, for i =1,2 and for each € > 0 the covering
x;-stripes for E' can be chosen to have pairwise-disjoint interiors.

To prove the theorem, we first require a lemma. It guarantees that ;-
curves associated to the covering x;-stripes can be chosen without transversal
crossings. (The basic idea to is to take pointwise maxima among the collection
of x;-curves, and iterate. See Figure 1.)
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FicURrEe 1. Uncrossing x;-curves, for n =2.

LEMMA 4.6. Let i =1,2. For each collection of x;-curves {a;}3_,, there is

a collection of x;-curves {f; j»vzl, with B :=~(f;), so that

(4.1) aU-—-Uay=p8U---UBy
and so that, for allt e R and all 1 < j < N, we have

(4.2) fi—1(t) < f;(t).

N : o T N
If the curves {a;};2, are piecewise-linear, then so are the curves {f3;}

=1

Proof. By symmetry, we assume that ¢ =1. We argue by induction, and
for N =1, the lemma trivially holds with 8; = ;.

Fix n € N and let {o; ;Lill be any collection of x;-curves. By the induction
hypothesis, for {a;}}_, there are xi-curves {b;}}_; which satisfy (4.1) and
(4.2). For j=1,2,...,n, let gj : R - R be the parametrization of b;, so
9; < gj+1, and let g,11 be the parametrization of a,11. We now define

GV =1 91N gnt1, J=1,
hj = P K fi=4q9iANhj—1, 1<j<n,
giVhij_1, 1<j<n, .
B, j=n+1.

By construction, for each x € R and each k, there is a unique index j so
that gx(z) = fj(x). Putting B; :=~'(f;), we see that equation (4.1) holds for
the collections of curves {c; };lill and {3; ;Lill
For each j, we have g; < gj41 by hypothesis and h; < h;1 by construction,

S0
fi=9iNhj—1 <g; <gj41,
fj =gj A hj—l < g; vV hj_l = hj.

By definition of f;41, it follows that inequality (4.2) holds for all j. O

For Theorem 4.5, the basic idea is that if z;-stripes overlap, then by un-
crossing the corresponding x;-curves, the top stripe can then be “pushed” off
the bottom one. See Figure 2.
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Fi1GURE 2. Choosing stripes with pairwise-disjoint interiors.

Proof of Theorem 4.5. Let ¢ > 0 be given. By Theorem 4.3, for each set E°

there is a 6 > 0 and there are z-stripes {N"*(g¢; )} 1L, so that their union cov-

ers B, so that each g} is piecewise-linear, and so that Nd < e. The argument
Is symmetric, so we assume that ¢ =1. We also write g; :=g;.

By Lemma 4.6, there are 1-Lipschitz functions {f;}}_; so that the x-
curves {7'(g;)}7L; and {y'(f;)}}L, satisfy equations (4.1) and (4.2). Put

j=1
hl R fla ]:17
TLVAE), 1

By construction, for j > 1 none of the N''(hy ;;8) meets the interior of the
stripe Nl(hl,l; d). It also remains that Ay ; < hj j41. We now claim that

N N
(4.3) UM (15:6) < | N (30).

j=1 j=1
Fix (t,y) € N1(f;;6). If hy ;(t) = f;(t), it follows by construction that (t,y) €
U;yzl./\/l(h17j;6). If instead hy j(t) = fi(t) + 9, the point (¢,y) satisfies
(4.4) /2 <y~ fi(t)],
(4.5) fi(t) < fr(8) +0=ha;(t),
where again, j > 1. From inequality (4.5), we obtain
y— (f1(t)+6) <y— f;(t) <d/2.

Since j > 1 and (t,y) € N*(f;;6), we may further assume by inequality (4.2)
that y — f1(t) > ¢/2. This in turn gives the estimate

—3/2=0/2—-6<y—fi(t)—§

from which we obtain (¢,y) € N (hq j;6). This gives the set inclusion (4.3).
We now iterate the argument. For k=1,2,... N, put

by o 4 =1 j <k,
PUT U eV (b +0), G >k



1130 J. GONG

Arguing similarly, we see that inclusion (4.3) holds with Ay ; in place of hy ;
and that, for k£ < j < N, none of the stripes N (hy j;6) meets the interiors of
the previous k many z;-stripes. Thus, {NV 1(hj7j;6)}§\[:1 is the desired collec-
tion of z-stripes for E*. O

Before returning to derivations, we recall a fact [ACP05, Remark 3(ii)]
about the geometry of E' and E?. For completeness, we prove it below.

LEMMA 4.7. Let E be a null set in R? and let L € (0,1). For {i,k} ={1,2},

if E* is the subset from Theorem 4.3 and if g : R — R is L-Lipschitz, then
HY(E'N vk(g)) =0.

Proof. By Theorem 4.3, for each € > 0 there are x;-stripes ./\/'; = N( J’, 6;),
j €N so that E* C |J; N} and so that 37,65 <e. Clearly, the same union of
z;-stripes also covers the subset B’ N~*(g).

For each j € N, let p; be the point in v*(9) ﬂj\/’j with least xp-coordinate.
Note that v*(g) "N} can be covered by the set C(p;) NN, where C(p;) is a
one-sided cone with vertex p;, direction €, and opening angle 2tan~'(1/L).
In particular, C(p,) ﬁ/\f]’ has diameter at most C(S;-, where C' is a positive
constant depending only on L.

In this way we cover E'N~*(g) with open sets {O; }521, each of diameter
at most 26’5; and hence at most 2C's. We now estimate:

HY(E'N 'yk(g)) < limsup Z diam(O;) < limsup Z 20(5;- <2Ce.
e—0 J=1 e—0 j=1
Since € > 0 was arbitrary, the lemma follows. (|

4.2. Approximating the coordinate functions. In this section, we prove
Theorems 4.1 and 1.2. The proof of Theorem 4.1 consists of two main steps,
each of which is a separate lemma below.

LEMMA 4.8. Let E be a compact null set in R? and let E* and E? be as in
Theorem 4.5. For i € {1,2}, there exist Lipschitz functions {¢;;}32, on R?
so that
(1) ¢i,; converges pointwise to xs;

(2) each ¢, ; is 3-Lipschitz and piecewise linear;
(3) for each p € E* there is a closed neighborhood K containing p so that
i ;| depends only on the variable x;.

To simplify the proof, we divide it into cases of increasing geometric com-
plexity.

Proof of Lemma 4.8. By Theorems 4.3 and 4.5 we have E = E' UE?, where
each E’ has the following properties: given j € N, there are numbers N € N
and & >0 and x;-stripes {N(f;;;0;)}, so that
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(1) E' c Uy, N(f1.5:6) and N6 < 277;

(2') for 1 #', the interiors of N(f; ;;0) and N*(fy ;;0) are disjoint;

(3') each f;; is a piecewise-linear function, with finitely many points of non-
differentiablity.

For simplicity, let i =1 and E C [0,1]2. For each [, put Aj' := N1(f; ;;6).
To emphasize the dependence on j, put M; :=R?\ |J, N;'. Now put

¢1,j(p) 12/ X, dHY,
{p1}x[0,p2]

where p = (p1,p2) € R%. Property (1’) then implies that

N
0§P2—<P1,j(p1)32/ Xj\/'lldleN5<2_j
i—=1 {pl}XR

from which we obtain Property (1).
Cram 4.9. The sequence {1,152, is uniformly 3-Lipschitz.

Let p= (p1,p2) and ¢ = (q1,¢2) be points in R%2. We argue by cases.
Case A: p and q lie on the same vertical line. By construction, g ; is
1-Lipschitz in the variable x3. The claim then follows from

(4.6) le1,5(p) — @1.5(0)| < |p2 — a2 < [p— 4l

Case B: p and q lie on the same stripe /\/ll. Since (1 ; is constant on each of
the vertical segments A;' N ({p1} x R) and Ni' N ({¢1} x R), the corresponding

(lower) endpoints p’ = (p1, fi,;(p1) —6/2) and ¢’ = (q1, fi;(q1) — 6/2) satisfy
(4.7) pri(P) =15 (p) and  1;(q) = ¢15(d)-

By Property (2'), the interiors of {N}'}¥, are pairwise disjoint. A ray with
initial point p’ and direction —é5 goes through I — 1 stripes of thickness 4, so

(4.8) 1) = fiylp) = (U =13 and ¢1;(q") = fij(@m) — (I —1)d.
Since L(f; ;) <1, the claim follows from equations (4.7) and (4.8):
(4.9) { (015 () = 15(a)] = l1,(0) = 215(a)

=fij(e1) = fijla) <Ip—al <lp—ql

Case C: p,q & M, and both points lie between the same pair of stripes.
The argument is similar to Case B. If p and ¢ lie between ./\/'ll+1 and ./\/'ll, for

some [, then put p” := (p1, fi;(p1) +6/2) and ¢" := (¢q1, f1,;(¢1) + /2). From
the observation

o1,5(p)=p5 —16 and 1 ;(q)=q¢5 — 10,

we obtain estimates (4.8) and (4.9) as before.
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FIGURE 3. A possible configuration for p, ¢, p’, and ¢'.

Case D: p and q are arbitrary. Suppose that p and g are separated by a
boundary curve a of some stripe Aj'. See Figure 3. Without loss of generality,
let

o= {(iL’l,ZL'Q) L X = fl,j(xl) —+ 6/2}
and moreover, assume p lies below « and ¢ lies above a:
{Pé = f1;(p1) +0/2 2 p2,
@ = f1,;(q1) +6/2 < g
Note that p’ := (p1,p5) and ¢’ := (q1, ¢%) lie on the same vertical lines as p and

q, respectively, and both p’ and ¢’ lie on a.
Using the Triangle Inequality and inequalities (4.6) and (4.9),

1,5 () — 1,5 (@] < 1,5 (P) — 1, ()] + 01,5 (P") — ¢1,5 ()]
+l1,5(q") — w1,5(a)]
<l|p2 = p| + |fi,5(p1) — fij(a)] + |g2 — ¢5|
<|p2 —pbl +Ip1 — @1l + g2 — 5.

(4.10)

CLAIM 4.10. For all choices of p2 < ph and ¢ < g2, we have
Ip2 = Ph| + |dh — @2| < Ip2 — a2l + |ph — b

The argument is combinatorial, so we further proceed by sub-cases. Con-
sider intervals I, := [ph, p2] and I, := [go, ¢5]-

Subcase D1: I, and I, are disjoint. Relative to ps < g2 or ga < pa, the
union [pa, ph] U [¢h, g2] lies in either [pa, ga2] or [gh, ps], so the claim follows from

|p2 = o] + |05 — @2| < |p2 — @2| V |Ph — @] < |p2 — a2 + |ph — db]-
Subcase D2: I, C 1,. Under this set inclusion, we have the identities
Iq: [p/Qaqé] U[p27q2]7 I;D: [pl%qg] ﬂLPQ,QQ]
from which we obtain the claim, also as an identity:
Ip2 — pb| + |db — 2| = ma(Ip) + ma(ly)
= my ([ph, 45 U [g2,p2]) 4+ ma ([ph, 43 N (g2, p2))
= |p2 — go| + |ph — ).
By symmetry, the claim also holds for I, C Ip,.
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Subcase D3: I, ¢ I, I, ¢ I,,, and I, NI, # (. Of the intervals [g2, p2] and
5, 5], one is I, U I, and the other is I, N I;. We then compute

Ip2 — pb| + |db — 2| = m1(Lp) + ma(ly)
= ml(Ip U Iq) +m1(Ip N Iq) =|ps— q2| + ‘q/2 _p/2‘~
This proves Claim 4.10. Using this and (4.10), Claim 4.9 follows from

lo1.5(p) — 01,5(0)| < |p2 — Pb| + 1 — 1| + | g2 — 5]
< lp2 — ga| + |p1 — 1| + |ph — &b
<I|p2—q2| +2|p1 — 1| < 3lp—q|.

Let O be any connected component of M;. From the argument in Case C,
the restriction ¢1,;|O is a translate of z2, so ¢; ;|O is piecewise linear. On
the other hand, by Property (3’), each f; ; is piecewise-linear, so by Case B,
the restriction of ¢; ; to any xi-stripe /\/jl is also piecewise linear. Both types
of sets O and N partition R?, so @1 ; must be piecewise-linear on all of R*.
This gives Property (2).

Lastly, recall from Case B that for all stripes A}', we have

(4.11) ©1,j(p) = fr;(p1) + (1 —1)0

for all p= (p1,p2) € Nj'. This gives Property (3): for all p € E', there is a
closed neighborhood K containing p so that ¢; ;|K depends only on ;. O

4.3. Linearly independent derivations on R2. Using the approximating
sequence from Lemma 4.8, we proceed to a linear dependence relation for
derivations (with respect to singular measures).

LEMMA 4.11. Let u be a singular Radon measure on R%, and let E be
a subset on which p is concentrated. There exist F',F?> C R? and ¢1,92 €

L>°(R2, 1) so that E=F'UF? and so that, for all § € T(R? p),

(4.12) {61‘2:916‘7"17 ,u'a/-e. on F]_)

6z = gobxa, p-a.e. on Fy.

Proof. We proceed by cases.

Case 1: assume that F is compact, so by Lemma 4.8 there exist piecewise-
linear, 3-Lipschitz functions {¢1,;}52, and {p2;}32, that satisfy Properties
(1) and (2) of Lemma 4.8. Assume again that ¢ =1 and put ¢; := ¢ ;.

From the proof of Lemma 4.8, each ¢, is formed from a covering of E' by
x1-stripes {N1(f;;6) Y, with N§ < 277. Moreover, the set of non-differentia-
bility of ¢; consists of two parts:

(1) a finite union of z;-stripe boundaries, written I' := J, ON(f;6);
(2) a finite union of vertical line segments, written £ :=(J, ¢x, where each
segment ¢; projects to a point of non-differentiability of f;.
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Let 01,02 € T(R?, 1) be arbitrary and write Nj' := N1 (f1;6). Several re-
ductions follow, which we state below as claims.

CLAIM 4.12. Lemma 4.11 is true for p(R?\ £) =0.

We may assume that u(€) >0, so xy # 0. Since H'(E' N ¥;) =0 holds
for each k, it follows from Lemma 4.7 that E' N/ is purely 1l-unrectifiable.
Moreover, by Theorem 3.7, we have x,d = 0, for all § € Y(R?, 1), from which
we obtain X¢(d; + 62) =0. This proves the claim.

CrLAM 4.13. Lemma 4.11 is true for p(R*\T') =0.

For each j € N, let S; := AN (f;6), so ¢; is non-differentiable on S;. In
particular, every such .5; is a Lipschitz curve, hence 1-rectifiable, so by Theo-
rem 3.8 the module Y (S, 1) has rank-1. This means that the set {xs,d;}7_,
is linearly dependent, and by Lemma 2.12, so is {xrd;}?_;. The claim follows.

Without loss of generality, assume that E' = E1\ (/UT). By Theorem 4.5,
fi is piecewise-linear and f]/(R\ projg,o(¢)) is a finite set in R. We may then
cover B! by a finite union of sets of the form

NH&) = {peN: fl(p) =¢}.

Note that the restriction of ¢ ; to the interior of Aj'(£) is linear and hence
smooth. From formulas (2.10) and (4.11), we then obtain the u-a.e. identity

XN () 091, = Xai(e) 101,
for all [ and all £. Putting G; = 21111 X fi, we further obtain
(S(pl,j = Gjldxl

p-a.e. on E'. Clearly ||G}|lo,, <1 holds for each j, and by the Banach-
Alaoglu theorem there is a weak-* convergent subsequence {G’jl-m}%f:l in
L*(R?%, 1); let G be the weak- limit. For all § € T(R?, 1), we also have

G}méxl A GY%ry in L™ (Rz,u).
However, by Property (1) of Lemma 4.8, we have ¢; ; — x5 in Lip,(R?) and

by continuity of §, we obtain §p; ; — dzy in L®(R2, ) for all §. Putting
Fl:=E" and g1 := G!, formula (4.12) follows from uniqueness of limits.
Case 2: For non-compact E, consider subsets in R2? of the form

Qab:=[a,a+1)x[b,b+1), a,beZ.

Indeed, each @@ = Qg is bounded and therefore has finite p-measure. From
the Borel regularity of p, there are sequences of compact sets { K.}22; so that

Jim p((ENQ)\ Kc) =0.
Since K, is compact, there exist subsets F!, F2 in R? so that
K.=F!UF?
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and there exist functions G € L°°(R?, i) so that the identity
(4.13) XK. 02 = XK. Gpoa1
holds p-a.e. on F}, for all § € T(R?, 1). We now put

Fi= UFCZ, fori=1,2,

abe
L K17 C:L
Ee= {KC\KH, c>2,

g1 = ZXECG}:'
C

Clearly, E =J,E. and E = F' UF?. From (4.13) and from the definitions of
E. and g1, we also obtain (4.12) for ¢ =1. The lemma follows. O

Proof of Theorem 4.1. If u is a singular Radon measure on R?, then let E
be a null set on which p is concentrated. Let d1,d2 € Y(R?, i) be arbitrary.

By Theorem 4.11, there are subsets F' and F? so that F = F' U F? and
there are functions g, g2 € L°°(R?, 1) so that the system of equations (4.12)
holds p-a.e. for §; and for d;. Now consider

Ap = XFl(SQxl + XF252332,
4.14
(4.14) {>\2 = XF10121 + X F20122.
We first observe that, for p-a.e. p € F!, we have the identities
XF1 (A1 — A2d2)x1 = X p1 (02710171 — 01210221) =0,
XF1 ()\151 — /\252)332 = XF1! (52%161332 — 51$152Z‘2)
= xp1 (0221910121 — 6171910271) = 0.
Arguing similarly for F2, we see that A\16; — A2do annihilates both z; and z.
By Lemma 2.19, it follows that A1d; — Aada = 0.
Now suppose that both A; and A are zero. By Equations (4.12) and (4.14),
the four functions §yx1, 6122, dox1, and dox5 would all be zero, which implies

that §; = d2 = 0. This is a contradiction, so either A\; £ 0 or Ay # 0, and
therefore the set {81,d2} is linearly dependent in YT (R?, p). O

We now prove the rigidity theorem for derivations.

Proof of Theorem 1.2. We argue by contradiction. For k=2, let u be a
Radon measure on R%. If pg # 0, then let A be a null set on which ug
is concentrated. For any two derivations d1,d, in T(R?, 1), the restrictions
X401,Xad2 lie in T(R? pug), by Theorem 2.14, and by Theorem 4.1, there
exist functions A1, Ao € L>=°(R?,vg), not both zero, so that

A1(xa01) + A2(xade2) =0.

So from the choice of scalars A; = xa\;, i = 1,2, we see that {§1,02} is a
linearly dependent set in Y(R2, p).
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A similar argument holds for k£ =1, with Lemma 3.2 in place of Theo-
rem 4.1. U

In the previous section, we studied Radon measures concentrated on 1-sets.
From Lemma 3.2 we deduced Theorem 3.1, which asserts that the rank of such
modules of derivations is at most one. As an application of Theorem 4.1, we
now deduce the following result about derivations on 2-sets in R™.

PROPOSITION 4.14. Let pu be a Radon measure on R™.

(1) If p is concentrated on a 2-set A, then T(R™, u) has rank at most 2.
(2) If A contains a purely 2-unrectifiable subset of positive H*-measure, then
T(R™, 1) has rank at most 1.

Sketch of Proof. By Lemma 3.5, we have A = FUF, where E is 2-rectifiable
and F' is purely 2-unrectifiable. It is easy to see that derivations restricted to
E are pushforwards of derivations on R?; by Theorem 1.2, the rank of Y (E, 11)
is therefore at most 2.

For the purely 2-unrectifiable part, by Theorem 3.6 the image of F' under
a generic projection is a null set in R?. This produces linear dependence
relations betwen derivations as in Lemma 4.11. Arguing similarly as in the
proof of Lemma 3.7, these linear relations can be “pulled back” to R". By
choosing scalars \; € L™ (R", ) similarly to those in the proof of Theorem 4.1,
we conclude that Y(F, 1) must have rank at most 1. O

5. Derivations on spaces supporting a Poincaré inequality

We now turn to the class of metric measure spaces which admit a Poincaré
inequality in a suitably weak sense. These were first considered in the work of
Heinonen and Koskela in their study of quasiconformal mappings on metric
spaces [HK98], and it is known that such spaces possess good geometric prop-
erties, such as quasi-convexity [DS90]. As stated before in the Introduction,
Cheeger has also proven an analogue of the Rademacher theorem on such
spaces [Che99).

In what follows, we discuss facts about Sobolev spaces on metric measure
spaces that support a p-Poincaré inequality and then construct derivations on
such spaces with respect to the underlying measure. As an application, we
also prove the 2-dimensional case of Cheeger’s conjecture about the structure
of such measures.

5.1. Calculus on metric spaces. As before, (X,p,u) denotes a metric
measure space. Here and in the remainder of the section we assume that pu is
doubling, as defined in Equation (1.1).

REMARK 5.1. If X admits a doubling measure then the metric on X is
also doubling, that is: there exists NV € N so that every ball B in X can be
covered by N balls of half the radius of B.
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By iterating the doubling property above, we see that every ball B in X is
a separable metric space. It follows from Part (2) of Lemma 2.8 that a linear
operator ¢ : Lip,(B) — L% (B, u) is weak-* continuous on bounded sets if and
only if it is sequentially weak-* continuous.

Following [HK98], we now introduce the notion of an upper gradient.

DEFINITION 5.2. Let u: X — R be Borel. A Borel function g : X — [0, 00]
is an upper gradient for u if the inequality

b
(5.1) [u(y) ~ u(o)] < [ a(a0) de

holds for all rectifiable curves v : [a,b] — X which are parametrized by arc-
length and which satisfy x =~(a) and y = (b).

DEFINITION 5.3. We say that (X, p, ) supports a p-Poincaré inequality if
there exist A > 1 and C > 0 so that for all balls B in X and all u € L{. (X, u),
we have

1/p
(5.2) ][ |u —upg|dp < Cdiam(B) <][ gpdu) ,
B AB

whenever g is an upper gradient of u. As a shorthand, we call (X, p,u) a p-PI

space if p is doubling and if (X, p, 1) admits a p-Poincaré inequality.
Following [Che99, Section 2], for u € LP (X, 1) we now define

5.3 U =||lu + inf liminf ||g; ,

(5.3) lull1p = llullp () o0 9l s,

where the infimum is taken over all sequences {u;}$2; in LP(X,u) so that

u; = w in LP-norm and so that g; is a upper gradient for w;, for each i € N.

DEFINITION 5.4. The Sobolev space HP(X, 11) is the subspace of functions
u € LP(X, ) for which ||ull1,, < oo.

Indeed, ||- |1, is @ norm on HYP(X, 1), but more is true; the next theorem
summarizes [Che99, Theorems 2.7, 2.10, 2.18, 4.48].

THEOREM 5.5 (Cheeger, 1999). The space (HP(X, ), - |l1,p) is a Banach

space. Moreover, it enjoys the following properties:

(1) if p>1 and if (X,p,u) is a p-PI space, then HYP(X, 1) is reflexive;
(2) for each f € HYP(X,p), there exists g; € LP(X, i) so that

[fllp = 11fllup + llgyl
If g is an upper gradient of f, then gy < g holds p-a.e. on X.

H,p

We call g¢ the minimal (generalized) upper gradient of f.
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REMARK 5.6. Shanmugalingam has defined Newtonian spaces N*P(X, )
that are isometrically equivalent to the spaces HUVP(X,u), for p € (1,00)
[Sha00, Theorem 4.10]. Her approach uses the notion of weak upper gradi-
ents, and the spaces N1P(X, i) are norm completions of functions in LP (X, )
which admit weak upper gradients in LP(X,u). Moreover, for p € (1,00) we
have

WhP(R") = H"?(R",m,) = N"?(R",m,)
For further details, see [Sha00], [Hei01, Chapters 5-6], and [Hei07].

For f € Lip(X), the constant L(f) is always an upper gradient for f but
rarely the minimal generalized upper gradient. We instead consider the upper
and lower pointwise Lipschitz constants of f, defined as

(5.4) Liplf](z) :=limsup, %\’f(w)—ﬂ )
llp[f](x) = lim infrﬁ() Supp(m’y)gr %7

respectively. It is clear from formula (5.4) that, for all z € X,

(5:5) lip[f](x) < Lip[f](z) < L(f).

Semmes has shown that Lip[f] and lip[f] are upper gradients of f [Sem95,
Lemma 1.20]. Moreover, for p-PI spaces X, we have the p-a.e. identities
[Che99, Theorem 6.1]

(5.6) 95 () = Lip[f](z) = lip[f](2)-

5.2. Derivations from differentiability. We now state a Rademacher-
type theorem for p-PI spaces. To fix notation, for f: X — R* and a € R*, we
write a ® f:=)".a;f; for their (pointwise) inner product.

THEOREM 5.7 (Cheeger, 1999). Let (X, p,u) be a p-PI space. There exists
N €N and a p-measurable decomposition {X™}5%, with the following proper-
ties: for each n €N, there exist k=Fk(n) €N, 1 <k < N and " € Lip(X;RF)
so that

(1) There ezists K = K(n) >0 so that for all x € X™,
(5.7) Kginf{Lip[aogn}(x): aERk,M:l}.

(2) For each f € Lip(B), there is a unique map D™ f : X — R¥ with compo-
nents in L= (X", 1), so that for p-a.e. v € X",

55 tmenpl 0T = D@ e (€ w) ~ @)
y—e p(z,y)
Put &" := (&7,...,&7). To mimic the terminology of manifolds, we refer

to & as (Cheeger) coordinates on X™, to (£, X"™) as (Cheeger) coordinate
charts on X, and to D™ f as the (Cheeger) differential of f on X™.
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REMARK 5.8. Inequality (5.7) is a tacit consequence of the proof of [Che99,
Theorem 4.38] and is used to show " € L>°(X", ). In fact, the measurable
decomposition is chosen so that it is valid on each X".

Equation (5.8) is a reformulation of Part (iii) of [Che99, Theorem 4.38]. In
the notation of [Che99],

Df(z) = (b?(z;f),...,bg(z;f)).

On R", the coordinate z; is precisely the Lipschitz function whose gradient
is the vector e;. The next corollary is an analogue of this fact for p-PI spaces,
and it follows directly from the uniqueness of Cheeger differentials.

COROLLARY 5.9. Assuming the hypotheses of Theorem 5.7, let n € N and
let 1 <i<k(n). Then D"EM(x) = e; holds for p-a.e. x € X™.

For a p-PI space (X, p, i), Cheeger and Weaver have shown that T (X, p1) is
nontrivial [Wea00, Theorem 43]. However, their argument is non-constructive,
so we will prove a quantitative form of their theorem below.

THEOREM 5.10. Let (X, p,u) be a p-PI space. For f € Lip(X) and n € N,
let D" f: X™ — R be as in Theorem 5.7. For 1<i< k, the linear operator
0 : Lip(X™) — L*°(X™, 1) given by

(5.9) Sifi=D"fee
is a derivation in T(X™, u).

To prove Theorem 5.10, we require two lemmas. The first is similar to the
L*°-regularity argument in [Che99, p. 457].

LEMMA 5.11. Let (X, p,u) be a p-PI space. For each n € N, there exists
C =C(n)>0 so that for all f € Lip(X) and p-a.e. x € X™, we have

|67 (z)| < C'Lip[f](x).

Proof. Fix x € X™ and put ag = D" f(z)/|D™ f(z)|. By Part (2) of Theo-
rem 5.7, we have

1 n ) e n — & (x
Lip[ag » €] (z) = |an(x)|hr;f’3p| f(z) p((éx(g)) " ()
_ 1 limsuplf(y)—f(ﬂﬂ)\ _ Lip[f](=)
D" f(@)] y—a” pla,y) D™ f ()|

By Theorem 5.7, there exists K = K(n) > 0 so that for py-a.e. z € X", in-
equality (5.7) holds for all |a| = 1. In particular, the vector ag has norm 1, so
from the above identity, we obtain the lemma with C =1/K. g

LEMMA 5.12. Let p> 1, let n € N, and let {f,}52, be a sequence in

Lipy(X™) so that f, 0. If B is a ball in X so that u(B N X™) >0, then
fal B—0in H'» (BN X", p).
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Proof. Let B be a ball in X so that u(BNX™) > 0. In what follows, we
write
B":=BnNnX"
and for each a € N, we write f, = f,|B.

Let {fa,};2, be any subsequence of {f,}52,. Note that {fq,};°, is a
bounded set in H?(B™, 1) because by Equations (5.5) and (5.6), we have

1/p
= [ [ 1517 a0] < e Cttan()

197 llp = UB |gf|”du] v < U L(f)pdu] " L(f)(diam(B))"/*

for each f € HYP(X, ). Therefore, for C’ := C(diam(B))'/?, we obtain

||fab ||H1,p(Bn”u‘) S C/.

By Theorem 5.5 and weak compactness, there is a further subsequence h, :=
fay.» ¢ €N, and a function h € HYP(B™, i) so that h, — h in HYP(B™, u). We
now invoke Mazur’s lemma, so there is a sequence of (finite) convex combina-
tions h, := > Acaha Which converge in norm to h in H'?(B", ). In partic-
ular, h. converges in norm to h in LP(B™, 1), so there is a further subsequence
{he,}2, that converges p-a.e. to h on B™.

By hypothesis, f, = 0 in Lip,(X™). Since ||fa||lLip < C, it follows from
Lemma 2.3 that f, converges pointwise to 0, and therefore h. also converges
pointwise to 0. A sharper form of Mazur’s lemma’ also assures that k. con-
verges pointwise to 0, and therefore he , also converges pointwise to 0. This
shows that h =0 p-a.e. on B™, so every subsequence of {f,}52; has a fur-
ther subsequence which converges weakly to 0 in HYP(B", ). It follows that
fa—0in HY?(B,p). O

Proof of Theorem 5.10. Let n,k € N be as given in Theorem 5.7, and let
0F : Lipy(X™) — L*°(X™, u) be the map from formula (5.9).

By the uniqueness of Cheeger differentials, the map f+— D™f is linear,
so each 07 is linear. It is known that D™ satisfies the Leibniz rule [Che99,
Equation 4.43], and by a similar argument as above, 07 also satisfies the
Leibniz rule. It remains to show that ¢} is continuous. By Lemma 2.8 and
Remark 5.1, it suffices to check weak-* convergent sequences in Lip,(X™).

To this end, let {f,}52; C Lip,(X™) satisfy f, — 0 and sup, | fallLip < C,
for some C € (0,00). Fix p€ (1,00), and let ¢ =p/(p — 1). As a shorthand,
we suppress the notation du below.

1 This fact follows from applying the usual form of Mazur’s lemma to each of the sequences
{fa}S2,, for a € N, and then taking an appropriate “diagonal” subsequence.
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Let ¢ € L' (X, p) be given, and fix € > 0 and xo € X™. Since [y [¢] is finite,
there exists R > 0 so that

g
5.10 / Y| < —.
(5.10) - YI< 35

Put B = B(zg, R). Since u(B) < oo, LI(B, ) is a dense subset of L!(B,u),
so there exists ¢ € LY(B, 1) so that

(511) [ w-d< 55

Now consider the linear operator given by

T,(f) = /BﬁX" @Ol f.

Put C” :=C(n)||¢|B||u,q- From formula (5.6) and Lemma 5.11, we obtain

I7,(5)| < /B el|o7f| < Cn) /B lar < Ol

for all f € Lip,(X™), so T, is a bounded linear functional on Lip,(X™) N
HY?(B,u). By the Hahn-Banach theorem, it extends to an element in the
dual [H?(BNX™, u)]*, which we also call T,.

From our hypothesis we have f, — 0 in Lip,(X™), so by Lemma 5.12, we
obtain f, — 0 in HYP(B,u). This implies that, for sufficiently large a € N,

g
< =

(5.12) IT,(72)] = ' [ el <5

We now combine estimates (5.10) through (5.12) to obtain

] [ v, g‘ / e +‘ | et
SC’/X\BIwHC’/BWs0|+‘/3905?fa

g 3 g
<3t tyTe

+

[ w=opt,

Since the above estimates hold for all € > 0, we obtain

/X Vo7 fo — 0.

However, 1 € L' (X, u) was also arbitrary, so 07 f, — 0 in L>(X™, u). O
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5.3. Geometric rigidity and Cheeger’s conjecture. As discussed in the
introduction, Theorem 5.7 indicates that p-PI spaces have good infinitesmal
geometry, in the sense of a differentiability property for Lipschitz functions.

Regarding the global geometric structure of such spaces, the following result
was proven by Cheeger [Che99, Theorem 14.2]. In addition to the hypotheses
for differentiability, as in Theorem 5.7, one further requires that the coordinate
charts remain nondegenerate in a measure-theoretic way.

THEOREM 5.13 (Cheeger, 1999). Let (X, d) be a complete metric space that
supports a doubling measure and a p-Poincaré inequality, for some 1 < p < c0.

Assume in addition that X admits an isometric embedding v: X — RN for
some N € N. If HF() (X ™) > 0, then 1(X™) is k(n)-rectifiable.

In light of this theorem, Cheeger has conjectured that the images of coordi-
nate charts are always measurably non-degenerate [Che99, Conjecture 4.63].

CONJECTURE 5.14 (Cheeger, 1999). Let (X,p, 1), {X,}22, and " : X —
R*™) be as in Theorem 5.7. Then HF™(£7(X™)) > 0.

Since Lipschitz maps do not increase Hausdorff dimension, the validity of
Conjecture 5.14 is consistent with the hypothesis of Theorem 5.13.

Several special cases of Conjecture 5.14 are known. Cheeger has proven it
under the hypothesis that p is lower Ahlfors regular [Che99, Theorem 13.12]
with exponent k(n); that is, there exists C' > 1 so that

C~1rkm < w(B(z,r))
holds, for all x € X and all » > 0. Keith has also proven the conjecture for
the case k =1, but without additional hypotheses [Kei04a].
Using results from Section 4, we now prove the conjecture for k=2 and

without additional hypotheses. To begin, we prove a lower bound for the rank
of T(X,p).

LeEMMA 5.15. Let (X, p, i) be a p-PI space. If {6P}F_, are the derivations
from formula (5.9), then they form a linearly independent set in T(X™, u).

Proof. We argue by contradiction. Suppose there exist {/\Z-}f:1 in L°(X™,
@), not all zero, so that ' := )", \;0]" is zero. As a result, xpd'g =0, for all
g € Lip(X) and for all balls B which meet X™.

In particular, let g =¢*. From Corollary 5.9, it follows that ¢} =1 and
0;°€; = 0 whenever ¢ # j. Computing further,

k
0=xB6"¢l =xB Y _ Ndl'S] =xBAi.
i=1
So each A; is zero on every ball B, and A\; =0 holds u-a.e. on X™. O

LEMMA 5.16. Let (X, p, ) be a p-PI space, and let {X,}52 1 and " : X —
R* be as in Theorem 5.7. Then T(Rk,ﬁ;}é(uLX")) has rank at least k.
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Proof. By Lemma 5.15, the measure | X" admits a linearly independent
set of k derivations on X™. We now claim that for 1 <i <k, the pushforward
derivations ¢; := {07 form a linearly independent set in T(R¥,v,), where
Vo = €0 (] X™).

Let {\;}¥_, be functions in L*°(R*,v,) so that ¢’ := >, \;d} is zero. This
implies that for all f € Lip(R*) and all balls B in R, we have ygd'f =0.

In particular, put f =x; and observe that for ¢ # j, we have djz; = 0.
Indeed, it follows from Lemma 2.17, Corollary 5.9, and formula (5.9) that for
each h € L'(R* 1,,) and each ball B in R¥,

/hégmjdyn:/ (ho&™)o7¢) du=0.
B (&m)~H(B)

Next, put Z,, :={d.x; =0} and h:=xz, . A similar computation gives

0:/ h6gxi dl/nz/ X(gn)fl(zn)fsznf:‘1 dp
B (&m)~1(B)

ny—1 n
= M<(§ ) (B N Zn)) = 5##(3 N Zn)~
Letting B = B(0,m), for m € N, we obtain {ju(Z,) =0 and therefore
diwi(x) # 0 for L p-ae. € R*. From these observations, we conclude that

k
0= 6/l‘j = Z)\lcﬂa:j = /\36;%
i=1

holds, for each 1 < j <k, and therefore A; = 0. This proves the lemma. (]

COROLLARY 5.17. If k= k(n) =2, then &4 (u[X™) is a nonzero measure
on R? that is absolutely continuous to Lebesgue 2-measure. In particular,
Conjecture 5.14 and Theorem 1.3 are true for k=2.

Proof. Put vy, := & (u|X™). By Lemma 5.16, the module T(R*,v,) has
rank at least k, so v, must be nonzero. For k =2, this implies that v, is
absolutely continuous to mo; supposing otherwise, if v, had nonzero Lebesgue
singular part, then by Theorem 4.1, the rank of T(R?, 1,,) would be at most 1.

By the definition of pushforward measure, v, is concentrated on the image
set "(X™). Because v, is nonzero, we see that v, (§"(X™)) > 0, and because
vy, is absolutely continuous to mg, we further obtain mq(£™(X™)) > 0. O

Lastly, we prove the rigidity theorem for doubling measures on R? that
support a Poincaré inequality (as formulated in the Introduction). We begin
with a lemma.

LEMMA 5.18. Assuming the hypotheses of Theorem 1.4, let {X"}72, be
the measurable decomposition of X =R? from Theorem 5.7. Then Y(X™, u)
has rank at most 2, for all n € N.
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Proof. 1f {6;}?_, were linearly independent in Y (X, x), then the derivations

{(5’1 = (51172)62 — ((521‘2)(51,
(Sé = (521‘1)(51 — (61561)52

satisfy 0/x; =0 p-a.e. on R? whenever i # j, as well as the p-a.e. identity
5/1331 = (5/2332 7& 0

on R? otherwise the Chain Rule would imply that §; =0, so {4;}3_; would
be linearly dependent. On the other hand, (5.13) implies that the derivation

5:3 = (5’11171)53 — (53171)51 — (63932)65
= ((5’1$1)53 — (63%1) [(61%2)52 — ((523&‘2)(51} — ((53332) [((52331)(51 — (61,@1)52]

e 0oy 0oy
= (51x1)53+det[ ]52+det {53:52 @axjal

(5.13)

01z 012
dsx1 32

acts as zero on every polynomial in R? and hence, on every f € Lip,(R?). This
therefore contradicts the linear independence of {4;}?_;, since §}x1 must be
nonzero in L (R?, p). O

Proof of Theorem 1.4. Assuming all of the hypotheses, let {X"}22 | again
denote the measurable decomposition of X = R? from Theorem 5.7. Moreover,
a theorem of Keith [Kei04b, Theorem 2.7] states that on each chart X,
coordinates can be chosen to be “distance vectors”—that is, there exist points

{pz}fi’}) on X so that

& (x):= (d(x,pl), .. .,d(x,pk(n)))

satisfies the differentiability property (5.8).

Applying Theorem 5.10 and Lemma 5.18, each YT(X™, 1) must either have
rank-1 or rank-2. If T(X™, 1) has rank-1, for some n € N, then fix a coordinate
function £"(x) = |z — p| on X™.

Let x = (z1,22) be a point of u-density in X™. By rotating the space as
necessary, assume that = and p do not lie on the same vertical line or the
same horizontal line, and let € be the acute angle formed by the line joining
x to p and the horizontal line containing x.

Choosing sequences {y}2°; and {z°}22; in R?, both converging to = and

yi—aﬁ —1 and zi—xl
L —x 2t —x
ly* — x| |2* — |

—0, asi— o0,

a trigonometric computation then yields the limit

Yy =pl=lz—pl ly' —p|* — |z —p|?
hm _— = hm n -
00 ly" — z| imoo [yt — x| |yt —p|+ |z —p
oyt =] =2z — pl|y’ — z[cosf
= lim

imoo [y —zf(Jy’ —pl + |z —p)
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i —g| — 2|z — p|cosb
= lim ly x| [»—pl =—cosf #0
imoo |yt —p| + |z —p

and by a similar computation, the limit

F=pl=lr=rl _ g0

lim
1—00 |Z7‘ — .’£|

Applying Theorem 5.7 to the Euclidean coordinate function f(z)=x; and
using the above limits, it follows that

ys — w2 — D" f(2)(ly" —pl — |z —pl)

D" f(x)cosf = lim
1—> 00

lyt — x|
0 qip 2= %2 = D) (E —pl = e pl)
e 12—

=1-D"f(x)sind

which is a contradiction. Therefore each T(X™, 1) must have rank-2, so the
desired conclusion follows from Theorem 1.2. O

It is interesting to note that Lemma 5.16 holds true for all £k € N. We would
obtain all cases of Cheeger’s measure conjecture if an analogue of Theorem 4.1
were also true for all k£ € N. Recalling further, Theorem 4.1 relies crucially
on Theorem 4.5, which is an adaptation of the covering theorem of Alberti,
Csornyei, and Preiss (Theorem 4.3).

There are other covering theorems for null sets in R*, for all k¥ € N [ACP05,
Proposition 8.4]. However, for k > 3, such covers consist of neighborhoods of
both 1-dimensional curves and (k — 1)-dimensional hypersurfaces in R*. It
is easy to see that the argument in Section 4 generalizes for the “(k — 1)-
dimensional” part of a mg-null set, but not the “lI-dimensional” part.
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