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MOVING AVERAGES IN THE PLANE

LAURENT MOONENS AND JOSEPH M. ROSENBLATT

ABSTRACT. We study the almost everywhere behavior of the max-
imal operator associated to moving averages in the plane, both
for Lebesgue derivatives and ergodic averages. We show that the
almost everywhere behavior of the maximal operator associated
to a sequence of moving rectangles v; + Q;, with (0,0) € Q;, de-
pends both on the way the rectangles are moved by v; and the
structure of the rectangles (Q;) as a partially ordered set.

Given a sequence of rectangles Qg,@1,... in the plane whose lower left
corner is the origin, a result by Stokolos [15, Lemma 1] guarantees that the
associated maximal operator M defined by

Mf(z) =sup ~—1q, * |f|(2)

Qi
does not satisfy an inequality of weak type (1,1) in case the sequence Q,
Q7,... of dyadic approximations of Qp,Q1,..., contains arbitrarily many in-

comparable rectangles. Using general principles instead of Stokolos’ direct
method, we show that [15, Lemma 1] implies that M cannot satisfy an in-
equality of weak type in any Orlicz space ¢(L) with é(z) = o(zlog™(z)),
showing immediately that the a.e. finiteness of M f does not occur in those
spaces. This is the object of Section 1.1.

On the other hand, rewriting conveniently Stokolos’ proof (which is our
Lemma 4) allows us to obtain similar results in case the sequence Qq, Q1,- - .
is shifted by a sequence of vectors vy, vs,.... In particular, we demonstrate
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how the almost everywhere behavior of the maximal operator M’ defined by

M §(2) =sup 1oL s, *11(2),
i Qi
certainly relies on the the sequence (v;), but even more so on the nature of
(Q;). We show this in Section 1.2.

According to a transfer lemma (Lemma 42, see Appendix B), part of those
results can be formulated in the ergodic context (see Sections 2.1 and 2.2).
A result by Bellow, Jones and Rosenblatt [2] then allows us to study the
behavior of the latter maximal operator on L,(X) with 1 <p < oo.

In the paper, we use material about Orlicz spaces as well as transfer results;
those elements will be found in the Appendices.

1. Moving averages in the plane: The differentiation context

We study first the behaviour of standard averaging in R2Z, both in the
differentiation and ergodic contexts.

1.1. Standard averages for differentiation. In the sequel, we will call
standard rectangle any rectangle of the form [0, a] x [0, 3] in R2.

DEFINITION 1. Two standard rectangles @1 and Qs in R? are called in-

comparable, and we write Q1 » 2, in case neither @1 C Q)2 nor Q2 C Q.
Moreover, a family Q of standard rectangles is called

e independent in case Q1 » Q)2 holds for any distinct Q1,Q2 € Q;

e dependent in case there exists distinct elements @1, Q2 € Q where Q1 ~ Q2
does not hold;

e q chain in case Q is totally ordered by inclusion.

We also introduce the following definition. In the sequel, we let N =
{0,1,2,...} denote the set of all natural numbers, and we let N* =N\ {0}.

DEFINITION 2. A sequence Q of standard rectangles is said to have infinite
width in case for every k € N, there exists integers 1 < iy <1ig < --- <1y for
which {Q;; : 1 <j <k} is independent. It is said to have finite width in case
it is not of infinite width.

According to Dilworth’s theorem (see Dilworth [5, Theorem 1.1, p. 161]),
we have the following alternative.

LEMMA 3. A sequence Q of standard rectangles has either infinite width,
and it is not a finite union of chains, or it has finite width and it is a finite
union of chains.

Proof. Clearly, if Q has infinite width then it cannot be a finite union
of chains. If Q does not have infinite width, there exists k € N* such that
for any family of indices 1 <4y < iy < --- <1 we have Qij ~ @;, for some
1 <j<l<k; that is to say that every subset of Q counting k elements is
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dependent. According to Dilworth’s theorem (see Dilworth [5, Theorem 1.1,
p. 161]), Q can be written as an union of finitely many chains. O

The key for the study of this case is a result by Stokolos [15, Lemma 1]. We
make some simplifications in Stokolos’ proof and use some notation that we
believe helps motivate and explain the result. In particular, we will be using
the Rademacher functions (r;) which are defined on [0,1) as follows. Let
r1(x) = 1j0,1/2)(w). Then inductively let r;(x) =r;_1(2x mod 1) for i > 2.
The Rademacher functions (r;) form an IID sequence on [0, 1] taking on only
the values 0 and 1 (see Zygmund [16, p. 6]).

LEMMA 4 (Stokolos). We assume that we have an independent family of
standard dyadic rectangles {Q; : 1 <i < k}. There are Lebesque measurable
sets © and Y in [0,1]? with the following properties:

(i) ©CY;
(ii) [V]> ;k2"(O];
(iii) for all x €Y, there exists ug = ug(x) €[0,1)2 and vo =vo(z), 1 <vg <k
such that x € up + Q,, and
(0 + Q) NO] _ 1
|Quo | AR

Proof. We may assume that @Q; = [0,27™i] x [0,27™] where 1 <ny <--- <
ng and mq > --- >my > 1. Let © be such that the characteristic function 1lg
is given by

k k
ﬂ@ (57 77) = H Tmi (5) H rnj (77)

For 1 <v <k, we also define Y, similarly by

k v
]lYV (57 77) = H T'm; (5) H Ty (77)

Welet Y =U_, v,
Now we can compute |O] as follows:

o ://1@<f,n>dsdn=//ﬁrm(@f[lm(n)dgdn: =

using the independence of the Rademacher functions. It is worthwhile to also
observe that © consists of 272¥2™127 dyadic rectangles of side length 27
parallel to the £-axis and side length 27 parallel to the n-axis.

Similarly, we compute:

.| Z//ln(&n)d&dn://f[rmi(f) ﬁlrnj(n)dfdnz -
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using the independence of the Rademacher functions. In this case, Y,, consists

of 2= (k+1)9mu9ny rectangles of side length 2~ parallel to the &-axis and side
length 27" parallel to the n-axis. It follows that © C Y, and % = 22,6 for all
v=1,...,k.

In order to estimate |Y|, we first estimate, for each 2 <v <k, the measure
of the set F, defined by

v—1
E,=Y,n|JY, V.
p=1
To this purpose, we first notice that given x = (£,n) € E, we have, by defini-
tionof Y, and ¥, 1<p<v—1:

k v

H T'm; (§) H T'n; (n)=1 and

i=v j=1

H T, (§) Hrnj(n) =1 forsome l<py<v-—1.
i=po j

As pg <v —1, this yields in particular

k
H ’)"ml H?“n T}

i=r—1
We hence get

l/

1 1
|E, |<// H T, (€ Tnj(ﬁ)dfdﬁzwziwuh

1=rv—1 j=1

so that one finally estimates

k k k
YI= W+ A B =¥+ Y (%l - 1B]) 2 5 3 Wl = k26l
v=2 v=2 v=1

This inequality gives us the basic estimates on the sizes of the sets © and Y
that we wanted. We now need to verify that the proportionality facts hold for
suitable rectangles. To that purpose, fix x € Y and denote by vy = vo(x) the
smallest integer 1 < v < k for which z € Y,, holds. If we take the 270 x 27 ™o
rectangle Ry = Ro(z) CY,, which contains x, then we have Ry = ug + @,, for
some 1y = ug(x) € [0,1]%. Because © CY,,, we have

[Ron®| _[Y,ne| o] 1
| Rol Yol Wl 26

Given what we have observed already, the only part of this that needs some
explanation is the first equality. But this equality holds because Y, is a union
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of N, =2-(k+homuony disjoint 27" x 27" rectangles whose intersections
with © have the same measure, i.e. |[RyNO|. So

Y, NO] N,|RyNB| [RyNO|
Y| Ny |Ro| [Ro|
The proof is complete. O

REMARK 5. Let us see what this construction becomes in the simplest case,
where the m; and n; are changing by 1 each time the index ¢ or j changes
by 1. That is, m;=k—i+1and n;=¢ fori=1,...,k, and

R;=[0,27"] x [0,27"] = [0,2=* =D x [0,277].
Then © consists of 272k2m12mk = 272k9k2k — 1 yectangle, namely [0,27%] x
[0,27*]. Also, each Y, consists of 2~ (F+12mvony — o= (k+1)gk=vtlor — 1 yec-
tangle, namely [0,27%] x [0,2~(*=»+D]. In particular, Y, = Rj_, ;1.
REMARK 6. With slightly more work, the above construction can be carried

out so that Y is in a preassigned rectangle [0,4] x [0,0] and so has as small
diameter as we would like.

In the sequel, we fix a sequence Q = (Q;) of standard rectangles. We
associate to Q a differentiation basis
Bo={r+Q;: zeR?*ieN*},
and we let, for x € R?,
PBgo(x)={Re Bqg: R>x}.
We define the maximal differentiation operator Dg on L'(R?) by

1
Dqf(z) = sup{—/ f:Re %’Q(x)}
1Rl Jr
We introduce the following definition.

DEFINITION 7. Given a sequence Q = (Q;) of standard rectangles, we de-
note by Q* = (Q7) the sequence of standard dyadic rectangles obtained in
the following way: for each i € N, QF =[0,27] x [0,27™] (m;,n; € Z) is the
standard dyadic rectangle of minimal measure containing @;.

As Stokolos observes in [15, Remark 1, p. 106], Lemma 4 provides a lower
estimate on the measure of the level sets of the maximal differentiation op-
erator when working with a sequence Q of standard rectangle such that Q*
has infinite width.

Using Lemma 4, we can now prove the following result. Let ®g(t) :=¢(1 +
log, t) (see Appendix A and Example 41).

COROLLARY 8. Let Q be a family of standard dyadic rectangles. If Q
has infinite width, then for each A > 1 there exists a sequence of functions
(fx) € LY (R?) satisfying the following conditions: for each k € N*,
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(i) fr vanishes outsz'de [0,1]?

(i) fge Po(lfr]) dz > kak:Hl»

(iii) [{z €R?: Dqfx > > M = 55 fee @o(|fu]) da for k sufficiently large;
(iv) for any Orlicz function ® satisfying ® = o(®g) at oo we have

o d
L e olfide

k—oo fR2 C|fk|)dx ’
for each C' > 0.

Proof. Take k € N*. Since Q has infinite width, find indices 1 <i1 < iy <
-+ < for which {Q;, : 1 <j <k} is independent. For each 1 <j <k, let
Qj = Q;, and choose sets O and Y; in [0,1]? associated to Qj, 1<i<k
according to Lemma 4. Let fy =2""!\lg,. It is clear that f; is supported
n [0,1)%, and (i) is proved.
To prove (ii), begin by observing that

/ Do (| f]) dz = |©x|2" T A[L +log A+ (k — 1) log 2]
R2

=27"I\[1+1log A+ (k—1)log2].
On the other hand, we have
Iflls =25 A0k =271,
We hence get:

[, ®ol15ud) do = [1+ 1oz -+ (= )1og2] Il > ZH1 Al

To show (iii), observe now that given x € Y}, we have

1 1%
Dq fr(x) > =— 2k*1)\19k(y)dy:2k71>\|(UO+Q ) MOk .
ool S @l

where ug and vy are associated to z by Lemma 4. In partlcular, we get

?

{z €R*: Dqf(z) > A}| > |Yi| > k2k|®k| sz’H.
This finally yields, for k sufﬁmently large:

[{z €R?: Dqfi(z) > A}| > Akz—’“

1 k
=— o) d
2)\1+log>\+(k—1)log2/Rz (£} de

1
254}MMM%

and the proof of (iii) is complete.
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To prove (iv), fix an Orlicz function ¢ satisfying lim;_, %(tt)) =0 and let
C > 1 be a constant. Observing that for any k£ € N* we have

Je2 ®(Clfi)dz_ 2(2*1AC)  B(251AC)  @p(2H1AC)
Jar @o(Ifil)dz — @o(2FTN) T @p(2FTAC) (2N

On the other hand, using the doubling condition ® satisfies (see Appendix A
and Example 41) it is easily shown that ®q(2*"1AC)/®o(2571)) is bounded
by a constant depending only on A as k goes to oco; it hence follows that

hm fRQ C|fk‘ dl’ ,
k—o0 fR2 (I)O |fk\)dx

and the proof is complete. O

Assume that Q is a sequence of standard rectangles such that Q* has
infinite width. It now follows immediately from Corollary 8 that the maximal
operator Dq cannot be of weak type (®,®) in case ® is an Orlicz function
satisfying ® = o(®g) at oo, where P is the Orlicz function in Example 41. Let
us first illustrate this by showing that the maximal operator Dq cannot satisfy
a weak (1, 1) inequality. To this purpose, we proceed towards a contradiction,
and assume there exists a constant C' > 0 independent of k£ such that for any
k € N* we have

(1) [{z € R?: Dqfi(z) > 1/2}| < 20 fillr.

We let Q = (Q:) be defined by Q; = %Qi. Observing that Q* has infinite
width (as one easily checks it), we apply Corollary 8 to Q* and A =3, and
denote by (fx) the associated sequence of functions. Using the inequality

Dq fi(x) > 4 D fr(@),
valid for each z € R? and each k € N*, we get
|{(E GRz : DQ*fk(.’E) > QH < |{.’E €R2 : Dka(QC) > 1/2}} < QC”fk”l

On the other hand, according to Corollary 8(ii), (iii), we have for k sufficiently
large:

|{z € R?: Dg. fr(x) >2}| > |{z € R?: Dg. fu(x >3}|
1
> 5 [ @l do > T3kl il

which is contradictory to the previous estimate.
Going back to the general case, let ® be an Orlicz function satisfying ® =
o(®g) at co. We now show that Dq cannot satisfy an inequality of weak type
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(®,®). To see it, we proceed again towards a contradiction: assume that
there would exist a constant C' > 0 such that

(2) [{z €eR*: Dqf(z)>A}| < /]R (%) dzx,

holds for every f € L?(R?) and every A > 0. Let us keep the notations used
before and let (fx) be the sequence of functions associated to Q" and A=3
by Corollary 8. We would then have, according to Corollary 8(iii), for k
sufficiently large:

E/sz O (|fxl) dz < |{z € R?: Dg. fr(x) > 3}|

6
< ‘{CL’ER2 : Dka(;E) > %}’ S/ @(2C|fk|) dx
R2

This would contradict, for k sufficiently large, Corollary 8(iv); hence Dq
cannot satisfy an inequality of weak type as above.

Given a sequence of standard rectangles Q, we are actually interested in
studying the behavior of the maximal operator Mg associated to Q—which,
unlike Dq, remains relevant in the study of moving averages—defined by

Mqf(z) = sup —=
S

* f (),

Q |
for a.e. z € R2.

REMARK 9. In fact, the maximal operators Dq and Mgq are distributionally

equivalent; more precisely, for each f € L} (R?) and each A > 0, we have:

(i) {z € R?: Mqf(z) > \}| < {z € R?: Dqf(z) > A};

(i) {zeR?: Dqf(x) >N <Y, o {z €R?: Mo(f o T)q)(x) > 4};
where for 0 <p,q <1, the operator T}, , : R* — R? is defined by T}, ,(¢,n) =
(—1)°¢, (1)),

As (i) follows immediately from the inequality Dqf(z) > Mqf(z), valid
for each f € L! (R?) and each z € R?, only (ii) has to be explained. To that
purpose, fix f € L} (R?) and observe that for z € R? with Dqf(x) > X, there
exists i € N* and u € R? such that

(3) reu+@Q; and f>A

1
Qs u+Q;
It follows from (3) that we have

1

fz357 f>X
|Q | /+Tp Qi |Qz| Usp.q—0 2+Tp,qQ: |Qil u+Q;

p,q=0
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this yields |Q;] ™! fz+T o f>A/4 for some 0 <p,q<1; that is

1

A
0] foTip—1)jg—11> 7
U I T po1),1q-112= Q4

4
We conclude from this discussion that
1
A
{zeR?: Dqf(z) >} C U prq{x €R?: Mq(foT,,)(z) > Z}
p,q=0

The maximal operator Mq has the following a.e. behaviour.

THEOREM 10. Let Q be a sequence of standard cubes. We have the follow-
ing properties:

(i) if Q* has finite width and if f € LY (R?), then Mqf < oo almost every-
where on R?;

(ii) if Q* has infinite width and if ® is an Orlicz function satisfying ® =
0(®g) at oo, then there exists f € LY (R?) for which Mq f = co almost ev-
erywhere on R?; in particular, there exists f € Ll+ (R?) for which Mqf =
oo almost everywhere on R?;

(iii) in general, for any Q, if f € Llog L (R?), then Mqf < oo almost every-
where on R?; in particular, if f € LP(R?) for some 1 < p < oo, then we
have Mqf < 0o, a.e. in R%.

In order to prove Theorem 10, we need to make a few observations.

REMARK 11. If @ is an Orlicz function, then one easily shows from the
Lebesgue dominated convergence theorem that if (pi) C C°(R™) is a regular-
izing sequence (see Appendix B for a precise definition), then

lf —pr* flle =0, k—oo.
In particular, C2°(R") is dense in L®(R"™).

REMARK 12. Let @ be an Orlicz function. Before proving Theorem 10, it
should be readily noticed that for any measurable set A C R? having finite
Lebesgue measure, Jensen’s inequality applied to the normalized Lebesgue
measure on A yields the following inequality for each f € L®(R?):

_ 1 1
s ) <o o [ 16 -0lde) < o [ adlre- e
Al Ja 1Al Ja
It hence follows from an application of Fubini’s theorem that the operator
L?(R?) » L*(R?),  fr|A 'laxf,

has strong type (@, ®).
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Proof of Theorem 10. To prove (i), assume that Q* has finite width; in
particular, it is a finite union of chains Q7,...,Q;j. It follows from Zygmund
[16] (yet in the ergodic case) that for each 1 <j <[, Mq: is of type (1,1).
Using the inequality

Mqf(x) < 4Mq- f(),
valid for each measurable f and each x € R?, we then observe that for each
A >0 and each f € L% (R?) we have

{z eR?*: Mqf(x)>4A} C{z eR*: Mq-f(z) > A}.

As one easily checks, also, that

{zeR?: Mq-f(z) > A} C U{xeR2 Mq: f(z) > A},
j=1

one finishes the proof of (i) by applying [13, Theorem 3].

If (ii) did not hold, we would deduce from Stein [14, Theorem 3] that Mgq,
and hence Dq, is of weak type (®,®), contradicting Remark 2.

Finally, it follows from Jessen, Marcinkiewicz and Zygmund [8, Theorems
B or 4] that Dq satisfies an inequality of weak type in either Llog L(R?)
or LP(R?) in case p < oo, or an inequality of strong type in L>°(R?) in case
p=o00. We then infer from Remark 9 that Mq satisfies a similar inequality.
If f e L(R?), then the same conclusion follows from Bellow and Jones |3,
Corollary 1]. O

REMARK 13. Observe that (ii) is the analogue of Stokolos [15, Theorem 1,
part 2] for the maximal operator Mqg. We obtained it here using general
principles instead of a direct computation.

REMARK 14. Let Q be a family of standard rectangles, define Q = (Qz) by
Q= %Qi, and assume that the following property is satisfied:
(¥) for each k € N*, there exists a subfamily Q} of Q* containing exactly
k distinct rectangles with equal areas.

Then, a much simpler argument (due to B. Reznick) shows that Mg cannot
satisfy a weak (1,1) inequality. One sees it using the following:

CLAIM 15. For each even k € N*, we have ||JQ}| > tkay, where oy, de-
notes the value of the area of each rectangle in Q,’;

Proof. Fix an even k € N*, write k = 2l and begin by choosing an ordering
Qk (Qk, ,QZ) making their sides cy,...,c; along the z-axis into a de-
creasing sequence. In particular, we have ¢; 1 < ¢;/2 for each 1 <i <k —1,
and, in general, for 1 <7 <7+ j <k, ¢j4; < 277 ¢;; in particular, we have

01N Q| <20y
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It is obvious that
U Qi| > U Qv
On the other hand, a simple 1nduct10n argument then shows that
l 1 1 t—1
UEARIVICAED Sl (R w SERCEER
r=1 r=1

1<s<t<l t=2 s=1
As one easily computes

I t-1 l
Y = S (11 <
t=2 s=1

t=2

)

Wl ~

one finally gets

ar
r=1
which yields the result. O

>lag — —lOzk = 3(2l)0¢k,

Keeping the notations of the precedmg proof, fix an integer k > 2, let Ay =
N Q; and observe that [Ax| <2 *ay. Define f;, € L (R?) by f;, = |Ak| M4,.
Given 1 <i <k, observe that for any x € Q \ A, we have

1 11 1 |Qin(z—A 1
i TG o el - e = R
k k &

[Ael 104 uk
for in such a case, we have |Q} N (z — Ay)| = |Ag|. Consequently, we get

erR Mg fu(a )>iH

k

> J(Qi\ Ar)| >

i=1

ko1 1 1 [ frllx
> (§ - 2—k)ak > §(k— Doy, = FLUAE s

7

* fr(v) =

It then follows from the inequality Mg fi(z) > iMQ*fk(ac), valid for each
x € R?, that we have

hence Mg cannot be of weak type (1,1).

REMARK 16. Given a sequence Q of standard rectangles satisfying
diam(Q;) — 0 as ¢ — oo, we can make the following observations:
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(i) for any Q, the sequence of functions defined by
1
@i

converges in L'-norm to f;

(i) if Q* has finite width, then the sequence of functions defined in (i) con-
verges pointwise a.e. to f for all f € L'(R?);

(iii) if Q* has infinite width, then the sequence of functions defined in (i) fails
to converge pointwise a.e. for some f € L'(R?) and hence for a generic
fe L' (R?);

(iv) in general, for any Q, the sequence of functions defined in (i) converges
pointwise a.e. to f for all f € Llog L(R?).

1.2. Moving averages for differentiation. In order to deal with moving
averages, we shall need to prove a result about the independence of translates
of the Rademacher functions.

Given tp € [0,1) and a function f defined on [0,1), we let 7, f be defined
on [0,1) by 7, f(t) = f((t +to) mod 1).

LEMMA 17. For any sequence (t;) C [0,1), the translated Rademacher func-
tions 1,1, 1 € N* form an IID sequence on [0,1).

Proof. It is clear that the functions 7¢,r;, i € N* are identically distributed
for each sequence (¢;) C [0,1) because each one is a characteristic function on
a set of Lebesgue measure 1/2.

To prove that they form an independent sequence, we begin by proving the
following identity.

CLAIM 18. For any sequence (t;) C [0,1), we have

1

(4) |{Tt17‘1=1,...,7}k7‘k:1}|:Q—k.
Proof. We proceed by induction on k. We first notice that the result is
trivial for k = 1. Assuming it has been proved for k <[ — 1 with [ > 2, we
observe that by invariance under translation, it suffices to prove the identity
(4) for a sequence (t;) satisfying ¢t; =0. But then what we have to show is

that

1/2 1/2 1
/ ]]-{7—,,27-2:1}(t) s ]]'{Ttllel}(t) dt = / Tt2r2(t) . ’Ttlrl(t) dt = ?
0 0

For 1 <i<l—1,let s; =2t;y1, and observe that we have, for 0 <t < 1/2:
Ttiri(t) =7T; [(tﬂ-tl) mod ].] =Ti—1 [(2t+2tz) mod 1] sziflri,l(Qt).
Using the substitution s = 2¢, we hence get

1/2 1! 11
/0 Tt2’l°2(t)""7'tl’f'l(t>dt: 5/; ’7'517"1(8)"'Tsl_l'f'lf](s)dS:5'FZE,
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using the induction hypothesis, which proves the claim. O

Cramm 19. For each sequence (t;) C[0,1), each k € N* and any choice of
3; €{0,1}, 1 <i <k, we have
) 1
{o<t<limri(t)=o,1<i<k}|=o
Proof. Let I={1<i<k:6 =1} and J={1<i<k:d; =0} Writ-

ing F; ={0<t<1:m,r(t)=1} for each 1 <1i <k, we have, according to
Claim 18:

1
{o<t<l:mr(t)=0;,1<i<k}| :/ [T1e ] -1g)
0

iel jeJ

-y (_1)#'1'/0 [Tz 11 1=

J'CJ iel jeJ

ar (VP (1 #J
- X0 (3) ()
J'CJ
1 1
:H§H<1—§>
iel 7 jeJ
1 1
=I13115
el jed
1
L

which proves the claim. O

We can now finish the proof of Lemma 17. Fix a sequence (¢;) C [0,1) and
observe that, because the Rademacher functions are characteristic functions
on sets with measure 1/2, it is easy to see that for any Borel sets Fy,..., E,,

we have
n

() (7ers) ™ (i)

i=1

ZH’(Ttiri)_l(Ei)’-

Actually, the calculation above is proving this when each F; contains either 0
or 1, and this calculation also implies this result when the F; either contain
just 0, just 1, or both values. The case where some FE; does not contain either
0 or 1 is trivial. This finishes the argument for independence. (]

Let us now look at the moving averages that come out of the method of
Stokolos. For computational convenience, we are going to work in T? where
T =10,1] mod 1; that is, in the torus.
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LEMMA 20. We assume that that we have pairwise incomparable dyadic
rectangles based at the origin Q; C T2N[0,1)2, 1 <i <k, together with vectors
v; €T?, 1<i<k. We also let R; =v; + Qi, 1 <i<k. There are Lebesgue
measurable sets © and Z in T? with the following properties:

( ) |Z| > 25() 2k|@|§
(ii) for all x € Z, there exists vy = vo(x) such that
|(x — R,,) NO| S 1
| R, | T2k

Proof. Write as in Lemma 4 Q; = [0,27™¢] x [0,27"] where 1 <nj <--- <
ng and mq > - >my > 1. Define © and Y, 1 <v <k as in Lemma 4. For
each 1 <v <k, let Y, =v,+Y,. We begin by estimating the measure of some
relevant intersections.

CLAIM 21. For each w € T? and any 1 <v,p <k, we have |Y, N(w+Y,)| <
gp-vo—k-1,

Proof. To show this, we write w = (a,3) for some «,f € [0,1) and we
compute

Y, N (w+Y,)|

:// 1y, Lyty,

//m HT’”” Hr”n H’”mmf a) Hrnm n— B)d§dn

1=V Jj1=1 i2=p

/ /T H rm, (£ - H Tmiy (€ Hrnj )d€ dn

i1=p io=s
1
21/7;0 2k+1 )

using Lemma 17. O

Using Claim 21, we can now estimate the measure of the set Y/ = Uljzl Y.
To that purpose, assume that k£ > 2 and denote by K > 1 the largest integer
for which 2K < k. We then use the inclusion—exclusion principle to compute
K v—1

>§:na4—§j§:\mu+ya N (vzp + Yap)|-

v=1p=1

Y=

U U2y +}/2V

Using the equality |Ya,|=27%"! valid for each 1 <v < K together with the
fact that for 1 <v < K and 1 <p<v —1 we have

1
Av—p Qk+1"

|(U2u + YZV) N (v2p + Y2p)| = |}/21/ N [(U2p - UQV) + YQp] | <
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This follows from Claim 21. Hence,

K v—1 K
147t —1] 2K 1
!/
|Y|—2k+1_2k+1 2241/ P oktl [K Z§ qv—1 ] T3 9k+1’
v=1p=1 v=1
It follows from the inequality k& > 2 that K > k/4, so we finally get
ko1

| |7 6 2k—+1 ~ 19 2k|@|v

for O] =272k,
We now proceed to construct a set Z having the stated properties. Recall
that for each 1 <v <k, Y, can be written as

Ny
Y, = U (uu,q + Ql/)a
g=1
for some u, 4 € T2, 1< g < N, where N, =2~ *+1)2mv9n  We then let, for
1<v <k,

N,
|_| (Upq+QF) and Z,=wv, + Z),
q=1
where we introduced the following notation: given a rectangle @ = [0, a] x [0, ]
with 0 < a,b< 1, welet QT = [a/2,a] x [b/2,b] denote its upper right corner—
similarly we’ll also set Q_ =1[0,a/2] x [0,b/2] be its lower left corner. We
furthermore let Z = Ule Z
To estimate |Z|, we again use the inclusion—exclusion principle as follows:

we first assume that k >4 and choose K > 1 the largest integer for which
3K <k. We then have

U Z3V

Using the equalities | Z9
inclusions

K v—-1

>Z|Z3V|—ZZ| U3u+Z3u (”3p+ng)|'

v=1p=1

71Y3,| valid for each 1 <v < K, together with the

2] >

V|_

(USV + ZSV) (U3p + ZSp) (U3V + YE’)V) (U?)p + Y3p)7

valid for each 1 <v < K and each 1 <p<v —1, we get, using Claim 21 and
proceeding as before:

K v-1 K
1 | K 18711 3K 1
1Z] = 2k+3 ZZ 8V p2k+1 ~ okl [Z_ 7 gr-1 ] = 28 ok+1"
v=1

v=1p=1

Yet as k > 4 implies that K > k/12, we finally obtain:

ko1 1
|Z| > = —k2%0|.

e 125 2k+1 7 250
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Now fix x € Z and denote by vgo(z) the smallest integer 1 <y <k for
which one has x € Z,,, and observe that

‘(sc R, ﬂ@|—|[ vl,o—i—Ql,U]ﬂ@’—Hm—vyo) QVO]HG‘;
noticing that  — v, belongs to u,, q + Qj‘o for some 1 < ¢ < N,,, we see that
Uyyq+Qpy C (. —vy,) — Qu, (to see this, say that & — vy, =y, ,q+y, ¥ € Q)
now if we take z € @, , we have to show that

Uvg,q +z€ Uvg,q + Yy— Ql/o;

this is obvious for y — z € Q,,). We hence have
|(1' - RVD) N 9’ > |(Uuo,q +Q;0) ﬂ@| = !(uua,q + QVO) N @Vo )

where ©,, = {(§,7) € ©: 1, —1(§)7Tn,,+1(n) =1} CY,,. It is obvious that
|©,, > 1|©]. On the other hand, as in Lemma 4, we now observe that Y, is an
union of N,,, rectangles u,, ¢+ Qu,, 1 < ¢ < N, and that for any 1 < g,r < N,
we have

‘(uuo,q + Quy) N @Vo| = |(uu0,r +Qu)N 9u0|-
We then infer from the inclusion ©,, CY,, that

|(Uuo,q+QyU)m®y0| — NVO‘(UV(J7Q+QVO)0®V0| — |®Vo| >1 |@| — 1
|U‘V0,q + QVO‘ NV0|UV0,¢1 + QVO‘ ‘YV0| —4 |YV0| 2k+1
The proof is complete for |u,, 4 + Qu,| = |Ru, |- O

Given a sequence R = (R;) of rectangles, we define a maximal operator
Mg on L'(R?) by

(5) Mg f(zx)= SUp T

* f ().

R i

Lemma 20 is a key tool in the study of the behaviour of the maximal opera-
tor Mg when the sequence R is obtained from a sequence (Q;) of standard
rectangles in [0,1)? by translations:

R, =v;+Q; where v; € R? ieN*.
It allows us to prove an analogue of Corollary 8 in the moving context.

COROLLARY 22. Let Q be a family of standard rectangles in [0,1)?, fiz a
sequence (v;) CR? let R = (R;) be the sequence of rectangles in R? defined
by R; =v; + Q; and assume that we have R; C[0,1)? for each i € N*. If Q*
has infinite width, then for each X\ > 1 there exists a sequence of functions
(fx) C LY (R?) satisfying the following conditions: for each k € N*,

(1) fx vanishes outside [0,1]?%;
(i) fre Po(|f]) dz > 5(k + D)l fill1;
(iif) [{z €R*: MR fr(z) > A} > 5505 Jre Qo] fa]) da
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(iv) for any Orlicz function ® satisfying ® = o(Py) at oo and for each C >0
we have

S @olfidr
i Jea ®(Clfel) de —

Proof. We view [0,1)? as a subset of T?. Take k € N*. As Q has infinite
width, find indices 1 <4y <ip <--- <1y such that {Q;, : 1 <j <k} is inde-
pendent. Choose sets © and Zj, in T? associated to Qi; and v;,, 1 <i<k
according to Lemma 20. Let f, = 28T \lg,. It is clear that f;, is supported
in [0,1]?, and (i) is proved.

To prove (ii), begin by observing that

/R2 Do (| f]) dz = |©x|2"TA[L + log A+ (k + 1) log 2]
=2""FA[1+log A + (k +1)log2].
On the other hand, we have
[ frlls =28+ O = 2" 7FA.

We hence get:

|, ®ol1d) do = [1+10g A+ 6+ D1og 2]l = &+ DIl

We prove (iii) as follows: fix z € Zj, and choose an integer 1 <1y =vy(x) <k
according to Lemma 20(ii). Compute now

R
|R

i |

|(‘T*Riy0)m@k| -
R -

Mg fir(x) > 1r, * fr(z)=2F1)

ivg

i |

We hence have Z; C {x € R? : Mg fr(z) > \}. It follows that for k sufficiently
large, we have

{z €R*: Mpfr(z) > A} > |Zi| > %k2k|@k| = Lk(zl—’u)

500\
1 k
500)\1Jrlog/\Jr(k-Jrl)logQ‘/]R2 0(‘fk|) X
1
>/ @ da.
= 500\ Jgo (/i) de

Finally, the proof of (iv) is virtually identical to the proof of Corollary 8(iv).
O

REMARK 23. Under the hypotheses of Corollary 22, it now follows immedi-
ately from Corollary 22 that the maximal operator Mg cannot satisfy a weak
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(1,1) inequality, for otherwise there would exist a constant C' > 0 independent
of k such that for any sufficiently large k € N* we have

1

w5 [ Bollfel) dr < [{r B Mnfele) 2 1}

< [{zeR®: M f(e)>1/2}| <2C| fulls,
which would contradict Corollary 22(ii) for k sufficiently large.

REMARK 24. Under the same hypotheses, it also follows from Corollary
22(iv) that the maximal operator Mg cannot satisfy an inequality of weak
type in L®(R?), in case ® is a Young function satisfying ® = o(®g) at oo,
where ®g is the Orlicz function in Example 41. To see this, we observe that
if there would exist a constant C' > 0 such that

[{zeR?: Mg f(z)>2}| < /R (CkcH)dx,

holds for every f € L% (R?) and every A > 0, then if (fi) is the sequence of
functions coming out of Corollary 22, we would have for k sufficiently large:

1
500 /. (I’O(|fk|)dx<|{xeR2 Mg fr(z >1}\

<

{x€R2 . My fr(z) > %} g/RQ@(ZCkaH)dx

which would contradict Corollary 22(iv) for k sufficiently large.

We summarize the facts about the behaviour of Mg that come out from
the preceding remarks, in the following result.

PROPOSITION 25. Assume that the hypotheses of Corollary 22 are satisfied.
If ® is an Orlicz function satisfying ® = o(®Pg) at 0o, where ®q is the Orlicz
function of Example 41, then there exists f € LY (R?) for which Mg f(z) = oo
holds a.e. in R?; in particular, there exists f € LY (R?) such that Mg f = oo
a.e. on R2.

Proof. The proof is virtually identical to the proof of Theorem 10(ii). O

REMARK 26. As a counterpart to Proposition 25, we refer to the end of
Section 2.2 for a positive result along the lines of Theorem 10(i).
2. Moving averages in the plane: The ergodic context

In this section, we fix a Lebesgue probability space (X, u) together with
commuting, invertible measure-preserving transformations 5,7 : X — X. We
moreover assume that the action

7Z? x X = X, (k1) — S*T'z
is free, i.e. that u{z: S*T'z =2} =0 unless k=1=0.
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2.1. Standard averages in the ergodic context: The L' behaviour. A
standard rectangle in Z? is a set Q C R? of the form Q = Z? N[0, m] x [0,n] for
integers m,n € N*; we then let £(Q) = m, L(Q) = n, while Q will stand for the
associated rectangle @ = [0,m] x [0,n] in R?. Conversely, given a standard
rectangle @ in Z2, we let |Q] denote the largest standard rectangle in Z?
contained in Q.

A standard dyadic rectangle in Z? is a rectangle of the form [0,2™] x [0, 2"].
The dyadic mother Q* of a standard rectangle Q in Z? is the standard dyadic
rectangle containing @) that has the least number of elements.

For our purposes, we will call an admissible sequence of standard rectangles
any sequence Q = (Q;) of standard rectangles in Z? such that both sequences
(£(Q;)) and (L(Q;)) tend to oo.

The definitions we made in the differentiation context naturally generalize
to the present setting.

DEFINITION 27. Two standard rectangles Q; and Qs in Z? are called in-

comparable, and we write Q1 » 2, in case neither @1 C Q)2 nor Q2 C Q.
Moreover, a family Q of standard rectangles in Z? is called

e independent in case Q1 » ()2 holds for any distinct Q1,Q2 € Q;

e dependent in case there exist distinct elements @1, Q2 € Q where Q1 ~ Q2
does not hold;

e q chain in case Q is totally ordered by inclusion.

DEFINITION 28. A sequence Q of standard rectangles in Z?2 is said to have
infinite width in case for every k € N, there exists integers 1 <4y <19 < -+ < i
for which {Q;, : 1 <j <k} is independent. It is said to have finite width in
case it is not of infinite width.

Dilworth’s alternative still holds.

LEMMA 29. A sequence Q of standard rectangles in Z? has either infinite
width, and it is not a finite union of chains, or it is finite width and it is a
finite union of chains.

To any admissible sequence Q = (Q;) of standard rectangles in Z?2, one
naturally associates a maximal operator Mq defined on L'(X,u) by

1
Mof(x) = sup > f(StT'a).
1eN* % (k)EQ;
The behavior of Mg may be studied according to the comparability properties

of the dyadic approximations of its elements.

THEOREM 30. Let Q be a sequence of standard rectangles in Z>. The
following properties are satisfied:
(i) if Q* has finite width, then for any f € L*(X,u) we have Mqf < oo,
p-a.e. on X;
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(il) of Q* has infinite width and if @ is an Orlicz function satisfying ® = o(Pg)
at 0o, then there exists f € LY (X, p) such that Mqf = oo holds pi-a.e. on
X; in particular then there exists f € L}r(X, w) for which Mqf = oo,
p-a.e. on X.

Proof. To prove (i), assume that Q* has finite width; it then follows from
Hagelstein and Stokolos [7, Theorem 1] that the maximal operator Mgq is of
weak type (1,1). One hence finishes the proof of (i) by applying Sawyer [13,
Theorem 3].

As the proof of (ii) would need a more general transfer lemma along the
lines of Lemma 42 in order to transfer the inequality (2) in the ergodic context,
we only prove (ii) in L!(R?) for brevity’s sake. To this purpose let us proceed
towards a contradiction, and assume that (ii) does not hold. In this case, it
follows from Stein [14, Corollary 1] that the maximal operator Mg satisfies
an inequality of weak type (1,1). By Rokhlin’s lemma as in Ornstein and
Weiss [10], this implies that the maximal operator mq defined on ¢'(Z?) by

1
mqep(m,n) = sup 70, Z le(m+k,n+1)|
TR (ke

for m,n € Z, satisfies an inequality of weak type (1,1) in ¢1(Z?).
By our transfer lemma (Lemma 42, see Appendix B), there would exist a
constant C' > 0 such that for any f € L!'(R?) and any A > 0:

Clfl

A )
where Q = (Q;) is the sequence of standard rectangles in R? associated to Q;,
i€ N*.

On the other hand, observe now that if we define a sequence Q=(Q,) of
standard rectangles in Z2? by Q; = |Q;/2], then Q* = (Q}) also has infinite
width. For each ¢ € N*, let Q) = QF and observe that (using the notations of
Lemma 42) we have fﬂQ,_ =1g . Fix k€ N*. According to the fact that Q~

has infinite width, find integers 1 <iy; <iy <--- < iy such that Q} ,..., Q]
form an independent family of standard rectangles in R?. Choose next an
a > 0 such that we have Qij C[0,a)? for each 1 <j <k, let Qj = a‘lQ;j for
each 1< j <k and let f; denote the function associated to QY,...,Q} and
A =5 by Corollary 8.

For each k € N*, define gy = d, fi, where the dilation d,f € L*(R?) is
defined at x € R? by the formula d, fx(z) = a®fr(az). Observe in particular

that, for any z € R and 1 < j <k, we have

[{zeR?: Mgf(z) > A} <

1oy * fr(@) :/Q” fulx —&)de = o a® fr(z — an) dn=1g, * g (z/a).
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It follows from the proof of Corollary 8(ii), (iii) that we have, for k sufficiently
large,

k) |QI/
Using the equality |Q§j| = a,2|Q;-’ |, we hence get, for k sufficiently large:

1
HmERQ: max |]1Q ok fro(z) > 5}‘2%“]%”1'

1
{méRQ: 1@?<Xk|Q’ |JlQ/ * g (z )>5a2H

{yéRQ' k|c2"|]l@”*f’“”>5}‘

—20 Qkak”l 2002

We hence get, using the inequality Mqgx(z) >
x € R? and each k € N* sufficiently large:

1
a2

5 kllgkll1-

+Mg.gi(z), valid for each

Cligrllx
—2 > ||{sc €R?: Mng(a:) > a2}||
> HxERQ: ma<xk \Q/ | *gk(x)EBaQ}‘_WngHh,
which is impossible when k is large enough. O

REMARK 31. We can also prove an analogue of Theorem 10(iii), but do
not do so here for brevity’s sake.

REMARK 32. It is noteworthy to observe that an analogue of Remark 16
can be stated in the ergodic context, for admissible sequences Q = (Q;) of
standard rectangles in Z2.

2.2. Moving averages in the ergodic context: The L' behavior. We
first recall a result by Bellow, Jones and Rosenblatt in [2] concerning one-
dimensional moving averages. The context is the following: let Q C Z x N*
and define, for each a > 0:

Qo ={(k,r) €Q: |k —K|<a(r—r') for some (k',r') € Q}.
One further defines, given r € N* and « > 0, the cross-section
Qa(r)={keZ: (k7)€ Q}.
One also associates to  a maximal operator Mg defined on L'(X, i) by

T
M, = THz)].
of(0)= swp oy ;)If( z)|

THEOREM 33 (Bellow, Jones and Rosenblatt). The following two assertions
are satisfied:
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(i) if there exist constants >0 and A >0 having the property that for any
r € N*, #Q,(r) < Ar, then Mg is of weak type (1,1) and of strong type
(p,p) for any 1 < p < oo.

(ii) if Mg is of weak type (p,p) for some 1 < p < oo, then for any a > 0 there
exists Ao > 0 having the property that for any r € N*| then #Q4(r) <
A,r.

We now let Q = (Q;) be a sequence of standard rectangles in Z?, and we
fix a sequence v = (v;) C N?; we also define a sequence R = (R;) of rectangles
in Z2 by letting R; = v; + Q; for each i € N. The maximal operator Mg is
defined in the natural way by

st

Mg f(x) = sup
(k,))ER;

zeN# i

Denoting by p and ¢ the orthogonal projections on the z- and y-axis, respec-
tively, we associate to the sequence R, the following nets:

U(v,Q) = {(q(vi), #4(Qi)) : i e N} CNx N*.
LEMMA 34. Assume that Q is a sequence of standard rectangles in Z2, and

fiz a sequence v = (v;) CN2. As usual, define a sequence of rectangles R =
(R;) by letting R; = v; +Q; fori € N. Consider the following two statements:

(i) the mazimal operator Mg is of weak type (1,1);
(ii) there exists constants o >0 and A >0 such that for any r € N*, we have

#(Q(v,Q)), (r) < Ar and #(U(v,Q)), (1) < Ar.

Then, (i) implies (ii) and the converse holds in case Q is a chain of rectangles.

Proof. To show that (i) implies (ii), begin by observing that Rokhlin’s
lemma (see Ornstein and Weiss [10]) together with Calderdén’s transfer prin-
ciple (see Calderén [4]) implies that for any commuting, measure-preserving
transformations S, T’ : X — X, the maximal operator Mg defined on L' (X, )
by

is of weak type (1,1) provided (i) holds. Taking either S’ =S and T’ =idx
or 8’ =idy and T’ =T, and observing that for any i € N:

oy 3o A5 = S ()
7 J=1

#R (k,1)ER;
1 #Q(ZQz‘) (orts Z l
f(Tq vi +733) f 1dXT )
#a(Q j=1 #R (k,)ER;
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we see that the maximal operators Mgy ,q) and My, q) are of weak type
(1,1). Assertion (ii) then follows from Bellow, Jones and Rosenblatt theorem
(Theorem 33).

Assume now that Q is increasing and satisfies (ii). According to Theo-
rem 33 and to Avramidou [1, Theorem 1.1], we obtain that the correct factors
(which, in this case, equal Avramidou’s modified correct factors)

M;(R) =#U{p(R;) —p(R;): 1<j<i} and

Ni(R) =#U{q(R;) —q(R;) : 1 <j <i}
satisfy the inequalities

M;(R) < C#p(R;) and N;(R) < C#q(R;)

for each i € N, where C' > 0 is a constant independent from 7. Yet defining
the joint correct factor

for i € N, and observing that we have P;(R) < M;(R)N;(R), we see that
P;(R) < C%*#R; holds for each i € N; it hence follows from Rosenblatt and
Wierdl [12, Theorem 5.8] that Mg is of weak type (1,1). O

We now state the analogue of Theorem 30 in the context of moving aver-
ages.

THEOREM 35. Let Q, v and R be as above, and let Q = Q(v,Q) and
U=0(v,Q) be the associated nets. The following properties hold:

(i) assume that Q* has finite width; if moreover there exists constants o> 0
and A >0 such that for any r € N* we have:

#O0(r) < Ar and #U,(r) < Ar,

then for any f € LY (X, u) we have Mg f < oo, p-a.e. on X;

(ii) if Q* has infinite width and if ® is an Orlicz function satisfying ® = o(Pg)
at oo, then there exists f € LT (X, p) such that My f = oo, p-a.e. on X;
in particular there exists f € LY (X, p) for which Mqf = oo, p-a.e. on X.

Proof. The proof of (ii) is virtually identical to the proof of Theorem 30,
and relies on Corollary 22 instead of Corollary 8 in the case of L!(X,pu); for
brevity’s sake, we omit the proof in the general Orlicz space L® (X, ).

To prove (i), let Q, v and R be as above, and assume that Q* has
finite width. Writing—according to Dilworth’s alternative (Lemma 29)—
Q" =QjU---UQj where the QF, 1 <j <n are increasing sequences of
rectangles extracted from Q*, let (v;), 1 < j <n be the corresponding subse-
quences of v. Condition (i) then easily follows from Sawyer [13, Theorem 1]
since the following two statements are equivalent:

(A) for any f € L'(X,p), we have Mg f < oo for p-a.e. on X;
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(B) there exists constants o >0 and A > 0 such that for any € N* and any
1< j7<mn, we have
#(Q(v;, Q;))a(r) <Ar and #(U(vy, Q;))a(r) < Ar.
It indeed follows from Lemma 34 and from simple computations analogous to
those made in the proof of Theorem 10(i). O

REMARK 36. Going back to the differentiation context as announced in
Remark 26, and letting Q be a sequence of standard rectangles in R? and
v = (v;) € R? be a sequence of vectors in R?, we denote, as expected, by p
and ¢ the projections on the z- and y- axes, respectively.

Given a set Q CR x [0,00), we let, for any a > 0:

Qo == {(z,t) ER x [0,00) : |# — /| < a|t — | for some (2/,t') € Q},
while we let, for ¢ > 0:
Q@) :={zeR: (z,t) €Q}.
To Q and v, we then associate two sets
Qv,Q) = {(p(va), [p(Qi)|) : i €N} SR x [0,00),
5(v.Q) = { (a(w). a(@:)]) : € N} € R x [0,00).
Using Nagel and Stein [9, Section 2, Theorem 1] instead of Bellow, Jones and

Rosenblatt (Theorem 33), we could then state an analogue result to [Theo-
rem 35(i) in the context of differentiation:

THEOREM 37. Assume that Q* is a chain of rectangles in R?, let R = (R;)
be defined by R; :=v; + Q; fori € N and let Q:=Q(v,Q) and U:=0U(v,Q) be
the associated sets. Then the mazimal operator Mg defined in (5) is of weak
type (1,1) in case there exists constants o >0 and A >0 such that for any
0<t< oo, we have

|Qa(t)| <At and |Uq(t)| < At
The proof of Theorem 35(i) indeed translates to the differentiation context.

2.3. Further results in higher exponent Lebesgue spaces. In this
whole section, we assume, as before, that Q is a sequence of standard rectan-
gles in Z?, we fix a sequence v = (v;) in N? and define a sequence R = (R;)
of rectangles in Z2 by R; =v; + Q;, i € N. We also define operators A; and
B; on L*(X, ) by

1
(6) Aif(x) f Sk and
~ #p(Ry) kepz(;%)

(
BUl(w) = 7o Z F(T'a)

and we denote by A, and B, the assomated maximal operators.
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Assuming that the maximal operator Mg is of weak type (pg,po) for some
1 < pp < o0, it follows from Rokhlin’s lemma (see Ornstein and Weiss [10])
and from the Calderén transfer principle (see Calderén [4]) that for any pair
S, T" of commuting, measure preserving transformations of X, the maximal
operator Mg associated in the obvious way to R, S’ and T”, is of weak type
(po,po)- Denoting by (A}) and (B}) the sequence of linear operators associated
in the obvious way to R, S’ and 7" as in (6), we observe that a computation
along the lines of the first part of the proof of Lemma 34 shows that the two
associated maximal operators A, and B, are of weak type (po,po). Applying
Bellow, Jones and Rosenblatt theorem (Theorem 33) twice then yields the
fact that both maximal operators A, and B, are of weak type (1,1) and of
strong type (p,p) for any 1 < p <oo. It then follows from Zygmund [17, II,
Theorem 4.34 and Remark p. 119] that there exists a constant C > 0 such
that for any f € Llog L(X, u), we have

™ maox{ 4.1, 51,y < € (14 [ wo(1f) )

On the other hand, one easily observes that for any i € Nand f € LY (X, 1),
we have

> f(S*T"x) = Ajo Bjf(x);

(k,1)ER;

# i

we thus have, for 1€N:

>° F(S*T"x) = Ao Bif(x) < Afo B (),

(k ER;

which yields the inequality
(8) Myf<ALoB.

Yet given f € LlogLy(X,u), equation (7) shows that we have B.f €
LY (X, p). According to the fact that A’ is of weak type (1,1) (see the dis-
cussion above) we hence get

Mg f(x) = Al o B f(x) < o0

for p-a.e. v € X. Let us summarize the preceding discussion in the following
statement.

THEOREM 38. Assume that the operator Mg is of weak type (po,po)
for some 1 < py < co. Then, for any measure preserving transformations
S'.T': X — X, the mazimal operator Mg associated to S', T' and R in

the obvious way by
Mg f(2) = sup > f(S*Ta)
(k,1)ER;

i€N # i
verifies M§ f(x) < oo for any f € Llog L+ (X, ).
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REMARK 39. In case Q has infinite width, Theorem 30(ii) (see also Hagel-
stein and Stokolos [6]) shows the latter theorem is “the best we can expect”.

Appendix A: Material from Orlicz spaces

For our purposes, we call an Orlicz function any function @ : [0,00) —
[0, 00) satisfying the following conditions:
(O1) ® is convex and increasing;
(02) ¢(0)=0;
(03) the function t — ®(t'/2) is concave.
It should immediately be noticed that any function verifying (01)-(03) as
above also satisfies the following doubling condition:
(Ag) there exists C' > 0 such that for any 0 <t < oo, ®(2t) < CP(t).
Given a Young function ® and a measure space (X,u), we define for every
measurable f: X — R a number

IUhﬂﬂﬁ{a>0:£¢(M%ﬂ>muwg1}

and we denote by .Z®(X) the collection of all measurable functions f on X
for which || f|le < oo, while L®(X) denotes the space obtained by identifying,
in Z?(X), two almost everywhere equal functions. Here f € £?®(z) if and
only if [ ®(|f(x)]) du(x) < co. According to Rao and Ren [11, Proposition 3,
p. 60; Theorem 10, p. 67], we find the following result:

THEOREM 40. The space (L*(X),| - |la) is a Banach space.
EXAMPLE 41. We denote by @, the Orlicz function defined on [0,00) by
Qo (t) =t(1 +log, t),

and we let Llog L(X) = L*°(X) whenever (X, i) is a measure space; we also
let || fllz1ogz = || f]l®, for f € Llog L(X). We readily notice that ®, satisfies
(Az).

It will be convenient to use the following terminology, as in Stein [14, p.
154]: we will say that an operator 7" mapping L?(X, ) into the space of
LO(X, u) of measurable functions is

o of (strong) type (P, P) in case there exists a constant C' > 0 such that for
any f € L?(X,u) one has

Jetraaus [ acin)an

o of weak type (P, ®P) in case there exists a constant C' > 0 such that for any
f € L®(X,u) one has

w(lee X : [T(@)] > A}) g/xé(%) an.
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Appendix B: Proof of the “transfer lemma”

In the sequel, we fix n > 1 an integer and we let Ky =[0,1)" C R"; consis-
tently with this we also let K, =z + Ko for each x € R". Given f € L'(R")
and M >0, we let DM F € L*(R") be defined by

DMF(z)= M"F(Mz).

We observe in particular that |DMF||; = || F||;.
A regularizing sequence is a sequence of smooth, compactly supported func-
tions (p;) C L' (R™) satisfying the following conditions:
(R1) pi(z) >0 for each i € N and each x € R™;
(R2) suppp; C{z € R": |z| <27} for each i € N;

(R3) [gn pi =1 for each i € N.
Given a set 2 CR™, we also let for i € N:

Q= {zeQ: dist(z,00) >27"};

and we notice that if f € L*(R™) is constant in 2, then p; x f is constant in €2;.
Given k € Z" and M € N*, we let KM =7Z" N MK. We also denote by
01(Z™) the family of all summable functions on Z". For each k € Z", we define

a function & € ¢*(Z") by
1 ifl=Fk,
or(l) = {

0 otherwise;

while given M € N*, we let apy = M ™"1gar. Given p € H(Z™) and M € N*,
we define Dy € £1(Z") and Ay € (H(Z™) by
Dyo=M"" Z p(k)ign  and App= Z o(k)onrrk-
kezn kezn

We easily observe that ||¢|l1 = ||Darellr = |Ane]|1-
The following result is our “transfer lemma”.

LEMMA 42. Let F C (Y(Z™) be a countable collection of summable func-
tions on Z" and define for each p € F a function f, € L'(R™) by f, =
Y rezn P(K)1k, . The following assertions are equivalent:

(A) there exists C = C(F,n) >0 such that for any g € L*(R™) and X\ >0,

we have

C
{sup £ 9> 2} < S gl
pEF

(B) there exists C = C(F,n) > 0 such that for any M € N*, ¢ € (1(Z") and
A >0 we have

C
#{ sup Dargp x> 2} < Syl

peEF
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(C1) there exists C = C(F,n) >0 such that for any ¢ € (1(Z™) and any
A >0, we have

#{sup px1p> A} —||w||1,

pEZF
(CM) there exists C = C(F,n) >0 such that for any M € N*, o € (}(Z")
and \ >0, we have

c
#{ sup Anrp x> 2} < Syl

pEF

We shall prove the following series of implications: (B) = (A) = (B) =
(C1) = (CM) = (B).

Proof that (B) implies (A). We will need the following observation. Given
k,l € Z™ we let EkJ = {ZZ? ceR": |Kk n (1‘ — Kl)| > 0} and ]lkJ = ]lEk.l'

CrAmM 43. For each k,l € Z", we have 13, <1k, 4+ K,-

Proof. Assuming that = € R™ satisfies |Ky N (z — K;)| > 0, observe that
we can find y € Ky for which z — (I + y) € Ki. In particular we have x €
Ky +yC Kiy + Ko. O

We now turn on to show that (B) implies (A). Begin by observing that the

family
2={DMf,: MeN* el (")}

is dense in L'(R™) (to see this, notice that the latter collection is that of all
step functions in L!'(R™) subordinate to a regular grid centered at 0 whose
step is the inverse of a positive integer). It is then sufficient to show (B) for
functions g € 2.

On the other hand, taking g = fy with ¢ € ¢}(Z"), we compute for ¢ € .7,
M eN* and z € R™:

fox DM fy(a /fw Vo (M(z — )M dy

=M" . M™"fo (M~ (Mz - 2)) fy(z) d=

-1
=DM ((DM f,) * fu) (@);
while on the other hand
DM fo(a) =M 3 o, (M7 2) = M > o)k, (@
leZ’Vl leZ’Vl
Yet we have

foue(@) =Y Dup(k)ik,(x)
kezn

=M Z Z ]]‘MKZ ]lKk(x)

kezn lezn™
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=M™ () Lur, (k)i (z)
leZ" keZn

=M e (=
lezm™

so that finally
fox DM fy =DM (fDyrp % fy)-
Now fix 7 >0 and 1 € £*(Z"). Assuming that x € R" satisfies
fDMSD * fw(x) >
for some ¢ € ¢, observe that we have

9) Z 1k, +Ko (%) Darp(k Z L1 (z) Darp(k)(l)

k,lezm™ k,lezn
= fDMLP * flb(x) > 1.

We now denote by €, the collection of all subsets of {1,2,...,n} and we
observe that #%, =2". Given € R" and v € €, we let [z], satisfy [x]ff) =

[£(M] — 1 in case i €y and [z ]( )= = [#)] otherwise. In particular, [z]y = [z].
Observing that for each v € 6,,, we have

x € K+ Ko for each k,l € Z" with k+1 = [z],,

we write

7 Lk, ko @) Dup(R)E(1) = Y > Dap(k)([z], — k),

k,lezn YEEn kELn
and infer from (9) that
n
D9 ([w kgz;DMQO [z], k)>2—n7

for at least one v € 6,.
Fix now A >0 and ¢ € (}(Z"). We define for each M € N*:

By = {xER”: sup fw*Dqup(x) >)\}

pEF
:{xER”: sup DM (fpo * fo)(x >)\}
pEF
" /\
=qzeR": sup e * fu(Mz)
e

_ n A
=M 1{yeR : sup fome * fu(y) > —n}
weF M
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Calling B), the latter set, we now observe (applying what precedes to n =
A/M™) that

A
By, C U {xeR": SupDM@*w([ ly )> (QM)n}’
YECn i

and we see by (B) that

|BM| < Z #{ : bup Dy xip(k) > (2]\/\4)7;}

'ye%

<unLE ||¢||1*M”*||¢||1
Hence,
|Bu| < M™"|BYy| << |fw||1 = —HDMwal
This yields (A). U

Proof that (A) implies (B). Fix M € N*, ¢ € £*(Z") and compute for ¢ €
F and j€Z":

Do xp(4) = > Darp(D)yp(j — 1)

lezn

=M Z Z k)Larx, (D(5 —1)
leZ™ ke

=M Z (k) Z YD)k, (J—1)
kezn lezn

=M olk) Y e, (7).
kezn lezn

Define for each i € N* a function gM € L}(R") by

) =27 Y w2 57 )

kezZm

We hence compute for ¢ € # and z € R™:

f«p*gzM( ) = f@( Vg (z —y) dy
=M (k) vl /1Kk y)p ( y—L>dy
keZ" lezn
:M—nz Zz/; / plx—z)]lerKk( z)dz
kezr lezn

=M (k) Y (Wil g, (2).

kezn lezm
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Assume now that A > 0 is given and that j € Z™ is such that for some
p € . we have

Do = 1(j Y elk) D> O Lk, (5) > A
kezn lezn

Cram 44. If k,1 € Z™ are such that 1,1 pmk, (§) =1, then for each x €
(7 K;)i we have

0i *ILLJFK)C(JU) =1

Proof. Noticing to begin with that 1;1ak,(j) =1 implies that [ € j —

MKj,. Observe now that:

(1) j — MKy, is a left-open cube,

(2) for each x € 57K, each coordinate of Ma — j belongs to [0,1),
(3) 1 has integer coordinates;

we see that | € Mz — MK, for each z € 1 K.

On the other hand from 1,4k, (j) =1 we also infer that j €l + M Ky; as
I+ MKy, is a right-open cube in R™, we hence infer that K; C 1+ M K}, and
thus

! K; C ! + K
MU= TR
from which it follows that for any x € (MK ;)i we have

dist(a: 8( +Kk)> > 270

It then follows from property (R2) that p; * 1.k, () =1. The claim is

proved. O
According to the previous claim we thus have for each z € (ﬁK )it
foxgl! ek Y Dpik s g, (@)
kezn ez
>M" Z o(k) Z YLy mr, () > A
kezn lezn

Letting ex = {j € Z" : sup,c & ¢ *¥(j) > A} we get from the preceding com-
putations that

1
—K; | ClzeR": MY (x) > A},
U (), e ety

which yields in particular

M~ < )#6)\ HxER": sup(f¢*gf‘4)(x)>k}’

pEeEF

_,C
< Xl{gzMHl <M X”w“lv
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and (B) follows since 4 is arbitrary. O

Proof that (B) implies (C1). This is obvious, for it it sufficient to take M =
1in (B). O

Proof that (C1) implies (CM). We will make use of the following simple
fact.

CrAM 45. Fiz M € N* and ; € (1(Z"), j € K}, Then for k€ q+ MZ",
q €KY, we have

sup Z 0 % (Anrp x Apipj) = sugAM@*Aqu(k—q).
we

pEF .
JERY!

Proof. Fix k € Z™ and choose ¢ € K} and r € Z" for which k = q + Mr.
For each ¢ € % we have

Z §j % (Anr * Apsipy)(k Z 25 (DA * Aptp(k—1)

jEKlM jGKM lezn
= Z Ao Ayt (k — j)
JeKY!
= > A * Appt;(k — )

{jEKM :k—je Mz}
= App x Apripg(k —q),

in particular,

sup > 85 % (Anrpx Apgty) (k) = sup (Ao Aartrg) (b = )
wegjeK{)W pEF

the claim is proved. O

We now show that (C1) implies condition (CM); to that purpose, call C' > 0
the constant appearing in (C1). It is then obvious that for each M € N* and
each ¢ € (1(Z") with suppt C MZ", we have for each A > 0:

C
#{ sup Anrpxw> 2} < Syl

pEeF
Given 9 € £1(Z"), M € N* and j € K}, define w}/f e (X(Z") by
U} (k) = 0 (j + Mk).
Observe that 3= M)y = [l4]l1 and

w: Z (SJ*AM’(/)J

jekY!
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In particular, we compute for A >0 and v € £*(Z"), according to Claim 45:
#{k €Z": sup Ay *xp(k) > )\}
pEeEF

-y #{k6q+MZ”: supAMgo*AM@/Jéw(k—q)>)\}

gek! i
= #{z € MZ": sup Ao x Ay (1) > A}
qek? =
c M
<SS A,
qeKY
C
=~
qek}!
C
= Sl
which establishes (CM). O

Proof that (CM) implies (B). The following easy fact will be useful in the
sequel.

CLAIM 46. For any v € (1(Z™), we have |lanr * |1 < ||[¢||-
Proof. We easily compute

laar sy =07 " | > zp(k—l)] <MY k=] =[]

keZm ek} leRY keZm

The claim is proved. O
We will also need the following fact.

CLAIM 47. For each ¢ € (*(Z"™) and each M € N*, we have D¢ = ap *
Ap .

Proof. To prove this claim, fix j € Z" and k € K}. Compute then

(10) an x App(k) = > an()Amp(k—1),
lezn

e B )

{1eR} :k—le Mz}
_ k—(k—jiM)
= M n —
(=5
=M""p(j)
= Dyro(k);
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where (10) comes from the fact that the only I € K} for which k — 1 € MZ"
is the vector | =k — Mj. O

We are now able to prove that condition (CM) implies condition (B): to
that purpose assume that (CM) holds and compute for o € ¢}(Z") and A > 0
(using (CM) together with the previous claims):

#{SggDMso TEPYE #{53}; Anrp s (anr ) > A}

C C
< llear* vl < Sl
Hence, (B) is proved. O

Acknowledgments. Laurent Moonens would like to thank the Department
of Mathematics of the University of Illinois at Urbana-Champaign, and espe-
cially Professor J. Rosenblatt, for their warm hospitality during the academic
year 2009-2010.

The authors would like the referee for a careful reading of the paper, and
the numerous suggestions which improved the quality of the present text.

REFERENCES

[1] P. Avramidou, On certain weighted moving averages and their differentiation ana-
logues, New York J. Math. 12 (2006), 19-37. MR 2217161
[2] A. Bellow, R. Jones and J. Rosenblatt, Convergence for moving averages, Ergodic
Theory Dynam. Systems 10 (1990), no. 1, 43-62. MR 1053798
[3] A. Bellow and R. L. Jones, A Banach principle for L°°, Adv. Math. 120 (1996), no. 1,
155-172. MR 1392277
[4] A.-P. Calderén, Ergodic theory and translation-invariant operators, Proc. Natl. Acad.
Sci. USA 59 (1968), 349-353. MR 0227354
[5] R. P. Dilworth, A decomposition theorem for partially ordered sets, Ann. of Math. (2)
51 (1950), 161-166. MR 0032578
[6] P. Hagelstein and A. Stokolos, Weak type inequalities for ergodic strong maximal op-
erators, Acta Sci. Math. (Szeged) 76 (2010), 365-379. MR 2789679
[7] P. Hagelstein and A. Stokolos, Weak type inequalities for mazimal operators associated
to double ergodic sums, New York J. Math. 17 (2011), 233-250. MR 2781915
[8] B. Jessen, J. Marcinkiewicz and A. Zygmund, Note on the differentiability of multiple
integrals, Fund. Math. 25 (1935), 217-234.
[9] A. Nagel and E. M. Stein, On certain mazimal functions and approach regions, Adv.
in Math. 54 (1984), no. 1, 83-106. MR 0761764
[10] D. S. Ornstein and B. Weiss, Ergodic theory of amenable group actions. I. The Rohlin
lemma, Bull. Amer. Math. Soc. (N.S.) 2 (1980), no. 1, 161-164. MR 0551753
[11] M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Monographs and Textbooks in Pure
and Applied Mathematics, vol. 146, Marcel Dekker Inc., New York, 1991. MR 1113700
[12] J. M. Rosenblatt and M. Wierdl, A new mazimal inequality and its applications,
Ergodic Theory Dynam. Systems 12 (1992), no. 3, 509-558. MR 1182661
[13] S. Sawyer, Mazimal inequalities of weak type, Ann. of Math. (2) 84 (1966), 157-174.
MR 0209867
[14] E. M. Stein, On limits of segences of operators, Ann. of Math. (2) 74 (1961), 140-170.
MR 0125392


http://www.ams.org/mathscinet-getitem?mr=2217161
http://www.ams.org/mathscinet-getitem?mr=1053798
http://www.ams.org/mathscinet-getitem?mr=1392277
http://www.ams.org/mathscinet-getitem?mr=0227354
http://www.ams.org/mathscinet-getitem?mr=0032578
http://www.ams.org/mathscinet-getitem?mr=2789679
http://www.ams.org/mathscinet-getitem?mr=2781915
http://www.ams.org/mathscinet-getitem?mr=0761764
http://www.ams.org/mathscinet-getitem?mr=0551753
http://www.ams.org/mathscinet-getitem?mr=1113700
http://www.ams.org/mathscinet-getitem?mr=1182661
http://www.ams.org/mathscinet-getitem?mr=0209867
http://www.ams.org/mathscinet-getitem?mr=0125392

MOVING AVERAGES IN THE PLANE 793

[15] A. M. Stokolos, On the differentiation of integrals of functions from Le(L), Studia
Math. 88 (1988), no. 2, 103-120. MR 0931036
[16] A. Zygmund, An individual ergodic theorem for non-commutative transformations,
Acta Sci. Math. Szeged 14 (1951), 103-110. MR 0045948
[17] A. Zygmund, Trigonometric series, 2nd ed. vols. I, II, Cambridge Univ. Press, New
York, 1959. MR 0107776
LAURENT MOONENS, UNIVERSITE PARIS-SUD, LABORATOIRE DE MATHEMATIQUES,
BATIMENT 425, 91405 ORsAY CEDEX, FRANCE
E-mail address: Laurent .Moonens@math.u-psud.fr
JOsSEPH M. ROSENBLATT, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT
URBANA-CHAMPAIGN, URBANA, IL 61801, USA

E-mail address: rosnbltt@illinois.edu


http://www.ams.org/mathscinet-getitem?mr=0931036
http://www.ams.org/mathscinet-getitem?mr=0045948
http://www.ams.org/mathscinet-getitem?mr=0107776
mailto:Laurent.Moonens@math.u-psud.fr
mailto:rosnbltt@illinois.edu

	Moving averages in the plane: The differentiation context
	Standard averages for differentiation
	Moving averages for differentiation

	Moving averages in the plane: The ergodic context
	Standard averages in the ergodic context: The L1 behaviour
	Moving averages in the ergodic context: The L1 behavior
	Further results in higher exponent Lebesgue spaces

	Appendix A: Material from Orlicz spaces
	Appendix B: Proof of the "transfer lemma"
	Acknowledgments
	References
	Author's Addresses

