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COHEN-MACAULAYNESS WITH RESPECT
TO SERRE CLASSES

MOHSEN ASGHARZADEH AND MASSOUD TOUSI

ABSTRACT. Let R be a commutative Noetherian ring. The notion
of regular sequences with respect to a Serre class of R-modules is
introduced and some of their essential properties are given. Then
in the local case, we explore a theory of Cohen—Macaulayness
with respect to Serre classes.

1. Introduction

The concept of almost vanishing has been studied by a number of authors,
see [GR] and [RSS]. They introduced along the way the notion of almost zero
modules in two different ways over not necessarily Noetherian rings. We do
not require to give the definition of the almost zero modules, but we list here
two basic properties of them:

(i) for any exact sequence of A-modules
0—M —M-—M'—0,

the module M is almost zero if and only if each of M’ and M" is almost
zero, and

(ii) if {M;} is a directed system consisting of almost zero modules, then its
direct limit hi)niMZ is almost zero.

A subclass of the class of all modules is called a Serre class, if it is closed
under taking submodules, quotients and extensions. A Serre class which is
closed under taking the direct limit of any direct system of its objects is called
a torsion theory, see [St]. So, the class of almost zero modules is a torsion
theory.
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In view of [RSS, Definition 1.2], a sequence & := xq,...,x, of elements of a
certain ring A is called almost regular sequence, if the A-module

((fl,--w%el)A ‘A Sﬂi)/(iﬂ17~~~a9€i71)A

is almost zero for each i =1,...,r. If every system of parameters for A is an
almost regular sequence, A is said to be almost Cohen—Macaulay. We refer
the reader to [RSS, Proposition 1.3] for a connection between this definition
and the monomial conjecture. These observations motivate us to introduce a
new generalization of the notions of regular sequences and Cohen—Macaulay
modules by using Serre classes. In fact, we do this by replacing the class
of almost zero modules with an arbitrary Serre class of modules. It is worth
pointing out that some of the existing generalizations of Cohen-Macaulayness
can be viewed as special cases of our definition. More precisely, consider the
following two examples.

Let (R,m) be a Noetherian local ring and M a finitely generated R-module.
Consider the torsion theory 7j := {N € R-Mod|Suppy N C Suppyp(R/m)},
where R-Mod is the category of R-modules and R-homomorphisms. In the
literature, the concept of M-sequence with respect to 7q is called M-filter
regular sequence, see [CST] and [SV]. Cuong et al. introduced the notion
of f-modules in [CST]. They studied modules called f-modules satisfying the
condition that every system of parameters is a filter regular sequence, see
[CST]. Now, consider the torsion theory 7; := {N € R-Mod|dim N < 1}. The
concept of M-sequence with respect to 77 is called generalized filter regular
sequence on M. This notion, as a generalization of the notion of filter regu-
lar sequences, first appeared in [N]. Following [N], the concept of generalized
f-modules was introduced in [NM]. An R-module M is called a generalized
f-module, if every system of parameters for M is a generalized filter regular se-
quence. Thus, our theory will include the notions of f-modules and generalized
f-modules.

Throughout this paper, R is a commutative Noetherian ring, a an ideal
of R and M an R-module. Always, “S” stands for a Serre class.

In Section 2, we introduce the notion of weak M-sequences with respect
to a Serre class S. We define the S — c. gradeg(a, M) as the supremum of
the lengths of weak M-sequences with respect to § in a. After summarizing
some results, we characterize S — c. gradep(a, M) via some homological tools
such as Ext-modules, Koszul complexes and local cohomology modules. This
provides a common language for expressing some results concerning several
types of sequences that have appeared in different papers.

Let (R, m) be a Noetherian local ring and M a finitely generated R-module.
We say that M is S-Cohen—Macaulay, if every system of parameters for M is
a weak M-sequence with respect to S. In Section 3, we exhibit some of the
basic properties of S-Cohen—Macaulay modules. Some connections between
the notions of S-Cohen—Macaulayness and Cohen—Macaulayness are given.
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We show that most of the remarkable properties of Cohen—Macaulay modules
remain valid for S-Cohen—Macaulay modules. Especially, they behave well
with respect to flat extensions, annihilators of local cohomology modules,
non-Cohen—Macaulay locus and quotient by weak sequences with respect to
the Serre class S.

2. Grade of ideals with respect to Serre classes

Let & be a subcategory of the category of R-modules and R-homomor-
phisms. Then § is said to be a Serre class (or Serre subcategory), if for any
exact sequence of R-modules

0—L—M-—N—0,

the R-module M belongs to S if and only if each of L and N belongs to S.
The key to the work in this paper is given by the following easy lemma.

LEMMA 2.1. Let M be a finitely generated R-module and K an R-module.
Then the following hold:

(i) M €S if and only if R/p €S for all p € Supp M. In particular, for any
two finitely generated R-modules N, L with Suppr N = Suppp L, we have
NeSifand only if L€ S.

(ii) If S is closed under taking direct sums, then K € S if and only if R/p €
S, for all p € Supp K. In particular for any two R-modules N, L with
Suppp N = Suppy L, it follows that N € S if and only if L€ S.

Proof. (i) First, assume that M € S. Let p € Suppy M. So there exists
m € M such that (0:pm) Cp. Since R/(0:p m) = Rm C M, it turns out
that R/(0:gm) € S. From the natural epimorphism R/(0:5rm) — R/p, we
get R/peS.

Now, we prove the converse. There is a chain

O0=MyC M C---CM=M

of submodules of M such that for each j, M;/M;_; = R/p for some p €
Supp M. By using short exact sequences, the situation can be reduced to the
trivial case ¢ =1.

(ii) Since S is closed under taking direct limits, we can assume that K is a
finitely generated R-module. The remainder of the proof is similar to (i). O

DEFINITION 2.2. Let M be an R-module. A sequence z :=xq,...,z, of
elements of R is called a weak M-sequence with respect to S if for each i =
1,...,r the R-module ((x1,...,2;—1)M :ps x;)/(21,...,2;—1)M belongs to S.
If in addition M/zM ¢ S, we say that z is an M-sequence with respect to S.

NoTAaTION. For an R-module L, we denote {p € Supprp L|R/p ¢ S} by
S —Suppgp L and {p € Assgp L|R/p ¢ S} by S — Assgp L.
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In order to exploit Lemma 2.1 and Definition 2.2, we give the relation
between regular sequences with respect to S and ordinary regular sequences.

LEMMA 2.3. Let M be a finitely generated R-module and z :=x1,...,%, a
sequence of elements of R. Then the following conditions are equivalent:

(i) z; ¢ UpGS—AssR M/(zrszs )M P foralli=1,...,r.
(ii) The sequence x1,...,x, is a weak M -sequence with respect to S.
(iii) For any p € S —Suppr(M), the elements x1/1,...,x,/1 of the local ring
R, form a weak My-sequence.
(iv) The sequence x1*,...,x0" is a weak M -sequence with respect to S for all
positive integers Ny, ..., MNy.

Proof. (i) = (ii) We can and do assume that r = 1. In view of Lemma 2.1,
it is enough to show that {R/p: p € Suppr(0:as 1)} CS. To establish this,
suppose on the contrary that, there is p € Suppg(0:ar 1) such that R/p ¢
S. So there exists q € Assg(0:ps 1), which is contained in p. The natural
epimorphism R/q — R/p and the condition R/p ¢ S imply that R/q ¢ S.
Since q € S — Assg(0:ps x1) and z1 € q, we get a contradiction.

(ii) = (iii) This implication is an immediate consequence of Lemma 2.1.

(iii) = (i) Assume that p € S — Assg(M/(x1,...,x,—1)M) for some ¢ =
1,...,r. Then p€ S — Suppy(M) and

pRp S ASSRF (Mp/(.’l?l/l, .. .,.’I,‘Z'_l/l)Mp).

Hence, by our assumptions, we have z;/1 ¢ pR,,. Consequently, z; ¢ p.
(iii) < (iv) is clear. O

Now, we establish a preliminary lemma.

LEMMA 2.4. Let M be a finitely generated R-module and let x :=x1,...,x,

be a weak M -sequence with respect to S in a. Then the following holds:
(i) Exth(R/a,M) €S for all 0 <i<r—1.
(ii) Exth(R/a,M) ¢S if and only if Homg(R/a,M/zM) ¢ S.

Proof. (i) Let 0<i<r—1 and p € Suppg(Ext%(R/a, M)). Assume that
R/p ¢ S. We have p € Suppg(M). By the implication (ii) = (iii) of Lem-
ma 2.3, the elements x/1,...,2,/1 of the local ring R, form a weak M,-
sequence. Therefore,

Extj(R/a, M), = Ethk,, (Rp/ap, My) =0,

which is a contradiction. So R/p € S. Now, Lemma 2.1 implies that Ext’ (R/
a,M)eS.

(ii) Let p € S — Suppgr(M). By Lemma 2.3, the elements x1/1,...,2,/1
of the local ring R, form a weak M,-sequence. Therefore, in view of [BH,
Lemma 1.2.4], we have

. (R
Extf, (—apf ,Mp> =~ Hompg, (Ry/aRy, My, /zM,).
P
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This shows that & — Suppr(ExtRh(R/a,M)) =S — Suppp(Hompg(R/a, M/
zM)). Hence, the desired result follows from Lemma 2.1. O

Let a be an ideal of the ring R. Suppose y:=yi,...,y, is a system
of generators of a. We denote the Koszul complex of y by Ke(y). For
an R-module M, the Koszul complex with coefficients in M, is defined by
K®(y, M) := Hompg(Kq(y), M).

We need the following lemma in Definition 2.6 below. The symbol Ny will
denote the set of nonnegative integers.

LEMMA 2.5. Let a be an ideal of the ring R and M an R-module. Sup-
pose that y:=yi,...,y. is a system of generators of a. The number inf{i €

No|H*(K*(y,M)) ¢ S} does not depend on the choice of the generating sets
of a.

Proof. Let x:=x1,...,x, be another generating set for a. Set 2’ :=z1,...,
Ts,Y1s---,Yr. In view of [BH, Proposition 1.6.21], He(z', M) = He(z, M) @R
A R". Therefore H;(z',M) € S if and only if H;(z, M) € S, since AR" is a
non-zero finitely generated free R-module. Set n =r+s. Thus, the symmetry
of Koszul cohomology and Koszul homology implies that H"~¢(K*(z', M)) €
S if and only if H*"4(K*(z, M)) € S, see [BH, Proposition 1.6.10(d)]. Set
Y :==¥y1,...,Yr,T1,...,Ts. By the same reason, we have H"*(K*(y/,M)) € S
if and only H"~*(K*(y,M)) € S. The claim becomes clear from the fact that
Koszul complex K*(y', M) is invariant (up to isomorphism) under permutation
of y/. O

DEFINITION 2.6. Let M be an R-module and a an ideal of R. Let z :=
Z1,...,Zs be a generating set for a. The notions of local cohomology grade,
Ext grade, Koszul grade and classical grade of a on M with respect to S, are
defined, respectively as follows:

(i) S —H. gradeg(a, M) :=inf{i € No|H:(M) ¢ S},
(ii) S —E. gradegp(a, M) := inf{i € No| Exth(R/a, N) ¢ S},
(iii) S — K. gradeg(a, M) :=inf{i € No|H (K*(z, M)) ¢ S},
(iv) 8 —c. gradeg(a, M) :=sup{l € Ng|y1,...,ye is a weak M-sequence in a
with respect to S}.
Here inf and sup are formed in ZU{+o00} with the convention that inf ) = +oo

and sup ) = —oo.

In the case S = {0} for simplicity, we use the notation K. gradeg(a, M),
E. gradeg(a, M) and H. gradeg(a, M), instead of S — K. gradeg(a, M), S —
E. gradeg(a, M) and S — H. gradeg(a, M).

PROPOSITION 2.7. Let M be a finitely generated R-module. Then the fol-
lowing holds:

(i) S —E. gradeg(a, M) =inf{E. gradep (aRy, My)|p €S — Suppr(M)}.
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(i) S —K. gradeg(a, M) =inf{K. gradep (aRy, My)[p €S — Suppr(M)}.
(iii) If S is closed under taking direct sums, then

S —H. gradeg(a, M) =inf{H. gradep (aR,,M,)|p €S —Suppr(M)}.

Proof. (i) First, assume that s :==S —E. gradep(a, M) < co. So Exti(R/a,
M) ¢S and Ext%(%,M) €S for all 0 <i<s. By using Lemma 2.1(i),
EthRp (%,Mp) =0 for all p€ S — Suppy(M) and all 0 <i < s. Therefore,
s <E. gradep (aRy, M) for all p € S — Suppr(M). Again by Lemma 2.1(i),
R/q ¢ S for some q € Suppz(Ext% (£, M)). The fact Extp, (%,Mq) #0 im-
plies that E.gradep (aRq,Mg) < s. Now, we can assume that S —
E. gradeg(a, M) = co. In the case S — Suppgp(M) =), we have nothing to
prove. Hence, we can assume that S —Supp (M) # (). Let p € S—Suppr(M).
Since Ext%(R/a, M) € S for all i >0, so Extﬁp (Rp/aR,, M,) =0 for all i > 0.
Consequently, E. gradep (aR,, M;) = oc.

By the same argument as (i), we can prove (ii) and (iii). Only note that in
the case (iii) we use Lemma 2.1(ii) instead of Lemma 2.1(i), since H.(M) is
not necessarily a finitely generated R-module. O

The following is the main result of this section.

THEOREM 2.8. Let M be a finitely generated R-module. Then the following
hold:

(i) Letz:=ux1,...,x, be a maximal weak M -sequence with respect to S in a.
Then r=8 — E. gradeg(a, M).
(ii) S —c. gradeg(a, M) =8 — E. gradep(a, M) =8 — K. gradeg(a, M).
(iii) If S is closed under taking direct sums, then S — E. gradeg(a,M) =8 —
H. gradeg(a, M).
(iv) If M/aM ¢ S, then S — K. gradeg(a, M) < 0o and all mazimal M -se-
quences with respect to S in a have a common length.

Proof. (i) Since M is a finitely generated, it follows from the maximality
of z and Lemma 2.3 that a Cp for some p € S — Assp(M/xzM). Hence

p € Assp(M/xM) N Suppy(R/a) = Assg (Hompg(R/a, M/zM)),

see [BH, Exercise 1.2.27]. Lemma 2.1 implies that Homg(R/a, M/zM) ¢ S.
Now, the conclusion follows from Lemma 2.4.

(ii) The inequality S — c. gradeg(a, M) < S — E. gradeg(a, M), becomes
clear by Lemma 2.4(i). Therefore, without loss of generality, we can assume
that r:= S — c. gradep(a, M) < co. So, the inequality from the other side
follows from (i).

In order to prove the second equality, recall that for all p € S — Suppy (M)
we have

E. gradeg (aRy, M) =K. gradep (aR,,M,),
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see [Str, Theorem 6.1.6]. In view of Proposition 2.7(i) and (ii), the assertion
follows.

(iii) This follows from Proposition 2.7(iii) and [Str, Proposition 5.3.15],
which state that

E. gradep (aRy, M) =H. gradep (aRy, My).
(iv) Assume that a can be generated by n elements y :=y1,...,y,. We have
H"(K(y,M))=M/aM &S

and consequently S — K. gradep(a, M) < co. So, in view of (i) and (ii), all
maximal M-sequences with respect to S in a have the same length. O

EXAMPLE 2.9. (i) In Theorem 2.8(iii), the assumption “S is closed under
taking direct sums” is really needed. To see this, let (R,m) be a Cohen—
Macaulay local ring of dimension d > 0 and let S be the Serre class of all
finitely generated R-modules. It is easy to see that S — E. gradep(m, R) =
o0 #d=38 — H. gradeg(m, R).

(ii) In Theorem 2.8(ii), the finitely generated assumption on M is necessary.
To see this, let R = K{[z,y]] and set M := P, ¢(x,y) R/rR. By [Str, p. 91],
we have E. gradegp(m, M) =1 and c. gradeg(m, M) =0.

We denote the category of R-modules and R-homomorphisms, by R-Mod.
For an R-module L, set T(L) :={N € R-Mod|Suppyp N C Suppp L}. It is
easy to see that 7 (L) is a Serre class, which is closed under taking direct sums.
Such Serre classes are called torsion theories. In the following proposition, we
give a characterization of torsion theories over Noetherian rings.

PROPOSITION 2.10. Let T be a torsion theory. Then T =T (L) for some
R-module L.

Proof. Set L := D, x5, R/p, where ¥ = {p € Spec R|R/p € T} is a subset of
Spec R. Let N be an R-module. It follows from Lemma 2.1(ii) that N € T if
and only if Suppp N C . The claim follows from the fact that Suppp N C X
if and only if N € 7(L). O

Let (R,m) be a local ring and set 7(R/m):={N € R-Mod|Suppyp N C
Suppr(R/m)}. In the literature, the concept of M-sequence with respect to
T(R/m) is called M-filter regular sequence and the maximal length of such
sequences in a is denoted by f — depthy(a, M), see [CST] and [Mel2]. The
following corollary can be found in [LT, Proposition 3.2], [LT, Theorem 3.9],
[LT, Theorem 3.10] and [Mell, Theorem 5.5].

COROLLARY 2.11. Let (R,m) be a local ring and M a finitely generated
R-module such that Suppgr(M/aM) ¢ {m}. Then

f —depthg(a, M) =inf{i: Hi(M) is not Artinian}
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=inf{i : H'(K*(a,M)) is not Artinian}
= inf{i: Exth(R/a, M) is not Artinian}.
Proof. Note that inf{i : H:(M) is not Artinian} = inf{i: Suppp H:(M) ¢
{m}}, see [Ma, Lemma 2.4]. Also, we know that for any finitely generated

R-module N, Suppr N C {m} if and only if N is an Artinian R-module. The
desired result follows from Theorem 2.8. O

By [N, Definition 2.1], a sequence z :=x1,...,z, of elements of a is a gen-
eralized regular sequence of M, if z; ¢ p for all p € Assp(M/(z1,...,2;-1)M)
satisfying dim(R/p) > 1. She called, the length of a maximal generalized
regular sequence of M in a, generalized depth of M in a and denoted it by
g — depthg(a, M), see [N, Definition 4.2]. Set X; :={p € SpecR: dim(R/
p) <1} and My =@, y, R/p. Consider the 7 :=7(M;)={N € R-Mod|
Suppp N C Suppp M1} = {N € R-Mod|dim N < 1}. It is easy to see that
z is a generalized regular sequence of M if and only if z is an M-sequence
with respect to 7. In the local case, the first and the second equality in the
following corollary is in [N, Proposition 4.4] and [N, Proposition 4.5].

COROLLARY 2.12. Let M be a finitely generated R-module such that
dim(M/aM) > 2. Then
g — depthy(a, M) =inf{i: dim H,(M) > 1}
= inf{i: dimExth(R/a, M) > 1}
=inf{i: dim H*(K*(a, M)) > 1}.
Let j be an integer such that 0 < j < dimR and set X; = {p € SpecR :
dim(R/p) < j}. Consider the R-module M, := @pexj R/p and set
7, :=T(M;)={N € R-Mod|Suppp N C Suppy M;}
={N € R-Mod|dim N < j}.

In the local case, the first equality in the following corollary first appeared in
[Q, p. 9] and [BN, Lemma 2.4]. The second equality is in [CHK, Lemma 2.3].

COROLLARY 2.13. Let M be a finitely generated R-module such that
dim(M/aM) > j+1. Then
T; — depthp(a, M) = inf{i : dim H.(M) > j}
= inf{i: dimExt%(R/a, M) > j}
= inf{i : dim H* (K (a,M)) > j}.
Let b be an ideal of R. Recall from [A, Definition 1.3] that a sequence

ai,...,a, is a b-filter regular M-sequence if x; ¢ p for all p € Assgp M/ (21, ...,
x;—1)M \ V(b). Consider the torsion theory 7y := 7 (R/b) = {N € R-Mod|
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Suppr N C Suppyr(R/b)}. It is easy to see that x is a b-filter regular M-
sequence if and only if x is an M-sequence with respect to 7,. The first
equality in the following corollary was first appeared in [A, Theorem 1.7].

COROLLARY 2.14. Let M be a finitely generated R-module such that
Suppgr(M/aM) € V(b). Then
T, — grade(a, M) = inf{i: Exth(R/a, M) ¢ Ty}
=inf{i: H'(K*(a,M)) ¢ Ty}
=inf{i: H:(M) ¢ Ty}.

REMARK 2.15. After the submission of this paper, the paper [AM] was
published. The notion of regular sequences with respect to Serre classes of R-
modules can be found in [AM] as Definition 2.6. The authors considered the
Serre classes of R-modules that satisfy a condition C4, see [AM, Definition 2.1].
By a completely different method, [AM, Theorem 2.18] independently provides
another proof of Theorem 2.8 for Serre classes of R-modules that satisfy the

condition C,. Also, it provides another proof of Proposition 2.7(i) for Serre
classes of R-modules that are closed under taking the injective envelope.

3. Cohen—Macaulayness with respect to Serre classes

In this section, we introduce the concept of S-Cohen—Macaulay modules.
Let M be an R-module and q a prime ideal of R. By hts(q), we mean the
Krull dimension of the Rq-module M,. First of all, consider the following
definition.

DEFINITION 3.1. Let M be an R-module and a an ideal of R. The height
of a on M and the Krull dimension of M with respect to S are defined as
follows:

(i) S —htp(a) :=inf{htr(q)|q € S —Suppr(M) N V(a)},
(ii) S —dim(M) :=sup{htr(q)|q €S — Suppr(M)}.

In the following lemma, we investigate the relation between S —E. gradep(a,
M) and S — htps(a).
LEMMA 3.2. Let M be a finitely generated R-module and a an ideal of R.
Then S —E. gradep(a, M) <S8 —htas(a).
Proof. The result follows from the following inequality and equalities.
S — E. gradeg(a, M) = inf{E. gradep_ (aR,, M)|p €S — Suppr(M)}
= inf{E. gradep (aRy, My)lp € S — Suppg(M/alM)}
<inf{hta, (aRp)|p €S — Suppg(M/aM)}
= inf{htas, (PRy)|p € S — Suppg(M/aM)}
=S8 — hty(a),
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where the first equality follows from the Proposition 2.7. O

For a subset X of Spec R, we denote the set of minimal members of X with
respect to inclusion, by min(X). We say that an ideal a of R is unmixed on M
with respect to S, if S — Assp(M/aM) = {p € min(Suppr(M/aM)): R/p ¢
S}.

PROPOSITION 3.3. Let M be a finitely generated R-module. Then the fol-
lowing are equivalent:

(i) S —E. gradeg(a, M) =38 —htys(a) for all ideals a of R.
(ii) S —E. gradeg(p, M) =8 — htps(p) =htas(p) for all p € S — Suppr(M).
(iii) For any p €S — Suppp(M), M, is Cohen-Macaulay.
(iv) Any ideal a which is generated by htps(a) elements is unmized on M with
respect to S.

Proof. (i) = (ii) Note that S — htps(p) = htps(p) for each pe S —
Suppr(M). So this implication is clear.

(ii) = (iii) Let p € S — Suppr(M). Then the claim follows from the fol-
lowing inequalities:

S —E. gradeg(p, M) < E — gradep_ (pRy, M;)
< hta, (pRy)
=8 —hta(p)
=S8 —E. gradeg(p, M),

where the first inequality follows from the Proposition 2.7.

(iii) = (iv) Let a be an ideal, which can be generated by hts(a) elements,
{a1,...,a,}. Let pe S — Assg(M/aM). Then M, is Cohen-Macaulay and
htys, (aRy) =n. Therefore, the elements a;/1,...,a,/1 of the local ring R,
form an My-sequence. So M,/aM, is Cohen-Macaulay. Since pR, €
Assg, (M, /aM,), we get that p € min(Suppg(M/aM)).

(iv) = (iii) Let p € S —Suppr (M) be such that htps(p) =n. From this, one
can find the elements x1,...,2, of the ideal p such that htps(xq,...,2;) =1
for all 1 <i<n. By our assumption, z; ¢ |J u____q for all

,,,,, T

1<i<mn. In view of Lemma 2.3, the elements x1/1,...,2,/1 of the local
ring R, become an M,-sequence. Therefore, depthp (M) > dim M, which
is what we wanted.

(iii) = (i) The proof is like the proof of Lemma 3.2. O

qES—Assgr &1

DEFINITION 3.4. Let (R,m) be a local ring and M a finitely generated
R-module. Then M is called an S-Cohen—Macaulay R-module if any system
of parameters of M form a weak M-sequence with respect to S. The ring R
is called S-Cohen—Macaulay if R is S-Cohen—Macaulay over itself.

In the sequel, we need the following theorem, which provides some equiva-
lent conditions to Definition 3.4.



COHEN-MACAULAY MODULES 7

THEOREM 3.5. Let (R,m) be a local ring and M a finitely generated R-
module. Then the following are equivalent:

(i) M is an S-Cohen—Macaulay R-module.
(ii) For any p €S — Suppr(M), M, is Cohen-Macaulay and

htas(p) + dim(R/p) = dim M.
(ili) For anyp € S—Suppr(M), E. gradeg(p, M) =S —htas(p) =hta(p) and
htas(p) + dim(R/p) = dim M.

(iv) depthp, (My)=dim M —dim(R/p) for any p € S — Suppr(M).
(v) If x1,...,2q is a system of parameters for M, then

dim(R/p) =dim M —

forallpeS — Assp(M/(z1,...,2))M) and all 0 <i<d:=dim M.

(vi) ht(p/q) + htar(q) =htar(p) for all g Cp of S — Suppp(M) U {m}, M, is
Cohen Macaulay for all p € S — Suppr(M) and dim(R/p) = dim M for
all p € min(S — Suppr(M)).

Proof. (ii) < (iv) is easy and (ii) < (iii) follows from Proposition 3.3.

(i) = (iii) Let p € S — Suppyr (M) and suppose that dim(R/p) = dim M — .
Then there exists a subsystem x1,...,z; of a system of parameters for M
contained in p, see [BH, Proposition A.4]. In view of our assumption, the
sequence 1, ...,x; is a weak M-sequence with respect to S. So by Lemma 3.2
and Theorem 2.8(ii),

S —E. gradeg(p, M) <htps(p) <i< S —E. gradeg(p, M).

Therefore, S — E. gradeg (p, M) =htps(p) =4.

(iii) = (v) First, we claim that if z:=z1,...,2, is a subset of a system
of parameters for M, then z form a weak M-sequence with respect to S.
We prove this claim by induction on ¢. For the case ¢ =0, we have nothing
to prove. Now suppose inductively, £ > 0 and the result has been proved
for all subset of system of parameters of length less than ¢. Then, by the

inductive hypothesis x1,...,z¢_1 is a weak M-sequence with respect to S.
Let pe S — Assp(M/(x1,...,2e—1)M). In view of Lemma 2.3, we have that
Z1,...,Z¢—1 is a maximal weak M-sequence with respect to S in p. By the

assumption and Theorem 2.8(i), we have dim(R/p) =dim M — ¢+ 1. Since z
is a subset of a system of parameters for M, one can deduce that xy ¢ p. Now,
the implication (i) = (ii) of Lemma 2.3 shows that z is a weak M-sequence
with respect to S, as claimed.

Let z:=x1,...,z; be a subset of a system of parameters for M and let
pesS— ASSR(W). So x1,...,x; is a maximal weak M-sequence with
respect to S in p and consequently i =S — E. gradeg(p, M). Now, the asser-
tion becomes clear.
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(v) = (i) Let 2 :=x1,...,24 be a system of parameters for M. In view
of our assumption, we have that x; ¢ UpeszssR M (o1ros_ )M P for all 7 =
1,...,d. Therefore, this implication follows from Lemma 2.3 and Defini-
tion 3.4.

(ii) = (vi) Assume that p € min(S — Suppr(M)). Let g € SuppM be
such that q C p. The epimorphism R/q — R/p shows that R/q ¢ S and
consequently p =q. Hence, htyps(p) =0. Therefore, by assumption, we get
that dim R/p = dim M.

Let p,q€ S — Suppg (M) U {m} be such that g C p. In order to show that
htps(p) = ht(p/q) + htar(q), we can assume that p #q. To do this, first we
assume that p #m. So p € S — Suppr(M). Since M, is Cohen-Macaulay, we
have:

hta (p) = dim(My) = dim(Ry /qRy) + hta, (qRy) = ht(p/q) + htas(q).
Now, we consider the case p =m. Note that p # q. Therefore, q €S —
Suppr(M). So
htar(q) + ht(m/q) = dim(My) + dim(R/q) = dim M = htps(m).
It remains to show the implication (vi) = (ii). This is clear. O

For an R-module L, we denote {p € S — Suppp L|dim L = dim(R/p)} by
S — Asshp L. Now, we are ready to present some of the basic properties of
S-Cohen—Macaulay modules.

PROPOSITION 3.6. Let (R,m) be a local ring, M « finitely generated S-
Cohen—Macaulay and x a weak M -sequence in m with respect to S. If S —
Asshr(M/xM) # 0, then M/xM is an S-Cohen—Macaulay R-module.

Proof. First, we show that dim(M/xM)=dim M — 1. It is known that
dimM < dim(M/xM)+ 1. Let q € S — Asshr(M/xM). Then by Theo-
rem 2.8(i), Lemma 3.2 and Theorem 3.5(ii) we have:

1 <S8 —E. gradeg(q, M)
<S8 —htw(q)

= hta(q)

=dim M — dim(R/q)

=dim M — dim(M/zM) <1,
which implies that dim(M/zM) =dim M — 1.

Let p € S — Suppr(M/xM). So z €p and p € S — Suppp(M). By The-
orem 3.5(ii) M, is Cohen-Macaulay and hta(p) + dim(R/p) = dim M. Also
by Lemma 2.3 the element z/1 of the local ring R, becomes an M,-sequence.
This implies that M,/xM, is Cohen-Macaulay and ht%(p) = htp(p) — 1.
Therefore, ht a (p) + dim(R/p) = dim(M/zM). Again by Theorem 3.5(ii),
M/xM is S-Cohen—Macaulay. O
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COROLLARY 3.7. Let (R,m) be a local ring, x a weak M -sequence in m
with respect to S and M a finitely generated R-module. Then the following
hold:

(i) If M4 =37 s equidimensional and M is S-Cohen—Macaulay, then m— is S-
Cohen—Macaulay.

(ii) If M is an f-module (generalized f-module), then w% is an f-module
(generalized f-module).

Proof. (i) Without loss of generality, we can assume that M/aM ¢ S. Tt
follows from Lemma 2.1 that there exists q € S — Suppr(M/zM). Let p Cq
such that p € min(Suppgr(M/xM)). The natural epimorphism R/p — R/q
shows that R/p ¢ S. On the other hand % is an equidimensional R-module.
Therefore, S — Asshgr(M/xM) # (.

(ii) Set & :={N € R-Mod|Suppy N C {m}} (§:={N € R-Mod|dim N <
1}). Then the notions of S-Cohen-Macaulay and f-module (generalized f-
module) are equivalent. Now, we prove the claim. We can assume that
M/xM ¢ S. Let p € Asshr(M/xM). Therefore, dim R/p >0 (dim R/p > 1).
Thus, in both cases, we have & — Asshp(M/xM) # (. O

REMARK 3.8. Let (R,m) be a local ring and M a finitely generated R-
module. Assume that = is an M-regular element. This is well known that M
is Cohen—-Macaulay if and only if M/xM is Cohen—Macaulay. Having this
fact and Corollary 3.7 in mind, one might ask whether the converse of Corol-
lary 3.7(i) is true. This is not necessarily true. To see this, consider the
following example. Let (R, m) be a 2-dimensional local domain such that its
completion R has an associated prime p with dim R/ p=1. Such rings were
constructed by Nagata [Na, p. 203, Example 2]. Theorem 3.5(iv) implies
that R is not an f- module Since depthR depthR > 0, there exists an ele-
ment x € R, which is R- regular. So dlmR/xR =1. On the other hand, any
1-dimensional local ring is an f-module. Therefore E/ zR is an f-module.

Let f: R — A be a flat homomorphism of rings and S a Serre class of A-

modules. Set S°={M € R-Mod|M ®r A € §}. It is routine to show that S°
is a Serre class of R-modules.

THEOREM 3.9. Let f: (R,m) — (A,n) be a flat local homomorphism of
Noetherian local rings. Let S be a Serre class of A-modules and M a finitely
generated R-module. Then M ®gr A is S-Cohen—Macaulay if and only if the
following three conditions are satisfied:

(i) M is 8¢-Cohen—Macaulay.
(i) f,f?iq“)Aq is Cohen—Macaulay for all q € S — Supp (M ®pr A).
(iii) ht(if,lc('q)A) + dim(?) = dim(if,;‘(‘q)A) for allqe S —Supp, (M ®r A).

Proof. We first bring the following easy results (a) and (b). (a) Let p €
S¢ — Suppr(M). The condition R/p ¢ S¢ implies that A/pA ¢ S. In view of
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Lemma 2.1, one can find q' € S — Supp 4(A4/pA). Let q be a minimal prime
ideal of pA such that q C q’. Hence, p = f~*(q). Also the natural epimorphism
A/q— A/q’ shows that A/q ¢ S. Therefore, g € S — Supp (M ®@g A).

(b) Let the situation and notation be as in (a). Then we have

htar(p) + dim(R/p) = dim(A,/pAq) + dim M, + dim(R/p)

= dim(M, ®r, Aq) +dim(R/p)

=htyera(q) +dim(R/p)

=htprgpa(q) + dim(A/pA) — dim(A/mA)

> htye,a(q) + dim(A/q) — dim(A/mA),
where the second equality follows from [BH, Theorem A.11(b)], for the nat-
ural flat homomorphism R, — Aq, and the forth equality follows from [BH,
Theorem A.11(a)], for the natural flat homomorphism R/p — A/pA.

Now, we are ready to prove our claims.

Assume that M @ A is S-Cohen—Macaulay. Let p € S¢—Suppg(M). Then
by (a) there exists q € S — Supp4 (M ®g A) such that p= f~1(q) and q is a
minimal prime ideal of pA. By our assumption and Theorem 3.5 (M ®r A)q =
M, ®g, Aq is Cohen-Macaulay. So M, and A,/pA, are Cohen-Macaulay.

On the other hand from (b) and Theorem 3.5(ii), we have

htr(p) +dim(R/p) > htyeqa(q) + dim(A/q) — dim(A/mA)
=dim(M ®r A) — dim(4/mA)
=dim M.
Consequently, htps(p)+dim(R/p) = dim M. Again, by Theorem 3.5(ii), M be-
comes S¢-Cohen—Macaulay. This completes the proof of (i).

With the notation as (ii), the desired result of (ii) follows from the Cohen—
Macaulayness of (M ®r A)q = My-1(q) ®r, Aq-

In order to prove (iii), first, we claim that:

(c) Let p € 8¢ — Suppgr(M). If @ is a minimal prime ideal of pA and
A/Q ¢S, then dim(A/Q) =dim(A/pA).

To establish the claim, consider the following;:

dim(A/pA) > dim(A/Q)
=htyrepa(n) —htve,a(Q)
= htyrgra(n) — hta(p)
=dim M + dim(A/mA) — htps(p)
=dim(R/p) + dim(A/mA)
= dim(A/pA),
where the first equality follows from Theorem 3.5(ii) and the second equal-

ity follows from [BH, Theorem A.11(b)] for the natural flat homomorphism
R, — Ag. Note that we have Q € S — Supp, (M ®r A) and QN R =1p.



COHEN-MACAULAY MODULES 81

Let €S — Suppy (M ®r A) and p= f~'(q). Then A/pA¢S. So by (a)
we can find qq € S — Supp,4 (M ®p A) such that ¢; is a minimal prime ideal
of pA and q; C q. Keep in mind that M ®p A is S-Cohen-Macaulay. Hence,
Theorem 3.5(vi) implies that

dim(A/q) +ht(q/pA)
> ht(n/q) + ht(q/q1)
=htmgra(n) —htmera(q) +htrera(d) —htye,alq)
=ht(n/q1)
=dim(A4/q1)
=dim(A/pA),

where the last equality follows from (c). Consequently,
ht(q/pA) + dim(A/q) = dim(A/pA).

This completes the proof of (iii).

Conversely, assume that the conditions (i), (ii) and (iii) hold. In order to
show that M ®g A is S-Cohen—Macaulay, in view of Theorem 3.5(ii), we need
to prove the following claims:

(d) (M ®g A)q is Cohen-Macaulay for all g € S — Supp 4 (M ®r A).

(e) htyrgra(q) +dim(A/q) =dim(M ®g A) for all g € S — Supp (M ®@r A).
The claim (d) follows immediately from (i) and (ii). Now, we shall achieve

(e). Let g€ S — Supp (M ®r A). Set p:= f~1(q). Then we have

dim(A/q) + ht e, a(q)

= dim(A/q) + htys(p) +ht(q/pA)

= dim(A/q) + dim M — dim(R/p) + ht(q/pA)

= dim(A/q) + dim(M ®p A) — dim(A/mA) — dim(R/p) + ht(q/pA)
=dim(A/q) 4+ dim(M ®r A) — dim(A/pA) + ht(q/pA)
=dim(M ®g A),

where the last equality follows from (iii). O

For the ring extension (R,m) — (ﬁ,mﬁ), Theorem 3.9 becomes much
simpler.

PROPOSITION 3.10. Let (R, m) be a local ring and M a finitely generated R-
module. If S is a Serre class ofR modules and M®RR 18 S-Cohen—Macaulay,
then M is S¢-Cohen—Macaulay.

Proof. Let x :=z1,...,xy be a system of parameters for M. So z is a
system of parameters for M ®p R. Therefore, ((z1,...,zi-1)M ®r Ry 5



82 M. ASGHARZADEH AND M. TOUSI

)/ (z1,. .., xi—1)(M ®p E) € 8. The isomorphism

(@1, i) M ®p Ry i) ~ ((@1y.ey@im1) M iy ;) -
(1,...,2i-1)(M ®r R) (w1, 21)M

completes the proof. O

Let (R,m) be a local ring and M a d-dimensional finitely generated R-
module. If d =0 or M =0, we set a(M) = R. In the other case, we set a(M) :=
ap(M)---ag_1(M), where a;(M) = Anng(H: (M)) for all i =0,...,d — 1.

THEOREM 3.11. Let (R,m) be a local ring and M a d-dimensional finitely
generated R-module. Consider the following conditions:
(i) R/a(M)e€eS.
(ii) M is an S-Cohen—Macaulay R-module.
Always (1) implies (ii) and if R is a quotient of a Gorenstein local ring,
then (ii) implies (i).

Proof. In the cases dimM =0 and M =0, the desired claims are trivial.
Therefore, without loss of generality, we can assume that dim M > 0.

(i) = (ii) Let 2 := 1, ..., 24 be a system of parameters for M. Set [ :=zR
and consider

(M) = () Aniy < ((xﬁ(xiwt_;t)f\lf) Z\A; ;) >

where the intersection is taken over all t € N and 1 <i<d. We denote

Anng(Hi(M)) by ab(M). By [Sch, Theorem 3(a)], we have
ap(M)---af ' (M) C o (M).

Note that /I 4+ Anng M = m, since z is a system of parameters for M. The

~

independence theorem for local cohomology modules implies that HE (M) =2
Hi(M) and consequently a’(M) = a;(M). Therefore,

((:Cl, . ,CEi_l)M ‘M ’I‘i))
(1'17 o 7'Ti71)M
for all 1 <i<d. The condition R/a(M) € S implies that
((1‘17 e ,$i,1)M M CEJ)
R/ Ann eS
/ R( (1’1,...,3)1'_1)M
for all 1 <i<d. On the other hand, the R-modules

/(2

a(M) C AnnR(

and
((,Tl, e ,CL‘Z*,l)M ‘M .%'Z)
(1, @im1)M
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have same supports for all 1 <+i¢ < d. Therefore, it is enough to apply Lem-
ma 2.1 to obtain that z is a weak M-sequence with respect to S.

(ii) = (i) Suppose the contrary that, R/a(M) ¢ S. In view of Lemma 2.1,
we can find p € V(a(M)) such that R/p ¢ S. Next, we show that

depthp (My) + dim(R/p) < dim(M).

So in view of Theorem 3.5(ii), we get a contradiction.

Now, we do this. We have p € V(a;(M)) for some i < dim M. Let (R, n)
be a Gorenstein ring of dimension ' for which there exists a surjective ring
homomorphism f: R — R. The local duality theorem [BS, Theorem 11.2.6]
implies that

H(M) = Hompg (Exthy, (M, R'), Er(R/m)),
where Egr(R/m) is the injective envelope of R/m. Hence, p €
Suppp (Extly, (M, R')). Let t:=dimR/p and p':= f~'(p). Now Rl, is a
Gorenstein local ring and ¢ = dim(R’'/p’). Since R’ is a Gorenstein ring,
dim R}, =dim R’ — dim(R'/p") =r' — 1.
Let f: R;/ — Ry, be the surjective ring homomorphism, which is induced
by f. There is an Rp-isomorphism,
Ext%;_,i(Mp, R;,) = (Exth (M, R)),.
Again the local duality theorem implies that
Hyp (My) = Hompg, (EXtE;i(Mp,R;/)a Eg, (Ry/pRy)),
as Ry-modules. Therefore, H;Ei (M) #0. Consequently,
depthp (My) <i—t<dimM —t=dim M — dim(R/p). O

The following example shows that the assumption, R is a quotient of a
Gorenstein local ring, in Theorem 3.11 is needed.

ExAMPLE 3.12. By [NM, Example 3.4], there exists a 3-dimensional local
ring (R, m) such that dim(R/a(R)) = 3. Denote the class of all finitely gen-
erated R-modules of Krull dimension less than 2, by §. It is a Serre class of
R-modules. The assumption dim(R/a(R)) = 3 implies that R/a(R) ¢ S. Also,
the example shows that R is a generalized f-ring, i.e., S-Cohen—Macaulay.

Denote by NCM (M) the non-Cohen-Macaulay locus of M, i.e.
NCM(M) = {p € Spec R|M,, is not Cohen—Macaulay}.

Assume that R is a quotient of a Cohen—Macaulay ring. It is well known
that the non-Cohen—Macaulay locus of M is a closed subset of Spec R with
respect to the Zariski topology, i.e., NCM(M) =V (aps) for some ideal aps
of R. Therefore, such ideals are unique up to radical.
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THEOREM 3.13. Let (R,m) be a local ring which is a quotient of a Cohen—
Macaulay ring and M a finitely generated R-module. Then the following are
equivalent:

(i) M is an S-Cohen—-Macaulay R-module.
(i) R/ap € S and dim(R/p) = dim M for all prime ideals p € min(S —
Suppr(M)).

Proof. (i) = (ii) In order to prove R/ap; € S, it is enough to show that
R/p e S forall pe V(ay). Let p € V(ar). Since M, is not Cohen-Macaulay,
Theorem 3.5(ii) implies that R/p € S.

Let p € min(S — Suppr(M)). Then by the implication (i) = (vi) of Theo-
rem 3.5, we have dim(R/p) = dim M.

(ii) = (i) Let p € S — Supprp(M). In particular, R/p ¢ S. In view of
Lemma 2.1 and R/ap € S, we have p ¢ V(ap). So M, is a Cohen-Macaulay
Ry-module.

Set ¢ :=dim(R/p) and s:=htps(p). Hence, we have following saturated
chains of prime ideals

P=poC-Cpr=m,
q=0qoC - Cas=p.

By concatenating these chains, we get the following saturated chain of prime
ideals:

q=qoC--Cqs=p=poC---Cphr=m.
The epimorphism R/qq — R/p shows that R/qo ¢ S and consequently qo €
min(S — Suppr(M)). So dim(R/qp) =dim M. On the other hand, R is a
quotient of a Cohen—Macaulay ring. This implies that Supp(R/qo) is catenary.
Therefore,

dim M =dim(R/qo) = s+t = htp (p) + dim(R/p).

Consequently, Theorem 3.5(ii) implies that M is an S-Cohen—Macaulay R-
module. O
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