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ORBITS OF CONDITIONAL EXPECTATIONS

M. ARGERAMI AND D. STOJANOFF

ABSTRACT. Let N C M be von Neumann algebras and let £ : M — N
be a faithful normal conditional expectation. In this work it is shown
that the similarity orbit S(E) of E by the natural action of the invertible
group of Gy of M has a natural complex analytic structure and that the
map Gpr — S(E) given by this action is a smooth principal bundle. It
is also shown that if IV is finite then S(E) admits a Reductive Structure.
These results were previously known under the additional assumptions
that the index is finite and N’ N M C N. Conversely, if the orbit S(E)
has a Homogeneous Reductive Structure for every expectation defined
on M, then M is finite. For every algebra M and every expectation E,
a covering space of the unitary orbit U(FE) is constructed in terms of
the connected component of 1 in the normalizer of E. Moreover, this
covering space is the universal covering in each of the following cases:
(1) M is a finite factor and Ind(E) < oo; (2) M is properly infinite
and E is any expectation; (3) E is the conditional expectation onto the
centralizer of a state. Therefore, in these cases, the fundamental group
of U(E) can be characterized as the Weyl group of E.

1. Introduction

Let M be a von Neumann algebra with group of invertible elements G
and unitary group Uys. Denote by £(M) the space of faithful normal condi-
tional expectations defined on M and by B(M) the algebra of bounded linear
operators on M. Consider the action

L:Gy xB(M)— B(M)
given by
Ly(T)=gT(g" - 9)g', g€Gu, T€BM).
Let E € £(M) be a conditional expectation. Define the unitary orbit of E by
(1) UE) = {Ly(E) :u € Up} CEM),
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with the quotient topology induced by the norm topology of Uy;. Thus we
have a natural fibration

(2) g : Uy —UE) given by Tlg(u) = L,(E), v € Upy.

The goal of this work is the study of the homotopy groups and the differential
geometry of the orbit U(FE) or, more precisely, of the fibration IIg. Results
on this problem appear in [4], [3] and [21], mainly under two very restrictive
hypotheses: the finite index condition for £ and the condition E(M)' N M C
E(M). In addition, in [5] a detailed study of this problem is given for the
case when F is a state.

In order to study the homotopy type of these orbits we construct a covering
space over each orbit U(E) whose group of covering transformations is the so-
called Weyl group of the expectation E. To describe this structure we need
the following definitions:

At the level of the unitary group Uy of M, the isotropy group of the action
L,ie., HEI(E), is a very well known group, usually called the normalizer of
E. This group has been studied, among other authors, by A. Connes [10] and
Kosaki [18] in connection with crossed product inclusions of algebras (see also
[7]). We shall denote the normalizer of E by

(3) Ng={uwely : E(urv*) =uE(z)u*,z € M }.

Let N = E(M). Then N is a von Neumann subalgebra of M. We also
consider the von Neumann algebra
(4) Mg ={xe N'NnM : E(zm)= E(mz) forall me M},
usually called the centralizer of E (see [9] or [14]). In [7] it was shown that
the connected component of 1 in Ng is the group
(5) Hg =Uyn Uy, = {vw:v €Uy and w € Up, },

which is a closed, open and invariant subgroup of Ng. The set of connected
components of N is a discrete group, called the Weyl group of E:

(6) W(E) :’iTo(NE) ZNE/HE

This group has several characterizations in very different contexts (see [18],
[7] and [8]).

We show that, for any von Neumann algebra M and any E € (M), the
space X (F) = Uy /HE and its natural projection onto U(FE) ~ Un; /N (see
diagram (9) below) defines a covering map whose group of covering transfor-
mations can be identified with the Weyl group W (E) (Theorem 2.3).

In all examples we know, X (E) is actually the universal covering for U(E),
and the fundamental group m;(U(E), E) therefore coincides with the Weyl
group W(E). We conjecture that this is true for all von Neumann algebras
M and all conditional expectations E € £(M). In Theorem 2.6 we show that
if any of the conditions
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(1) M is properly infinite,
(2) M is finite, dim Z(M) < oo and E has finite index,
(3) E = E, € &M, M,) is the canonical expectation associated with
a faithful normal state ¢ of M, ie., M, is the centralizer of ¢ and
pobE =g
holds, then X (F) is simply connected and therefore is the universal covering
for the orbit U(E). Consequently,

m(U(E),E) ~ W(E).

In order to study the differential geometry of the orbit of an expectation
FE we consider the entire similarity orbit

(7) S(E)={L4(E): g€ Gnm} < B(M)
and the fibration (with the same notation as its restriction to Uys)
(8) g :Gy — S(E) given by  Ig(g9) = Ly(E), g € Gum.

Note that Ly(E) is not necessarily a conditional expectation for all g € Gy
Nevertheless we prefer to use this setting, since the group Gy is a complex
analytic Banach Lie group and the orbit S(F) can be given a complex analytic
manifold structure. In any case, all geometrical results obtained for S(E) also
hold for the unitary orbit U(E), if one replaces “complex analytic” by “real
analytic”.

In order to study the differential geometry of similarity orbits we need
to generalize several results of [7] mentioned above to the invertible groups
setting. This is carried out in Section 3, where the connected component of
the isotropy group Ig of the action L at F is characterized (Proposition 3.3)
and the new Weyl group, which appears naturally, is shown to be the same
group as the “old” one (Theorem 3.5).

In Section 4 we first show that S(F) can always be given a unique complex
analytic differential structure such that the map IIg defined in (8) becomes
a submersion (Theorem 4.8). The key tool is the construction, in the style
of [9], of a conditional expectation F' € £(M) onto the centralizer My which
commutes with E. This allows us to obtain a complement in M for the
subspace N + Mg, which can be naturally identified with the tangent space
of S(E) at E.

We next show that if N = E(M) is a finite von Neumann algebra, then
S(E) has a unique structure of a Homogeneous Reductive Space (HRS) (see
Definition 4.10 and Proposition 4.13). This family of HRS’s is of geometrical
interest. Indeed, perhaps the most general families of examples of infinite di-
mensional HRS’s modeled in operator algebras are studied in [1] and [3]. All
these examples can be represented as quotients of the unitary (or invertible)
group of an algebra M by the unitary (or invertible) group of some subalgebra.
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However, this is not possible in the case of the orbit of a conditional expecta-
tion. Indeed, the isotropy group Ig can be large enough to generate the entire
algebra M, whereas S(E) ~ G /Ig. Moreover, the map Iy : Gy — G/ 25
(= Y(F)), where Zg is the connected component of 1 in Ig, also defines an
HRS if N is finite. Actually (see Theorem 4.8), this is how we exhibit the
HRS structure of S(E), since Y(E) is a covering space for S(E) and these
spaces therefore are locally homeomorphic (and diffeomorphic). But Y(E)
cannot be represented as a quotient as before (if N € Mg and Mg € N),
since, by Proposition 4.6, Zg = Gy, - G, which is not the invertible group
of any subalgebra of M.

At the end of Section 4 we show that the existence of HRS structures for
any expectation E € E(M) forces M to be a finite von Neumann algebra
(Theorem 4.17).

2. The universal covering of U(E)

Let N C M be von Neumann algebras. From now on we shall denote by
E(M, N) the space of faithful normal conditional expectations E : M — N.
Let £ € E(M,N). Recall the definitions of the sets U(E), Ng, Mg and
Hg associated with E, given in equations (1), (3), (4) and (5), respectively.
Consider the space X (F) = Uy /HE, with the quotient topology of the norm
topology of Uy, and denote by Il the projection from Uy, onto X(E). The
situation we shall study is the following: we have a commutative diagram

Uy —2 s X(BE)=Uy/Hp

(9) e \, o

where the map @ is defined by ®(uHg) = lIg(u) ~ uNg, u € Upr. In [4] it
was shown that when N’ N M C N, and the Jones index of E is finite, then
the M-unitary orbit of the Jones projection e of E,

Up(e) = {ueu™ :uw € Uy} ~ Up JUN,

is a covering space for U(E). Note that, under the above assumptions, we have
Un(e) =~ X(E), since both spaces can be identified with Uy, /Uy and since
(see [4]) the quotient topology and the norm topology coincide on Ujy(e).

In this paper we will show that the map ® is always a covering map, without
the two hypotheses appearing in [4], and that X' (E) = Uy /HE is a covering
space for U(FE), with group of covering transformations W (E). Moreover, in
several cases (see 2.6) ® is the universal covering of U(E) and, in particular,
m(U(E)) =~ W(E).
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Note that the Weyl group W (E) = Ng/Hg, since it is contained in X (E),
has a natural action on X (FE) given by right multiplication. This action is
well defined because Hg is a normal subgroup of Ng.

ProrosiTIiON 2.1. Let N C M be von Neumann algebras and let E €
E(M,N) be a faithful normal conditional expectation. Then, with the nota-
tions of diagram (9), we have:

(1) The map P is continuous.

(2) For any u € Uy, the fibre by @ of L E € U(E) is precisely the orbit
of Ig(u) € X(E) by the action of W(E).

(3) The unitary orbit U(E) is homeomorphic to X(E)/W (E) (i.e., the
space of orbits by the action of W(E) in X(E)), both considered with
the quotient topology.

Proof. Assertions (1) and (2) follow immediately from the commutative di-
agram (9) and the fact that ®~1(E) = W(E). Let p: X(E) — X(E)/W(E)
be the canonical projection. To prove (3), consider the map ® : X (E)/W (E) —
U(E) given by ®(p(h)) = ®(h), h € X(E). Then ® is the desired homeomor-
phism. Indeed, it is clear that ® is well defined and bijective. The map ® is
also continuous, since ® = ® o p is continuous. On the other hand, let U be

an open set in X(E)/W(FE). By the full commutative diagram

Uy —Ho (E) =Un/HE . X(E)/W(E)

(10) e\, @ s/

U(E) =Un/NE
and the fact that I1g is an open map, it is clear that ®(U) is open in U(E). O

REMARK 2.2. In order to show that the map ® defined in diagram (9)
is a covering map we shall use the following well known result of algebraic
topology (see, for instance, Chapter 1 of [13]):

Let X be a locally pathwise connected and connected topological space, and
let G be a group of homeomorphisms of X that operates properly discontinu-
ously (i.e., for each x € X there exists an open set V, such that V,Ng(V,) =0
for every g € G, g # ¢e). Consider the mapp: X — X/G. Then X is a cover-
ing space for X/G with covering map p and group of covering transformations
G, and p.(m1(X, x0)) is a normal subgroup of m(X/G,p(xo)).

THEOREM 2.3. Let N C M be von Neumann algebras and let E € E(M, N)
be a faithful normal conditional expectation. Then, with the notations of dia-
gram (9), the space X(E) is a covering space for U(E), with covering map ®
and group of covering transformations W (E).
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Proof. By the previous remark, it suffices to show that W(E) operates

properly discontinuously on X' (F). Fix u € Uy and consider the open set
Wy ={w el : ||lw—ul] <1/2}.
For each element k € W(E), we choose some u, € Ng such that Ig(uy) =
urHE = k. Since the map Il is open, we can consider the open set
Ve =o(Wy) € X(E).
Note that, for k € W(E), V,k = IIo(Wyug). In order to prove that the
action of W(E) in X (FE) is properly discontinuous, we only need to show that
Vi N Vyk = 0 for every k € W(E) with k # 1. Suppose that this is not true.
Then, for some k € W(E), k # 1, there exist wy,wy € Wy, and z € Hg such
that wyiug = wez. Then
wiwe = upz* € Np \ Hg.
But, since wy,wqs € Wy,
Jwiwe = 1] = [lwz —wn [l <1.

This implies that wjws € Hg (see [7] or the proof of Proposition 3.3 below),
which is a contradiction. O

COROLLARY 2.4. The group VU,(m(X(E))) is a normal subgroup of
m(U(E)), and we have the isomorphism

m(U(E))/ V. (m (X (E))) =~ W(E).

Proof. By Proposition 2.1, the fibre ¥~!(E) equals W (FE). The assertion
follows from the homotopy exact sequence induced by the covering map ¥. [

REMARK 2.5. Let ¢ be a faithful normal state of the von Neumann algebra
M. In [5] Andruchow and Varela show that the unitary orbit of ¢,

U(p) = {p(u” -u) 1 u € Un},
is simply connected. Therefore the unitary group of the centralizer M, of ¢

coincides with the normalizer N, of ¢, considered as a conditional expectation.
Then the covering space is given by

X(p) = Unr [Uni, = Uni [Ny = U(p),

and U(p) is its own universal covering.

Moreover, if E, € £(M, M,) is the canonical expectation such that poE, =
¢, then U(p) ~ X(E,) and so U(y) is the universal covering for U(E,).
Indeed, since

X(Bp) = Uy /Unt,Uniy,  and  U(p) =~ Uni /Ung,,

it suffices to show that M E, © M,. But this follows from the definition of
MEg, (see (4)) and the fact that ¢ o E, = ¢. This gives a large class of
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conditional expectations for which the covering space X(E) is the universal
covering. We extend this class in the following theorem.

THEOREM 2.6. Let M be a von Neumann algebra, let E € E(M), and
suppose that one of the following conditions holds:
(1) M is properly infinite.
(2) M is a II; factor and E has finite index.
(3) E=E, € E(M,M,) is the canonical expectation associated with a
faithful normal state p of M as in Remark 2.5.

Then X (E) is simply connected, and hence is the universal covering for the
orbit U(E). Consequently,

mU(E), E) ~W(E).
Proof. Consider the fibre bundle
(11) HoluM HUM/HEZX(E)

Recall that a fibre bundle gives rise to an exact sequence of homotopy groups.
In our case, the bundle Il yields the exact sequence

(12) ... = m(X(E)) = 11 (Hp) > mUst) — m(X(E)) — mo(Hp) = 0,

where 1 is taken as base point for the homotopy groups of the unitary groups
and [1] x(g) = Hp is the base point for X(E). Here i, denotes the homomor-
phism induced by the inclusion i : Hg < Up;. We can then use results by
Handelmann [15] and Schréeder [27] on computing the homotopy group of the
unitary group of a von Neumann algebra.

If condition (1) holds, the result follows by appealing to the homotopy
exact sequence (12), and the fact [15] that Uy, has trivial m; group if M is
properly infinite.

Suppose next that (2) holds. Since M is a IT; factor and Ind(F) < oo it is
known (see [25]) that N = E(M) is also of type II; and dim Z(N) < co. Let
us recall the following results (see [5], [15] and [27]):

(1) If M is a von Neumann algebra of type Iy, then 71 (Uyy) is isomorphic
to the additive group Z(M)s, of selfadjoint elements in Z(M).

(2) Let j : Uy — Upr be the inclusion map. Then the image of the
homomorphism j,. : m(Un) — m1(Un) =~ Z(M)sq is equal to the
additive group generated by the set {tr(p) : p projection in N}, where
tr is the center valued trace of M.

In our case, 71 (Upr) ~ R. Let k : Uy — HEg be the inclusion map. Clearly, .0
ki = ji, where i, is the map defined in (12). Then j.(m (Uy)) C ix(m1(HE)).
Let p € Z(N) be a minimal projection. Then pNp is a II; factor and the trace
of projections in p/Np generates the additive group R. Hence i, is surjective
and 71 (X (E)) must be trivial by the homotopy exact sequence (12).

If condition (3) holds, the result follows from [5] and Remark 2.5. O
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REMARK 2.7. Using the same techniques as in the proof of this theorem,
it can be shown that X'(E) is simply connected if Ind(E) < oo, M is finite
and dim Z(M) < oo.

ExampLE 2.8. Let M be a von Neumann algebra and let p € M be a
projection. Then p determines the conditional expectation E, : M — N =
{p} N M given by

Ep(z) =prp+ (1 —p)z(l—p), z€M.

Denote by U(p) = {upu™* : u € Ups } the unitary orbit of p, which is a connected
component of the Grassmannians of M. Then

U(p) ~ X(Ep)

in the sense that both spaces are homeomorphic to Uy /U, since N'NM C N
and so Hp, = Uy. Note that on U(p) we consider the norm topology as a
subset of M (see [12] or [26]). Using Theorem 2.6 it is not difficult to show
that the Grassmannian U(p) is always simply connected. Indeed, mi(U(p))
splits in the finite and the properly infinite parts of M, and parts (1) and (3)
of Theorem 2.6 can be applied (see also [2]).

The Weyl group of E, is trivial if 1 — p ¢ U(p), and it has two elements if
1—p € U(p), since in this case, for any u € Uy satisfying upu* = 1 —p we
have L,E, = Ey_, = E, and Ng, = Uy Uu-Uy.

A similar study can be made for systems of projections, i.e., m-tuples
P = (p1,...,pn) of pairwise orthogonal projections such that > p, = 1 (see
[11]). Using Theorem 2.6, we again see that the joint unitary orbit of P is
simply connected and is homeomorphic to the space X (Ep) associated with
the conditional expectation Ep(x) = > p;xp;, © € M. The Weyl group is a
subgroup of the permutation group S,,, determined by those projections in P
that are equivalent (and therefore unitary equivalent) in M.

3. The Weyl group, invertible case

In [7], the Weyl group was defined in terms of the unitary group of the
von Neumann algebra M. Our aim in this section is to extend this work to
the case when the action over the conditional expectations is given by the
invertible (instead of unitary) elements.

Let us recall some definitions. Let M be a von Neumann algebra. We
consider the action L : Gy x B(M) — B(M) given by L,(T) = gT(g~'-9)g*,
g € Gy, T € B(M). Let E € £&(M) be a conditional expectation. Then, as
we have already mentioned, L4 (E) is not necessarily a conditional expectation
for all g € G, but we can still consider the orbit of the expectation S(E) =
{L4(E) : g € Gu} and the fibration IIg : Gy — S(E) given by Ilg(g) =
L,(E), g € Gp. The role, played in the unitary case by the normalizer
Ng = {u € Uy : L,(E) = E} as the isotropy group of the action, is now
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played by
(13) IE:{QEGM ILg(E):E}.
Let N = E(M) C M. Then N is a von Neumann algebra. Recall that the

centralizer of F is the von Neumann algebra Mg ={x € N'NM : E(xm) =
E(mx) for all m € M}. Define the group

(14) ZE:GIVIE'GNQIE-

PROPOSITION 3.1. Let M be a von Neumann algebra, let E € E(M), and
consider the groups Iy and Zg defined by (13) and (14). Then we have:
(1) If g € Ip, then gE(g~") = E(g~')g € Mp.
(2) If g € Ig and E(g™') is invertible, then g € Zg.
(3) IpN M+ = 2%,

Proof. If g € Ip, then gE(g7!) = gE(9'g7'g) = E(g~')g. Let N =

E(M) and b € N. Then
9E(g™ )b =gE(g7'b) = gE(g~'bg"'g) = E(bg™")g = bE(9™")g.
so that gE(¢g~t) € N'N M. If z € M, then, since gNg~! = N, we have
E(gBE(g~")z) = BE(E(g~")gz) = E(g~")E(gx)
= E(g7")gE(zg)g~" = E(zgE(g™)),

thus proving that gF (g~ ') € Mg.

If E(g7!) is invertible, then g = gE(g~ ') - E(¢-Y)™! € Gu,Gn = Zg
by (1). Finally, if g € Ir and g > 0, then g~! > 0, and, as E is faithful,
E(g~') > 0. Hence E(g~!) € G, and by (2) we have g € Zp. O

LEMMA 3.2. Ifge€ Gy and |lg—1|| <e <1, then

1 €
-1l < .
lo™ =1l < 1

In particular, if e < 1/2, then
lg™" = 1| < 2.

The proof of this result is straightforward.

PROPOSITION 3.3. Let M be a von Neumann algebra, let E € E(M), and
consider the groups Zg C Ig defined by (13) and (14). The group Zg is open,
closed and connected in Ip. Moreover, the connected component of Ig at any
u € Ig is exactly u - Zg.

Proof. We first show that Zg is open at 1. Let g € I be such that ||g—1|| <
1/2. Then, by Lemma 3.2, we have ||g~! —1|| < 1 and thus [|[E(g~!) - 1] < 1,
which implies that E(g~?!) is invertible. Thus, by Proposition 3.1, we have
g€ Zg.
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Now let h € Zg, and let V' be a neighborhood of 1 such that VNI C Zg.
Then RV is a neighborhood of h and, if g € AV, then h='g € V, so that
h~'g € Zg. Since h € Zg, we have g € Zg, so Zg is open. Clearly gZg is
open for every g € Ig, and since we can obtain Ir as a disjoint union of open
sets ¢Zp, these sets are also closed. It is easily seen that Zg is connected,
since Zg is the product of two connected groups. The last assertion of the
proposition is now clear. O

We deduce that the group Zg is closed, open and invariant in Iy. Thus
we have a new Weyl group defined by

We next show that this new Weyl group agrees with the old (unitary)
group. We first need a lemma.

LEMMA 3.4. With the above notations, we have
Hg :Z/{MEUN ZNE ﬂGMEGN ZNE NZg.

Proof. Let w € Ng N Zg. Then w = mn, with m € Gy,,n € Gy. Using
the polar decomposition of m and n and the fact that Mg C N'N M, we have

w = vy |m| - v |n| = vop|ml|n| = v vpmn| = v |w| = vavm,
where vy, € Upry, vn € Un. Hence w € H. O

We now have the technical tools we need to prove that the two Weyl groups
coincide.

THEOREM 3.5. Let M be a von Neumann algebra, and let E € E(M).
Then the Weyl group obtained by the unitary construction and the Weyl group
obtained by the invertible construction are isomorphic, i.e., we have W1 (E) =

Proof. Let ¢ : W(E) — Wi(E) be given by ¢([ulw ) = [ulw, ), for
u € Ng. We claim that this map is well defined and an isomorphism. That
@ is well defined is clear, since Hg C Zg. To show that ¢ is an isomorphism,
note first that, by Lemma 3.4, ¢ is injective. To see that ¢ is onto, let g € Ig.
We must find a unitary element u € Ng such that [glw, gy = [u]w, (&)

Since g € I, we have (¢*) ™! € Ir (by adjoining and using the fact that E
is *-linear), and so g* € I, since Ig is a group. Therefore g*g € I and, by
Proposition 3.1, we have g*g € Zg. Hence there exist m € Mg, n € N with
g*g = mn. Using again the polar decompositions m = v,|m| and n = v,|n|
with v, € Upnr, and v, € Uy, we obtain

g g = mn = vp|m| - vyn| = vpo,|ml|n|

= U Up|mn| = v, |9 9| = vmvng®g.
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This implies that v,,v, = 1, and so we can write g*g = mn with m € M;f,
n € N*. Hence |g| = m!/?n1/? € Zz. By the polar decomposition of g, there
is a unitary u € Uy with g = ulg|. Since |g| € Zg and g € I, it follows that
u € Uy N Ig = N, and so [g] = [u]. Finally, since both groups are discrete,
the isomorphism ¢ is also a homeomorphism. O

REMARK 3.6. Nearly all constructions given in this paper can be extended
trivially to C* algebras. However, in Proposition 3.3 problems appear, since
the invertible group of a C* algebra need not be connected.

4. Differential geometry of S(F)

In this section we only consider von Neumann algebras with separable
predual in order to ensure the existence of faithful normal states.

Let N C M be von Neumann algebras, and let £ € £(M, N) and S(E) =
{gE(g7t - 9)g~! : g € Gu}. The differential geometry of the orbit S(E)
has been studied by Larotonda and Recht [21] under the assumption that
N'NM C N. Larotonda and Recht showed that, in this case, S(E) admits
a differentiable structure and the map Ilg : Gy — S(E) defines a reductive
structure on S(E).

The aim of this section is to remove this hypothesis. We will show that
the orbit S(E) can always be given a differentiable structure, and even a
unique reductive structure if N is finite. We will also show that the existence
of reductive structures for all conditional expectations F € (M) forces the
algebra M to be finite.

4.1. Differentiable structure. We state here some definitions and three
classical theorems from Banach-Lie group theory that will be used in the
sequel. For a general reference on this subject, see, for example, [20] or [19].

DEFINITION 4.1. Given a Lie-Banach group G (which may be complex
analytic, real analytic, or C°°), we denote by L(G) the Lie algebra of G,
which will always be identified (as a complex or real Banach space) with the
tangent space T1(G) of G at the identity. A subgroup H of G is called a
reqular subgroup if it is also a Lie-Banach group (of the same type) and if
Ty H is closed and complemented in T7G.

THEOREM 4.2. Let G be a Lie group and let H C G be a subgroup such
that there exist open sets U,V with0 € U, 1 € V and a decomposition T1(G) =
X @Y (as a Banach space) satisfying

(1) exp: U — V is a diffeomorphism,
(2) HNV =exp(X NU).
Then H is a regular subgroup of G and Ty (H) = X.
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THEOREM 4.3. Let G be a Lie group, and let H C G be a regular subgroup.
Then we have:
(1) G/H has a unique structure of differentiable manifold such that G —
G/H is a submersion.

(2) G — G/H is a principal bundle with structure group H.
(3) The action G x G/H — G/H is smooth.

THEOREM 4.4. If H is a subgroup of a Lie group G and the connected
component Hy of 1 in H is a regular subgroup of G, then H is a regular
subgroup of G if and only if Hy is open in H.

In the following result we construct a conditional expectation that will be
essential in order to characterize the tangent space of S(E) (see also [9]).

PROPOSITION 4.5. Let N C M be von Neumann algebras and let E €
E(M,N). Fix a faithful normal state ¢ on N, and set 1 = ¢ o E. Then there
exists a unique conditional expectation F € E(M, Mg) such that EF = FE
and Yo F =1p.

Proof. Denote by Uf’ , t € R, the modular group of M induced by . Since
Y =poE=19oFE, wehave 0f o E = Eooy forall t € R (see [9] or [28]).
By direct computation we deduce that o (Mg) = Mg for every t € R. We
take F' € £(M, Mg) to be the unique expectation with ¢ o F = ¢ obtained
by Takesaki’s theorem on the existence of conditional expectations (see [28]).
Since E|p, € E(ME, Z(N)), we have Eo F € £(M, Z(N)) and Yo (Eo F) =
1. Representing M as usual in L?(M, 1)), the three conditional expectations
E,F,EoF give rise to three orthogonal projections e, f, g with g = ef. Since
g=g", we have ef = fe, and so EF = FFE. O

Using the expectation F : M — Mg from Proposition 4.5, we can define
(16) A=FE+F—FEF e B(M).

Note that A is a projection, since F and F' commute. The image of A is the
closed subspace Mg + N of M, which can also be written as a direct sum:

ImA =(MgNkerE)® N.
PROPOSITION 4.6.  With the preceding notations, Zg is a regular subgroup
of Gy and T1 Zg = (Mg Nker E) ® N.
Proof. In order to use Theorem 4.2, we need a decomposition
TGy =X3Y

with X = Mg + N, the natural candidate for 77 Zg. Such a decomposition
exists because, as G is open in M, we have T1G s = M and so the projection
A introduced above gives the desired decomposition.
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Note that the exponential map of the Banach-Lie group Gj; coincides
with the usual exponential map m — €™, if we identify L(Gps) with M.
Since exp is a local diffeomorphism, we can fix an open set 0 € U such that
exp : U — V = exp(U) is a diffeomorphism. Let 0 € U’ C U be an open
set and let x € U' N X. Then z = a + b with a € Mg, b € N, and since a
and b commute, we have exp(a + b) = exp(a) exp(b) with exp(a) € G, and
exp(b) € G. This shows that exp(U’' N X) C exp(U’) N ZE.

Let 0 < 6 < 1/2 be such that

Bu(1,6)={yeM:|y—1| <dt V.
Let y € By (1,0)NZg, and let g € Mg and h € N be such that y = gh. Note

that F'(h) is in Gz(y). Indeed, since h € N, we have F(h) € Z(N). To see
that F'(h) is invertible note that

lgE'(h) =1 = [|[F(gh = DIl < [lgh — 1]l <6 < 1.

Now write y = gh = (¢gF(h))(F(h)~'h). Then ||gF(h) — 1| < § as before and
by Lemma 3.2 it follows that

|F ()~ — 1] < 26.

Note also that ||gh —1|| < é < 1 implies ||gh|| < 2. Collecting these estimates,
we obtain

IFG) " h =1 = [P0~ gh = 1]
< lghlllFG) g™ 1) + lgh — 1]
< 4646 =54
Let € > 0 and § be small enough such that B (0,2¢) C U and

exp (B (1,56)) € By (0,¢).

Set V! = By (1,8) C V and U’ = exp }(V') C U. Let y € V' N Zg.
Then exp~!(y) € U’ and, since gF(h) and F(h)~th are in Bj(1,5), their
preimages a = exp !(gF(h)) € Mg and b = exp~}(F(h)~*h) € N satisfy
a+beUnNX. Since exp(a+b) =y = exp(exp~!(y)) and exp is injective in
U, this implies a + b = exp~!(y) € U’. Hence exp(U’' N X) =V'N Zp. O

COROLLARY 4.7. Let M be a von Neumann algebra and let E € E(M).
Then, with the preceding notations, the isotropy group Ig is a regular subgroup

OfGM

Proof. We already know that Zg is a regular subgroup, that it is the con-
nected component of 1 in Ig and that it is open in Ip. Thus, by Theorem
4.4, Ig is a regular subgroup. O

THEOREM 4.8. Let M be a von Neumann algebra and let E € E(M) be
a faithful normal conditional expectation. Then the similarity orbit S(E) ~
G /Ig, with the quotient topology of the norm topology of Gar, can be given a
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unique complex analytic manifold structure such that it is a homogeneous space
(i.e., the map I : Gy — S(E) is a principal bundle with group structure Ig
and g : Gy — S(E) is a submersion).

Proof. Apply Corollary 4.7 and Theorem 4.3. O

REMARK 4.9. The analogue of Theorem 4.8 remains true (with complex
analytic replaced by real analytic) for the unitary orbit U (E) ~ Uy /Ng under
the action of the real analytic Banach-Lie group Uy, .

4.2. Reductive Structure. We now consider conditions under which we
can find a reductive structure in S(F) and characterize such a structure. We
first recall the definition of Homogeneous Reductive Spaces (see also [23]):

DEFINITION 4.10. A Homogeneous Reductive Space (HRS) is a differen-
tiable manifold Q and a smooth transitive action of a Banach-Lie group G on
9, L:G x Q— Q with the following properties:

(1) Homogeneous Structure: For each p € Q the map
n,:¢ — 9
g = Lgp
is a principal bundle with structure group I, = {g € G : Lyp = p}
(called the isotropy group of p).

(2) Reductive Structure: For each p € Q there exists a closed linear sub-
space H, of the Lie algebra L(G) of G such that L(G) = H, ® L(I,),
which is invariant under the natural action of I, and such that the
distribution p — H, is smooth.

In order to give an HRS structure to the orbit S(E) under the action of
Gy, we must find a decomposition

L(Gy)=L(Ig)®Kg

such that the “horizontal” space Kg verifies

(17) gKp)g'=Kg forall gelg.

Recall that L(Gps) can be identified with M, because Gjs is open in M.
Also, L(Ig) can be regarded as T11g, and also as T1(Ig); (where (Ig); is the
connected component of Iy at 1). Since, by Proposition 3.3, the connected
component of I'g at 1is Zg, we have T1 [ = T1 Zg = L(Zg). Also, by Propo-
sition 4.6, we have L(Zg) = Mg + N. Hence, by (16), such a decomposition

of M can be found. It remains to show that we can find a complement of
Mg + N verifying the equivariance property (17).

LEMMA 4.11. Let B C A be algebras, let P : A — B be a linear projection
and let g € G4 be such that g(ker P)g~! C ker P and gBg~* = B. Then we
have P(grg=') = gP(x)g~! for every x € A.
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The proof of this result is straightforward.

LEMMA 4.12.  Let N C M be von Neumann algebras, and let E € E(M, N)
be a faithful normal conditional expectation. Suppose that there exists a faith-
ful normal tracial state ¢ of N. Let ¢ = 9o E and let F' € E(M, Mg) be as
in Proposition 4.5. Then we have:

(1) The expectation F is unique in the sense that for any other faithful
normal tracial state p in N, the expectation F, € E(M, Mg) induced
by po E is equal to F.

(2) We have Ig CIp ={g€ Gp:gF()g ' =F(g-g~ )}

Proof. We first show the uniqueness of F'. Let p be a faithful normal tracial
state of N, and let F, € £(M, Mg) be the corresponding expectation given
by Proposition 4.5. Then F,|y € E(N, Z(N)) is the center valued trace of N,
since p o F,|y = p (see, for example, [17, 8.3.10]). Then

YoF,=¢yoFEoF,=9¢oF,oE=9o0F,|NoE=¢oF|yoE=1¢oF,

and so F, = F.

To prove (2), fix g € Ig. It is easy to see that gMpg~! = Mp. Taking
the polar decomposition g = |g*|u, we see by Proposition 3.1 and the proof
of Theorem 3.5 that w € Ig NUy = Ng and |g*] € Zg. Let us first verify
that v € Ir. Indeed the expectation F,, = L,(F) = uF(u* - u)u* satisfies
F, € EM,Mg), FyoE =EoF,, and p(u-u*)oEoF, = ¢p(u-u*)oE.
Thus, F, is the expectation which corresponds by Proposition 4.5 to the
trace p(u - u*) of N. By part (1) of the lemma, it follows that F,, = F', and
so u € Ip. Therefore it suffices to show that Zg C Ir and Gy C Ir (since

Let g € Gn, y € Mg, and x € ker F.. Using the fact that ¢ o F' = ¢, we
obtain

Y(F(grgly) = ¢(F(grg~'y)) = P(grg'y)
= @(E(gzg~'y)) = ¢(9E(xg 'yg)g™")
= @(E(xg'yg)) = v(F(zg~'yg))
= P(F(z)g~yg) = 0.

Since F(grg~—!) € Mg and 1 is faithful, it follows that F(gzg=!) = 0, and
thus g(ker F)g~! C ker F. By Lemma 4.11, we conclude that Ip C Ir. This
proves part (2) of the lemma. O

ProrosiTiON 4.13. Let N C M be von Neumann algebras, let E €
E(M,N) be a faithful normal conditional expectation, and assume that N
is finite. Then the similarity orbit S(E) has a unique HRS structure under
the action of G-

Proof. To find a reductive structure, we need to construct a decomposition
L(Gy) = L(Ig) ®KE, where Kg is invariant by inner conjugation of elements
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of Ig. Fix a faithful normal tracial state ¢ of N and let F' € E(M, MEg) be
induced by ¢ as in Proposition 4.5 and Lemma 4.12. By the remarks preceding
Proposition 4.6, it is clear that the projection A =T — (I — E)(I — F) gives
the desired decomposition, i.e., we have Kg = ker A.

It remains to show that Ig leaves Kg invariant, and that the distribution
LyE — gKpg is smooth. The first assertion holds since Kr = ker F' N ker E¥
and, by Lemma 4.12, I C Ip.

To see that the distribution is smooth, note that the projection onto Kg
with kernel Mg+ NisI — A =D = (1-E)(1 — F). By Lemma 4.12, the
map 7 : S(E) — B(M) given by

n(Hp(9) = LD = (1 - LyE)(1— L,F), g€ Gy

is well defined and gives the desired decomposition for all IIg(g) € S(E).
Consider the commutative diagram

Gy —21 . GUB(M))

HE 1_ID

S(E) : B(M)

where lIp(a) = aoDoa™t, a € GI(B(M)). Since, by Theorem 4.8, I has
analytic local cross sections, the map 7 is clearly analytic.

The uniqueness follows from the fact that g (actually, the expectation
F) does not depend on the tracial state ¢. Indeed, it is easy to see that,
for every faithful normal tracial state p of N with corresponding expectation
F, € £&(M,Mg) given by Proposition 4.5, the restriction F,|y € E(N, Z(N))
is the center valued trace of N, since p o F,|y = p. Hence F, = F. (]

REMARK 4.14. Let N C M be von Neumann algebras, let £ € £(M, N)
be a faithful normal conditional expectation, and assume that Mg C N, but
that N is not necessarily finite. Then the assertion of Theorem 4.13 holds
with the same proof. Indeed, in this case we have Zg = G, and one does
not need a tracial state of N since A = E. This result was given in [21] under
the slightly more restrictive hypothesis that NN M C N.

4.15. Let M be an infinite von Neumann algebra. Then there exists a
properly infinite projection p € Z(M) such that pM is properly infinite and
(1 — p)M is finite. Let 7 be a faithful normal trace in (1 — p)M. Since p is
properly infinite, it can halved, i.e., there exists a projection ¢ € M such that
q ~p—q ~ p, where ~ denotes the von Neumann equivalence of projections.
Using this projection ¢, we can identify pM with ¢Mq ® M3(C). Thus we
identify M with (¢M¢q) @ M3(C)) @ (1 —p)M.
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Let N be the subalgebra (¢Mqg® 1) ® (1 — p)C of M. Consider the expec-
tation E € £(M, N) given by

E=(id®tr) &7

In matrix form this expectation can be represented by

a b 0 (a+d)/2 0 0
E{lc dao0]]= 0 (a+d)/2 0
0 0 = 0 0 7(z)

Straightforward calculations show that
N'NM = Z(gMq) ® M2(C) ® (1 —p)M
and
Mg=N'nNM.

If S(F) admits a Homogeneous Reductive Structure, then there exists a
bounded linear projection P : M — N + Mg with g(ker P)g~! = ker P for all
g € Ig. Since Uy C Ig, we have

P(uzu®) = uP(z)u” for every u € Uy
by Lemma 4.11. Note that, since (N + Mg)* = N + Mg, we can assume that
P is #-linear. Indeed, if P is not *-linear, we can replace P by
1

P'(w) = 5(P(z) + P(z")"), @€ M,

which is also a projection onto N 4+ Mg and satisfies

P'(uzu*) = uP'(x)u* for every wu€Uy.

Since
(18) N+ Mg
n 29 0
= zz3 n+z 0):neqMq,z € Z(gMq),me (1—p)M ;,
0 0 m

it is clear that the elements located at coordinates 21 and 12 of the image of
P belong to Z(¢Mgq). Consider the linear map T : ¢Mq — Z(qMgq) given by

1 0 n O 0 n O
T(n):§ Pl n 00 +P|l n 0 O , n€qMgq,
000/, 000/,

where (-);; denotes the matrix entry with coordinates ij. We now establish
the properties of T' that we will be of interest to us.
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PROPOSITION 4.16. Let M be an infinite von Neumann algebra. Let p,
q, N and E € E(M,N) be as in 4.15. Assume that the orbit S(E) admits a
Homogeneous Reductive Structure. Consider the linear maps P and T defined

above. Then we have:

(1) T:qMq — Z(qMq) is a *-linear mapping.

(2) T is a projection onto Z(qMgq).

(3) If u € Ugnag, then T(unu*) =T (n) for every n € ¢Mgq.
(4) T(xy) = T(yx) for every x,y € ¢Mq.

Proof. (1) That the image of T is in Z(¢M¢q) can be seen from (18). The
x-linearity is clear since, by assumption, P is *-linear.
(2) It s € Z(gM¢q), then the matrix

0 s O
s 0 0
0 0 O

is clearly in N + Mg, and hence is left invariant by P, and T'(s) =
(3) Let u € Uynrq and consider

U:

o o<

0 0
u 0 ceUn CIg.
0 1

The basic property of P is that P(UmU*) = UP(m)U* for every m € M.
But this clearly implies that T'(unu*) = uT'(n)u* = T(n) for every n € ¢Mg.
(4) This follows from (3) since the unitaries generate the entire algebra. [

THEOREM 4.17. Let M be a von Neumann algebra. Then the following
conditions are equivalent:
(1) The similarity orbit S(E) of any expectation E € E(M) can be given
an HRS structure under the action of Gy.
(2) M is a finite von Neumann algebra.

Proof. Let p be the largest projection in Z(M) such that pM is properly
infinite, and let ¢ be a subprojection of p that halves p, that is ¢ ~ p—q ~ p.
We will use the notations of 4.15 and the conditional expectation E € £(M)
considered there. If condition (1) holds, then, using Proposition 4.16 and 4.15,
we can construct a “tracial” bounded projection T : ¢Mq — Z(qMgq). Since g
is also properly infinite, there is a projection r € ¢Mq such that r ~ ¢g—1r ~ ¢
in ¢Mgq. Using the “traciality” of T, we have

(19) T(q)=T(q—r)=T(q) —T(r)=T(q) —T(q) = 0.

Recall that, by Proposition 4.16, we have T(q) = ¢. By (19) it follows that
q = 0, which in turn implies p = 0. Thus M is a finite von Neumann algebra.
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Conversely, suppose that M is finite and E € £(M). Then N = E(M) is a
finite von Neumann algebra and we can apply Proposition 4.13. O

REMARK 4.18. Let N C M be von Neumann algebras and let F €
E(M, N) be such that S(E) has a structure of HRS. We will describe explicitly
the geometrical invariants of S(E). We first compute the tangent map at 1
of the fibration Ilg : Gpr — S(F). For simplicity we consider S(E) C B(M),
despite the fact that the topology of S(E) is, in general, not that induced by
B(M). In this sense, for x € M, we have

(T lg),(z) = [z, E()] — E([z, ]),
where [z, y] = 2y —yx for z,y € M. Indeed, let z € M and consider the curve
a(t) = e'™. Note that «(0) =1 and &(0) = z. Then

d

(T g), (2) = 2 (T (e™))|=o

_ di (Ad(¢") 0 E o Ad(e™%)) Ji—o

(Ad(e"))' o B o Ad(e™) + Ad(e") o B o (Ad(e™))') oz

(Ad(e"))([z, E o Ad(e™*)]) + Ad(e'®) 0 E o (Ad(e™"*)([-,2])) =0
(

An interesting computation using this formula shows, as it must, that
ker(T HE)1 = ME + N = L(IE)
On the other hand, if Kg = ker A is the horizontal space at E of S(E),
then
(Tg), |, : Ke = T(S(E))E
is an isomorphism. It is usual to consider the inverse map Kg : T(S(E))r —
K g in order to identify tangent vectors with elements of M (see, for instance,

[23]). With this convention we now describe the torsion and curvature tensors,
T and R, respectively. Let VW and Z € T(S(FE))g. Then we have:

(1) T(V,W) = (T Ilg), ([Kp(V), Ke(W)]).
(2) R(V,\W)Z = (T llg), ((Ke(Z),A([Ke(V), Ke(W)])).
(3) The unique geodesic v at E such that 4(0) = V is given by

~y(t) = LoxzonE.
(4) The exponential map of S(E) is given by

expp(X) =L.xkzgxE  for X eT(S(E))E.
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