LOCAL TIMES FOR A CLASS OF MARKOFF PROCESSES

BY
Epwarp S. Boyran!

Let X (7, ») be a one-dimensional Markoff process defined on a probability
space (2, §, P). For any positive real { and any w ¢ @ we can define a measure,
u(+, t, w), on R, the real numbers, by

(0.1) w(A,t,w) = LM{7r: X(r,0) 4,0 = 7 < t},

where LM represents Lebesgue measure. Trotter [3] showed that if X (7, w)
is Brownian motion, then, for almost all w, u( -, {, w) has a continuous density
function, i.e., there exists a function L(x, {, w), defined for all z ¢ R and all
positive ¢, continuous jointly in z and ¢, such that

(0.2) w(A, 1, @) = fA Lz, t, ) do

for every Borel set A. L(z,t, w) is called the “local time” at x up to time ¢.
In this paper we investigate the following problem: For 6 a given Borel
measure on R, when will u(-, {, ) have a continuous 6-density, i.e., when
will there exist, for almost all w, a function L(z, {, ), defined for all z ¢ R
and all positive ¢, continuous jointly in = and ¢, such that

(0.3) w(A 1 @) = fA L(s, ¢, 0)8{dz}

for every Borel set A? We shall show that such an L(z, ¢, ») will exist, for
almost all w, whenever the transition probabilities of X (7, w) satisfy certain
conditions (involving ). In particular, we shall show that if X (7, w) is a
stable process of index @, 1 < a < 2, then, for almost all w, there will exist
a function L(z, ¢, w) satisfying (0.2). Since Brownian motion is a stable
process of index 2, this offers a new proof of Trotter’s result.

1. Preliminary material

The purpose of this section is to explain briefly certain concepts arising
in the theory of Markoff processes which will be used in later sections.

Received July 17, 1962.

1 This paper is a revised version of a thesis presented to the faculty of Princeton
University in June, 1962 in partial fulfillment of the requirements for the degree of
Doctor of Philosophy. The author wishes to express his gratitude to Professor G. A.
Hunt, not only for suggesting the problem but also for giving most generously of his
time during its solution, and to Professor H. Trotter, whose many suggestions greatly
simplified the presentation and proof of the results of this paper. Finally, I would
like to thank the National Science Foundation for supporting me throughout my three-
year stay at Princeton.

19



20 EDWARD S. BOYLAN

Throughout this paper X(, ) will be a time-homogeneous Markoff process
with transition probabilities; that is, for every z ¢ R and nonnegative ¢ there is
given a measure on R, which we shall denote by P.(z, dy) or Pi(z, -), such
that the following conditions are satisfied:

1. Pyz, R) = 1, ie., Py, +) is a probability measure on R for every
z and ¢;

2. if A is any fixed Borel set, then P,(x, A) is Borel measurable in the
pair (¢, z);

3. the relation

(1-1) *[R Pt(y7 A)P,(.’I?, dy) = Pt+s(x7 A)

holds identically;
4, P(X(s) eA|X(7),0= 7=1t) = P_o(X(t),A)fors = ¢t = 0.

If w € ©, the sample path associated with w, often denoted X (), is the fune-
tion mapping [0, ) into R defined by ¢ — X (¢, w). We shall assume that
almost every sample path is right conlinuous.

A positive measurable function, S, on @ will be called a terminal time for
X (7, w) if S is independent of the functions X (7) and

P(S>1t) =¢.

By modifying @ somewhat we may always assume the existence of a terminal
time for any given process. Indeed, let (R, , ®., P*) be the probability
space consisting of R, , the positive reals, with field of measurable sets ® ,
the Borel sets in R, , and measure P* where

P*(4) = fA ¢ da.

Let & = @ X R, be the product measure space of @ and R, with produect
measure P = P X P*. If (w,t) = @ e, let X(r,d) = X (7, w) and S(@) = &.
X (7, ®) has the same transition probabilities as X (r, w), and S is clearly a
terminal time for X(r, @).

Suppose S is a terminal time for X (7, w), and T is a positive (possibly in-
finite) measurable function on @ independent of S. Let

Q= {w: T(w) < S(w)}.

If P(Q') > 0, we may consider Q' as a probability space (', ¥, P’) where
¥ is the trace of & on Q' (the field of subsets of @’ belonging to §) and P’(4)
is the conditional probability P(A4)/P(Q’). On Q' we may define a new proc-
ess (in general just a stochastic process), Y (r, w), by

(1.2) Y(r,w) = X(7 + T(w), w).
The function 8’ = S — T is a terminal time for Y (r, ). If T(w) = ¢, then
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Y (7, w) is not merely a stochastic process, but a Markoff process having the
same transition probabilities as X (7, w).

Suppose A is a Borel set, and T'(w) is the infimum of those r,0 = 7 < o,
such that X (7, w) € A, or « if there is no such r. T clearly depends only on
the X () and is hence independent of any terminal time S. 7T(w) is called
the time X (w) “hits” A. We shall assume that if T(w) is the time X (w) hits
the interval [a, b), @ and b real numbers, a < b, then the stochastic process Y (7, )
defined by (1.2) is a Markoff process with the same transition probabilities as
X(7, w).

The initial distribution, px , of a Markoff process X (7, w) is the probability
measure on R defined by

ox(4) = Plw: X(0, w) e A}.

If X (0, w) = x for some = ¢ R, then px = p, is the measure giving unit mass to
the point z. We shall assume that for every x ¢ R there is a Markoff process
X.(7, w), defined on a probability space (L , F» , Ps), having almost all sample
paths right continuous, initial distribution p. , and the same transition prob-
abilities as X (7, »).

A Markoff process satisfying the above three assumptions will be said to
satisfy Hypothesis A. We shall refer to the individual assumptions as Al,
A2, and A3, respectively. Although the transition probabilities do not
uniquely determine a Markoff process, they play a vital part in determining
whether Hypothesis A will be satisfied. Blumenthal [1] gives conditions on
the P:(x, dy) which insure that Hypothesis A will be satisfied.

If ¢ is any nonnegative real number, we can define an operator P; , mapping
the space of bounded, measurable, real-valued functions on R into itself, by

Pif(x) = [ Pz, dyi).

We define another operator, U, having the same domain and range as the
P ty by

Uf(z) = fo " P (o) dt.

U is called the potential operator associated with the transition probabilities
Py(z, dy). An alternate expression for Uf(x) is

(1.3) Uf(z) = E < fo * Xalr, ) d'r) ,

where 8 is a terminal time for X.(r, w). Indeed more than (1.3) is true.

Lemma 1. Let Y(r, w) be a Markoff process with almost all sample paths
right continuous and having the same transition probabilities as X(r, w). Iffis
any bounded, measurable, real-valued function on R, let
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F(n,Y) = E (( fo ¥ (r, ) df>">

and s
F(n,z) = B << fo F(Xo(r, 0)) d7> )
Then
(14) F(n,Y) = [ Fln, ©)prlda)
and
(1.5) F(n,z) = nU(fF(n — 1, -))(x)

where F(0,z) = 1 and F(n, ) is the function x — F(n,z). Forn = 1, (1.5)
78 (1.3).

Proof of Lemma 1. To prove (1.4) it suffices to prove the stronger state-
ment

(1.6) B (( | ¥ (r, ) d7>n

(where E( | ) represents conditional expectation). If almost all sample
paths of Y (7, w) are right continuous, then, for almost all w,

v

This formula may be verified by integration by parts.

Let 9 = {(w,t) : weR, 0=t < S(w)}. We may consider Q; as a measur-
able subset of @ X [0, «»). Let P; be the restriction to Q; of the product
measure P X LM on @ X [0, «). If (w,t) = w e, let

Py o) = 5006 ([ 500 ) ar)’

Y(O)) — F(n, ¥(0))

—1

F(Y(t, w)) (fts(“) f(Y (7, w)) dr)n dt.

S(w) S(w)

f(Y(r,w)) dr)n =n ;

~—1

Then, integrating first with respect to ¢ and then w, we have
F(n,Y) = n f F(n, w)Pifdei}.

Applying Fubini’s theorem and integrating first with respect to » and then
t, we have

ron ) = [ [ s ([

S(w

' {(¥(r, ) d) Plde) di

(where @, = {w: S(w) > t})
= " B (f(Y,(o, ) < | " 1, @) dr>"—1> d,
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where the expectation is taken over Q; considered as a probability space,
Y,(r, w) is the Markoff process on Q; defined by (1.2) with T(w) = ¢, and
8’ = 8 — Tisa terminal time for Y;(7,0). Ifn = 1and Y(r, v) is X,(7, 0),
we then have

F,2) = [ 6 [j)Pda,dp at = [ e Pista) de = U G).

In general

F(1,Y) = f: & [[ 5Pz, dyorida) di = [ F(1, 2)orlda).

Hence (1.4) and (1.5) are true for n = 1. The validity of (1.6) forn = 1is
also clear.

We now proceed by induction. If Y(r, ) is X.(7, »), then Y,(7, w) has
almost all sample paths right continuous, the same transition probabilities as
X(7, w), and initial distribution P.(x, -). Hence

B (5ri0,00 ([ 0 ar) ) = [ 5F = 1, 0Pz a)

Therefore

F(n,z) =n fow e’ ff(y)F(n — 1,y)Pi(, dy) dt

(1.7) — f” TP(fF(n — 1, ) (z) dt

= nU(fF(n — 1, -)) (),

which is exactly (1.5). The validity of (1.4) and (1.6) for all n now follows
as above.

A nonnegative function, U(z, y), defined for all 2 ¢ R and y € R, is said to
be a 6-kernel for U, 6 a o-finite measure on R, if

Uf(e) = [ Uz, )fw)otdy)
for every bounded, measurable function f. In general such a 6-kernel may

not exist. If, for each positive ¢, P.(x, -) has a measurable §-density p.(z, v)
(ie.,

Pu(s, 4) = [ pa,y)0ldy)

for every Borel set A), then U will have a 6-density, and, moreover,

(1.8) Uz, y) = fo " e, y) dt.
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The validity of (1.8) may be derived by a simple application of Fubini’s
theorem.

Many of the concepts discussed above, including that of the potential
operator, are discussed in Hunt’s fundamental paper [2].

We conclude this section by defining some terms which will be useful in
formulating Theorem 1 of the next section.

A measure  on R is called a Borel measure if it gives finite measure to
every compact subset of R. It is clear that every Borel measure is o-finite.
A measure  on R is called a continuous measure if 6({z}) = 0 for every
z ¢ B. Every o-finite measure § may be written uniquely as 6, + 6, where
0. is continuous, and 6, gives positive measure to at most a countable number
of points of R, and measure zero to any set not containing any of these points.

For want of better terminology, a nonnegative, monotonic function g,
defined on an interval [0, &], will be called a good function if

annl ng(z—n)l/2 < ®,

where n, is so large that 27" =< ¢ . A sufficient condition for g to be good
is for | g(x)"*log x| to decrease to zero as x decreases to zero and

€1
f g2 182 gl ¢ e,
0 X

The functions g(z) = 2°, 8 > 0, are all good functions.
Finally, for simplicity of notation, we shall let {x, y) denote either (z, y) or
(y, ) depending on whether z < yory < =z.

2. Statement and proof of theorem

TueoreM 1. Let X (7, w) be a one-dimensional Markoff process, defined on a
probability space (2, F, P), satisfying Hypothesis A, having transition prob-
abilities Pi(z, dy), and corresponding potential operator U. If U has o 6-kernel
Uz, y), 6 = 6. + 0, a Borel measure on R, and if there exists a good function
g, defined on an interval [0, &1], such that

| Uz, z) — Uz, y)| = 9(30:(¢z, y))), 8:(¢z, ) = 2e1,
I U(l‘, .’I)) - U(y) Cl?)l = g(%0¢(<x) y)))) 00((‘”) y)) = 2g ’

then, for almost all w, there exists a function L(z, t, ), defined for all = ¢ R and
t e Ry , continuous jointly in x and t, satisfying (0.3) for every Borel set A.

Proof of Theorem 1. We shall assume that 6 satisfies the following addi-
tional assumption: If E is any nonempty open interval, then 6.(&) > O.
In reality this is no additional assumption because it can be shown that any
measure 6 satisfying the hypotheses of Theorem 1 hags this property. How-
ever, the proof is rather involved and, for this reason, will not be given.

We shall now assume that for every positive integer M there is a positive
real, ay, and a negative real, a’ », such that 6,([0, ax)) = 0.(la>x, 0)) = M.

(2.1)
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This assumption is by no means vital and is made only to simplify the presenta-
tion of the proof of Theorem 1. We shall define af as 0. Hence for every
integer ¢ we have defined a real number a? .

We now define, for every integer n, a sequence of numbers a; . If ¢ = 0,
let a7 be that number z such that 6,([0, 2)) = 27", If ¢ < 0, let ai be
that number z such that 6.([z, 0)) = ¢2~". We have, for all ¢, a7 = a3,
a; < aiy1,and 0.([a7 , aiw1)) = 27", Let I7 = [a7 , aiy1). Then

n n+1 n1
Ii = I3 u ey,

and 97 = {I;} is a sequence of ever finer partitions of R.
For each n we can define an approximate 6-density, L.(z, t, »), for u(-, ¢, »)
by
L.(2,t, w) = (O(I?))—IM(I? ) by w)

for z e I7 . We shall show that, for almost all w, for all z, a2y < 2 < a¥,
and all ¢t £ N, M and N arbitrary integers, L.(z, {, ) converges to a limit,
which we shall denote by L(z, ¢, w). Moreover, L(z, t, ) will be jointly
continuous in z and ¢ and satisfy (0.3) for every Borel set A contained in
@2, a¥). Letting M = 1, 2, --- we see that for almost all w there is a
function L(z, t, w), defined for all z and all ¢ < N, continuous jointly in x and
t, satisfying (0.3) for every Borel set A. Letting N = 1, 2, - - - we have the
result stated in Theorem 1.

L.(z, t, w) is continuous except, possibly, at the points a7 . If z = a7,
let A(z, n, t, @) be the discontinuity of L.(z, {, @) at z. Then z ¢I7 and
y eIiy u I7 imply

I Ln(-’”; A "’) - Ln(y’ A "")I = A(a'? y My L, "’)'
Forz = a7 , let
J(2yn,d,w) = {t: Az, n,t,w) 2d,0=t= N}
and
H(z,n,d) = {w: LM(J(z,n,d, ) = 277

LemMa 2. If n is sufficiently large and a2y < z < a3 , then

P(H(Z, n, d)) < Kzzﬂ exp(_kg(2—n)-—1/2 d)
where K and k are positive constants depending only on N and M.

The proof of Lemma 2 is lengthy and will be given in the next section.

Let H(n,d) = U, H(z, n, d) where the union is over those z = a; where
oy < a} < a3 . There will be exactly 2M2" such 2. (We suppress the
dependence of the various sets on M and N. Also, we shall denote all suffi-
ciently large positive constants depending only on M and N by K.) If nis
8o large that Lemma 2 applies, then

P(H(n,d)) < 2. P(H(z,n,d))
< 2MK2™ exp(—kg(27™") M d) = K2 exp(—kg(2™) ™" d).
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Let d, = 3nk'g(2™™)"* and G, = Uism Hn, d,). If m is so large that
Lemma 2 applies, then
P(Gn) £ Yinzn P(H(n, dn))
SKY men2"¢" = KX uzm (2/6)",
and since this last is a convergent series,
P(lim,, Gn) = lim, P(G.) = 0.
For every x and n, L.(z, t, ») is an increasing function of ¢. Furthermore,
| Lu(z, t, @) — La(z, ', w)] < 2"t — ¢'|

because |u(4,t, w) — u(4,t,w)| < |t — | for any Borel set A. Hence
if [t—¢] =27 then | Lu(x, !, @) — Lu(z, ', w)] 27" Consequently,
unless w € G, , forany ¢t £ N,n = m,and any z = a7 , o’y < 2z < ay, We can
findat,0< ¢ <N, |t—t| £ 27", such that A(z,n, ', w) < d,. Hence

Alz,m, b, 0) < Az, n, 1, ) +2:27" < d, + 27"

0
forn = m,aly £ 2 < ay,andt < N.

Now, since I7 = I3 u I3y, it follows from the inequality
atbd_al_ja_0
c+d ¢ c d|’

where a¢ and b are nonnegative, ¢ and d positive real numbers, that
mMaxe | <o<al, | Lnsa(2, 8, 0) — La(z, 1, @) |
< maxa , <.<al, (A2, + 1, ¢, 0)).
Then, unless w ¢ G4, , for any n, p with n = m,
| Lotp(@, b, 0) — La(z, t, 0)| S 220777 | Liga(a, , ©) — Lu(w, 1, 0)|
< 2w di+ 27 = g(n).

Now, since g is a good function, Y, d; + 27 < . Hence q(n) — 0 as
n — o. Hence if w ¢ G, , the sequence L,(z, {, w) converges, uniformly for
o’y < 2 < ay and t £ N, to a limit which we shall denote by L(z, ¢, w).
Furthermore,
| Lz, t, w) — Lu(z, t, 0)| = q(n)

forn = m, ey < 2 < ay,and ¢t £ N. It is clear that the measures on
[0% 4 , a3 ) having L,(x, t, ) as §-densities converge at least weakly to u( -, ¢, w)
restricted to [a% . , a¥), and consequently L(z, ¢, ) is a 6-density function
for u(-, t, w) restricted to [aly, ay). The joint continuity of L(z, ¢, )
remains to be established.

Let 8(n) be a number so small that for every z, oy =z <ay ,x el and
|z —y| <&n)implyy elizul;. Supposewé¢@,. If |z —y| < d(n)
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where n = mand o’y < 2,y < ay , then
| Lz, t, ) — L(y, ¢, w)| £ | Lz, t, ) — Ln(x, t, w)|
+ | Lu(z, t, @) — Lu(y, t, »)]
+ [ Lu(y, ¢, @) — L(y, t, @)|
< 2¢(n) + du + 27" = 3¢(n).
If » =2 m and ¢(n) < &/3 for ¢ an arbitrary positive real, then |z — y| <
8 = 8(n) implies | L(x, {, w) — L(y, t, w)|] < e. Note that the choice of

d for given ¢ does not depend upon ¢.
Turning to continuity with respect to ¢, we have, for w¢ G, and n = m,

| L(z, t, w) — L(z, ¢, w)| £ | L(x,t, 0) — Lu(x, t, »)]
4+ | La(z, t, w) — La(z, ', w)|
+ | La(z, ¥, ) — L(z, ¥/, »)]
= 2¢(n) + 2"t —t'].

1f £ is an arbitrary positive number, let § = (¢/2)2™" where n = m and
g(n) < e/4. Then |¢ — /| < & implies | L(x,t, w) — L(x, t, w)| < e.
Note that in this case the choice of § for given ¢ is independent of . Hence
L(z, t, w) is continuous jointly in « and ¢.

Since lim,,. P(G») = 0, we have shown that, for almost all w, L,(z, ¢, »)
converges, uniformly for a’y < 2z < a3 and t £ N, to a function L(z, ¢, w)
which is continuous jointly in « and ¢ and satisfies (0.3) for any Borel set
contained in [a” , aw). As we have remarked above, this is sufficient to
establish the validity of Theorem 1.

(2.2)

(2.3)

3. Proof of Lemma 2

To avoid interruption of the argument at a later stage we prove a pre-
liminary lemma.

Lemma 3. If oy = 2 < oY% and 6((z, v)) = &, then Uz, y) is
bounded, say by ¢; < .

Proof. It suffices to show that U(z, «) is bounded if a2y < & < ad .
Suppose 7 is so large that 27" < g and z = 0 = a¢ . For (2.1) to be valid,
U(0, 0) must be finite. The lemma now follows from the inequality

U(z,z) = U(0,0) + | U(at ,0) — U(0,0) | + | U(at ,ar) — U(ar ,0) | +
s l U(x7 .’17) - U(.’L‘, a;:t*l) | = U(O) 0) + 2mg(81),
Ony < & = Om,

since z < ay implies m < M2". The proof is similar if z < 0.
We now assume that there are terminal times defined for the Markoff
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processes X (7, ») and X,(7, ). We denote all such terminal times by S.
We may now associate with each w ¢ @ a measure, u(-, @), on R by

w4, ) = u(4, S(w),w) = LM{r: X(r,w) ¢4,0 = 7 < S(w)}

for every Borel set A. As above, we may define for every n > 0 an approxi-
mate 6-density, L,(z, w), by

La(z, 0) = (6(I1)™ u(I? , w)
forx eI7 . Let A(z, n, ) be the discontinuity of L,(z, w) at z = af .
A(z, m, ) has the same distribution as the absolute value of
S(w)
Bu(z,0) = [ ViX(r,0)) dr
0

where
Vi(y) = (6Iia))™ for yeliy = [aly,ai),

= —(0(I1))™ for yel? = [a?,aln),
=0 elsewhere.

Let ¢ = max(1, ¢1) and ¢, = g(27") "2

LummA 4. There is a positive constant K such that

E(exp((24¢)ea | Ru(2,0) |)) S K

for all 2, a2y < 2 < a¥ , and all n so large that g(27") < ¢

Proof. Let Q(m) = E((¢s| Ru(z, w) |)™). We clearly have

Blexp((24e) 0 | Bale, o) ) = X, 2

mz0 (240)7» m! :

To prove the lemma it suffices to show that Q(2m) = (12¢)™(2m!) since
then, using the inequality @(2m — 1) < 1 4+ Q(2m), we have

E(exp((24¢) "ca | Rulz, 0) |)) S D 277 + 24¢ (E”})_,_ 1

m=0 22m @2m — 1)! (24c)m
S K < o,
Let
R(m) = E((cu Ru(z, w))™)
and

R(m,z) = E (<c fo (Xl @) dr)m>.

By the definition of V, we have

E <<c | X @) df)m) -[ <c,, [ i(: V(X(r, ) dr>m Pl{da}
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where T'(w) is the time X (w) hits [ai_; , ain) and ' = {0 : T(w) < Sw)}.
If P(9) = 0, then R,(2, w) = 0 almost everywhere, and hence
E(exp((24¢)"cn | Ru(2, @) | )) = 1 independently of n. If P(Q') > 0,
then

Rom) = P@)E (o [ V¥ ar)'),

where the expectation is taken over @' considered as a probability space,
Y (7, ) is the stochastic process defined by (1.2) with T'(w) the time X (w)
hits [ai—;, ai41), and 8’ = S — T is a terminal time for Y(r, w). By A2,
Y(r, ») is a Markoff process having the same transition probabilities as
X(7, w). Hence, by (1.4),

R(m) = P@) [ Rim, )pr{de]

where py is the initial distribution of Y (7, ). By the right-continuity of
almost all sample paths of X(r, w), pr([as—1 , a7+1]) = 1. Hence to show that
Q(2m) = R(2m) = (12¢)*"(2m!) it suffices to show that | R(m, z) | <
(12¢)™ m! for all x € [a7 , ;1] and all m. We shall show by induction on
m that, for all m,

(a) |R(m,z) — R(m,a?) | <4927 m! (12¢)™, 0iq1 < v S ain
and
(b) | R(m, z) | £ (12¢)" m!, i1 =z S ain

are true. Using (1.5) with f = ¢,V., we obtain

R(m,z) = mU(c, V.R(m — 1, -))(x)
3.1
(31) = '”wnf Uz, y)V.(y)R(m — 1,y)6{dy}

where R(0,y) = 1.
By construction, we may write (3.1) as
Rem, ) = mea ([ Ute,)B0m = 1, 9)00d0)
(32) o
~ [ 00RO ~ 1,)0ia))
17

where 6, and 6, are probability measures on I7_; and I respectively. Hence
R(m; .’13) = MCn f U(x: y)R(m - 1; y)
T

(3.3) — U(z, af)R(m — 1, a7 )6:{dy}
+ me, fﬂ U(x, a:)R(m - 1, atn) - U(x7 y>R(m - 1’ y)02{dy}'
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By definition of the a} , ai-y < 2,y < aly, implies 6,((z,y)) < 27", Hence
| Uz, 1) — Uz, 92) | =29(27") and | Uyr,2) — Ulye,2) | = 29(277)

foraiy £z, 41,2 < aiy1. Form = 1, (3.3) becomes

N (f Uz, y) — Uz, a?)ou{dy}

n
1—1

R(1,2)

+ [ UG - UG i),
and therefore
|R(1,2) | £ . 49(27") = 49(27")"* < 12, g S = aip .
From (3.1) we have
R(m,z) — R(m, a7)
(34)
= mcnf(U(x,y) — Ulai, y))V.(y)R(m — 1,y)8{dy}.
If m = 1, then it follows, as above, that
|R(1,2) — R(1,a?) | S 4c.g(27") = 49(27)"", aiaS =S atn.

Hence (a) and (b) are true for m = 1. Suppose (a) and (b) are true for
m — 1. From (3.4) it then follows that

| R(m, z) — R(m, a}) | < me, 49(27")(m — 1)! (12¢)"*
49(27M " m! (12¢)™7, 0l S v = ain -

Hence (a) is true for m. Now

mey, f” Uz, y)R(m — 1,y) — U(z,a;)R(m — 1, a7 )6:{dy}

I7

= mew [ (Us,9) = Uz, al))ROn = 1,1)0{dy}

-1

+me, [ Ule,al)(R(m — 1,9) — Rm — 1,a2))es{dy}.

n
Ii-1

By the inductive assumptions; we have

men fln (U(z,y) — Uz, a7))R(m — 1,y)0:{dy} ‘

- < me,29(27) (m — 1)1 (126)™ " = 29(27")*m! (12¢)™*

< 2em! (12¢)™*
and

Ii 1

‘mcn fn Uz, ai)(R(m — 1,y) — R(m — 1, a;))6:{dy} ‘

< me, 4cg(27)2(126)™ H(m — 1)1 = 4em! (12¢)™ 7
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Hence

-1

men f U(z,y)R(m — 1,y) — Uz, af)R(m — 1, a7)b:{dy} l

< dem! (120)™ + 2em! (12¢)™ = 6em! (12¢)™
Similarly,

mew [ UG, al)Rm — 1,a2) — Ul )R(m = 1, v)exldy) |

< 6em! (12¢)™
Therefore,

| R(m, z) | £ 6em! (12¢)™ " + 6em! (12¢)™
= m! (12¢)™, 0l =2 = 0.
The proof of Lemma 4 is now complete.

COROLLARY. Plw: A, n, w) = d} < K exp(—(12¢)7¢(2™"™")™* ¢)
foraly <z < ay.

Proof. P(A(z,n,w) 2 d) = P(|Ru(2,0) | = d)

= P((12¢)"¢n | Ru(2, 0) | = (12¢) ¢, d)
< E(exp((12¢) "¢n | Ru(z, ) | )

-exp(— (12¢) "¢, d)
= K exp(—(12¢)'g(27") ™ d).

Let & = @ X R, with measure P = P X P*, and let X(7, @) and S(&)
be as in Section 1. For & ¢ we can then define a measure u(-, &) and
construct approximate 6-density functions L.(z, ®). Let A(z, n, @) be the
discontinuity of L,(z, @) at z = ai ,and let H(, n,d) = {&: Az, n, &) = d}.
We have shown that if a”, < z < a3 and n is sufficiently large, then

P(H(zn,d)) = K exp(—(12¢) ™ g(27)" d).
Let y(2,n,d) = P(H(z,n,d)). If weH(z,n,d) and{eJ(z n,d, »), then
(w,t) = @eH(z,n,d). Let
Hi(z,n,d) = {(w,t) :weH(z,n,d),teJ(2,n,d,w).

By definition of P*, LM(J(z, n, d, w)) = 27" implies P*(J (2, n, d, »)) =
¢ V27" since J (2, n, d, w) < [0, N]. Hence, using Fubini’s theorem, we have
27V y(2,m,d) = P(Hy(2,n,d) £ P(H(z,n,d))

< K exp(—(12¢)g(2™") 7" d)
or
v(z, n,d) < Ke"2™ exp(— (12¢)"g(27") ™2 d)
if n is sufficiently large and ax < z < a) . This is, however, exactly the
agsertion of Lemma 2.
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4, Examples and applications

We shall now exhibit a large class of Markoff processes satisfying the condi-
tions of Theorem 1 with § = LM. A stable process of index o, 0 < a =< 2,
is a Markoff process with transition probabilities P:(x, dy) where P:(z, dy)
is the measure on R having (LM) density p:(x, y) where

= 1 ® —i(z—y)v
Pe(z,y) = \/ﬂf_we
- exp(—t(tdiv + ds [ v |* (1 + dds(v/| v |) tan j7a))) dv,
dy,dz,d; fixed real numbers, d; > 0,|d;| < 1.

(4.1)

It is well known that there is a Markoff process having these transition prob-
abilities which satisfies Hypothesis A. If d; = d3 = 0,dy = 1, and a = 2,
then P(z, dy) is the familiar normal distribution with mean zero and vari-
ance {. Thus Brownian motion is a stable process of index 2. It is clear
that (for fixed d; , d», and ds) p.(z, y) depends only on ¢t and x — y. We
therefore write pi(x, y) as p:(z) where z = x — y. As was noted in Section
1, the potential operator U corresponding to the P.(z, dy) will have an LM-
density U(x, y) where

Uz, y) = j; e 'p(z,y) di.

Since p:(z, y) depends only on x — ¥, so does U(z, y), and we write U(z, y)
as U(z) where z = 2 — y. To show that the conditions of Theorem 1 are
satisfied, it suffices to show that there exists a good function g such that

(4.2) |U@) — U0) | = g3z

for | z | sufficiently small. We shall show that g(z) = Kz* " will satisfy
(42) for1 < a £ 2. We have, letting v = 1/4/(2r),

U@ = [ pua) at
=4 fo e fw e exp(—t(idyv + dy |v|*(1 4 ids(v/|v]) tan ra))) dv dt
0 '~

= 7[ jom e e exp(—t(idy v + dafv|*(1 + dds(v/|v]) tan ir))) dtdv
_ feo e—-iaw
VLT d[o]" 0+ 1dsw/[0]) tan 3wa) F idiv

If & = 2, then tan ira = 0, and we have

dv.

—iz

© e
Ule) = "f_w1 T L ¥ ™

Now 1 + dyv® 4+ idyv is a quadratic polynomial whose roots are easily seen to
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lie on the imaginary axis. Therefore, by using contour integration and the
theory of residues, there are real numbers @, b, ¢, depending on d; , dz, and
ds , such that

Ulx) = ae™ if z

= qe if =z

Hence | U(z) — U(0) | < amax (|b],|c]) |z
Suppose that 1 < a < 2. Then

Y

0,
0.

— 1A

=K|z]|

e—za:v — 1

U(z) — U(0) = 7[w1 + dy v @ A+ ids(v/| v ) tan 3ma) + idiv

dv

=’onol< e—iy_l )dy
lw 2 \1 + dp | y/2 |* (1 + dds(y/| y |) tan jwa) + id ya™
(by letting y = av). Hence, if z > 0,

| U(z) — U) | '™

svfw e — 1]
T T lefartde [y l* L+ dds(y/| y ) tan 37ma) + ddy yaet |

dy

© —iy_ll
o[l =ty k< a
=YL gy Y

The last inequality follows from the inequality
dalyl® = |2® + de|y|*(1+ ida(y/] y|) tan dra) + ddyya™" |
Thus we have shown that
| U(z) — U0) | = K 2*7

forz = 0. For z £ 0 the same inequality holds by making the substitution
y = —av above.

If lim sup..o g(x)/g(2x) < 1, then we are in a position to construct explicit
moduli of continuity for L(z, ¢, w) in # and ¢{. For simplicity, we shall per-
form the construction for § = LM. If lim sup,.og(z)/g(22) < 1, then
g(n) £ K(ng(27™)'* 4 27"*) for K a sufficiently large positive constant.
If 8 = LM, then ai = ¢2~". Then (2.2) becomes

| L(z, t, w) — L(z', t, @) | < 3¢(n) = K(ng(2™")" + 27"
s K(lloglz — 2 ||g(la —a' )"+ 2|2 —a'|)

if|z| < M,|2'| S M,t <N, wé¢Gn,and 27" < |2 — 2/ | £ 27" where
n = m. For many Markoff processes, including the stable processes, almost
all sample paths are bounded in any finite interval. Hence, for almost all
w, there is an M (w) such that L(z, ¢, w) = Ofort < N and |z |2 M(w).
‘When such is the case, then by choosing K sufficiently large (4.3) will hold for
all z and 2’ provided only that ¢ £ N. If, for z sufficiently small, there. are

(4.3)
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positive constants K; and 8 such that g(z) = (K; ), then
| L(z, 8, @) — L(2, t, @) | £ K(|log |2 — 2" [[g(|z — 2’ )™)
for K sufficiently large. For the stable processes we have
(44) |L(z,t0) = L2, t,w) | £ K(|log |z — ' [| (o — &’ D).
If we turn to a modulus of continuity for L(z, t, w) in £, (2.3) becomes

| L(z, t, @) — L(, ¥, 0) | £ 2q(n) + 2" [t — |

§ 2K(ng(2—n)l/2 _|_ 2—n+1) + 2n l t — tl l’

for|z| = M,0< ¢ ¢ £N,wé¢Gn,andn = m. The minimum value of

the right-hand side for | ¢ — ¢’ | fixed and n ranging from m to infinity is a
function of | ¢ — ¢ |, say I(|t — ¢ |). Then

lL(CI), ¢, w) — L(z, tl7 w) l = l(! t— v |)

for |z| = M,0<t,t < N,and w¢ G. Inthe case of the stable processes
we have

(45) | L(#t,0) = Lzt o) | S K [t =t [ log |t — ¢/ | [

for 0 < ¢, t' = N, and K sufficiently large. (4.5) may be derived in the
following manner: Choose m so that 27" is approximately equal to
[t — ¢ ™ |log |t — ¢ | |7, If |t — t'|is sufficiently small, then n
will be greater than or equal to m, where w ¢ G, . It then follows that for
|t — t'| so small

l(lt _ trl) é Klt _ tl|(a_.l)/(a+1) |10g|t _ tll |2(a+1).

Choosing K sufficiently large we have the inequality holding for all ¢ and ¢/,
0 <t ¢ = N. Note that (4.5) holds for all z (and not just for |z | < M
for some M) since almost all sample paths are bounded in any finite interval.

In the Brownian-motion case the moduli of continuity derived here are
exactly the same as those given by Trotter [3].

5. Extensions

One shortcoming of Theorem 1 is that (2.1) involves 6, and not 6. It is
not very clear what is the significance of the decomposition of ¢ into 6, + 6, .
As was noted in Section 2, under the assumptions of Theorem 1, 6, gives
positive measure to every nonempty open set. It would be desirable to
know that the conclusions of Theorem 1 hold when, instead of (2.1), only

| Uz, ) — Uz, y) | £ 9Ge((z, 1)), ({2, 9)) = 2,
| Uz, ) — Uy, 2) | £ 93e({z,9))), ({2, 9)) = 2e1,

is true, where g is a good function defined on an interval [0, €] and ¢ is a Borel

(5.1)
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measure on R which gives positive measure to every nonempty open set. At
this time, however, only a slightly weaker result can be shown.

We shall say that a Markoff process satisfies Hypothesis B if it satisfies Al
and A2 and satisfies A3 for intervals of the form (a, b] as well as intervals of
the form [a, b).

TueoreM 2. Let X (7, w) be a one-dimensional Markoff process defined on a
probability space (2 ,F, P) satisfying Hypothesis B, having transition prob-
abilities P.(x, dy) and corresponding potential operator U. LetQ = Q@ X R,
with measure P = P X P*, and let X (r, &) and S(&) be as in Section 1. With
(w, 1) = & e we associate a measure, u( -, @), on R by

wld, @) = uwd, t,w) = LM{r: X(r,a)ed, 0 = 7 < S(a)}

for every Borel set A. If U has a 0-kernel U(z, y), 0 a Borel measure on R,
and if there exist a good function g, defined on an interval [0, &), and a Borel
measure ¢ on R, giving positive measure to every nonempty open set, such that
(5.1) holds, then, for almost all &, there exists a function L(x, @), defined and
continuous for all x € R, such that

(5.2) w(4,8) = [ Liz,8)0(de}

for every Borel set A.

It follows that, for almost all w, there exists a function L(z, {, w) defined
for all z ¢ R and all ¢ e R, continuous in = for almost all ¢ (with respect to
Lebesgue measure), satisfying (0.2) for every Borel set A.

Proof. We first show that 6 gives positive measure to every nonempty
open set. Suppose D is an open set and 6(D) = 0. Let 1, be the indicator
of D, ie., 1p(z) is either one or zero depending on whether x ¢ D or not.
Then, by assumption,

U(1o)(@) = [ 1)U poldy} = [ UG, potdyy = 0
forall z e R. But,if 2 ¢ D, by (1.3),
U@ = 5 ([ 1505, ) dr) >,
since the right continuity of almost all sample paths of X,(7, w) implies
fos 15(X(r, @) dr > 0
for almost all w. Thus 6 gives positive measure to every nonempty open set.

Since ¢ is a Borel measure, we can find numbers a} ,7 = 0, &1, £2, - -
such that a? < a}y, for all ¢,
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. 0 . 0 0 0
limi,qpa_; = — o, limieas = ©, and o((a;,a:41)) < 1.

Between af and ai; there is at least one point a such that o((a?, a)) <
1=2"and o((a,al4)) = % = 2_1.0 Choosing such an a (if necessary) we
denote it by a3:41, and we denote a? by a3;. Thus we have constructed a
sequence of points a; such that, for all ¢, a; < Qi 0F = a3,

. 1 . 1 1 1 —1
lims,qwa; = — o, limgewa; = o, and ¢((a;, 6i11)) = 27

In similar fashion we can find, for every n, a sequence of numbers a; such
. 1
that, for all 4, a? < aly, af = asi,

— N

lims,eal; = — o, lims,ai = oo, and o((ai, ain)) < 2

Let I? = [a} , aty). ThenI? = I3 u I3y, and 9™ = {I7} is a sequence
of ever finer partitions of R.

We can now associate, for every n, an approximate -density, L,(z, @), for
u(-, @) by
(5.3) L.(z, &) = u(I", &)/0(I7)

for all z e I7 . We now will show, using the methods developed in Sections
2 and 3, that L,.(z, ®) converges, for almost all @, to a limit function L(zx, &)
which satisfies (5.2) for every Borel set A. To be more precise, we show that
L(z, @) satisfies (5.2) for all sets 4 in the s-ring generated by the intervals
I;,i=1,2,---, n=1,2,-.., However, since ¢ gives positive measure
to every nonempty open set, it follows that the points ai ,z = 1,2, .-+,
n = 1,2, ... are dense in R, and therefore the o-ring generated by all the
intervals I7 , ¢ =1,2,---, n = 1,2, --- is the o-ring of all Borel sets.

We again show this convergence only for z in [a2 y , a3) and let M approach
infinity. Let

A(agi+1 y T,y 5)) = Ln(a‘?i ’ G’) - Ln(agi+1 ) w)°

. . L la+bd a a b,
If we use once again the inequality cxd || al it follows that
an(xr ‘_") - Ln—l(x’ ‘:’) l é | A(agi+l y Ty ‘:’) l
forall z e I7™". Once again let ¢, = g(27*)™%. By definition,

S(®)

Alagip, m, @) = A VagiH(X(T, w)) dr

where
Vay,,, (x) = (6(I3:))7 for zely;,

—(0(I5:2))™" for zeliip,

=0 elsewhere.

—n—+1

By construction, if 2 e I3; and y € I3:41, then o({z, y)) < 2 It now fol-
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lows, exactly as in the proof of Lemma 4, that there exist positive constants
k and K such that

(5.4) E(exp(k ¢, | Alaziza,m, @) ])) S K
for all n sufficiently large and all a;,, where a’y < iy < ad .
For z = agiy1, let
H(z,n,d) = {a:|Az n, o) | = d.
It follows from (5.4) that for n sufficiently large and a’y < 2z < a3,

P(H(z,n,d)) < K exp(—kg(2™™) " d)

where K and k are positive constants depending only on M. Let
H(n, d) = U, H(z, n, d) where the union is over those z = aziy
where a’y < 2 < @y . There will be exactly M2" such z. If n is sufficiently
large, then

P(H(n,d)) £ 2. P(H(n,2,d)) = MK 2" exp(—k g(27")™* d).
Let d, = nk"'g(2™™)"?, and G, = U,sn H(n, d,). If m is sufficiently
large, then
P(Gn) £ Dzm P(H(n,d,)) £ MK D 2m2"¢ " = MK D uzm (2/€)",
and since this last is a convergent series,
P(lim,, @) = lim,, P(G.) = 0.
As we have shown above,
maxe , so<al, | La(®, @) —Loa(z, @) | S maxe , <.<a), | (A(z, 1, @)) |
Then, unless @ € G, , for any n, p with n = m,
| Lnto(2, @) — Lu(2,0) | £ 2203 | Li(®, &) —Lia(z, @) | < 20 di = g(n).

Now, since g is a good function, Y imw d; < . Hence ¢(n) —0asn — .
Hence if ©¢G., the sequence L,(x, @) converges, uniformly for
oy = & < ay, to a limit which we shall denote by L(z, @). Furthermore,

forn = m, aly < 2 < ay. It is clear that the measures on [a’,, ay)
having L,(z, &) as 6-densities converge at least weakly to u(-, @) restricted
to [a>x, a%), and consequently L(z, @) is a 6-density function for u(-, &)
restricted to [a2 s , a%). The continuity of L(z, &) remains to be established.

We first show that L(x, @) is right continuous for all z. If x ¢ R, let 6(n, x)
be a positive number so small that z ¢ 7 and 0 < y — = < 8(n, z) imply
yel?. Suppose @¢Gn. If 0 = y — & < 3(n, ) where n = m
and o'y = z < aY, then



38 EDWARD S. BOYLAN

| L(z, &) — L(y, &) | = | L(z, ) — Lu(, &) |
+ | Lu(x, &) — La(y, @) |
+ | Lu(y, @) — L(y, &) |
=< 2¢(n).

Hence f » = m and ¢(n) < ¢&/2, then 0 = y — 2z < &n, x)
implies | L(z, ®) — L(y, @) | < &. Thus L(z, @) is right continuous in z.

Now let J7 = (a7 , ai], and let Q. (x, @) = u(J7 ,@)/0(J7) forallz e J7 .
Then, by exactly the same logic as above, for almost all @, @.(z, @) converges
to a limit function Q(x, ®) which is a 6-density for u(-, @) restricted to
(a 3, ay]. In this case, however, Q(z, @) will be left-continuous in z. If
A is any Borel set in (a5 , a), we have

(5.5)

[ e aotan) = [ LG, &0l

since both integrals equal u(A, ®). It therefore follows that Q(z, @) = L(zx, @)
for almost all = (with respect to 6) in (a’x , a%). Now, since § gives posi-
tive measure to all nonempty open sets, it follows that the set of points where
Q(z, @) = L(z, &) is dense in (al, , ay). Hence Q(z, ®) = L(z, &) every-
where in (ay, a3) and is continuous for all z in (a’y, a3). This com-
pletes the proof of Theorem 2.

If @ = (0, &) and L(z, @) exists and is continuous in =z, then
L(z, &, w) = L(z, ®) is a continuous function in 2 and satisfies (0.2) (for
t = ty) for every Borel set A. Since

P({& : L(z, &) is not well defined}) = 0,
it follows that

P({w : LM({t : L(z, @) is not well defined for & = (w, t)}) > 0}) = 0.

Thus we have shown that, for almost all w, there exists a function L(z, ¢, w),
defined for all x ¢ R and almost all ¢ (with respect to Lebesgue measure),
satisfying (0.2) (for all such t) for every Borel set A. If # is a point where
it is not defined by this procedure, then define L(z, t , ) = lim¢| ¢ L(z, t, »).
By Lesbesgue’s bounded convergence theorem it follows that L(z, ¢, w)
satisfies (0.2) (for ¢ = ¢) for every Borel set A. Note that alternatively
one could also define L(z, t, ) = lim,; ¢ L(z, t, w).

The following property which processes having local times possess was
pointed out to me by F. Spitzer.

TaeorEM 3. If, for almost all w, u(-, i, w) has a 6-density L(z, t, »),
6 a Borel measure on R, then J C [0, ], LM(J) > 0 imply that
0({X (1, w) : 7ed}) > 0 for almost all w.

Proof. It suffices to consider the case where J C [0, N] for some N. Let
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w € Q be such that L(x, N, ») is defined. Let A = {X(r, w) : reJ}. Sup-
pose 6(4) = 0. Then

0 < LM(J) < u(4, N, @) = fAL(w, N, 0)0{dz} = 0,

which is a contradiction.

In particular, applying Theorems 1 and 2 with § = LM, we have sufficient
conditions that the range of almost all sample paths have nonzero Lebesgue
measure whenever the domain has nonzero Lebesgue measure.
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