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Abstract

In this paper, we state and prove a G-equivariant version of the Dold
Theorem mod k for finite groups G. We then use this theorem to prove an
equivariant version of the Adams Conjecture for G cyclic, using the Becker-
Gottlieb approach. The case for general G and finite structure groups is
also obtained by the methods of Quillen.
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0. Basic Notions and Statement of Results

G will denote a finite ambient group, and if V is a real orthogonal finite
dimensional representation of G, we shall denote the one-point compacti-
fication of V by SV. For brevity, we shall use the term ‘‘G-module’’ to refer
to such a representation V.

If V and W are G-modules, we say that V and W are stably G-homotopy
equivalent if we can find a G-module X such that $*®¥ and S"®X are G-
homotopy equivalent. (That is, there is a G-equivariant based map in each
direction, with each composite homotopic to the identity through basepoint
preserving equivariant maps).

In a more general setting, there is an equivariant J-homomorphism

Js 1 Kg(X) — Sphg(X)

for any finite G-CW complex X. (See, for example, [13].) Here, Ks;(—)
denotes equivariant real orthogonal K theory and Sphg(—) is the group of
stable G-equivalence classes of spherical G-fibrations over X. (This group
is described more fully in [16].)

The purpose of this paper is to detect at least part of the kernel of Js
for cyclic G.
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Let k be a positive integer prime to the order of G and let s be the order
of kK mod |G|. (That is, s is the smallest positive integer such that k* = 1
mod |G|). Let ¢* denote the k™ equivariant Adams operation [13], and let
[u] € Ks(X). A G-space X will be said to be G-connected if the fixed-point
set X# of X is connected for each H C G.

Our formulation of the equivariant Adams Conjecture then reads as
follows:

THeoreM 0.1 (Equivariant Adams Conjecture). Let k be a nonnegative
integer, and let G be cyclic of order prime to k. Assume X is a finite G-
connected G-CW complex, and let [u] € Ks(X).

Then there is an integer n = 0 such that

Jo(sk*W* — Dlu]) = 0.

The most important technical tool used in realizing this result is an
equivariant version of the Dold Theorem mod k, which we shall state below.

We shall see in §5.3 that Theorem 0.1 remains true when G is arbitrary
of order prime to k and [u] is represented by a G-vector bundle with finite
structure group. By using equivariant Brauer Lift, Hauschild and May have
proved the result for general finite groups of order prime to k£ by reducing
to the case of finite structure groups.

By using different methods, McClure has proven a somewhat sharper
result. All methods depend strongly on our version of the Dold Theorem
mod k.

Let U denote the G-module RG”, where RG is the regular representation
of G, and consider the group w® = lim[SY, $"]g, where V runs through
all finite dimensional submodules of U, and where [ ] denotes equivariant
homotopy classes. Composition of maps turns w into a ring, and it is well
known that this ring is isomorphic with A(G), and that we may define an
explicit isomorphism A(G) — w% by sending a G-set s to the Pontryagin-
Thom map associated with a G-embedding of s in U. Thus we may interpret
the stable degree of a G-map as an element of A(G).

Let n and ¢ be spherical G-fibrations over X and assume that n and ¢
have corresponding fibers stably equivalent with respect to the actions by
the isotropy subgroups of their projections. (Observe that, if 7 is any G-
map, then if x € Im(w), G, acts naturally on 7 '(x)).

Now let f: n — ¢ be a fibrewise G-map. If x € X, then the degree of
the restriction of f to n~'(x) may be determined as an element of A(G,),
up to multiplication by a unit in A(G,). We shall say that f has degree
M € A(G) if fim~'(x) has degree M, regarded as an element of A(G,) via
the natural forgetful homomorphism, for each x € X.

Our version of the equivariant Dold Theorem mod k takes the following
form.
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THEOREM 0.2 (Equivariant Dold Theorem mod k). Let m and ¢ be G-
spherical fibrations over a finite G-CW complex X, and assume that cor-
responding fibers are stably equivalent with respect to the action of the
appropriate (isotropy) subgroups. Let fi m — & be a fibrewise G-map
of degree M in A(G), and assume that M divides a power of k in A(G).
Then there exists an integer n = 0 and a stable fibrewise G-equivalence
g: k'n — K&

Remark 0.3. (i) It would seem elegant to allow & to be an arbitrary non-
zero divisor in A(G), and the statement of the theorem does make sense,
at least when k comes from an actual G-set (rather than a virtual one). The
integer n would have to be allowed to be an element of A(G) as well, and
the second author has such a result for k = 1 + G.

(i) The requirement that corresponding fibers ‘‘look the same’’ is the
source of the integer s in Theorem 0.1, as its proof will show.

1. Proof of Dold mod k&

The proof of Theorem 0.2 will be set out in several steps. Observe first
that it suffices to assume that M is an actual power of k in A(G). Indeed,
if k' = AM for some A € A(G), we may replace f by its fibrewise suspension
with a G-map of degree A. This replaces f by a fibrewise G-map of degree
k', and we are in the special case.

By the results in [10], we can find a spherical fibration £* such that
ENgé* is stably G-fiber-homotopy trivial; é/\gé* = X x S for some G-
module V. (Here, /\g denotes fibrewise smash product).

Consider the fibration n — ¢ = n/\g£*. This fibration is a V-dimensional
spherical fibration in the sense of [17]. This means that, if x € X and if F
denotes the fiber over x, then F is G,-homotopy equivalent to S". The
notion of a G-oriented V-fibration is also defined in [17], and may be de-
scribed as follows.

Let p: E — X be V-dimensional. Assume that we are given an open
cover of X by invariant sets of the form G X pU, where U C X is open

and H-invariant, together with local fibrewise G-homotopy trivializations
of the form

(Gx gU)x S¥ 5 E
I 24
G x yUS X,
where G acts diagonally on (G X zU) x SY. Let
xE€ PG x gU)N ' (G x gU")

for two such trivializations ¢ and ¢’', and write x = ¢lg, u] = ¢'lg’, u'l.
Consider the composite

tx ) & ! T
Typlc: S'—= (G X yU) X SY>E — (G X zU') x §¥'— §Y
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where ,(s) = (g, ul, s) and 7((g, %], s) = s. That T,4|, is G,-equivariant
is straightforward. We then say that ¢ and ¢’ are compatible if Tyy|. is
stably G,-homotopic to 1 (or, equivalently, has degree 1 in A(G,)) for

XE PG X gU) N ¢'(G X xU').

A G-orientation is then a cover of X by compatible local trivializations,
and the maps @ ° ¢, are then the orientations for the fibers of p.

Returning to the fibrations » and £, we shall say that n and ¢ are com-
patible if n — ¢ is G-orientible.

LemMma 1.1. Let M € A(G) be a non-zero divisor, let v and ¢ have

corresponding fibers equivalent (as above), and let f: m — & have degree
M. Then

() m and ¢ are compatible, and

() fA1: g Ngé ' = X X SY has equivariant degree exactly M on
each fiber, with respect to some orientation (meaning a collection of ho-
motopy trivializations as above).

Proof. X x SV has a standard orientation. For each x € X, choose a
local G-fiber-homotopy trivialization

$:(Gx gU) x SV—>E=nNg¢™!

over a neighbourhood G X jU of x, with G, = H, x € U and U
H-contractible to x. Then the composite

T.S' 5 (G x qU) x S"SELL x x 575 v

has degree uM € A(G,) for some unit u € A(G,).

Ify € U, then T,: S¥ — SY is G,-homotopic with T, so that the degree
of T, is also uM, regarded as an element of A(G,) via the forgetful map.
Further, T,, has degree u*M, where u® € A(gG,g™") corresponds to u under
the natural isomorphism A(G,) = A(gG,g~'), and similarly for T, ify €
U.

Now assume, by fibrewise suspending, that #~' may be represented by
an H-equivariant homotopy equivalence S¥ — SY. If we replace & by
® o', where

(G x gU) x §¥ O

is the map ([g, x], s) — ([g, x], gu~'g"'s), then this replaces T, by a G,-
map of equivariant degree M, and similarly for T, T,, and T, above. Thus
such a system of local trivializations gives the degree of f/\ I as exactly M.

Now consider the change-of-coordinate fiber equivalences Ty4|, above.
The degree d, of T,/ then satisfies d.M = M, so that, since M is not a
zero-divisor, d, = 1 € A(G,), it being easy to verify that non-zero divisors
in A(G) remain non-zero divisors in A(H) for any H C G. This completes
the proof.
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We now have:

LemMmA 1.2, It suffices to prove Theorem 0.1 for the special case ¢ =
X X SY for some G-module V, v a V-dimensional oriented spherical fi-
bration, and f of degree exactly M, with respect to a given orientation of
mn, where M is a power of k.

LemMA 1.3. Let X be a disjoint union of G-spaces of the form G/H for
various H C G, and let h:S¥ — SY be a G-map of equivariant degree k'.
Then under the hypothesis of the theorem, in the special case of Lemma
1.1, there exists a fibrewise G-equivalence g such that the following diagram
is fibrewise stably homotopy commutative (equivariantly). Further, we may
arrange that g be orientation preserving.

Proof. Clearly we may assume X = G/H. Let ¢: G/H x SV — g
be a G-homotopy trivialization which defines the orientation of n. Let
h: SV — SY denote the restriction to the fiber over the identity coset of

G/H x §' 5 n5 G/H x 5.
Now # is H-equivariant and induces a G-map
i(h): G/H x S¥ — G/H x SV

by i(h) (g, s) = ([g], gh(g™'s)). One checks that f¢ = i(h).

Since h has degree k', it is stably H-homotopic to 4. Therefore i(h) is
G-homotopic to i(h), and the latter is 1 X h, since h is G-equivariant. Thus
f=1ith) =1 X h, where ‘““="" denotes G-homotopy (which in this case is
automatically fiber preserving G-homotopy).

The lemma now follows by taking g to be a fiberwise G-homotopy inverse
to ¢.

Before continuing with the proof of the theorem, we pause to consider
some equivariant homotopy theory.

Let n > 0, and let

f: " — colim(Q"S")#

be a map such that f(*): S¥ — S¥ has equivariant degree L € A(H), for
large W. We then say that f has equivariant degree L.
Denote the set of homotopy classes of such maps by Fy(n, L), and note
that loop addition gives a map Fy(n, L) X Fy(n, L'y - Fy(n, L + L').
Given a class [f] € Fu(n, L), we may form the m-fold Whitney sum
[f1" € F(n, L™) by taking the class of the map f™: §" — colim(Q""S"™)*
obtained by pointwise m-fold smash product.
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We may also define an action on [f] by A(G) given by pointwise com-
position with the given element M € A(G), regarded as a stable G-map S"¥
— S¥ for large W. We thus obtain an element M[f] € Fy(n, ML).

These two operations are related as follows:

LemMa 1.4. Let [f] € Fy(n, L). Then [f1™" = mL™ '[f] + [c], where
¢ is a constant map in Fy(n, L™(1 — m)), and where addition is defined
pointwise.

Proof. Write f = g + h where g is a constant map in Fy(n, L) and
where h = f — g (defined pointwise) is in Fy(n, 0). Then

fr=@+n"= 3 (’)h"g"“",
osi=m \M
where the products A'g™ ' are maps " — colim(Q""SV")” given by taking
h pointwise on the first i summands and g on the remainder. (Note that
the order in which the summands are taken is irrelevant up to homotopy).
Since 4 has degree 0, A’ is null-homotopic if i = 2, whence so is h'g™ "
Thus

ff=g"+mg" 'h=g"+mL" '"h=g"+mL""\(f — g)
=g" —mL" 'g + mL"'f =c + mL""f,

as required, all equalities being taken up to homotopy.

Remark 1.5. For purposes of obstruction theory, we ignore constant
terms, and write [f]™ = mL™ '[f].
We are now ready to prove Theorem 0.2.

Proof of Theorem 0.2. By the above lemmas, we may assume we have
a fibrewise G-map f: 7 —> X X S" of degree k' € A(G), with respect to
given orientations.

In order to induct over skeleta X", assume that there exist

(i) r > 0 and a fibrewise degree 1 G-equivalence g: ¥ n — X"~ ! x §%¥
in some fibrewise suspension, defined over X", and

(i) a (stable) G-map h: S — S¥ such that the following diagram is
stably G-fibrewise homotopy commutative over X" :

kr n ﬂ_) Xn—l e SW
gﬁ' Jixh
Xn—] X SW

(It follows that the degree of & must be a power, k%, of k).

The start (n = 1) of the induction is Lemma 1.3 and we may take
r = 0. Thus consider the obstruction 6 to extending g over a G-cell of the
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form G/H x D". This obstruction is a class [] € Fug(n — 1, 1), and the
diagram implies that [#0] = 0, that is, k7[6] = 0.

Taking the k?-fold Whitney sum of the whole diagram, we replace [0] by
[6]“ = k(6] = 0, by Lemma 1.3. Thus the obstruction vanishes.

Now consider the obstruction to extending the homotopy over the above
G-cell. This obstruction is a class [y] € Fy(n, k”), where k” is the present
degree on fibers (= (k%)*). We may alter [¢] by using any element [«] in
Fu(n, 1) to replace g by the composite

NS X xS S X" x 8,

where we are assuming that X" = X"™' U (G/H x D"), and where &
is given as follows: Regard o as an H-map (D", $") — (Q'S")” with
a(x) = 1 for all x € $". Then let & be given by the identity over X" !
and by the map

((gH, d), s) = ((gH, d), ga(d)(g"'s))
over G/H x D", for d € D" and s € §'. This operation alters [] by
[ha] = K[a].

Now take the k”-fold Whitney sum of the whole diagram. This replaces
[¥] by

W1 = K'Yl = )1y,

which may now be altered by (k°)*’[a] for some a € Fy(n, 1). We choose

[a] = —I[y],, where [¢], is obtained from [¢] by translation to Fy(n, 1).
This replaces (k°)*[y] by

k"Y' — (KPTgly = (k°)([y] — [Y]) + constant.

Thus the obstruction vanishes and we are done.

To end this section, we consider divisors of k" in A(G).

Let ¢ denote the set of conjugacy classes of subgroups of G, and consider
the ring homomorphism

6: A(G) i xHEd)Z

obtained by sending a G-set s to that tuple whose H™ coordinate is |s”|.
That 0 is, in fact a monomorphism is shown in [7]. The following is more
or less well known.

LemMma 1.6. (i) Coker 6 is finite.

(i) Ify € X geylZ, then there is a monic polynomial p over A(G) with
p(y) = 0.

(iii) If a € A(G) and there exists b € X pe4Z with ab = k" for some
n, then there exists ¢ € A(G) with ac = k™ for some m. (Here, k is any
positive integer.)
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Proof. Part (i) is well known and may easily be checked using the
finiteness of G. Part (ii) now follows immediately from (i). For (iii), write

b = Xo + x,b + e+ x,_lb’_l

with each x; € A(G). Then b'a’~' € A(G), so that if ¢ € A(G) is given by
¢ = ba! thenac = ba = k™.

CoroLLARY 1.7. If K € A(G) with each coordinate of 6(K) a power of
k, then K divides some power of k in A(G).

2. Torsion in J5(*)

The strong hypothesis of Theorem 0.2, namely that corresponding fibers
of the two fibrations be stably equivariantly equivalent, may be shown to
hold in many situations. This amounts to saying that the differences between
corresponding fibers, measured in J; (*) for appropriate x, are zero. This
will not be true in general for our application to the Adams Conjecture,
but it will suffice to show that these differences have the correct torsion
in J (*). The question of torsion in Jg(*) for certain groups G has been
studied by tomDieck in [7]. This depends heavily on the particular repre-
sentations involved. In our application however, we shall be given an
equivariant map between corresponding fibers. This will allow us to detect
torsion geometrically for general G.

Let J5(X) denote, as usual, the image of J5: Ks(X) — Sphg(X), so that
Je(*) = RO(G)/~, the ring of virtual representations modulo stable G-
homotopy equivalence.

ProrosiTioN 2.1. Let V — W represent an element y € Js(*), and
assume that we are given a G-map f:S" — SY such that

a_ )£l ifVE £ Vv,
deg [ = {:k,prime to|G|, ifve=V.

(Thus we are assuming dim V¥

dim W¥ for each H < G.) Let s denote
the order of |klmod|G|. Then sy

= 0in Jg(*).

Proof. Let K be a maximal subgroup of G such that V¥ = V. Then K
is normal in G, and K contains every subgroup H of G which fixes V. Re-
gard V as a G/K-module, and choose a new G/K-module R such that R
contains an orbit of type G/K. Then consider the map sf @ 1: SOk
SWOR “which we assume trivial outside a little neighbourhood of the origin.
We may choose free G/K orbits in sV @ R, away from any proper fixed-
point set and the little neighbourhood of the origin just mentioned, and use
these to alter the degree of sf @ 1 by arbitrary multiples of |G| by using
the Pontryagin-Thom construction, the point being that we are using free
G/K orbits and that any G/K-equivariant map we construct is automatically
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G-equivariant. By the definition of s, we may alter this degree to +1. This
does not affect the degree on any fixed-point subset, which is also =1 by
the choice of K. Thus the resulting map is a G-equivalence, as required.

CorOLLARY 2.2. Suppose that we are given a fibrewise G-map
f: m — & of based spherical G-fibrations over a G-space X such that
the restriction f, of f to the fiber above x € X satisfies

a_ ) =x1 ASRRY
deg(f)" = {ik, prime to |G|, if V¥ =V,

for V.= 1~ (x) and subgroups H of G,. Then sf: sy — s¢ has corresponding
fibers equivariantly homotopy equivalent.

Remark 2.3. When G is cyclic and |G| is prime, then the above s is the
smallest possible choice.

3. One and Two Dimensional Bundles

Here we prove Theorem 0.1 in the case of one and two dimensional G-
vector bundles over a finite G-connected G-CW complex. This is done by
generalizing the arguments of Adams in [1, §4].

In order to proceed, we consider the principle structure of G-vector
bundles. Let A be any topological group. Recall [8] that a (G, A) bundle
is an A-bundle on which G acts through A-bundle maps. (In the case of
G-vector bundles, A usually denotes an orthogonal or unitary group.)

If u: E — X is a (G, A) bundle, we may define an associated principle
G-bundle P(w): P(E) — X by taking P(E) to be the space of A-bundle
inclusions F — E of the fiber, and allowing G to act on P(FE) via its action
on E. Note that the natural A-action on P(E) is compatible with that of G.

In this way, we obtain a natural decomposition

E = P(E) X 4F

of any (G, A)-bundle E. In particular, when F = R" and A = 0(n), we
obtain £ = P(E) X ,R". Observe that, in the terminology of [8], P(E)
is a principle (G, 0(n)) bundle.

If Y: O(n) — O(n’) is a homomorphism, and if

w: P(E) X omR" = P(E)/0(n)
is a (G, 0(n)) bundle, then one has an induced bundle
P(w): P(E) X omR™ = P(E)/0(n),

where we let 0(n) act on R" via . If ¢ is virtual, one obtains a virtual
bundle Y(w) in the evident manner. In particular, if ¢* is the virtual rep-
resentation for the k™ Adams operation, then y*(u) coincides with the k™
Adams operation on .
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Now let u be a (G, 0(1)) vector bundle (of dimension one). If k is even,
then |G| must be odd, whence w must have trivial isotropy action on fibers.
It follows that u is classified by a map

X = P(E)/0(1) — RP",

where n = dim X and G acts trivially on RP”". In this case, Theorem 0.1
follows formally from the nonequivariant case, and we may take s = 1.
If k is odd, then y*(u) = u, since then ¢* and 1 coincide as representations.

Consider now the two-dimensional case. Thus let w be a (G, 0(2)) bundle
of dimension 2. If k is odd, then one has the k™ power map f: u — ¢*(u),
given on fibers R* = C via z — z*. Then fis G-equivariant. Let g: V— W
denote the restriction of fto a fiber V of u with associated isotropy subgroup
H. Then, one has the following:

ProrosiTiON 3.1. For each K C H,

@) dim VX = dim WX
y «_ [*k ifvE=v,
(i) deg g = { +1 otherwise.

Proof. Suppose that V¥ = V. Then clearly W* = W, and deg g* = 1.
If dim VX = 1, then dim WX = 1. But it is clear that the whole of W
cannot be fixed by K, since k is prime to the order of G. Thus dim
WX = 1, and since k is odd, deg g = 1. If dim VX = 0, then the result
is immediate.

We may now apply Corollaries 2.2 and 1.6 to conclude that

sf: sp — syf(w)
satisfies the hypothesis of Dold mod k, and hence that Josk™(1 — ¢*)(u) =

0, as required.
We now consider the case k even. Here, define a representation

s 0(2) = 0(2)

just as in [1, §4]. One then has a k™ power map f: u — ux(w). The restriction
of fto a fiber V with isotropy H now satisfies the conclusion of Proposition
3.1. Indeed, one may repeat the proof verbatim, excluding the case
dim VX = 1, since G must have odd order. We then conclude that
Jesk™1 — pd(m) = 0. By Adams’ calculation, ¢*(u) and m(u) differ by
Mu) — 1, where \ is the determinant representation 0(2) — 0(1). Since |G|
is odd, A(u) is classified by a map into RP”, and so, by the argument in
[1, 4.1], Jgk°(AM() — 1) = O for some e, and the result now follows.

Remark 3.2. The assumption that the degree of sf is constant in the sense
of §0 follows from the G-connectivity of the base space, although it seems
clear that the connectivity requirement is not needed for this.
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4. Cyclic Group Actions and the Becker-Gottlieb Reduction

When G is a cyclic group, one may generalize the arguments in [5] to
reduce Theorem 0.1 to the two-dimensional case. Let u: E — X be a
(G, 0(n)) vector bundle of dimension n, and write u as the natural projection

P(E) X owR" = P(E)/0(n).

Since the actions of G and 0(n) are compatible, we may form the G-
bundle

y: P(E) = P(E)/N(T)

where N(T) is the normalizer of the (usual) maximal torus in 0(n). We then
have a commutative diagram

P(E) X naR" 2> P(E) X R

P(E)/N(T) *> P(E)/0(n) = X

which is clearly a diagram of induced bundles. Now assume that X is a
finite G-CW complex, and let

t: X" — P(E)/N(T)*

denote the equivariant transfer described in [15]. (Here, ¢ is a map 2"X+ —
SYP(E)/N(T)* for some G-module W.)

ProrosiTION 4.1. Let X be a G-connected finite G-CW complex with
G cyclic. Then the composite \ ° t is a stable G-equivalence. (That is,
3Y\ o t is a G-equivalence for large enough W).

Proof. It suffices to show that (\ o £)¥ is a stable equivalence for each
subgroup H C G. By the theory of equivariant transfer [15], the map
(X ° £)# induces multiplication by x(0(r)/N(T))" in generalized cohomology.
Thus, if x(0(r)/N(T))" = 1, then (\  t)¥ is a stable equivalence.

By a result of Borel [7], the rational cohomology of 0(n)/T is concentrated
in even dimensions. This, together with the fact that x(0(n)/N(T)) = 1,
implies that
ifm =0,

H™0(n)/N(T); Q) = {g if m>0.

Thus, any map f: 0(n)/N(T) — 0(n)/N(T) has Lefshetz number 1.

Let h generate H. Then (0(n)/N(T))* = (0(n)/N(T))", the fixed set of the
element h. By averaging the metric, we may assume that H acts through
isometries. Now if f1 M — M is an isometry, then the Lefschetz number
of fis equal to the Euler characteristic of its fixed point set, A(f) = x(M”).
We therefore have

xOm)/N(T)¥) = xO(m)/N(T)") = A(h)

L
as required.
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CoROLLARY 4.2. If h* is any generalized equivariant cohomology theory,
then

N*: h*(B*) — h*(P(E)/N(T)")

is injective.

In view of the work in [11] and [15], the contravariant functors Sphg(—)
and KOg(—) are the zeroth terms of equivariant cohomology theories,
whence A*: Sphg(X) — Sphg(Y) is a monomorphism, where Y = P(E)/
N(T). Thus, to prove that a given element of KOg(X) is in the kernel of
Jg, it suffices to prove that its restriction to KOg(P(E)/N(T)) is in ker Jg.
Since pulling back a (G, 0(n)) bundle over A reduces the structure group
to N(T), we may therefore restrict attention to (G, N(T)) bundles when
proving Theorem 0.1, as in the non-equivariant case [5]. Since we are
stabilizing, we may also assume that the given bundle is 2n dimensional.

In order to reduce from the case of N(T) = Z, [ 0(2)-bundles to the
0(2) case, one may mimic the technique in [5, §7] directly. There, the authors
consider a subgroup H of N(T) and a homomorphism ¢: H — 0(2) such
that the following is true. If a: E — X is the given N(T)-bundle and if ¢
is the G-bundle P(E) X zR®> — P(E)/H with H acting on R? via ¢, then
a = i(¢), where i is fiberwise induction associated with the inclusion H —
N(T). (That is, a has the form P(E) X nqi(R?) — P(E)/N(T).) Here, as
always, the equivariance is formal in view of the compatibility of the 0(n)-
and G-actions on P(E).

Thus to prove Theorem 0.1, it suffices to show that it is true for G-
bundles of the form i(¢), where ¢ is as above. This would be an easy
consequence of Quillen’s argument in [12] and the Dold mod k Theorem,

provided we assume that y*i = iy* in KOg(X)[k™']. This is proved in the
next section.

5. Compatibility of * and Induction

If p:U — B is a finite covering space in the equivariant sense, and if
q: E — U is an orthogonal G-vector bundle, we may construct the ‘‘in-
duced’’ vector bundle p(q): p(E) — B by the usual (and natural) geometric
construction. (See, for example, [4].) This gives a well-defined homomorphism

p: : Kg(U) — Ks(B).

This map may also be described in terms of the G-transfer and Thom
isomorphism as follows:

If V is a Spin(8n) representation of G, then, by [3], there exists a Thom
isomorphism

Ty: Ko(B*) — Ks(B* N\ SY).

Here, reduced equivariant K-theory is interpreted as the based cohomology
theory associated with K, the notation K being reserved for ‘‘reduced”’
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equivariant K-theory (that is, virtual G-bundles of (non-equivariant) virtual
dimension zero). The isomorphism Ty is obtained in [3] by multiplication
with a Thom class ty € Kg(SY). If (p): B* A §¥ — U* N\ § is the
geometrically defined G-transfer (for large enough V), then p, may be given
by the composite

pr: Ro(UD) S Ro(U* A S) > KB ASY) 5> Re(BY),

the equivalence of the two definitions of p, being possible to see geometrically.
Now let (k, |G]) = 1, as usual. We first establish:

ProPOSITION 5.1.  Computing in Kg(B*)[k™'], we have ¥*p, = py*.

Proof. Using the operations y* and the isomorphisms Ty, one may
obtain a cannabalistic class p% € RO(G), given by

pY = Ty "W Tu(D),

where 1 € Ks(S°) = RO(G) is the multiplicative unit. From this, one
obtains directly

0 PWHTy' () = Tv'Mx)),

for x € Kg(B* N §Y). (Intuitively, p% is the ‘‘commutator’ of y* and Ty.)
Assume now that the classes p% become units when we invert k in RO(G).
Then we have, in RO(G)[k™'],

P ) = Tv' @(p)(Ty(*(x))

Ty '(r(p)*(pV) "W Tw(x))  (by (1)),
(0V) ™' Ty Y (p ) (Ty(x))

= (o)™ 'oVe“(Tv ' (p)X(Tv(x))  (by (1)),
= ¥ (px)).

Thus it remains to show:

I

LeEMMA 5.2. The classes p% are units in RO(G)[k™"].

Proof. The character function gives an inclusion i of RO(G) in the ring
C(G, Z[¢,)) of class functions G — Z[¢,], where n = |G| and £, is a primitive
n™ root of unity. By [4], the inclusion i is a ring map and thus passes to
a ring map when we localize. Thus it suffices to show that, for each g €
G, ip%(g) is a unit in Z[k™'][£,].

Now assume that our representation V is given by y: G — Spin(8n).
Then we may assume that, for a given g € G, y(g) lies in the standard
maximal torus T C Spin(8r), by conjugation.
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By [2, 5.9], we have the identity

k2 —k/2
iP’f/(Zl Zan) = 1_[ AL
seey n - ’

’ 1<r<4n Z:/z 4% 172

for (zy, ..., 24n) € T.

Thus it suffices to show that each factor is invertible whenever z, is an
n™ root of unity, and (k, n) = 1.
But
k/2 —k/2 k
S s _ Z-1/2(k+1),z___1

27— 7 z—1°

where the second factor is an n™ root of unity in Z[k~'][£,] because of the
following case by case consideration:

(i) Ifz =1, then

-1
z—1

=l+z+ - +7"'=k

(i) If z is a primitive n™ root of unity, then there is a j with kj = 1
(mod n), whence

k -1 kyj
z -1 z—-1 @) -1 k k-1
= = = + 4 e 4 J .
(z—1> Fo1- F-1 1t¢ @5

(iii) If z is neither, then z is a primitive d"™ root of unity, where d | |G|,
and the argument is the same as (ii).

This completes the proof.

Finally, we may relate p, to induction over structure groups by observ-
ing that, if A < B < 0(n) are specified subgroups, and if g: £ — X is a
(G, A) vector bundle, then the induced bundle

i(q): i(E) = P(E)/B
coincides with the construction p(q), for p: P(E)/A — P(E)/B.

Remark 5.3. In the case of finite structural group and arbitrary finite
ambient group G, we may apply the arguments of Quillen in [12] to obtain
a proof of Theorem 0.1 in this case, using the Dold theorem mod k above.
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