
ON A THEOREM OF BURNSIDE
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A celebrated heorem of Burnside ses h he order g of non-cyclic
finite simple group G is divisible by le hree disinc prime numbers.
In oher words, if we se g q g0 where nd q re primes nd , b, g0

re positive integers, hen g0 1. We prove refinement.

TEOM 1. Let G be a simple group of finite order

(1) g pqgo
where p, q are distinct primes, and where a, b, go are integers, a > O. If g p,
then

(2) g0- 1 > log p/log 6.

Proof. We denote the irreducible characters of G by x 1, x,""
and set x x(1). Let be a prime ideal divisor of p in the field of g-th
roots of unity. If e G, denote by c(a) the order of the centralizer C(a) of
a e G. The principal p-block Bo(p) of G consists of those characters x
for which

(3)
for every G.
of [4],

(g/c(r))(Xn(a)/Xn) g/c(a) (mod )
If r e G has an order divisible by p, then by Theorem VIII

(4) -’x.0B0() xn x.(r) 0.

Of course, xl e Bo(p). Now (4) shows that there exist x e Bo(p) with
j 1 for which x is not divisible by q. Let ph be the highest power of p
dividing x so that

(5) x phm, m Jgo.
Let X denote the irreducible representation of G with the character x.
Since G is simple and j 1, X is a faithful representation. It follows from a
theorem of Feit and Thompson [5] that p <- 2x. -+- 1.
Ifh=0, thenx=m =< go. Hencep -< 2g0+ 1, thatis, g0-> (p-- 1)/2.

This implies (2) for p _>- 5. Since go _-> 2, (2) also holds forp__< 3.
Assume now that h > 0. Take as an element of order p in the center of a

p-Sylow subgroup P of G. Then g/c(a) is not divisible by p. The left side
of (3) represents an algebraic integer. It follows that x(a) is divisible by
pa in the ring of algebraic integers und thut

(6) (a)/ph _= x/p m (rood ).
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Let be a primitive p-th root of unity. If aN is the multiplicity of "as characteristic root of X(), we have
p--1 n :: p--1

n=0 a, .= (a

Now, e, e:, e- form an integral basis for the integers in the field of the
p-th roots of unity. Hence each a a0 is divisible by p, say

ha,, ao+pb.
Then

p-1 ph p-1pao +
It now follows from (5) that pao is divisible by p. Since 1 (mod ),
(6) shows that pao/p 0 (mod p). This means that a0 and then all a.
are divisible by p.
Thus all characteristic roots of X(a) have a multiplicity divisible by p.

In particular, X(a) has at most x/p m distinct characteristic roots.
We say that an irreducible representation X of a finite group G is quasi-

primitive, if for every normal subgroup H of G the restriction X H does not
have non-equivalent irreducible constituents. In particular, if G is simple,
every non-principal irreducible representation is quasi-primitive. It has
been proved by Blichfeldt [1, Theorem 9, p. 101] that if X is a faithful quasi-
primitive representation of degree x of group G and if for an element a of G
of order p not in the center of G the transformation X(a) has w distinct char-
acteristic roots, then

p 6-l.

Actually, Blichfeldt states his theorem only for primitive representations,
but his proof remains valid for quasi-primitive representations as defined
above. Applying this with X X we obtain

logp < (w- 1) log6 (m- 1) log6 (g0- 1) log6

nd this implies (2).
As u corollary, we note"

THOaEM 1". If G is a finite group of order (1) and if G is not p-solvable,
the inequality (2) holds.

Indeed, we may assume that G is not simple. Let H be a non-trivial normal
subgroup of G. At least one of the groups H and G/H is not p-solvable and
we can use induction.

It is likely that the lower bound (2) in these theorems can be improved
substantially. We can prove this when the p-Sylow group P of G is of cer-
tain special types.

TEOaE 2. Let G be a group of an order g pqgo as in (1) and assume
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that G is not p-solvable. If the p-Sylow group P of G is abelian then

> A/P 1(7) go ’/ 2

Proof. Again, it will suffice to prove this for simple groups G. Choose
X. as in the proof of Theorem 1. If again x DgX has the form (5) and
if h 0, then as we have seen above, go _-> (p 1)/2 and this implies (7)
for p 2. The case p 2 is trivial.

Suppose that h > 0. Since the p-Sylow subgroups of G are abelian, the
method in the proof of Theorem 1 applies for any element e G of order p.
It follows that X(a) has at most g0 distinct characteristic roots. Now a
method of Speiser [6, Theorem 202] shows that if 2g < p 1, the set of
elements of G of order 1 or p forms a normal subgroup of G and this leads to a
contradiction. Again, (7) must hold.

Remarks. 1. The preceding proof still applies, if G is a simple group with a
non-abelian p-Sylow group P satisfying the following condition: If Y is a
faithful (reducible or irreducible) representation of G and if a is an element
of order p of P not belonging to the center of P, then Y(a) has more than
(p- 1)/2 distinct characteristic roots. For instance, this condition is
satisfied, when P is a non-abelian group of order pa.

2. Other theorems of a similar type are given in [2].

If g0 in Theorem 1 is a fixed number, then there are only finitely many
possibilities for p and for q. One may conjecture that there exist only finitely
many simple groups G of an order (1) with a given value of g0. We can only
prove this for groups G with abelian p-Sylow groups P of given rank.

THEOREM 3. Let G be a simple group of order g of the form (1) considered in
Theorem 1. Assume that the p-Sylow group P is abelian of rank N. Then
there exists a bound (go N) depending ly on the integers go and N ly such
that

g (go,N).

Proof. Again, determine X as in the proof of Theorem 1. If x Dg X
is given by (3), then X is of height h. It follows that h lies below a bound
(N) depending on p and N; (cf. [3]). Then x lies below a bound depend-
ing on g0 and N. Now, Jordan’s theorem (cf. [1]) implies the existence of
bounds (g0, N) as stated in the theorem.
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