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Introduction

The purpose of this paper is to improve our previous result -3-] concerning the
duality of decomposable operators. In that paper we have proved that the dual
of a 2-decomposable operator is also 2-decomposable. We shall prove here that
the dual of a 2-decomposable operator is actually decomposable. This result
has some interesting consequences. The first one is that on a reflexive Banach
space, any 2-decomposable operator is decomposable, thus improving a result
contained in I-l] and answering positively a question raised in [4]. A second
one is that the dual of any decomposable operator is a decomposable operator.
A similar result for a more restrictive notion of decomposability was obtained
in [-5]. Some other consequences are related to the quasinilpotent equivalence
of 2-decomposable operators.
The paper consists of four sections. In Section we give some definitions and

auxiliary results. In Section 2 we prove a general decomposition theorem for
continuous linear functionals which will be used essentially in the proof of our
main theorem and which seems to be interesting by itself. Finally, Section 3
contains the main result of the paper, and Section 4, its consequences.

1. Preliminaries

We begin by recalling some definitions from the theory of spectral decomposi-
tions. Let X be a complex Banach space and L(X) be the space of all continuous
linear operators on X.

DEFINITION 1. [2], [4] (a) An operator T e L(X) is said to be m-decom-
posable (m is a natural number, m

_
2) if for every finite covering

of the spectrum a(T) of T consisting of k _< m open sets, there exist k maximal
spectral subspaces YI,..., Yk of T such that:

(i) X = Yj,
(ii) t(T Yj) G(1 <j_< k).
(b) T is said to be decomposable if it is m-decomposable for every number m.

A maximal spectral subspace Y of T is a (closed linear) subspace invariant for
T, and containing any other invariant subspace with a smaller spectrum (i.e.,
TZ Z and r(TIZ) a(TI Y)imply Z Y).

It is easy to see that some results proved in [2] for decomposable operators
remain valid for 2-decomposable operators. Thus, denoting the resolvent of T,
by R(.; T), for any x X, the analytic function z -. R(z; T)x defined on the
resolvent set, p(T), has a single-valued maximal extension. We denote by
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z XT(Z) this extension, by pr(x) (the resolvent set of x with respect to T) its
domain of definition, and by aT(x) (the spectrum of x with respect to T) the
complement of pT(x)in C, aT(x) C\pT(x).

For an arbitrary set F c C we denote XT(F) {x: x X, aT(x) c F}. If
T is 2-decomposable and F is a closed set, then XT(F) is closed and
a(T[ XT(F)) F; thus it is a maximal spectral subspace of T. Conversely if Y
is a maximal spectral subspace for T and we denote F a(T[ Y), then
Y XT.(F).

DEFINITION 2. Two operators T, S L(X) are quasinilpotent equivalent if

lira (- )"-kTkS’’-k lim (-- )"-kSkT ’’-k O.
0 0

It is known [2] that if T, S are decomposable operators, then they are quasi-
nilpotent equivalent if and only if XT(F) Xs(F for any closed set F.
Some formal similarities of the conditions (i)-(ii) with the corresponding

properties of the partition of the unity suggest the question if indeed a 2-
decomposable operator is decomposable. In Ill it was proved, by using simple
arguments of topological dimension theory, that any 3-decomposable operator
is decomposable. We shall improve this result by using arguments of duality.
Let T L(X) be a 2-decomposable operator and let us denote by X’ the dual of
X and by T’ the dual of T, so that (T’u)(x) u(Tx), u X’, x X. Then T’
is also 2-decomposable and we have X’.,(F) XT.(,F) +/- for any closed set
F = C [3]. The following proposition gives us an equivalent condition for the
decomposability of T’ which is easier to handle.

PROPOSITION 1. Suppose T is 2-decomposable. Then T’ is decomposable if
and only iffor anyfinite family F, Fk ofclosed sets with voM intersection,
we have X’ XT.(F) +...+ XT(Fk)+/-.

Proof If T’ is decomposable and F,..., F are closed sets such that

: F 0, then the open sets G C\F,..., Gk C\Fk cover C. If
{U,..., Uk} is another open covering of C such that U G (1 < j < k)
then, by the decomposability of T’, we have

x’= x’.,()= x.,.(,(.,).
j=l j=l

On the other hand, XT(cgUi) X,(Fi), whence

j=l j=l

and therefore X’ = X,(Fj). Conversely, let us suppose the condition
stated in the proposition is satisfied. Let {G G} be an arbitrary finite
open covering of C and {U,..., U} be another open covering of C such that

U G (I g j g k). The closed sets F (gU (l j k)have void inter-
section and, consequently, we have

X’ XT(F,)+/- +’’’+ XT(Fk)+/-;
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on the other hand Xr(Fj)+/- c XT(cgUj)+/- Xr,(Uj) so that

x x ’,( u +... + x ’,(v)
and the decomposability of T’ is proved (see [2, Chapter 2, Notes and Remarks]).
Proposition motivates our next section.

2. A decomposition theorem for continuous linear functionals

We shall formulate now, in a general setting, the decomposition problem
from above. Let X be a normed linear space and let X1,..., Xk be closed linear
subspaces of X. The problem is to find a necessary and sufficient condition in
order to have the equality X’ X/ + + X-. Such a condition is given in
the following theorem.

THEOREM 1. In order to have the equality X’ X] + + X{ it is neces-
sary and sufficient to have an inequality of the form
(1) Ilxll -< Mid(x, X,) +... + d(x, Xk)]

where M is a positive constant and d(x, Xj) is the distance from x to the set Xj,
<_j<_k.

Proof Let us suppose first that X’ Y’.= X- and let us find a constant
M > 0 such that inequality (1) is satisfied. It is well known that the space X
is isometrically isomorphic to the dual (X/Xj)’ of the quotient space X]X.
Under this isomorphism, to an element u X corresponds the element

(X/X)’ defined by 7() uj(x), X/X, x . On the other hand the
equality X’= Y’.= X implies the surjectivity of the (continuous linear)
application @= X X’ defined by }=1 u = u. Therefore, by the
open mapping theorem, there exists a constant M > 0 such that for any u X’
we can find a representation u Z= uj, where Y.= Ilull -< m[lul[. By
using such a representation for any u X’ we shall obtain successively

k

lu(x)l _< lu&)l
j=l

Z I(x + X)l
j=l

-< IlujII IIx / Xll/x

2 IlujII d(x,
j=l

< f []u d(x, X
j=l
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Since Ilxll supll,ii <x lu(x)l, we have

Ilxll--- sup
Ilull-<

(< sup M lull d(x, X)
Ilull-< j=

M d(x,X)
j=l

and inequality (1) is satisfied. Conversely, let us prove that X’

_
X by

assuming that inequality (1) is satisfied. It is easy to see that inequality (1) may
be written in the form Ilxll -< M 2-1 IIx + Xjllx/xj. Thus for any u e X’, we
have

lu(x)l _< lull Ilxll
k

_< M IINII II1 + Xlx/x
j=l

=MIult @ (x + Xj)
j=l

Therefore, by applying the Hahn-Banach theorem, we deduce that, for any
u e X’, there exists a continuous linear functional U on @k= (x/x) such that
U(@k

j=l (x + Xj))= u(x), x X. For such a functional U we can find

U e (X/X.i)’ such that

v + 2 +
j=l j=

Taking into account the isomorphism Xf - (X/X)’, we deduce that there
exist uj e X such that U 7, _< j _< k. Consequently we have

tI(X)-"U (j=l (X "[-

E Uj(X "-[- Xj)
j=l

k

fflj(X + Xj)
j=l

k

j=l

for x X; that is, u = uj, uj X, j < k and the proof is finished.
If n 2 and X is a Banach space then inequality (1) has a simple "geometric"

interpretation.
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PROPOSITION 2. IfX is a Banach space and X, X2 are closed linear subspaces
of X, then an inequality of the form

I[x[[ _< Mid(x, x) + d(x, x)]
is satisfied ifand only ifX + X2 is closed and X c X2 {0}.

Proof If the inequality ][xl] < Mid(x, Xx) + d(x, X2)] is satisfied, then
for any x X1, x2 s X2 we have

[Ix1[] _< Mid(x,, X,) + d(x,, X2)] M d(x,, X2) _< Mllx,

and analogously [Ix2l[ -< M lJx x2[[. Therefore, for any xt e Xx, x2 6 X2
we have

[[Xl[ -[[X2[ 2m[[xt- X2[

and this inequality easily implies that X + Xz is closed and X rn X {0}.
Conversely, let us suppose that X + Xz is closed and Xa rn X2 {0}. By
the open mapping theorem there exists a constant M > 0 such that

[]XI[ -[- ]IX2] Mllx + X2[ for any x e X, X2 e X2.

Consider now an arbitrary element x X. Since

d(x, Xj) inf {[]x xj]], xi e Xi},
for any e > 0 we can find elements xs, e Xj such that

IIx- xj,,il _< d(x, X1) + e (j 1, 2).
Then we obtain

Ilxll -< Ilx x.ll + IIx.ll
<_ d(x, X) + e + m llxa,- x2,]l
<_ d(x, Xx) + e + M[[[x,- x[[ + [Ix- x2,[[]
< d(x, X) + e + M[d(x, X) + d(x, X2) + 2]
<_ ( + m)[d(x, Xt) + d(x, X2)] + + 2me.

Thus for any x and any > 0 we have

IIx[[ < (1 + M)[d(x, X) + d(x, X2)] + + 2M
whence, taking the limit when 0, we deduce

]]x]] < (1 + M)[d(x, X) + d(x, X2)]
and the proof is complete.

3. The main result

Let T be a 2-decomposable operator on the complex Banach space Z. We
shall prove the dual T’ of T is a decomposable operator.

THEOREM 2. If T is 2-decomposable, then T’ is decomposable.
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Proof By using Proposition and Theorem it will be sufficient to prove
the following statement" for any finite family {F1,..., Fk} of closed sets with
void intersection there exists a constant M > 0 such that

Ilxll M[d(x, XT(F,) + + d(x, XT(Fk))], X e X.

We shall proceed by a reductio ad absurdum. Let us suppose this statement is
not true. Then there exists a sequence (x,) c X satisfying the following con-

oditions" [Ix.l[ 1, n e N, d(x,., XT(Fj) -- 0 when n oz, _< j _< k. Con-
sequently for every j, _< j _< k, there exists a sequence (x.,.) c XT(Fj) such

o othat for n c, [Ix. xj..[[ - O; furthermore these sequences are bounded
o o XT(Fj) and lettingbecause [[x,ll 1, n e N. Taking into account that xj.,,

Gj C\Fj and fj.,(z) R(z; T IXr(Fj))x., for z Gj,
o (z T)fj.,(z), z Gj; moreover the sequences of analyticwe obtain xj.,

functions (fj.,) are uniformly bounded on compact sets. We can put now this
situation in a more adequate framework. Let us consider the space l(X) of all
X-valued bounded sequences, and its quotient space lo(X)/co(X) by the sub-
space co(X) of all sequences convergent to 0. Therefore an element of
I(X)/co(X) is a class, modulo sequences convergent to zero, of X-valued
bounded sequences. Denote by 2 the class defined by the sequence (x,) and
by fj the function defined on Gj to lo(X)/co(X) by

j(Z) (fj, n(Z)) "- Co(X), z Gj.

Since, by definition, fj,(z) R(z; T[Xr(Fj))x,, it is easy to see that the
function z (fj,(z)) is an analytic function on Gj to l(X) and therefore ?j is
an analytic function on Gj. Moreover, let us remark that for z Gj GI, we

0 0have fj(z) ft(z). Indeed we know that as n --+ az, then [Ix. xj,.[[ - 0 and
0 o XoIlx, Xl.,ll 0, hence I]x., l.,ll --* 0. On the other hand, for z e Gj c G

we have

fj, n(z) --fl, n(z) R(z; T IXr(Fj))x., R(z; T IXr(F,))x.,
R(z; T lXr(rd w rl))(xj, Xl, n).

Thus as n--. , then f/.,(z) -fi.,(z) 0 uniformly on compact sets and
consequently f(z) fl(z), z e GI c Gt, as desired. Let be the (continuous
linear) operator defined by T on loo(X)/eo(X) by

[(Xn) "k- co(X)] (Txn) + co(X).

Then we have 2 (z 7)fj(z), z e GI and fj(z) fl(z), z e Gj c Gt. Since= G C, we can define an analytic function f on C to loo(X)/co(X) by
f(z) fj(z) if z e G1 and we obtain 20 (z 7)f(z), z e C. By taking a
circumference F contained in the resolvent set of and surrounding the spec-
trum of , we deduce

2-12zri ;r R(z; )2 dz l__2rci ;r f(z) dz o.
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We have obtained a contradiction because on the one hand o is defined as
0(x) + co(X) where IIx.]l 1, n e N, and on the other hand o O. The

proof is concluded.

4. Applications

Let us first give some simple corollaries of our main theorem.

COROLLARY 1. If T is decomposable, then T’ is also decomposable.

COROLLARY 2. On a reflexive Banach space, any 2-decomposable operator is
decomposable.

Proof If T is a 2-decomposable operator on a reflexive Banach space X,
then by Theorem 2, T’ is decomposable and by Corollary l, T" is also decom-
posable. Since T T", the proof is finished.
The last consequence is a characterization for the quasinilpotent equivalence

of 2-decomposable operators, similar to that recalled in Section for decom-
posable operators.

PROPOSITION 3. If T, S L(X) are 2-decomposable operators, then T is

quasinilpotent equivalent to S ifand only iffor any closed set F C, the corre-
spondin9 spectral spaces are equal, that is, XT(F) Xs(F).

Proof Let us note first that T is quasinilpotent equivalent to S if and only
if T’ is quasinilpotent equivalent to S’. This statement is a consequence of the
following equalities:

k=0 p=0

and

If T and S are 2-decomposable and XT(F) Xs(F) for any closed set F c C,
then we have XT(F)= Xs(CgF) and therefore XT(rgF)-= Xs(CgF)+/-. By
applying the duality of spectral spaces we obtain X’,(F) X’s,(F) for any
closed set F c C. Now, by Theorem 2, T’ and S’ are decomposable and con-
sequently T’ is quasinilpotent equivalent to S’ whence T is quasinilpotent to S.
Conversely, if T, S are 2-decomposable and T is quasinilpotent equivalent to S,
then aT(x) as(X) for any x X (see Section and [2, Chapter 1, Theorem
2.4]) and thus XT(F) Xs(F) for any closed set F C. This finishes the proof.

REFERENCES

1. E. J. ALaRECnT AND F. -H. VASILESCU, On spectral capacities, Rev. Roum. Math. Pures
Appl., vol. 19 (1974), pp. 701-705.



SPECTRAL DECOMPOSITION AND DUALITY 321

2. I. COLOJOAR. AND C. FOIAS., Theory ofgeneralized spectral operators, Gordon and Breach,
New York, 1968.

3..S. FRUNZ,, A duality theorem for decomposable operators, Rev. Roum. Math. Pures Appl.,
vol. 16 (1971), pp. 1055-1058.

4. S. PLAFKER, On decomposable operators, Proc. Amer. Math., Soc., vol. 24 (1970), pp. 215-
216.

5. F. -H. VASILESCU, O/’/the residual decomposability in dual spaces, Rev. Roum. Math. Pures
Appl., vol. 16 (1971), pp. 1573-1587.

THE UNIVERSITY OF IAI
IAI, ROM.g,NIA


