INCOMPRESSIBILITY AND FIBRATIONS

BY
JAY E. GOLDFEATHER

0. Introduction

Letf: X -» Yandlet A < Y withi: 4 — Y the inclusion. The map fcan be
compressed into A if there isa map f: X - A suchthatiof ~ f. If Yisa CW
complex then a map f: X — Y is incompressible if it does not compress into any
smaller skeleton. In particular, if Y is infinite dimensional, f is incompressible.
if it does not compress into any finite skeleton.

If the induced homomorphism

fi H(X; G) > H(Y; G) (orf/: H(Y; G) » H/(X; G))

is nonzero for some j > N, then f cannot compress into Y~. However, S
identically zero for all j > N is not a sufficient condition for f compressing
into YV,
For example, Weingram [5] has shown that every nontrivial map
f:QS*+ 5 K(Z

) 4

2n)

is incompressible, yet f; and f7 (any coefficients) are identically zero for all
Jj > 2npr.

Suppose nm is even and let m be m if n is even and m/2 if n is odd. Let
[ QS"*' — K(Z,, nm) be a nontrivial map so that it represents a cohomology
class xe H™(QS"*'; Z,) with p’"/x =0 for some j, 0 <j<r Let
N, (m, s, p) be the number of factors of p in p™(m!)*/(km)! and let

M = {(m, s, p) | lim sup N(m, s, p) = +0}.
k

The following theorem is proved.

THEOREM 2.2. If (M, r — j,p) € M, then f:QS"*' - K(Z,, nm) is in-
compressible.
For example, nontrivial maps

fi: QS > K(Z,, 2np*) and  g,: QS*"*? > K(Z,, (4n + 2)pY)

are incompressible for all k = 0, 1, 2,.... Except for f;, the incompressibility
of these maps are not derivable by the methods of [5].

Sections 3 and 4 deal with applications of Theorem 2.2. In particular, the
following are proved:
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INCOMPRESSIBILITY AND FIBRATIONS 689

CoOROLLARY 3.7. Every nontrivial map
[ QSM(Z,, 2n — 1) - K(Z,, 2n)

is incompressible.

COROLLARY 3.8. Let G be finitely generated and abelian. Every nontrivial
map QSM(Q/Z, 2n — 1) - K(G, 2n) is incompressible.

Let (S"),, denote the mth reduced product of S" and let Im(Y, X; G) =
and {x € H(X; G) | x = fy(p) for some ye H(Y; G) and for some f: Y — X}.

THEOREM 4.1. Let X be a finite H-space and let

Y € Imy,((S")m X5 Z)
where nm is even.

(a) y cannot be of infinite order.
(b) Suppose p5* -+ - pi(y) = O where p; is prime. Then foreachi =1,...,k
we have a; < i where i is m if n is even and m/2 if n is odd.

THEOREM 4.3. Let X be a 2n — 2)-connected finite dimensional H-space (not
of finite type). Then1l,,_,(X) cannot contain Z . as a summand for any prime p.

All spaces will be assumed to be homotopic to simply connected CW com-
plexes and H*(X), H,(X) will be understood to have coefficient group the
integers.

This paper contains results from part of the author’s doctoral dissertation.
I would like to thank Stephen Weingram for his guidance as my thesis advisor.

1. Fibrations and incompressibility

When studying the problem of whether a map f: X — B compresses into
A < B, it suffices to assume that fis a fiber map. If not, there exists a fibration

F—x 2.8

and a homotopy equivalence v: X’ — X such that /' = fo v and it follows that
f' compresses into A if and only if f does. Let X, denote f ~!(4) and £, denote
S restricted to X ,.

DEerINITION 1.1. Let A < X with i: A — X the inclusion. Amapr: X —» 4
is a coretraction if i o r ~ idy.

PROPOSITION 1.2. Let
F.x_!'.B

be a fibration and let A be a subspace of B. Let j,: X, — X be induced by the
inclusion j: A — B. Then f can be compressed into A if and only if j, admits a
coretractionr . X — X .
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Proof. Suppose r,: X - X, exists such that j,r, ~ idy. Then

Jo(fucry) xfojpory=f
so that f compresses into A.

Suppose f can be compressed into A. Then there exists f: X - 4 and a
homotopy A,: X — B such that h, = fand h, = iof. By the covering hom-
otopy property, there is a homotopy h,: X — X such that hy = idyandfo h; =
i o f. Since Image (i - f) < A itfollows that Image (h,) < X,. Hencej o h, ~
hy = idy. Letr, = h;,. m

DEerINITION 1.3. Let G be an abelian group and p a prime. An element
g € G has p-depth > k if for some nonnegative integer s,

g = p*g, + v where pv = 0 and p**¥g, # 0.

If g has p-depth > k but not p-depth > k + 1, then g has p-depth k and this
will be denoted by p[g] = k.

LemMA 1.4. Let h: G, - G, be a homomorphism of abelian groups and
suppose h(g) € G, has infinite order for some g € G,. Then p|g] = k implies
(] = k.

Proof. letg = p‘g, + v where pv = 0 and p***g, # O for some integer s.
Then h(g) = p*h(g,) + h(v) so that p*h(v) = O and since h(g) has infinite
order, p***h(g,) # 0. Hence p[h(g)] is at least k. m

THEOREM 1.5. Let
Ft.x/.B
be a fibration and let j,: X, — X be the inclusion induced by the inclusion

Jj: A > B. Suppose there exists x € H*(X) such that x has infinite order, p[x] =
k but p[ j4(x)] > k. Thenf cannot be compressed into A.

Proof. In the light of Proposition 1.2, it suffices to show j, does not admit a
coretraction r,.

Suppose such a coretraction existed. Then j, o r, ~ idy so that id} =
rAj%. Then x = id¥(x) = r¥%(j%(x)). By Lemma 1.4, since x has infinite order,

k = p[x] = plriji®)] = p[ii()].
plJj%(x)] > k contradicts this, so no coretraction exists. W

In order to make use of Theorem 1.5, it is necessary to know something
about H*(X,). Under certain conditions, this information can be obtained by
examining i*: H*(X) - H*(F), so we proceed in this direction.
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DErFINITION 1.6. Let4: G; - G, be a homomorphism of abelian groups and
let {x,} be a sequence of distinct elements of G,. 4 is said to p-twist {x;} if the
following hold.

(a) For all k, p[x,] < M for some nonnegative integer M.
) p[h(x)] = o, where lim, sup o, = + 0.

If x, is of infinite order for all k, then % freely p-twists {x,} if in addition A(x,) is
of infinite order for all k.

Before stating the main theorem of this section, note that if
F-Yx-'.B
is a fibration and X[N] = f~'(B") then
F = F
Et
X[N]-2 x
l I l s
BY — B
is a map of fibrations.
THEOREM 1.7. Let
F-Lx-L.B
be a fibration with the following properties:

(a) H,(B) is a finite p-group in each degree greater than 0,
(b) There exists a sequence {x,} such that x, € H*(X) and each x; is of
infinite order.

(c) There are an infinite number of integers N such that
Ker (H*“(X[N]) » H"(F))

is a finite group for all k.
(d) i* freely p-twists {x,}.

Then f is not compressible into any finite skeleton.

Before proving this theorem, it is necessary to recall some facts about the
Serre cohomology spectral sequence of a fibration F - E — B [4].

(1) H"(E) is filtered by
H"(E) = Do’" o Dl’”"l DD Dn,O o Dn+1,—1 =0
where D/»"~J = Ker (H"(E) > H"(E[j — 1])).
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@ Ei"I = B B,
(3) EL"i = phnmijpittin=it,
4 0- D" ! 5 HYX) - E%" - 0is exact.
(5 E%" = Im (HY(E) - H"(F)).

Let w, = jH(x) € H*(X[N]) so that if(w,) = p”y, + v, where y, is of
infinite order and for each k, there exists s, such that p*v, = 0. (This just spec-
ifies i* = ifj¥ as a free p-twisting.)

LeMMA 1.8. Under the conditions of Theorem 1.7, there exists an integer
v(N) and for each k, an element z, € H"(X[N]) such that i}(z;) = p* ™y, for
all k.

Proof. Let {E,, d.} be the spectral sequence of F - X — B and {'E,, 'd,}
the spectral sequence of F — X[N] — B". Then the map j: BY — B induces
a map E, — 'E, which commutes with the differential.

Since H*(B) is a finite p group in each degree, for each & there exists an integer

Ak) such that p*®E%® = 0. Then p*®E** = Oforallj > 2and ¢ > 0 where
(k) = max (Ak), Ak + 1).

(This is just a consequence of the Universal Coefficient Theorem.) Consider the
differential 'd,: 'E$"™ — 'E>®~1, By naturality, p*® 'dy(y,) = 0 for all k.
Hence p*®y, is a 2-cycle for all k. Similarly p*®*3®y, is a 3-cycle under ‘d,
for all k£ and in general if o(N) = I(2) + -+ + AN), p"™y, is a permanent
cycle in {'E,, 'd,} (dj = 0 for j > N). Since p*™y, € E% ™ for all k and

E?gtk = Im (11’5, Ht"(X[N]) - Htk(F))
there exists z, € H™(X[N]) such that ij(z,) = p"™y,. =

Proof of Theorem 1.7. 1t suffices to show that f does not compress into BY
for any N satisfying (c).
Let M be such that p[x,] < M for all k. By Theorem 1.5, it suffices to show
that for every N satisfying (c), there exists k such that p[ j¥(x,)] = M + 1.
Let i*(x;) = p™y, + v, and w, = j¥(x,) as in Lemma 1.8. Since iX(z,) =
o(N)

p yk5
iN(wy — PNz = Ug.
But

0 — D"t % FMX[N]) =5 EG% — 0
is exact, so that
P(wy — p’ Wz = «(v,) for some ¥, € D'+ %1,

Condition (c) says that D' %~ is a finite p group for all k so that p’5, = 0 for
some j, > 0. Hence p/**s«(w, — p~*Wz) = 0 which implies that

w, = p7< "Mz, + u, = 0 where p/*" %y, = 0.
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Since lim sup 6, = + o0 and v(N) is fixed, we may choose k so that o, —
o(N) > M + 1. Then p[ji(x)] =pw] =2 M+ 1. =

2. Incompressibility conditions for maps QS"*' — K(Z,r, nm)
In [S], Weingram proved that any nontrivial map
[ Q8> 5 K(Z,, 2n)

is incompressible. The proof utilizes the fact that any such map is homotopic
to an H map and so induces a homomorphism of rings in homology. In this
section a more general theorem is proved using cohomological techniques so
that incompressibility conditions can be established for maps

Q8" > K(Z,., nm)
which are not in general homotopic to H maps. In view of the following

proposition, attention will be focused on the situation when nm is even.

PROPOSITION 2.1. If'mis odd and p is an odd prime, any map
[ Q8" > K(Z,, nm)

compresses into the (nm + 1)-skeleton.

Proof. If nis even, all maps QS"*! — K(Z,., nm) are trivial, so assume 7 is
odd. For odd primes, S(,} (S™ localized at p) is an H-space of dimension
nm + 1. The natural map Z — Z, induces an epimorphism

Hom (Z,, Z,-) » Hom (Z, Z,)

and hence an epimorphism H"(S(}; Z,») = H"™(S™; Z,). Let (S"),, denote
the James mth reduced product space of S” and let g: (S*),, — S™™ be the map
pinching the (nm — 1)-skeleton to a point. Then g induces an epimorphism

H™(S™; Z,) > H™ (S Z,p)-

Since Sy} is an H-space, and the attaching maps for constructing Qs"*! from
(S™),, are higher order Whitehead products, any map 4: (S"),, = S(j) extends to

. n+1 nm
h: QS - S

Hence h*: H™(S!m; Z,») - H"™QS"*'; Z,,) is an epimorphism so that any
map f: QS"*! —» K(Z,, nm) factors through S{» which is (nm + 1)-dimen-
sional. By the cellular approximation theorem, f compresses into the (nm + 1)-
skeleton. =

Assuming, then, that nm is even, the procedure will be to show when the
conditions of Theorem 1.7 are satisfied for X = QS"*' and B = K(Z,, nm).
We begin by recalling some facts about H*(QS"*') and H,(K(Z,,, nm)).
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(1) If nis even, H*(QS"*') is a divided power ring with generators x* in
dimension nk satisfying the relation

k
xB () — (s xk+s)

(2) If nis odd, H*(QS"*") contains a divided power ring with generators
x® in dimension 2nk satisfying the relation in (1).

(3) Ineither (1) or (2), x* is not divisible by p so that for all k, p[x®] = 0.

4) If p: H¥(QS"') > H*(QS""'; Z,) is the coefficient reduction map,
then H*(QS"*'; Z,,) is (contains) a divided power ring with generators x* =
u(x®) for n even (n odd).

(5) H(K(Z,, nm)) is a finite p group in each degree.

The key to applying Theorem 1.7 is to verify that i* is a free p-twisting of
{x;}. This would be straightforward if for example i*(x,) = py, and x, = xk.
Then i*(x,) = p*y¥ so that 6, > k and hence is unbounded. The problem arises
when x¥ = a,x,. Thenifi*(x,) = py,, i*(x,) = p* Py, + v, where g, = 0.
It is possible that lim sup (k — p[a,]) # oo.

Let S,(m) denote the number of factors of a prime p in m! Note that S,(m) =

?_. [m/p'] where [ ] denotes the greatest integer.

Let Ny(m, s, p) = sk + kS,(m) — S,(km) so that Ny(m, s, p) is the number
of factors of p in p*(m!)*/(km)!. Let

M= {(ms S5 17) | lim sup Nk(m, S, p) = +oo}
k

Weingram [5] showed that (1, s, p) € # for all s and primes p. The proof that
there are other triples (m, s, p) in .# is number theoretic and is contained in the
appendix.

Let mn be even and let f: QS"*! — K(Z,., mn) be a nontrivial map. If 1 is
the fundamental class in H"(K(Z,-, nm); Z,), and m is m if n is even and m/2
if n is odd, then f*(1) = up/x™ where uis a unitin Z, and 0 < j < r.

THEOREM 2.2. If (M, r — j,p)€ M, then f:QS""' — K(Z,, nm) is in-
compressible.

The proof will follow two lemmas. Unless it is necessary to specify more
precisely, Q will denote QS"*! and K will denote K(Z,., nm).

LeMMA 2.3. Let G be an extension of Z by Z,.. That is,
0—z--6-12z,—0
is exact. Then:

@) G =~ Z ® G where p*G’ = 0 for some k < r.
(b) If G is a nontrivial extension (i.e., G & Z @ Z,) then o(1) = p’y + v
where 0 < s < randp" v = 0.
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Proof. (a)is obvious. Let y be a free generator in G and let a(1) = my + v.
B(p"y) = 0 implies there is a k such that a(k) = p"y. Hence p'y = kmy + kv
so that km = p". Thisimpliesm = p*andk = p" *where0 < s <r. (s =0
implies the sequence splits so that G would be a trivial extension.) Alsop" v =
0 since f is a monomorphism on the torsion subgroup of G. =

LeMMA 2.4. A nontrivial map f: Q — K satisfies conditions (a), (b), and (c)
of Theorem 1.7.

Proof. (a) is just statement (5) at the beginning of this section. For the
sequence in (b) take the generators x®.

Note that ¢, is even. Condition (c) is equivalent to saying there are infinitely
many N such that D!'*~1 in the filtration of H" (Q[N]) is a finite p group
for all k. But D''*~! is a finite p group if EJ*~/ is a finite p group for j =
1,..., N. But E.*"! is a finite p group if E§'**~! is a finite p group for j =
1,..., N. Since E{" ™/ = HI(KN; H* J(F)) where F is the fiber of the map
f:Q - K, and HY(K") is a finite p group for j = 1,..., N — 1 by (a) and
the Universal Coefficient Theorem, it is only necessary to check if HN(KY,
H"~M(F)) is a finite p group. But (a) implies H*(F; Q) =~ H*(Q; Q) so H*(F)
is a finite p group in all degrees which are not multiples of n. There are infi-
nitely many N such that 7, — N is not a multiple of n for all k and (c)
follows. =

Proof of Theorem 2.2. In view of Lemma 2.4, it suffices to prove that if
i: F — Qs the inclusion of the fiber then i* is a free p-twisting of x®.
The fibration

F.ao ',k
induces a fibration
oK L. F-t.0

Since Q is (n — 1)-connected and QK is (nm — 2)-connected, by Serres exact
sequence

0 = H™ \Q; Z,) — H™ (F; Z,,) -~ H™ Y(QK; Z,)
— H™Q; Z,)
is exact. But 7(1) = up/x™ so that
H™ \F;Z,) =kert = Z,

where Z 0 is understood to mean the zero group.
Similarly the sequence

0 = H™ Y(QK) — H™(Q) —— H"™(F) — H"™QK) — H™*1(Q) = 0

is exact, and reduces to 0 — Z L. H "F) — Z,, — 0.
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By the Universal Coefficient Theorem,
Z,,=H"™\F;Z,) = H" '(F) ® Z,, ® Tor (H"™(F); Z,)

so that the torsion subgroup of H™(F) has order p/,0 < j < r. By Lemma 2.3,
i*(x™) = p"Jy. + vy where piv; = 0 and yj is of infinite order. But

so that

_ k(r =) (73 1)* .
P*(x ™) = ‘_’_(_mk(—)'?i Y& + T where pi(ifik)! Ty = O.

Let A, be the number of factors of p in
pk(’—j)(fﬁ |)k c
(mk)!

Then 4, > N (m, r — j, p) which by hypothesis has lim sup = oo. Hence i*
is a free p-twisting. m

3. Moore spaces

Let M(Z,;, 2n — 1) be a Moore space. In this section it is shown that under
certain conditions, given N there is an integer j such that no nontrivial map
QSM(Z,j+x, 2n — 1) = K(Z,, 2n) compresses into the N skeleton for all
k = 0. Although it is not proved that such a map cannot compress into a higher
dimensional skeleton, this result does imply that every nontrivial map

QSM(Z,», 2n — 1) > K(Z,, 2n)

is incompressible. We begin by establishing some conditions to detect whether
the composition of incompressible maps is incompressible.
Recall the proof of Theorem 1.7.

(b) jE(x) = p® "Mz, + u, where p**iy, = 0 for some j, < m, with
pmle,tk—l = 0.

(@ i*(x)) = p®™y, + v, where p*v,_ = 0 for some integer 5, > 0.

THEOREM 3.1. Let
Fl.x_1.B
be a fibration satisfying the conditions of Theorem 1.7 and let r(N) be the smallest
integer such that p™H'(B) = 0 for 0 < i < N. Let g: Y — X. If for all k,

PN Mg (x) # 0 and p[ g*(x,)] < K for some fixed integer K, then f o g does
not compress into BY.

Proof. In the filtration of H*(X[N]), D***~! is obtained by finding N
extensions by groups G; with p"™G; = 0. Hence p""™ D! *~! = ( so that
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Jx < Nr(N) for all k. Now
YIN] -2 X[N]

|

y - X
is a commutative diagram. Suppose f o g compresses into BY. Then there exists
h: Y —» Y[N] such that jyh ~ idy. Hence

g*(x) = R*N(g*(x)) = K*gRGR(xa) = p™ " Oh*gi(z) + h*ga(u).
Let A, = s + Nr(N)and 7, = 4, + o, — v(N). Then
prh*gN(u) = h*g(p™u) = 0
so that p™h*g¥(z,) = p*g*(x;) # 0. Choose k so large that o, —v(N) =

K + 1. Then p[g*(x)] > K.
This contradicts Theorem 1.5 so that f o g cannot compress into BY. m

Let
g;: QSM(Z,;, 2n — 1) - Qs+l

be induced by g;: SM(Z,;,2n — 1) > S2m*+1 representing the generator in
,,(Z,; S*"*1) = Z,.. Let w, ; = g7(x¥). By comparing the spectral se-
quences of the path fibrations over $*"*! and SM(Z,,, 2n — 1) it is easily seen

that w,_; generates a copy of Z,; in H*"(QSM(Z,, 2n — 1); Z).

LEMMA 3.2. For every map f;: QSM(Z,;, 2n — 1) > K(Z,., 2n) there exists
amap f: QS**! - K(Z,, 2n) such that f - g; ~ f;.

Proof. f*(1) = up’w, ; where u is a unit in Z,, and 0 < s <j. Let
f:QS8*"*1 — K(Z,, 2n) represent

upx{Y e H*"(QS*"*'; Z,). m

Since the map f in Lemma 3.2 satisfies the conditions of Theorem 1.7, we
would like to apply Theorem 3.1 to the map g;. However, without further
information on s, we cannot determine if p**" ™y, . 0 for any j. The
following lemmas show that there is a subsequence {k,} such that 5, < j for
all k,.

LemMMA 3.3. Let p be prime.

(a) (I;‘:f)$0modpfor0<k5p—l.
s+1
(b) (p > ) = pu where (u, p) = 1.

©) (tt")¢0modp ifty=p++p+ 1.

k—1
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Proof. An easy exercise in binomial coefficients. m

LemMMA 3.4. Let h: R, - R, be a ring homomorphism. Suppose the torsion
parts of R, and R, considered as groups under + are p groups and

h(x) = p"yy + wy,  h(xz) = py, + u,
where for some integers s, and s,, p*u; =0, p2u, =0, (s, + o)) > sy,
(s1 + ay) > s,.
(@) If x;x, = mx; where (m, p) = 1, then
h(x3) = p“* 2y + uy  where p®uy = 0, s; = min (sy, 5,).
(b) If x;x, = pmx; where (m, p) = 1, then
h(x3) = p ™71y, + u;  where p*u; = 0, 53 = 1 + min (s, 5,).

I

Proof. Only (a) is proved as the proof of (b) is similar.
mh(x3) = h(x,)h(x;)
= (P"y1 + )Py, + uy)
= pM TRy Yy + wpMyy + U py, + U,

Let my; = y,y, and muy = u,p*'y, + up*y, + uu,. If 55

= min (sy, 55),
then p**mu, = 0. Since (m, p) = 1, it follows that p*u; = 0. =

LemMA 3.5. Let
F-L st L, k(z,, 2n)
be a fibration where f*(1) = up*x{" withu a unitin Z,, and0 < s < r.

a) i*(x®) = p™y, + v, with p**'v, = 0.
t
(b) i*(x*) = p*y, + u, where k, = p* + -+ p + 1, p’'u, = 0 and
lim, 1, = +o0.

Proof. (a) From the proof of Theorem 2.2 we have i*(x™")) = p" "%y, + v,
where p*v, = 0. Hence by repeated applications of 3.3 and 3.4,
i*(x®) = ppCr=9-1y 4+ p,  where p** v, = 0.
Suppose inductively that i*(x®*~") = p*~1y,_, + v,_, where
%y =P Mr—5)— (@' = Dp—1, and p 7y, = 0.
By repeated applications of 3.3 and 3.4, i*(x®") = p*y, + v, where
0 =po_y —1=pr—95)— ' = DI(p—1) and p**'», = 0.

(b) x% = x( 5o that i*(x*) = p®y, + u, where p'u, = 0. Suppose
inductively that i*(x%-v) = p*-15,_, + u,_, where T,y = a,—q + T,—5,
Ty = oo, and p'u,_, = 0. By 3.3, since

yke=1) o 5P = ( ki ) xk),
1

t—
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we have i*(x®*)) = p**®-15 4+ y, where p'u, = 0 provided 7,_, > t. But
T, = Y- ®; so this is easily verified as well as the fact that lim, 7, = + 0. ®

THEOREM 3.6. Let f;: QSM(Z,,, 2n — 1) - K(Z,, 2n) be a nontrivial map
so that f¥(1) = up*w, ; where u is a unit and s < min (j, r). Let r(N) be the
smallest integer such that p"™H K(Z,, 2n)) = 0 for 0 < i < N. Then for all
J = Nr(N) + s + 1, f; is not compressible into the N skeleton.

Proof. By Lemma 3.5(b), 5, + Nr(N) = s + Nr(N). Butifj > Nr(N) +
s + 1. p'w, ; # 0and so Theorem 3.1 applies. =

COROLLARY 3.7.  Any nontrivial map f: QSM(Z <, 2n — 1) = K(Z,, 2n) is
incompressible.

Proof. Such a nontrivial map implies that there exists an integer k such that
if hj: QSM(Z,y, 2n — 1) » QSM(Z,,, 2n—1) is the natural inclusion, then fh;
is nontrivial for all j > k. f compressible contradicts Theorem 3.6. m

COROLLARY 3.8. Let G be finitely generated and abelian. Every nontrivial
map QSM(Q/Z, 2n — 1) —» K(G, 2n) is incompressible.

Proof. Since Q/Z = @, p Z,», such a nontrivial map implies the existence
of a nontrivial map QSM(Z,«, 2n — 1) - K(Z,, 2n) for some prime p. ™

4. Incompressibility and H-spaces

In this section some of the previous results are applied to deduce certain
properties of H-spaces. We begin by stating a well-known result of James.

THEOREM (James [2]). X is a retract of QSX if and only if X is an H-space.

Let Im, (Y; X;G) = {x € H(X; G) | x = fy(y) for some y € H(Y; G) and
some f: Y — X}. Note that Im, (S*, X; Z) is the image of the Hurewicz map
in dimension k.

THEOREM 4.1. Let X be a finite H-space and let y € Im,,, ((S"),,, X; Z) where
nm is even.

(a) y cannot be of infinite order.
(b) Suppose pi' - - - picy = 0 where p, is prime. Then for eachi = 1,...,k
we have o; < m where m is m if n is even and is m/2 if n is odd.

Proof. (a) Suppose y is of infinite order, where y = f*(x) for some
f: (S"),, & X. Then, for all primes p, there is an integer j such that the co-
efficient reduction map u: H,,(X; Z) - H,,(X; Z,,;) is such that u(y) # 0.
Hence

SYH™X; Zy)) » H™(S)m; Z,p)
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is nontrivial. Choose p so that m < p — 1. Then the composition

(S"m —1o X — K(Z,5, nm)
is nontrivial. Since X is an H-space and the obstruction to extending f to f:

QS"*! — X are higher order spherical Whitehead products, the composition
an+1 .i.; X — K(ij, nm)

is nontrivial. By A.3 in the appendix, (m, 1, p) € .# and hence this composition
is incompressible by Theorem 2.2. This contradicts the finite dimensionality of
X.

(b) Supposepit - pi<y = Oand «; > m for some . Then there is an integer
jand amap g: X — K(Z,,;, nm) such that (g o £)*(1) = p/ “*x{™. But by A.3,
(m, o;, p) € M so that g o fis incompressible. Again this contradicts the finite
dimensionality of X. m

Remark. 1If m = 1, the above theorem says that the image of the Hurewicz
map in even dimensions is zero for finite simply connected H-spaces. (See
Browder [1] and Weingram [5].)

THEOREM 4.2. Let X be a (2n — 2)-connected finite H-space of dimension N.
Let r(N) be the smallest integer such that p"H'K(Z,, 2n)) = 0,0 < i < N.
Letj = Nr(N) + 1. ThenTl,,_,(X) has no p torsion of order greater than p’~*.

Proof. Suppose x € IT,,_(X) is such that p"x = 0, m > j, butp™ 'x # 0.
Let f: S?"~! — X represent x. Then f lifts to f: M(Zm, 2n — 1) > X and
since I1,,_,(X) = H,,-,(X) via the Hurewicz map, the induced map

f*H™X; Z,) > H™(M(Zym, 2n — 1); Z,)
is nonzero. Then
M(Zym, 20 = 1) L X — K(Z,, 20)
is nontrivial and since X is an H-space, f extends to
QSM(Zym, 2n — 1) —» X.

Hence QSM(Zm, 2n — 1) = X — K(Z,, 2n) is nontrivial and by Theorem 3.6
does not compress into the N skeleton. This contradicts that X is N dimen-
sional. ®m

Remark. If it could be proved that QSM(Z,;, 2n — 1) - K(Z,, 2n) is
incompressible for all j, a proof similar to the above would imply that IT,, _ ,(X)
has no p torsion if X is a (2n — 2)-connected finite H-space. For n = 2, and
except for elements of order two this has been proved by Lin [3] by entirely
different methods.
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THEOREM 4.3. Let X be a (2n — 2)-connected finite dimensional H-space (not
of finite type). Then I1,,_,(X) cannot contain Z,. as a summand for any prime p.

Proof. Suppose I,,_((X) = Z,- @ G. Then there is a map
[iM(Zyo,2n — 1) > X

such thatf*: H*'(X; Z,) - H (N (Z,, 2n — 1); Z,) is nonzero. This implies
there is a nontrivial map

QSM(Zy, 20 — 1) > X — K(Z,, 2n).

By 3.7 this map is incompressible, contradicting the finite dimensionality of
X =m

Appendix

Let N,(m, s, p) = sk + kSp(m) — S,(km) where p is a prime and S,(m)
is the number of factors of p in m!. Let

M = {m, s, p)) | lim sup N(m, s, p) = +o0}.
k

LemMA A.1. () S,(p") = (7 — D)fp — 1

® S -D=@E -D/(-1)-r

© S,(p'm)=m@p" — D/(p — 1) + S,(m)
d S,mpp —1))<m@p —D/(p—1)—r

Proof. Only (a) is proved as (b), (c), and (d) follow by similar arguments.
Sy = L PP =p 7+ tp 1= =Dip-1D. =

PROPOSITION A.2. Ifm/(p — 1) < S,(m) + s then (m, s, p) € M.
Proof. Letk; = p’ — 1. Then by A.1(d), S,(k;m) < m(p’ — 1)/(p — 1) — j.
Hence
Ny(m, 5, p) = s(p’ = 1) + (p — 1)S,(m) — S,(k;m)
2 pi(s+ Spm) —mj(p — D) +j + K
where K = m/(p — 1) + S,(m) — s. Sincem/(p — 1) < S(m) + s,lim; N, =
+ o0 so lim sup N, (m, s, p) = +00. W

CorOLLARY A.3. (a) (P, s,p)e M forallr = 0,s > 1 and all primes p.

(b) (m,s,p)e M ifm < s(p —1).

(c) For all m and s, there exists a prime q such that (m, s, p) € M for all
primes p = q.

Proof. In each case it is easily verified that m/(p — 1) < S,(m) + s so
A.2 applies. m
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