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MEASURABLE SUBBUNDLES IN LINEAR
SKEW-PRODUCT FLOWS

BY
RusseLL A. JoHNsoON!

Introduction

The main purpose of this paper is to construct and discuss two ODEs and
one real flow. Our work is based on techniques of topological dynamics
developed by Furstenberg in [5]. These techniques also allow a discussion of
certain other topics, namely Bohr’s theorem, and a type of quasi-periodic
function considered by Sell in [16] (see also Brezin, Ellis, and Shapiro [2]).

To avoid confusion due to the number of topics considered, we give here
an outline of the paper, as well as an indication of why one might be
interested in the ODEs and the flow. In §1, we prove Bohr’s theorem using
Furstenberg’s techniques. In §2, we consider a certain irrational (Kronecker)
flow (K2, R) on the 2-torus K>. Let w - t represent the position of w € K*
after time t under this flow. We construct a non-continuous function
R e I*(K?, m) (m is Lebesgue measure on K?) and an analytic function b on
K? such that “R is an antiderivative of b along orbits”; i.e.,

Itb(w -s)ds =R(w - wt)—R(w) (weK? teR).

The function b has mean value zero, but [ b(w - s) ds is not almost-periodic
(a.p.). the functions R and b are of fundamental importance in constructing
our three examples. In §2, we also consider Sell’s results.

In 8§ 3, 4, and 5, we treat the examples.

(83) Consider the analytic differential equations E_:

_l[ 0 —b(w-1t)
*=2b(w - 1) 0

We view this collection of ODEs as ‘“‘generated” by some one quasiperiodic
ODE E,, (o, a fixed element of K?). The equations E, induce a “linear
skew-product flow”, or LSPF [13], [14], [15] on K>XR?. This LSPF has
interesting structure: the vector bundle K?xR? foliates into measurable,
non-continuous, invariant, one-dimensional subbundles (3.3). Now, by Flo-
quet theory, non-continuous subbundles cannot occur for periodic ODE’s
(3.4). The point we wish to make with this example is that, if one is to

]x (weK?, xeR?).

Received February 14, 1977.
! The author was partially supported by a National Science Foundation grant.

© 1979 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

183



184 RUSSELL A. JOHNSON

classify linear a.p. ODEs (i.e., “extend Floquet theory” to this case), then
the possibility of measurable subbundles must be taken into account.

(§4) We construct a real flow (K3, R) (K? is a 3-torus) which extends the
flow (K? R) mentioned in §2. The flow (K3, R) is strictly ergodic (4.1, 4.7).
However, there are times t, — 0 such that, if T is the time f, map, then
(K3, T,) has uncountably many ergodic measures. In fact there is an analytic
function f: K® — C such that the Cesaro means

l
13 fo(T @, 0)

diverge for a residual set of (w, p) € K>, for all k =1 (4.8). Compare this with
the fact that, by strict ergodicity and [11, Chapter 6, proof of Theorem
9.05],

tim; [ (@ 0)-9)

exists (uniformly in (w, p) in fact). Thus “existence of integral means does
not imply existence of Cesaro means”.

(85) This example is closely related to the flow of §4. Consider the
ODEs E_ given by

1[ 0 —A—b(w - 1)

" = — 2 2
X 2 LA +bw- 1) 0 ]x (weK?* xeR?),

where A, is a certain real number (see 4.2). The equations induce an LSPF
on K?*xR> It turns out that the LSPF (K>XR2? R) admits no invariant,
one-dimensional subbundles. However, the integer flows (K*xR2, T,) (T, is
a time-f, map, t as in §4) do have measurable, T,-invariant, non-
continuous, one-dimensional subbundles, and these foliate K>x R?. Thus, if
one studies only the real flow (K*xR? R), and none of the corresponding
integer flows, some of the complexity of the flow is not observed.

The author would like to thank the referee for many valuable suggestions
and criticisms concerning the organization of this paper.

1. A proof of Bohr’s theorem

1.1. DeFiNiTION.  Let ) be a compact Hausdorff space, and let T be a
topological group (we will consider only cases where T=R or T=2Z). A
flow (Q,T) is defined by a continuous map ®: QXT— Q: (0, t) — w - t
satisfying (i) w - idy =w; (i) o - (1) =(w 1) t, (wEQ; 8, t,, t,€ T). A set
S<Q is invariant if S©S - t={w - t|weS} for all te T. The flow (Q, T) is
minimal if the only nonempty closed invariant subset of () if € itself.

Let b: R— R be an almost-periodic (a.p.) function with mean value by;



LINEAR SKEW PRODUCT FLOWS 185

ie.,
1 (7.
11_11)130? J; b(s) ds = b,

Bohr’s theorem states that  b(s) ds—bt is bounded iff {4 b(s) ds is a.p.
[11].

We will state and prove a slight generalization of this result. Let {) be the
Plull of b; i.e., the uniform closure in C(R) of the set of all translates
b.(t) = b(t+7)). Define a flow on Q) by translation; ie., w - T=w, (w€Q, 7€
R). Consider the function b: ) — R: b(w) = w(0) (evaluate w at 0 R). Let
®, denote the function b. Then b(w, - t) = b(¢). Thus, if R is mapped into
via t— w,-t, then b may be thought of as an extension of b to Q.
Moreover, it turns out that () may be given the structure of a compact,
metric abelian topological group such that (i) t — o, - t maps R onto a dense
subgroup of Q; (ii) the map (w,t)— w -t is group multiplication [11, p.
394]. Let m be normalized Haar measure on . It is well known that the
mean value b, of b equals fob(w) dm(w) [11, p. 510].

The following result implies Bohr’s theorem.

1.2. THEOREM. The following are equivalent.
(@) There exists wy€ ) such that §i b(wq * s) ds — byt is bounded.
(b) There is a continuous function S: 0 — R such that

S(w:t)—S(w)= J:b(w +8)ds—byt (weQ).

We need only prove (a) = (b). The proof will use 1.3 and 1.4. We can and
will assume that b, =0. Choose a real A,>0 so that

(A)

t
AO I b((ﬂo * d) ds| <2
0

1.3. Let 3=0QXS"; we denote points of 3 by (w, p). Fix (e, p), with
p = e'. Define a flow (3, R) (which depends on A,) by

(w, p) - t=exp i(cp+)\0 J:b(w - s) ds) .

Then (w,p)-t=(ow -t g(w)- p), where g (w)=exp (ir, [ b(w - s) ds). The
flow (3, R) is an example of a real cocycle flow (e.g., [12]).
The next lemma applies to any cocycle flow. See also [3, Lemma 1.9].

1.4. LemmA. The flow (2, R) is minimal if and only if the equation

oglw-t)
o(w)

has no continuous solution o, |o(w)| a non-zero constant, for any n#0.

[g(w)]" = (teR,weQ)
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Proof. 1If [g(w)]" =0(w ‘- t)/o(w) for all t,  and some n#0, then it is
easily seen that f(w, p)=o(w)p"™ is a continuous, non-constant function
which is invariant: f((w, p) - t) = f(w, p). Hence (3, R) is not minimal. Sup-
pose (3, R) is not minimal, and let F# K be a non-empty closed invariant
set. Let X be its characteristic function. Expand X in a partial Fourier
series: Xp~Y .40 a,(w)p™. Since Xy is not constant, there exists n# 0 such
that a,(w)#0 +y-a.e. Since Xi((w,p)-:t)=Xp(w, p), we obtain
a, (0 )[g(w)]™ =a,(w) y-a.e. for each fixed t. The proof that |a,(w)]| is a
non-zero constant y-a.e. and that a, is equal to a continuous function y-a.e.

mimics the argument in [3, pp. 17-18], and is omitted. Let o be continuous
with o=a, y-ae. W

1.5. Proof of 1.2. The flow (2, R) is minimal iff every orbit {(w, p) - t | t€
R} is dense in 3. By (A), no orbit of the form {(wo, p) - t | t € R} can be dense

in 3. By 1.4, then, there is a continuous function o on Q and an integer
k #0 such that

(*) exp (ihokrb(w .+ 5) ds) =M(weﬂ, teR).

o(w)

Fix @€, and let Q={® - t|teR}c Q. Define f: R—R and s: Q —R
by

fO=0(® - t)o(®), s(@-t)=Ao Lt b(& - s) ds.

We need only show that s is uniformly continuous on Q, since then the
continuous extension S of s to () satisfies 1.2(b).

So, let 0<e<w be given. Choose £,>0 so that |e*—e”|<g, and

|x—y|<# imply that |x—y|<e. Let d be a metric on Q. Since o is
continuous, there exists 8 >0 such that

d(@ -ty @ t))<8 D |f(t,+t)—f(t,+1t)|<e, forallteR.

Then s(& - (t,+1))—s(® - (t;+1)) =27wL +n,(t), where L is an integer and
|ni ()| <e<ar for all teR. Let t,.,=n(t,—t)+t, (n=2,3,...). By induc-
tion,

Is(@ - tyr)—s(@ - t))|=n@m|L|—-¢e) if L#O0.

But then s is unbounded, a contradiction. So L =0, and s is uniformly
continuous. W

2. The function R

The construction is a simple modification of one due to Furstenberg [5, p.
585] Let a« =Yr_, 27%, where v, =1, v, =2% + v, +1. Then « is irrational
(its binary expansion is non-repeating). Let n, =2%; then

ma—[mal= Y 2% <2 2% =2
l=k+1
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Let my = —[nka], and let N_p =Ny, M_i = M. Then

(B) Imeae +my | < (W2 (ke Z—{0D).
For 0=6,, 6,<1, define a square-integrable function R by

1
R(Ola 02) Z Ikl
k#0

Then R is real; extend R to the plane so as to be 1-periodic in 6, and 6,.

—exp Qmi(n 0, +m0,)).

2.1. ProposITiON.  There is no continuous function R:[0,1]x[0,1]—R
such that R=R a.e.

Here “a.e.” refers to Lebesgue measure on [0, 1]%[0,1]. We do not
require that R have a doubly-1-periodic, continuous extension to the plane.

Proof. Suppose R=R a.e. where R is continuous on [0, 1]x[0, 1]. For
fixed @,, consider the function R, (8,)= R(8,, 6,). We claim that the Fourier
series of Ry, is

_ Z e21rim92
Rq,~
k7o |kl

. e2‘rrink91.

To see this, let

1
a;(6,) = L R_(Gb 0,)e 2™ de,.

Note that
1 . 1p,1 _
J a;(6,)e>™"%= do, = L L R(0,, 0,)e>™09:*1%) g9 de,
0
1 ...
_ l—k—l if j=mn, and | =m, for some k
0 otherwise
Thus
1 2vim, 0, . .
—e ™% if j=n, for some k
aj(02)= |k| ! ®
0 otherwise

1
= (o) in

Here §;,, =0 if j#n, and §;,, =1 if j=n,. Now R, ~Y e, where

C = J:) RG e—2‘l'ruﬂ1 del aj(02)=m e’.’,‘ﬂ-lmk 2 . 8’ e

This proves the claim.
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Now let 6, =0: the function R, is continuous on [0, 1] with Fourier series
Z |1?| 2oy
This is a contradiction because the Cesaro sums of this series diverge at
0, =0 (see [17, Chapter III, Equation 2.22]). W
2.2. DerinTioN.  For each te€R, let
G,(64, 0,)=R(6,+at, 0,+1t)—R(0y, 0,) (—0<8y, 0,<x).

2.3. ProrosiTioN. For each teR, the function G,(0, 0,) is equal a.e. to
an analytic function which is 1-periodic in 0, and 0,.
Proof. Consider the Fourier series
Z _:!_ [e2‘rri(nku+mk)t_ 1]e2~rri(nk01+mk92)
7o |kl
of Gr. By (B) and the uniform continuity of x — e>™, there exists M = M(t)
such that, for large |k|,
1
|kl
Hence [1, Chapter 1, §25] the Fourier series is that of an analytic function.
Clearly G, is 1-periodic in 6, and 6,.

We write G, for the analytic function in 2.3, as well as the function of 2.2.
Let

[e2‘rri(nka +m) _ 1] = M(\/E)—l"kl“lmJ'

6,
b(6s, 92)=}ing——G'( n %)

=Y 1. 2ri(mea + my ) e2™ ftmd),
7o |kl

An argument like that of 2.3 proves
2.4. PROPOSITION. b is analytic and 1-periodic in 0, and 6,.

Observe now that R, G,, and b all define functions on K?, e.g. if

»= (eZ'rriel, e2'rri92),

the mapping @ — R(8,, 0,) is well defined. We denote the functions induced
on K? by R, G,, and b, also. Define an irrational flow (K2, R) by

W t= (e21'ri(01+at), e2‘rri(92+t)),

where o is as above. Let m be Lebesgue measure on K2, Observe that, if we
fix t and compute the Fourier series of the function w — [, b(w - s) ds
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(using-term-by-term integration), we obtain the Fourier series of R(w - t)—
R(w). Hence, for each t,

R(w - t)—R(w)= J: b(w - s) ds (=G,(w)) m-ae.

2.5. ProposiTioN. The function b is analytic on K* and has mean value
zero, but § b(w - s) ds is unbounded (i.e., is not a.p.) for all w € K>.

Proof. Write (t - R)(w)=R(w - t) (weK?* teR). Then t - R—R is equal
to the function

G,:w—>£ b(w - s)ds
in L>(K?, m). Let b, be the mean value of b. Then

l}llinw% b(w - s)ds=b, uniformly in w.

Hence b, =limy_.. G/t =limy,_... (t - R—R)/t in L*(K?, m). But then, letting
|| I, refer to the norm in L*(K?, m), we have |R|,=||t - R|l,=|bot|//2—|IR|.
for large |t|, a contradiction unless b,=0. So b has mean value zero.

Next, suppose f, b(wg - s) ds is bounded for some w,. Then (1.2) there is a
continuous S such that (¢-S)(w)—S(w)=[, b(w-s)ds. It follows that
[t-(R—S)]-[R—S]=0 m-a.e. Hence R—S is a measurable function on
K? which is invariant with respect to the irrational flow (K% R). So R—S is
constant m-a.e. [11, p. 468], [6, p. 25]. This contradicts 2.1. W

We now give another proof that {} b(w - s) ds is unbounded for all w € K>.
This proof yields a little additional information (2.10(a)) about R. The proof
will use 2.6-2.8. assume for contradiction that, for some wy€(},
§6 b(wg * 8) ds is bounded.

2.6. ProposiTioN. Let A={\ eR| the function r(w)=e™?“ is not equal
m-a.e. to a continuous function}. Then A is residual in R.

Proof. By 2.1, there is no continuous function R on K? such that R=R
m-a.e. Hence we may apply word for word the proof of Proposition A1, p.
83 of [3], except that “the interval [0, 1]” must be replaced by ““‘the square
[0,1]1x[0,1]7°. W

2.7. Let A,={AeR|e™R* js not equal m-a.e. to a continuous
function} (n an integer). Then, by 2.6, A, is residual in R for all n#0.

Therefore, we can choose Ag€ (), 40 A, such that |\ b b(w, - 5) ds | <2 for
all teR.

Define g,: K*— S' by

g.(w) =exp (i)\o J: b(w - s) ds) (weK? teR).
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Let r(w)=e*R*) Since R(w - t)— R(w)=[, b(w + s) ds m-a.e., one has
g (@) =r(w-t)/r(w) m-ae.(teR).
Let K>=K?XS'. Define a flow (K3, R) by
(w,p) t=(w-t,g(w):p) (weK?peS'tecR).
2.8. ProrositioN.  The flow (K3, R) is minimal.
Proof. We use Lemma 1.4. We must show that the equation
[g(o)]" =0o(w - t)o(w)

has no continuous solution o for any n#0. Suppose o is a continuous
solution for some n# 0. Then r"(w)/o(w)=r"(w * t)/o(w - t) m-a.e. for each
t eR. But then r"/o is a measurable invariant function for the irrational flow
(K?,R); hence r"/o is constant m-a.e. This contradicts the fact that A\,€
Mnto A, (see 2.7). W

2.9. Second proof that i b(w - s) ds is unbounded (w € K*). We chose A,
so that

t
Ao J; b(wo * 8) ds|<21r for all teR.

But then no orbit {(wo, p) - t | t € R} of the flow (K3, R) could be dense in
K3. This contradicts 2.8. W

2.10. Remarks. (a) We can now improve 2.7 by showing that there is
no A#0 for which e®®“ is equal m-a.e. to a continuous function. For,
suppose A# 0, and suppose e*R“ is equal m-a.e. to a continuous function
r,(w). Then

n(w - t)/r,(0) =exp (iA J: b(w-s) ds) for all w, t.

Fix @ € K*. By [4, Lemma 6.7], we see that A {, b(& - s) ds = ct+ B(t), where
B(t) is a.p. However, by 2.7, the mean value of b is zero. Hence ¢ =0, and
§6 b(@ - s) ds is bounded. This contradicts 2.7.

(b) The function R cannot be essentially bounded. To see this, let p be a
strong lifting of L°(K?, m) which commutes with translations [7]. Let R =
p(R); then R(w - t)—R(w) =} b(w - s) ds for all w, t (the proof of this uses
properties of p listed on p. 64 of [7]). From the definition of strong lifting, R
is bounded, hence { b(w - s) ds is bounded. This contradicts 2.5.

Let us now consider how our functions R and b are related to Sell’s

examples [16]. He constructs functions R, b on K? and an irrational flow
(K3, R) such that

() R is in C*(K?) but not C*(K?);
(i) b is in C*K?); _
(iii) R(w-1)—~R(w)=J,b(w - s) ds.
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In other words, ‘“integration leads to loss of derivatives”. In 2.11 below, we
will show that our R may be altered on a set of measure zero so that
R(w - t)— R(w) =4 b(w - s) ds for all w, t. Our functions, then, represent an
extreme case of loss of derivatives: b is analytic, while R is not even C°.

2.11. ProrosiTION. We may assume that the equation

R(w:t)—R(w)= L b(w - s)ds
holds for all w € K and teR.

Proof. We appeal to [8]. First, [8, 3.8(b)] and the argument in the
“(a)= (b)” part of [8, 3.9] may be used to show that there is some
m-measurable R satisfying R(w - )~ R(w)={4 b(w - 5) ds for all w, t. Hence

[t-(R-R)]-[R-R]=0 m-ae.,

so R—R is constant m-a.e. [11, p. 468] and [6, p. 25]. Clearly, we may take
the constant to be zero. W

2.12. Remark. Observe that the vector {a, 1) satisfies no inequality of
the form

Ka, 1) - (n, m)|=|an+m|=y(n|+|m|)™ for v,7>0.

For, if it did, [} b(w * s) ds would be a.p. [10, Pp. 148-149]. Hence « is in
none of the sets B, of [16].

3. Ananalytic ODE

‘We construct a linear skew-product flow which foliates into measurable,
non-continuous, invariant subbundles. Let b, G,, R be as in §2. We may and
will suppose that R(w * t)— R(w) =}, b(w - s) ds for all w e K2, teR (2.11).

3.1. DermnrTions.  Let V be a vector bundle with base Q, projection T,
and fibers of constant finite dimension. (See [13]; we will consider only the
case V=K?*xR? Q=K? and 7: K’XR?— K?: (0, x) = ».) A (real) linear
skew-product flow (LSPF) on V is a pair of flows (V, R) and (£, R) such that

G ww-t)=7w@) -t(lveV,teR);
(i) each map t,: 7 "(w)— 7 Yo - t) is linear (teR).

A continuous k-dimensional subbundle of V is a closed subset of V which
intersects each fiber 7w '(w) in a k-dimensional subspace. See [13], [14],
[15].

3.2. DermnrrioN. Let V=K?*XR?, Let S* be the unit circle in R?. Let P*
be projective one-space ={l: [ is a line through the origin in R?}. Note that
P'=S" and that K>xP'=K?3, a 3-torus. Let n: K*?x (R>—{0})) > K>X P!
(0, x) = (w, 1), be the natural map (i.e., | is the line through the origin
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containing x). A measurable one-dimensional subbundle of V is a subset Q

of V such that (i) Q intersects each fiber {w} X% R? in a line through the origin

and (i) n(Q) is w-measurable, where w is Lebesgue measure on K> P,
Consider the set of analytic, 2-dimensional ODE’s E,:

._1[ 0 —blw-1)
*Zolb(w - 0 0

In polar coordinates (r, 8), E_ is given by
=0, 6==1b(w-1).

These equations define an LSPF on K*>xR? in the following way:

]x (weK? xeR>).

((0, xO) = ((D ° t’ x(t))9

where x(t) satisfies E_, and the initial condition x(0) = x,. We may paramet-
rize P* with p =e*° (view P' as S* with antipodal points identified). By (ii)
of 3.1, the LSPF (K?X%R? R) induces a flow on K*>=K?x P*. This flow is
given by

(w,p)  t=(o - t, g(w) - p),

where g,: K*— P', w —>exp (i {; b(w * s) ds). Here g,(w) - p is the product,
in the topological group P, of the elements g (w) and p.

3.3. We show that K*xR> “foliates” into a collection {¥, |B e P"}
of measurable, one-dimensional, invariant subbundles (ie., K?xR?*=

Ugepr ). Let r(w) = eR“; then r(w - t)/r(w) = g (w). Hence, if B € P?, then
each set

Se ={(w,p)|lweK? p=B"r(o)}

is invariant. Here B - r(w) is the product of the elements 8 and r(w) of P*.
For each w € K?, consider the line in {w} X R? which is defined by B - r(w)e
P'. The union %, of all such lines is a measurable, invariant subbundle of
K?xR?. Also, ¥ is not a continuous subbundle. For, if it were, then the set
Seg would be closed, which would imply that r is continuous. That would
contradict 2.10(a). The collection {¥, | B € P} of subbundles clearly foliates
K?xR>.

3.4. We elaborate briefly on the remark in the Introduction concerning
nonexistence of measurable, invariant subbundles for periodic ODEs. For
simplicity, we consider only the two-dimensional case, though the discussion
can be generalized to dimension n.

Let

*) X =a;(t)x

be a 2-dimensional ODE such that each a;(t) has period p. Let ®(t) = P(t)e
be the Floquet representation of a fundamental matrix ®(t) for (*). Assume
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®(0) =1 The ODE (*) generates an LSPF on K X R?, where in this case the
base K is a circle [14], [15]. The LSPF (KxR?* R) induces a flow on
K xP'=K?”. It may be shown that this flow (K x P!, R) is independent of

trace (a;(t)) = a1, () + ax(t);
we assume a;(t)+a,,(t) =0.

Consider the period matrix ®(p). There is a real matrix A such that
A®(p)A~! take one of the following four forms:

o (_(:;);22?0 :(l:; Z:_Z) where 0 is irrational;
cos 270  sin 270 ) .
@ (—sin 20 cos 2 0) where 0 is rational;
A0
3 0 1] where A#0;
A
A0
=:t-_ .
“ (1 )\) where A 1

Now, invariant one-dimensional subbundles of K X R? correspond natur-
ally to subsets of K X P' which are invariant with respect to (K X P*, R), and
which intersect each fiber {w}X P! in exactly one point (call such a subset an
“invariant section’). In case (1), the flow (K xXP', R) is conjugate to an
irrational (Kronecker) flow on K*=K X P?, and the conjugacy preserves
Lebesgue measure. But an irrational flow admits no measurable invariant
section (if there were such a section, one could use it to define a measure on
K? invariant under the irrational flow, but unequal to Lebesgue measure).
So there are no measurable, invariant, one-dimensional subbundles in case
(1). In cases (3) and (4), there may be shown to be, respectively, 2 and 1
measurable invariant sections; these are all homeomorphs of S*, hence
correspond to continuous subbundles. Finally, consider case (2). If 6 =0,
there are infinitely many measurable invariant sections, all of which are
continuous. If §#0, there are no measurable invariant sections; instead,
K x P* foliates into a union of torus knots.

4. A strictly ergodic flow (K3, R)

4.1. DeFinttions.  Let (€, R) be a flow, with  compact Hausdorff. A
measure w on () is invariant if w(Q)=1 and w(B - t)= w(B) for all Borel
sets Bc Q (teR). It is ergodic if, in addition, w(Bt A B) =0 (t € R) implies
w(B)=0 or w(B)=1. The flow ({2, R) is uniquely ergodic (u.e.) if it has a
unique invariant measure (which is then necessarily ergodic; see [11, Chap-
ter 6, 9.05 and 9.20]. If (), R) is u.e. and minimal, then it is strictly ergodic
(s.e.).
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Let o, R, G,, and b be as in §2. Let

r(w)=eR®, g(w)=exp (i [: b(w - s) ds) .

Choose a real number A; such that n\,#2w(ap+q) for all n,p,qeZ
(n# 0). Define a flow (K>, R) as follows: (w, p) - t =(w - t, eM*g,(w) - p) (here
weK? peSh. If teR, let T, denote the homeomorphism (w, p) = (w, p) * t.
We will first show that some integer flow (K>, T,) is s.e. This implies that
(K3, R) is s.e. We then find times t, — 0 such that (K3, T,) is not u.e.
Finally, we find an analytic function f such that the Cesaro sums of f with
respect to T, diverge on a residual set for all k=1.

4.2. ProrosiTioN. Let teR, and consider the integer flow (K3, T,) where
T, p) = (e - t, h(w)p)
with h(w)=eM"g (w). Then (K>3, T) is u.e. if and only if the equation
(C) h'(w)=s(w-t)/s(w) m-ae. (teR); |s(w)|=non-zero constant,

has no m-measurable solution s for any integer n# 0. In any case, normalized
Haar measure p. on K? is invariant with respect to (K>, T)).

For the proof of a more general result, see [5, Lemma 2.1] (Furstenberg’s
“s.e.” is the same as our “u.e.”). Note that the flow (K2, T,), T.(w)=w * t, is
u.e. (and s.e.); m is the unique invariant measure.

4.3. ProrosiTioN. The flow (K3, T) of 4.2 is minimal if and only if (C)
has no continuous solution s for any n#0.

For the proof of a more general statement, see [5, Theorem 1]. See also
the proof of Lemma 1.4.

4.4. PROPOSITION. There exists a time t such that (K3, T) is s.e.

Proof. We must show that some (K3, T,) is u.e. and minimal. We first
seek to apply 4.2. Fix t#0, and let B8 =e™". Then

Tw, p) =(w - t, Bg(w)p).
Suppose
B"[g(@)]" =s(w - D)/s(@) (n#0)
for some measurable s. Since [g,(w)]" =r*(w - t)/r"(w) (2.11), we have
B" =[s(w - )/r"(w - )] [r"(w)/s(®)].

Let u(w)=s(w)/r"(w); then u(w - t) = B"u(w). Comparing coeflicients in the
Fourier expansions of u(w - t) and B"u(w), we see that there are integers p,
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q such that e™' = g" = ¢>™*(»*®_ Hence

(D) mhi (ap+q)t (mod1).
2

By choice of A,, we can find a t for which there are no n, p, q such that
(D) holds. By 4.2, (K3, T,) is u.e. To see that (K>, T, is minimal, observe
that equation (C) has no measurable solution, hence no continuous solution,
and apply 4.3. W

4.5. ProposrTiON.  If

tﬂ/(—g%—ap—q) (I n,p,qeZ;n#0,1#0),

then (K3, T) is not u.e.
Proof. Observe that we obtain the above equalities by solving (D) for t.
Let

2mi(p0,+ab,)

Ta(w)=e where o =(e?™%, ¢2™°:),

Let c(w, p)=T7pq(w) - r"(w) - p7". Then c is T;-invariant, i.e.,
c(Tfw, p)) = c(w, p)(w, p) € K?).
To see this, note that r(w - t) = r(w)g(w). So
c(T(w, p)) = > V1 ()r"(w)[g(@)]"e ™™ [g () "p ™"

2rit(ap +q)e2‘rril —inAt _—n

p
=c(w, p) (use the formula for t).

=e Tog (@) (w)e

Now, by 4.2, Haar measure w on K? is invariant for (K3, T,). But we have
just found a function ¢ which is w-measurable, T,-invariant, and not
constant u-a.e. Hence [11, p. 468] w is not the only invariant measure for
(K, T) W

4.6. Remarks. (a) Let t be as in 4.5. Then (K3, T)) is minimal. We will
prove this by using 4.3. First, let s(w) = 7,,(®) - r"(w). Then (C) holds; i.e.,

h"(w)=s(w - t)/s(w).

Note that s’ is not equal m-a.e. to a continuous function for any integer
j#0, because r™ is not (2.10(a)). Now, suppose h'(w)=q(w * t)/q(w) for
some continuous function q and some j# 0. Then

q"(w - t)/s'(w - t)=q"(w)/s'(w) m-a.e.

This implies that q"(w)/s'(w) is constant m-a.e. [11, p. 468] and [6, p. 25].
This means that s'(w) is a continuous function m-a.e., which contradicts the
statement about s’ made above.

(b) Let t be as in 4.5. We show that (K>, T)) has uncountably many
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ergodic measures. For each B €S, let Ag(w) =B s(w)(s(®) = Tpg (@) - 1" ().
Define

k(= | f(oAp(@) dm(o) (FeCRO).

It is easy to see that each p, is (K>, T))-ergodic.

4.7. Prorosition. (K>, R) is s.e.; Haar measure w is the unique invariant
measure.

Proof. The first statement follows from 4.4, the second from 4.2. W

Thus (K3, R) is s.e., but there exist times ¢ such that (K>, T,) is minimal
and has uncountably many ergodic measures.

4.8. ProOpPOSITION. There exist times t, —0 and an analytic function
f(w, p) such that:

(@) If Ty is the time-t, map, then (K>, Ty) is not u.e.
(b) For each k, the Cesaro sums

1 ¢ .
7 2 fo(T)' (@, p)
i=1
diverge for a residual set V of (w, p)e K.

Proof. Referring to 4.5, let

tk=1/(£—;—a+k) (k=1).

By 4.5, (K3, T, is not u.e. It may be verified that, if B, =e™%, then
Big (@) = s, (w), where s, (w) =71, (w). Let £: K*— R be an analytic function
such that

L £ ()5 (@) dm(w) #0

for all k=1 (such a function clearly exists). Let f(w, p) =&(w)p. Then for
fixed k, the sums
14 .
7 2 fo(Td' (@, p)

i=1
do not all converge; the proof is line for line that given on p. 584 of [5], and
is hence omitted. By [9, Remark 4.4(2)], the sums diverge for residual set V,,
of (w,p)eK3. Let V=_, V.. W

We have shown that (K>,R) has all the properties stated in the
Introduction.
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5. The second ODE

5.1. Consider the collection of ODEs (A; as in §4) E_ given by

_1[ 0 ~X—b(w - 1)

2l +b(w - 1) 0

In polar coordinates (r, 6), E, is given by
=0, 6=3\,+b(w-1).

As in §3, equations E, define an LSPF on K?XR?, which then induces a

flow on K>*xXP'=K>. As in §3, we coordinatize P' with p =e**. It then

turns out that the flow (KX P*, R) is exactly the flow (K>, R) considered in
§4.

5.2. PropositioN. The flow (K?XR?* R) has no measurable, invariant,
one-dimensional subbundles.

x ]x (weK? xeR?.

Proof. Suppose ¥, is measurable, invariant, one-dimensional subbundle.
Let S, be the subset of K>*xP' induced by ¥, (more precisely,

So = (%o~ (K*>{0}),

where m is the map of 3.3). Let A(w) be the point of intersection of S, and
{w}xXP'< K*XP'. We can then define a (K*>X P*, R)-invariant measure u,
by

uolP)= | | o M@) dm(w)(f e C(R?x PY).

Since w, is not equal to Lebesgue measure, 4.7 is contradicted.

5.3. ProrosITION. Let k be any number of the form

A
1/(—1—04) +q>(p, qeZ).
2
Let T, be the time-t, map on K*>XxP'. Then K*>xR? foliates into measurable,
non-continuous, T-invariant, one-dimensional subbundles.
Proof. Use the reasoning of 3.3, with the function r(w) in 3.3 replaced by
s(w)=1,,(w) - r(w).

One obtains subsets Sz ={(w, B s(w))| w e K= K*xP"' (BeP') which
foliate K*X P?. The subbundles ¥ =n"'(Sg) foliate K*’xR>. W

4.4. Remark. Fix p and q in 4.3. Write B - r(w)=e%*%“), Then the
intersection of ¥, with the fiber {w} X R® is a straight line which makes angle

‘PB(CO)"'pel +q0,

with the positive x-axis, where w = (e*™%, ¢>™%),
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