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SINGULAR MEASURES AND TENSOR ALGEBRAS

BY
SADAHIRO SAEKI

Let X and Y be two compact (Hausdorff) spaces, and let
V=V(X,Y)=C(X)®C(Y)

be the tensor algebra over X and Y [8]. We denote by V™~ the space of all
fe C(X x Y) for which there exists a sequence (f,) in V such that f, — f uni-
formly and sup, | f, |y < . Then V"~ forms a Banach algebra with norm
| flv~ = inf sup, | f, ||y, where the infimum is taken over all sequences (f,) as
above (cf. [9] and [10]). The algebra V"~ is often called the tilde algebra asso-
ciated with V. Notice that the natural imbedding of V into V'~ is an isometric
homomorphism (cf. Theorem 4.5 of [5]).

For infinite compact spaces X and Y, C. C. Graham [1] constructs a function
f€ V™\Vsuch that f" € V for all n > 2. In the present note, we shall prove that
a natural analog of Theorem 2.4 of [7] holds for V. Let r be a natural number
and let E be a subset of Z', . As in [7], we shall say that E is dominative if (a) it
contains all the unit vectors (1, 0, ..., 0), ..., (0, ..., 0, 1) and (b) whenever
(m;) e Z',, (nj) € E, and m; < n; for all indices j, then (m)) € E.

THEOREM. Let X and Y be two infinite compact spaces, and let E be a domina-
tive subset of Z', . Then there exist functions f,, ..., f, in V™ such that

@) f7 - fir¢V if (m)e E\O},
(b) fi--freV if(n)eZs\E.

In order to prove this, let I' be a locally compact abelian group with dual G.
We denote by A(I') = M,(G)" the Fourier algebra of I'(cf. [3] and [4]).

LeMMA 1. Let T be an infinite locally compact abelian group, let F be a finite
dominative set in Z',, and let n > 0. Then there exist f,, ..., f, € A(T') such that

(l) I fill aery < 3 and || fjl| <n for all indices j,
(i) ST ST ay > 1 (my) € F\{O},
(i) (S5 SV laa <nif (n)) € Z%\F.

Proof. We may assume that n < 1. We first deal with the case where I' is
discrete or, equivalently, G is compact (and infinite). By Theorem 2.4 of [7],
there exist probability measures u,, ..., 4, in M(G) such that the measure

Received November 1, 1978.

© 1981 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

12



SINGULAR MEASURES AND TENSOR ALGEBRAS 13

M3t * -+ % pr is singular (resp. absolutely continuous) if and only if (n) € F
(resp. (n;) € Z7.\F). Choose a compact set K in I" such that

(1)

C~

el [iyo)| = n) < K.

j=1
Then there exists a measure v in M,(G) suchthat0 <V <lonl,¥=1o0nKkK,
[vllm@ <1 +n, and

(2) ||[#1 * (00 — V)™ * oo w [, % (0 — V)]”'”M(G) <n

for all (n;) € Z% \F, where J, denotes the unit point measure at 0 € G. The
existence of such a v is an easy consequence of Section 2.6 of [4] and our choice
of uy, ..., p,. (Notice that F is a finite set and n < 1.) If (m;) € F\{0}, then the
measure

(3) [iy * (8o = V)I™ -+ % [ty % (80 = V)I™

is not singular and its singular part is uJ't * --- % u*. It follows that the measure
in (3) has norm strictly larger than 1. Therefore there exists a measure
7 € M,(G) such that ||| < 1 and

[Lpy * (B — v) % T]™ * == % [, * (3o — V) * T]™ || pey) > 1
for all (m;) € F\{0} (cf. Theorem 1.9.1 of [4]). It is now easy to check that the
functions f; = ji(1 — ¥)7, 1 <j <r, have the required properties.
The general case can be proved by passing to the Bohr compactification of G.
Since we only need the result for discrete I', we omit the details.

LEMMA 2. Given a finite dominative set F in Z', and n > 0, there exists a finite
discrete space H and g4, ..., g, € V(H, H) such that

(i) llg;llv <3 and |g;]o <n.
i) gt grly > 1if (m) € FYO),
(i) [gi gy <n if (ny) € Z3\F.

Proof. Let T be an infinite, discrete, abelian, torsion group, and let f, ...,
f, € A(T') be as in Lemma 1. There is no loss of generality in assuming that
every f; has finite support. (Notice that the measure 7 in the proof of Lemma 1
can be chosen so that 7 has finite support.) Since I is a torsion group, we can
find a finite subgroup H of I such that f; = 0 outside of H forallj = 1, ..., r.
Then the restrictions of the f; to H satisfy conditions (i)-(iii) in Lemma 1 with H
in place of I'. We define g; € V(H, H) by setting

gi(x, ) =filx+y) forx,yeH (j=1,2, cees 1),

By the well-known (P, M)-mappings theorem (see [2] or [3; p. 588]), the func-
tions g; have the required properties.
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Proof of the theorem. This is now routine. Let X, Yand E < Z', be as in the
hypotheses of the present theorem. For each natural number p, let H, be any
finite space for which there exist g, ,, ..., g,,in V(H ,, H ) satisfying the conclu-
sions of Lemma 2 with F=En{0,1, ...,p}" and n =277 Let
N, = Card (H,). Since X is an infinite compact space, there exists a sequence
(X ,) of compact subsets of X such that

X, n (the closure of | Xk) =0 (p=12..)
k=p+1

and such that each X ,contains at least N ,interior points. Similarly there exists

a sequence (Y,) of compact subsets of Y which satisfies the same conditions as

(X ,). It follows from our choice of H, that there exist f;,, ..., f,, in V(X, Y)

such that

) S lly <3and | fj,fo <277

@) frs o V>1if9#(mj)eEm{0, 1, ..., pf,
) Irsh e ]y <277 i () € 24\,

(4) suppf,c X, x Y, (j=1,...,7r).

For the proof of this fact, the reader is referred to the proof of Lemma 4.4 in [5].
Finally we define

) =% Sy (=)

Notice that the series in (5) converges uniformly by (1). Moreover, the func-
tions f; belong to ¥~ by (1) and (4), since the sets X , x Y,are pairwise “bidis-
joint” (cf. [1; Lemma B], [5; Lemma 2.2] and [9; Lemma 2]). Now let (1;) be any
nonzero element of Z",, and let g = f}' --- f™ € V™. By (4) and (5), we then
have

©6) g=2 [ [l

p=1
Therefore (3) guarantees that g is in V if (n;) ¢ E. In order to prove that g is not
in V if (n;) € E, notice that g vanishes on

oo} [o¢]
) k=(x0x)x(n0n)

p=1 p=1
where D° denotes the interior of D, and that K is a set of synthesis for the
algebra V, as is easily seen. Therefore the required conclusion is an immediate

consequence of Lemma B of [1] (see also [6; Proposition 2.2]). This completes
the proof.

Remarks. The functions in the theorem and in Lemma 1 can be chosen to
be nonnegative. Moreover our result holds for

Vo = Co(X) ® Co(Y),

where X and Y are two infinite locally compact spaces (cf. [10]).
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