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Abstract

Consider the variational inequality

(0.1) min :fnlAuP—zjﬂfu}=jQ |Au|2—2J'qu, uek,

veK

where Q is a bounded domain in R? and
(0.2) K={eH}Q),a<Av<p} (x<0<B§p)

This problem was studied by Brezis and Stampacchia [3] who proved that the
solution u belongs to W2 (Q) if f € I” (p > 2). In this paper we study the free
boundary for this problem. Particular attention will be given to the case
—a = f-0. It will be shown, for a special choice of f and Q, that u/f —>w
where w is the solution of a variational inequality for the Laplace operator with
obstacle 4 d? and d is the distance function to 0Q.

1. Introduction

The problem (0.1) (for Q in R?) has the physical interpretation of a horizon-
tal plate whose “linearized” mean curvature is restricted to lie between two
levels, « and f. The plate is clamped at the boundary and is pressured by a
vertical force of magnitude f.

Throughout this paper it is assumed that Q is a bounded domain whose
boundary is piecewise C?*%, for some & > 0, that is, Q consists of a finite
number of disjoints C>*? arcs S; (1 < i < m) with endpoints V,, V;,, where
Viur1 = V1. It is also assumed that there exists a function F such that

(1.1) FelI*Q), F=00n0dQ, AF=f,

the last two conditions are taken in the usual distribution sense. Thus f belongs
to H™%(Q).
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FREE BOUNDARY FOR A VARIATIONAL INEQUALITY 403

The variational inequality (0.1), with K defined by (0.2), can also be written
in the form

(1.2) fAu-A(v—u)dxsz(v—u)dx, veK;uek.

Since the bilinear form on the left hand side is coercive, there exists a unique
solution u.

The following result is due to Brezis and Stampacchia [3].
THEOREM 1.1.  The solution u satisfies
(1.3) Au = 1(F + 2)

where t(t) is the truncation

o ift<a,
(1.4) (t)=1t ifa<t<$h,
B ift>4,
and z is some function such that
(1.5) Az=0inQ, zeIL'(Q)
Thus if, in particular, f€ H™1?(Q) (p > 2) then
(1.6) Aue WEE (Q), ue WP (Q).

Actually Theorem 1.1 is proved only in case 0Q is sufficiently smooth. How-
ever the I!(Q) estimate on z is independent of the smoothness of Q. Approxi-
mating Q from inside by domains Q,, with smooth boundary and applying (1.3)
to each solution u,, of (0.1), (0.2) in Q,,, we obtain the assertion (1.3) for u in Q.
(We use here the easily verified fact that u,, — u as m— c0.)

Theorem 1.1, and in fact all the results of Sections 1-3, are valid (with the
same proofs) for n-dimensional domains Q (n > 2). However the proofs of the
main results of this paper (Sections 4-6) definitely require that n = 2.

A generalization of Theorem 1.1 to more generalized operators and convex
sets K is given by Torelli [11].

In Section 2 we derive some properties of the harmonic function z and study
the coincidence sets

(1.7) I,={xeQ; F(x)+z(x)> B}, I,={xeQ; F(x)+ z(x) <a},

i.e., the sets where Au = f# and Au = a respectively.
In Section 3 we take & = — f, and denote the corresponding solution by u?.
We make a preliminary study of the behavior of

1
(1.8) I., and Bu”, as f—0.



404 L. A. CAFFARELLI, A. FRIEDMAN AND A. TORELLI
In Section 4 we study the second order variational inequality

(1.9) f Vw - V(v — w) dxzf (v —w)dx forallve Ko;we Ky,
Q Q

where
(1.10) Ko = {v e H)(Q); v(x) < § d*(x)},
(1.11) d(x) = dist (x, 0Q)

in the special case where Q is a square. We find that the coincidence set I
consists of four convex regions, each containing one of the sides of 0Q; write
A = Q\I for the non-coincidence set.

In Section 5 we study the following special case of (1.8):

(1.12) Q is a square with center 0 = (0, 0) and f is the Dirac measure
supported at 0.

We prove that, as f— 0,
1
(1.13) Bu"—»w, Iy-1 I - A

This statement is the main result of the paper; it is valid, with minor changes,
also in case Q is a rectangle. It encourages one to ask the intriguing question:
for which pairs Q, f'do the limits in (1.8) exist and how can they be identified in
terms of simpler free boundary problems. In Section 6 we answer this question
in another special case, where Q is an equilateral triangle and f is the Dirac
function supported at its center. Some “negative” results on this question are
given in Section 7.

2. General properties of u and z

We assume the following throughout this paper, in addition to (1.1):

(2.1) F(x) is continuous in Q except for a finite number of points &; € Q
where F(&;) = + oo or F(§) = — co.

This means that either F(x) > + oo or F(x) > —oo as x - &;.

The condition (2.1) is satisfied if f € H™1?(Q) where p > 2; it is also satisfied
in the case (of special interest to us later on) where fis the Dirac function; here
fe H™VP(Q) for any p < 2 but not for p > 2.

The condition (2.1) together with (1.3) imply that

(2.2) Au is continuous in Q.
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DEFINITION.  The set I, (defined in (1.7)) is called the upper coincidence set
and the set I, is called the lower coincidence set. The set

Qo = Q\(L, v 1)

is called the non-coincidence set.

Since (2.1) holds, the sets I, I, are closed with respect to Q and the non-
coincidence set Q, is open. Further,

(23) € is nonempty.

Indeed, if Q, is empty then sgn (Au)is constant in Q. Since u = 0 on 0€, sgn u is
also constant in Q and the strong maximum principle gives ou/dv # 0 along the
smooth part of Q. This contradicts the fact that u e H(Q).

THEOREM 2.1. The function z is uniquely determined.
Proof. Suppose z,, z, are two z functions. Then
(2.4) Au=F+Zl=F+ZZ in Qo.

It follows that the harmonic function z, — z, vanishes in the nonempty open
set Q,. Hence z; — z, =0 in Q.
We shall assume from now on that

(2.5) Qs star-shaped with respect to the origin 0.
Let

(2.6) Z={ve'(Q); Av=0}.
LemMma 2.2, We have

(2.7 J vi(F+z)dx=0, ve Z
Q

Proof. Since 1(F + z) = Au, (2.7) follows by integration by parts provided
v € C*(Q). For general v in Z notice, by (2.5), that the function

0x) = v( x) (m> 1)

is harmonic and in C?*(Q). Writing (2.7) for each v,, and taking m — oo, the
assertion follows.

m+ 1

THEOREM 2.3. If

(2.8) [ «F+pax<o

Q
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then

(29) I, intersects 0Q.

Proof. 1Indeed otherwise there exists an Q-neighborhood N of dQ such that
F +z < fin N. Hence z < § in another (smaller) Q-neighborhood N, of 0Q.
The maximum principle then implies that z < § in Q. Hence

(F+2)<t(F+B)inQ  (F + z) < t(F + B) near 0Q.
Integrating over Q and using Lemma 2.2, we get

j ‘c(F+ﬁ)dx>f t(F + z) dx =0,

contradicting (2.8).
Analogously to Theorem 2.3 we have:

(2.10) If [ ©(F + «) dx > 0 then I, intersects 0Q.

THEOREM 24. Letwe Z, w > 0 in Q, and suppose v is a constant such that
z%yand

(2.11) J wt(F +y) dx = 0.
Q
Then there exist points x°, y° on 0Q such that
(2.12) Tim z(x) > 7,
x—x0
(2.13) lim z(x) < y.
x—+y0

Proof. Tt is enough to prove (2.12). If the assertion is not true then

Tim z(x) <y for any x° € 0Q.

x—x0

The strong maximum principle then gives z <7y in Q. Hence 7(F + z) <
7(F + y) with strict inequality on the non-coincidence set Q,. Multiplying this

inequality by w and integrating over Q, we get, after using Lemma 2.2 with
v=w,

0 <j wt(F + y) dx,
Q

which contradicts (2.11).

THEOREM 2.5. Iff< 0 in Q then

(2.14) [ (B—z)dx=0.



FREE BOUNDARY FOR A VARIATIONAL INEQUALITY 407

Thus the set I, N 0Q cannot be “too large.”
Proof. By monotonicity of ,
(t(F+B)—t(F+2))(f—2)=0 inQ
Integrating over Q and using Lemma 2.2, we get

| <(F + B)B - 2) ax >0.

Since f <0, F > 0 and, consequently, ©(F + ) = f; (2.14) thereby follows.
Similarly:

(215) Iff>0in Qthen g (« — z) dx <O.

THEOREM 2.6. Let x° be a point of 0Q N I (0Q n I,) such that 0Q is not

analytic in gny neighborhood of x°. Then any Q-neighborhood of x° must intersect

Proof. Suppose the assertion is not true. Then, for definiteness, we may
assume that in an Q-neighborhood N of x°, t(F + z) =  and

x° € Int(ON n Q).

Thus
(2.16) Au=pf in N,
(2.17) u= g% =0 ondN n 0Q

(assuming that x° is not a vertex). Using the hodograph mapping as in
Kinderlehrer-Nirenberg [8] it follows that dQ must be analytic in a neighbor-
hood of x°; a contradiction. Finally, x° cannot be a vertex; indeed, (2.16) and
(2.17) (away from x°) imply that u > 0 in some Q-neighborhood of x°, so that,
by Caffarelli [4], #Q must be C! in a neighborhood of x°.

3. Asymptotic behavior as —a = -0

We now take a = — B and write u = u¥, 1 = 1%, z = 2/, K = K. We also set
(3.1) UP = Au.
Thus
(3.2) U! = 1#(F + 2*).

LemMA 3.1. Let C=1+2 [ |F|dx. Then
(33) |2 |y < € fO<B<L
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Proof. By [3; Lemma 3.2], U” solves the variational inequality
(34) | UV - UM dx=| (F+2)\V - Udx, VeKb UPeK)
“Q “Q
where

(3.5) Ki={Ve}(Q), —B<V <8

Recalling, from Lemma 2.2, that U” is orthogonal to z”, we get, from (3.4),
[ Fez—vy<| F-uyur<| FU’
Q Q Q
Consequently,
1 .
[F+2 = Ul <5 [ [FU'| <] |F],
ﬁ YQ Q

and (3.3) follows.

Set
-1 ift< -8,
Hyt) = lt/ﬂ if —g<t<p,
1 ift>p,
ie., Hy(t) = t'(¢/B). Let
-1 ift <O,
H(t) = ;[—1, 1] ift=0,
1 ift>1,

be the Heaviside graph. Finally let
(3.6) i =u'/p, U= UB.
Thus 0% = A, —1 < U* < 1, and

. F b
(37) ot = H,,(—+—z~).
B
Lemma 3.1 implies that from any sequence {$*} converging to zero we can
extract a subsequence {f'} such that

(3.8) 2’ — 2z° uniformly on compact subsets of Q,
(3.9) U¥ - U° in the weak star topology of [*(Q),
(3.10) @* — &° weakly in W*P(Q,), p < oo,

for any subdomain Q, of Q whose boundary does not contain the vertices of
0Q; in special cases like Q a rectangle or Q an equilateral triangle, we can take
Ql = Q.

From (3.8) we deduce that

(3.11) z° is harmonic in , z° € I}(Q).
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From (3.9) and Lemma 2.2 we obtain

(3.12) J v0%dx =0, ve Z.
Q

Taking = ' — 0 in (3.7) we obtain
(3.13) U° € H(F + 2°).

We wish to study the functions #°, U° and the sets
(3.14) I, ={xeQ;(F+ z°)(x) >0},
(3.15) I_={xeQ;(F+z°(x) <0},
(3.16) Iy ={xeQ; (F + z°)(x) =0}

DEFINITION. [ is called the upper set, I _ is called the lower set and I'y is
called the free boundary.

Notice that these sets, as well as #°, U°, may depend in general on the
sequence {f'}.

Now take another sequence {#"} for which 2" — z*, ##" — i*, U*" — U* in the
sense of (3.8)-(3.10), and define I*, I*, I',, analogously to I, I_, T.

THEOREM 3.2. The following relations hold :
(3.17) I,cIt¥url,, I*cl, uT,
(3.18) I_cI*ul,, I*cl_uT,

Proof. It is enough to prove the first part of (3.17). Since H(t) is a monotone
graph,

(3.19) [H(F + z°) — H(F + z¥)][(F + z°) — (F + z*)] > 0.
On the other hand, from (3.12), (3.13) and its counterpart for U* we get

j [H(F + z°) — H(F + z%)][2° — z*] dx = 0.
Q
Comparing with (3.19) we conclude that

[H(F + z°) — H(F + z*)|[(F + 2°) — (F + z*)] =0 in Q\(T, u I,).

Thus, if (F + z°)(x°) > 0 then we cannot have (F + z*)(x°) < 0. This proves
the assertion.

CorOLLARY 3.3. Ify° € Ty and sgn (F + z°) changes in any neighborhood of
O, then y° e T,.

Indeed, if y° ¢ T, then (F + z*)()°) # 0; suppose for definiteness that

(F + z*)(»°) > 0.
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Then there exists a neighborhood N of y° in which F + z* > 0, ie, N < I*%.

Since, by assumption, N n I _ # 0, weget I _ n I*% # 0, which contradicts the
first relation in (3.18).

THEOREM 3.4. Let x° be a point of 0Q such that 0Q is not analytic in any
neighborhood of x°. Then x° € T,.

The proof is similar to the proof of Theorem 2.6.

From now on we assume, in addition to (2.1), that

(3.20) F(x) is analytic for all x € Q, x # ¢&;.

Then F + z° is also analytic if x # ¢; and therefore I', consists of piecewise
smooth curves (with branch points, in general).

THEOREM 3.5. meas I, = meas I_.

Proof. Take v =1 in (3.12) and note that
(3.21) U0°=<tonl,, U°=—1onI_, and measT,=0.

THEOREM 3.6. Under the assumptions of Theorem 3.2,
(3-22) int I, =int I*,
(3.23) int I_ = int T*.

This follows from Theorem 3.2 and the fact that I'y, I', consist of piecewise
smooth curves.

COROLLARY 3.7. If F is harmonic for all x # &;, then
(3:24) I,=I%, I_=1I* T,=T,.

Proof. 1f y° € Ty then the harmonic function F + z° must change sign in
any neighborhood of y°. Applying Corollary 3.3 we deduce that y®eT,.

Similarly, if y°eI’, then y°eTl,. Thus I'c=T,. The rest follows by
Theorem 3.6.

In Section 5 we shall determine the limits in (3.8)-(3.10) and the sets
(3.14)-(3.16) in the special case of (1.12). Some preliminary results needed in
that section are given in Section 4.

4. A second order variational inequality

In this section and in Section 5 we always assume that Q is a square:

(4.1) Q={x=(x1, x;); —1<x;, <1, —1<x,<1}.
Let
4.2) d(x) = dist (x, 0Q).
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Consider the variational inequality

(4.3) J VW‘V(U——W)deJ. (v—w)dx, veK, wek
where
(44) K = {v e H{(Q); v(x) < § d*(x)}.

We recall that the variational inequality with constraint d(x) (instead of
4 d?(x)) arises in the elastic-plastic torsion problem for a bar. Some of the
methods used for that problem [6] will be useful also here.

Taking v = w* in (4.3) we find that w > 0.

LemMA 4.1. we CHY(Q).

Proof. Notice that
1d*(x)= inf ()

1<i<4

where the [(x) are linear functions (/(x) is distance from the ith side of Q).
Consequently, for any direction &,

62
8 Gd*(x) <c

(in the distribution sense). The method of Brezis-Kinderlehrer [2] then gives

w e Cht (Q). The C*! of w up to the boundary follows by first extending w into

a neighborhood of any vertex (by reflections) and then using [2].
We introduce the coincidence set

(4.5) I={x e Q; w(x) =3 d*(x)},
the non-coincidence set

(4.6) A ={x e Q; w(x) < % d*(x)}
and the free boundary

4.7) F=0An Q.

DEFINITION. A point x° € Q is said to belong to the ridge R of Q if for any
neighborhood N, of x° the function d*(x) is not in C**(N,).

The method of [6] shows that R = A; both the definition of the ridge and the
last relation are valid for general domains Q.

LeMMA 4.2.

(4.8) w,(sgn x;)<0inQ (i=1,2).
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Proof. It is enough to prove that w,,>0 in Q_=Q n {x,<0}. On
I n Q_ we have w,, = (§ d*(x)),, > 0. Next, by symmetry, w,, =0 on x, =0,
whereas on the remaining part of 9Q_ w,, > 0; thus by the maximum principle,
inAnQ_,w,>0in A n Q_, and the proof is complete.

Set 0=(0,0), A=(—-1, —1), B=(1, —1), C=(-1,1), D=(1, 1), and
introduce the triangle T with vertices 0, A, B.

LemmMma 4.3.
4.9) —w—-3d*)<0 inT.
2

Proof. We shall show that
(4.10) z=w,, — (x;+1)<0 inQ_.

Notice that z=0o0n I n T. On the remaining part of I N Q_, w,, = 0 so that
z < 0. Also z(xy, 0) = w,,(x;, 0) — 1 = —1 < 0. Using the maximum principle
we deduce that z < 0in 4 N Q_, and (4.10) follows.

LeMMA 4.4. For any neighborhood N of any vertex of Q,
(4.11) NnA#0, NnI+0.

Proof. If NN A =0 then w=13d?in N n Q contradicting Lemma 4.1.
Suppose next that N n I =0. Then Aw= —1in N n Q, and w=w,=0 on
N ~ 0Q. Reflecting w across x;, = —1 we conclude, by unique continuation,
that w(x) = —3(x, + 1)* which is impossible (since w > 0).

From Lemmas 4.2, 4.3 it follows that the coincidence set in T consists of a set

{(x1, x2); =1 <x3 < P(xy), —a<x; <a}

where ¢(x,) is monotone increasing if —a < x; <0 and ¢(—x,)= P(x)
Lemma 4.4 implies that a = 1. By a general result of Lewy and Stampacchia [9]
it follows that the free boundary has analytic parametrization. Since w,, < 0 in
A n T, the method of Alt [1] shows that ¢(x,) is Lipschitz; hence ¢(x,) is
analytic.

The coincidence set in the other three triangles OAC, OCD, ODB has the
same form as in T. Thus I consists of the four shaded regions in Fig. 1, and the
free boundary T is analytic.

THEOREM 4.5.  Each of the four components of the coincidence set is convex.

Thus, the function x, = ¢(x,) representing the free boundary in T is
concave.
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.1
Oo
-

L Aﬂ{

A B

FiG. 1

Proof. If the assertion is not true then ¢’(x,) has a local maximum at some
point X, € (—1, 0). Then the function

1
Wen (X O(x4) = ———5 — 1
x;xl( 1 d’( 1)) 1+ (d) (xl))z
has a local minimum at x,. Consider the “inflection domain” G with vertex
(x4, #(x,)), i.e., a maximal connected component in A such that dG contains

(x4, ¢(x,)) and
le <u in G; n= Wxx(xl’ ¢()_Cl))
The construction of G is given in Caffarelli and Friedman [5].

G cannot lie entirely in T since on one hand w,, = pon 0G N A and, on the
other hand, w, . = (w — % d?),,,, (in T) cannot take a local maximum or a

X1x1
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local minimum at any point of the free boundary I' n T, by a result of Fried-
man and Jensen [7].

It follows that G must intersect some of the other components of I' (not in
T). Using symmetry we can easily deduce that dG must in fact intersect I’ n T}
where T, is the triangle OAC. But then G intersects the diagonal AD in some
segment [; at least one endpoint {° of [ lies in A.

We have

(4.12) Wy, =W,, on AD,

x1

since w(tx) = w(x) where 7 is the reflection with respect to the diagonal AD.

Differentiating (4.12) along ! we find thatw, , = w,,,,. Since Aw = —1on|,
we get w, ,, = const = —% on I. But this is impossible, since w,,,, < u in the
interior of I and w,,, = u at the endpoint {° of L.

5. The limit problem in case (1.12)

We now specialize to the case (1.12), that is, Q is the square (4.1) and f'is the
Dirac measure supported at 0. Thus

(51) —-F= % log % + h is the Green’s function for Q with pole at 0;

h is harmonic in Q,
1 1
h= —ET—tlog; on 0Q,

r = (x* + y?)/2. Notice that F satisfies all the assumptions required in the
previous sections, namely, (1.1), (2.1) and (3.20).

We shall need later on a version of the Phragmen-Lindelof theorem, which
we now proceed to describe.

Let D be a domain in R? bounded by disjoint arcs y,, 7,, 5 such that y,, y,

initiate at the origin 0, y, lies on r = A, for some 1 =0, D lies in the sector
0<f0<mn/2,0<r<A.

Let { be a harmonic function in D such that

(52) |¢ is continuous in D\{0},
lL=00ny, Uy,
(53) { e I}(D).
LemMa 5.1.  Under the foregoing assumptions,
(54) lim {(x)=0.
x € D,x»0

Proof. Introduce the region

T.={r0);0<0<n2,e<r<i} (¢>0)
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and the functions w, satisfying:

Aw, =0 in T,

w(r,0)=wy(r, n/2) =0 ife<r<A,
(5.5) w,(e 0) = | (e, 0)] if (¢, ) € D,

wy(e, 0) =0 if (¢, 0) ¢ D,

w,(4, 0) = C* if 0 <0 < mn/2,

where C* = sup; 9, |{(4, 0)|. Then w, > 0 ony; U 7y, and, therefore, by the
maximum principle,

(5-6) w,>|({| onD,=Dn {r>e}.

By repeated antireflections we can extend w, into the ring 7~: e<r<A The
extended function, say w,, is harmonic in 7,. We can write

(5.7) w,=V+ W,
where V,, W, are both harmonic in '1~: and
el e b
It is clear that
(58) |V,| < C*
Introduce Green’s function in the exterior of the disc r < ¢:
1 g* — 2e%rp cos (0 — ¢) + r?p?

G(r,0; p, ¢) = 47 log e} p? +r* —2rp cos (6 — ¢)]

By the maximum principle,
2r . aG
W ) <[ elwle 9) 5 (. 0: & §) do.
0 p

It is easy to compute that G,(2¢, 0; ¢, ¢) = O(1/¢) as ¢ > 0. Hence

2n

(59) | W2, 0)] s%jo e|w.(e )| dd)ﬁ%js]{(a, $)| d¢

where the last integration is over the set 8, = {¢; (¢, ¢) € D}. Since { € I}(D),
the function ¢ — [, ¢|{(¢, ¢)| d¢ belongs to L'. Hence

J, lew 001 40 <
for a sequence ¢, | 0. Using this in (5.9) and recalling (5.6)-(5.8), we see that
sup |{(2¢,, 0)| =O0(1/e) (e, | 0).

(2en,0) € D
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This enables us to apply the usual Phragmen-Lindelof theorem [10] in order to
conclude (5.4).

In order to identify the sets I, , I_, I’y and the functions U°, ii°, we return to
the results of Section 4 and introduce Green’s function G for the non-
coincidence domain A, with a pole at 0. Thus

(5.10) G(x)= 2_1n log % + &1in A, € is harmonic in A, and G = 0 on JA.

Set Ay =An{x,<0}and I, =1n T where T is the triangle OAB. The
function y(x)=4x} + w — x, is harmonic in A;. Therefore ¥, + iy, is
antianalytic in A, and the mapping

(5.11) 01 (X1, X3) = (Wyyo Wiy) = (X1 + Wy, Wy, — 1)

is conformal; it is a special case of the mapping introduced by Lewy and
Stampacchia [9].
We claim that

(5.12) o maps A, onto I, in a 1-1 way.

Indeed, on the common boundary of A; and I (it belongs to I') we have
w,, =0, w,, =x, + 1, and thus

(513) gx =X O0On 5/\1 (@) 611

Next, on 0A; N {x, =0}, w,, = 0 and thus o(x,, 0) = {x, = —1} and on the
remaining part of 0A; (it lies on I) w,,=(3d%),,=0, and again
ox < {x, = —1}.

Using these facts about ¢ and applying the argument principle, we conclude
that o maps A, onto I, in a 1-1 way. Notice that ¢ is the identity mapping on
oA, n 0I,.

Define
G(x) if xe Ay U (0A; N 0I4),
—G(o™!x) ifxel,.
This function is harmonic in A; U I; U (0A; n d1,); it has logarithmic singu-
larities at the boundary points (0, 0), (0, —1).

In the same way we can extend G as a harmonic function into the remaining

parts of I. Denote this extension by G. This function has the following
properties:

AG =0 in Q\{0},

G has logarithmic singularity at 0 and at the points (+ 1, 0), (0, +1),
G e I}(9Q),

G = 0 on the free boundary I'

G>0in A,

G<0inl,

(5.14) Gy(x)=

(5.15)
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and
(5.16) Aw e H(—G) where H is the Heaviside graph.

LEMMA 5.2.  The function z° is given by
(5.17) =_-G-F.

Proof. For any harmonic function v in C*(Q),

(5.18) [ vawax=o,

Q
by integration by parts. By approximation (cf. the proof of Lemma 2.2) we find
that (5.18) holds for any v € Z. Defining a function n by —G =F + y (n is
harmonic in Q, n € I'(Q)) and recalling (5.16), we obtain from (5.18)

(5.19) fn vH(F +7)dx =0, ve Z

By the monotonicity of H we have
[H(F +n)— H(F + 2°)|[(F + n) — (F + z°)] = 0.

Using this fact, (5.19) and Lemma 2.2, we can proceed as in Theorem 3.2 (with
z* replaced by n) and conclude that sgn (F + 1) = sgn (F + z°). Since F + n =
G =0 on T, it follows that F + z° =0 on I, and thus n = z° on I".

Applying Lemma 5.1 in A to the harmonic function n — z°, we deduce that
n(x) — z°(x) —» 0 if x tends to a vertex of Q. Hence, by the maximum principle,
n —z° =0 in A; therefore also in Q, and (5.17) is proved.

Remark. Lemma 5.2 implies that any possible limit function z° is uniquely
determined. Hence the entire one-parameter family z* is convergent to z°
uniformly on compact subsets of Q).

COROLLARY 5.3.

(5.20) U°=Aw inQ,
and hence
(5.21) I_=A1,=1T,=T.

Indeed, (5.20) follows from Lemma 5.2 and from (3.13), (5.16).
We can now give additional information on the free boundary T

THEOREM 5.4. (@) The two arcs of T initiating at each vertex of 0Q have
tangents (at the vertex) which divide the angle of 0Q into three angles of equal size
n/6.

(b) The area of A is equal to the area of 1.
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Proof. Extend G by reflection into a neighborhood N of the vertex.
Then the two arcs of I in N are two of the (say n) arcs (initiating at the vertex)
on which G = 0. Their tangents at the vertex divide 2n into n equal angles of
size 2n/n. This gives (a). The assertion (b) is a consequence of Theorem 3.5 and
(5.21).

The final result of this section is the following:

THEOREM 5.5. As f—0,

(5.22) W >w in WP(Q) (2<p< )

Proof. Since & and w belong to H3(Q), it suffices to show that
(5.23) 0'-0° in I(Q),
that is,

[ [HY(F + ) = H(F + 2°) P dx — 0.
Q
But this follows from the Lebesgue bounded convergence theorem.

Remark. Theorem 5.5 is valid also in case f'is constant, say f = 1. To prove
it we only need to exhibit a function G in I}(Q) such that AG = 1in Q, G < 0in
A, G >0 in I. Define

a(x, y) = D,Jw — (1/2)(1 + y)*].
Then Aa =0in A, a <0in A;,« =00ndA, n dI,. Denote by & its harmonic
continuation by means of the antireflection (5.11). Then & > 0 in I;. Let

Al )= alx 1) de.

Y(x)
Notice that AA = —2 in A, and
%(AA)z A(%A) =Aa=0 inA; ul;u(0A; n3dl,);

consequently A4 = —2 also in I,. Also A=0o0n dA; ndl,, A<Oin I,
Define GbyAG = 1in A,G =0ondAandlet F = G + 4. Then AF =0in A,
F <0inA,, F=0o0ndA, n dl,. Denote by F the continuation of F by means
of the antireflection (5.11); AF =0 and F > 0 in I,. Then G = F — 14 satisfies
all the required propertiesin A; U I; U (0A; N 1 ,); the extension of G to the
remaining I; is similar.

Remark 2. All the results of Sections 4 and 5 (except for Theorem 4.5)
extend with minor changes to the case where Q is a rectangle (and fis the Dirac
measure supported at the center). One can further show (using “inflection
domains”) that each of the four sections of the free boundary is a graph, and for
a graph x, = ¢(x,) (—a < x,; < a), ¢'(x,) has at most one inflection point in
the interval —a < x; <O0.
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6. The case of an equilateral triangle

The results of Sections 4 and 5 can be extended to the case where

(6.1) Qis an equilateral triangle and fis the Dirac measure supported at the
center of Q.

Take A =(—1, 0), B= (1, 0), C = (0, \/3) to be the vertices of Q. Then
D = (0, 1/\/ 3) is the center. As before, denote by w the solution of the varia-
tional inequality (4.3), (4.4).

The ridge of Q consists of the line segments AD, BD, CD.

The proof of Theorem 4.1 also gives, in this case,

(6.2) we CHY(Q);

near a vertex we employ several antireflections in order to extend w into a
whole neighborhood of the vertex.

Next,
(6.3) (sgn x,)w,, <0;
the proof is by the same method as in Lemma 4.2. Also,
(6.4) w,, >0 in the triangle ADB.

In proving (6.4) we use the fact that (since w(tx) = w(x), t the reflection with
respect to the line containing A4, D)

(6.5) Wy, =+/3w,, on AD,

and therefore, in view of (6.3), w,, > 0 on AD.
Introduce the function w(x) = w(x) — $x3. Then

(6.6) W,, <0 in the triangle T = ABD.

Indeed, on AD we have, by (6.5), —w,, + \/3W,, = /3x,. Applying the tangen-
tial derivative (to AD) \/3 8/0x, + 0/0x, to both sides and using the equation
Aw + 2 = 0, we discover the relation

0 0 —
(6x1 +/3 o, W,,)= —+/3 on AD,
that is, ow,,/0v, <0 where d/dv, is some exterior derivative (to T) at the
boundary points of AD. Similarly, w,,/dv, < 0 on BD with another exterior
derivative 0/0v,. The rest of the proof of (6.6) now follows by applying the
maximum principle to w in T n A (A is defined by (4.6)).

The proof of Lemma 4.4 also extends to the present case with obvious
changes. We can now conclude that the coincidence set I consists of the three
shaded regions in Fig. 2. In T, the free boundary I' has the form x, = ¢(x,)
(—1 < x; < 1) where ¢(x,) is monotone increasing if —1 < x; <0, ¢p(—x) =
¢(x,), and ¢ is analytic.
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C

We next introduce Green’s function G in A with pole at D. We wish to extend
it into Q by a conformal mapping. It will be enough to carry out the extension
into Iy =1 n T. To do it, denote by E the intersection of I' with the ray BD
and by F the intersection of I" with the ray AD.

Consider the subset A | of A bounded by the three arcs of " from 4 to E, from

B to F and from A to B, and by the two line segments DE, DF. We now
introduce the conformal mapping x - ox = (x; + w,,, w,,). Clearly

(6.7) ox=x ondA; ndl,.

FiG. 2

x12

On DE (cf. (6.5)), Wy, + /3w, =0 and, since w,, >0, we get w,, <O.
Similarly w,, <0 on DF. On the arc of I' from 4 to E we have
w,, = (4 d*(x)),, < 0. The same holds on the part of I" between B and F. Thus,
altogether, w,, <0 on 0A,\dl,, ie, ox < {x, <0} if x € 0A, \0I,. Recalling
(6.7) and using the argument principle, it follows that ¢ maps A, in a 1-1 way
onto a domain containing I,.
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We can now repeat the remaining analysis of Section 5 and obtain the
corresponding result for the present case of a triangle. Thus, setting G(x) =
—G(o™'x) if x € I, etc., we can state:

THEOREM 6.1.  The assertions (5.17), (5.20), (5.21) and (5.22) hold.
Notice that two arcs of I initiating at the same vertex divide the angle at the
vertex into three equal angles of size m/9.

7. Miscellaneous remarks
Consider the case where Q is the square ABCD as in Sections 5, 6 and let
E ={x; —1<x3 <y (xy), —1<x; <1}
where ,(x,) is any function such that ¥ ,(x;) > —1 and E, does not intersect
the ridge R of Q. Define E,, E;, E, in a similar way, using (arbitrary) functions
Y2 U3, Vg, and set I, = ()i, E;, A, = Q\I .. For example, the sets I, A are a
special case of I, A,.

Consider the variational inequality (0.1), (0.2) with a general function fand
with Q the above square. We ask the following question: can the relations

(7.1) I_=A,, I,=1I,
hold for some f?

LEMMA 7.1.  If (7.1) holds then i® = w where w is the solution of (4.3), (4.4);
consequently, A, = Aand I, = 1.

Proof. Suppose (7.1) holds. Then 0 is harmonic in A,. By uniqueness for
the Cauchy problem, #° = d*/2 in I,; hence i, < x, + 1 on 0A, N {x, < 0}.
Also #l,=0 on x,= —1. Applying the maximum principle we get
i, <xy+1in A, N {x, <0} It follows that #i° <4 d? in A,. Finally since
Ai® = —1in A,, #° is a solution of the same variational inequality as w; hence
ii® = w.

Suppose now that

(1.2) £(x) = .iai S(x— &) (a>0 m=1)

where d(x) is the Dirac measure supported at (0, 0) and
(7.3) ¢, # (0,0) for at least one ij.

THEOREM 7.2.  Let Q be a square with center (0, 0) and let f be given by (7.2),
(7.3). Then (7.1) cannot hold.

Proof. Suppose (7.1) holds. Then, by Lemma 7.1, #° = w, A, = A, I, = I. It
follows that Aw = Ai® = U°, so that Aw € H(F + z°), by (3.13). We conclude
that F + z° vanishes on the four arcs of I'. Notice that the points &; must all
belong to I_, hence to A. Suppose now, for simplicity, that &; lies in A,
(defined following (5.10)). Then the Lewy-Stampacchia type extension of
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F + z° given by means of ¢ (cf. (5.11)), which we shall denote by {, has logarith-
mic singularity at the point ¢¢;, of I,. By unique continuation, F + z® must
coincide with ¢ on I,. Consequently z° must also have a logarithmic singularity
at ¢;,, a contradiction.

Remark 1. Lemma 7.1 and Theorem 7.2 extend to the case where Q is an
equilateral triangle. The proofs are similar.

Remark 2. Consider the problem (0.1), (0.2) where o = — , B is fixed and f
depends on a parameter ¢: F, = g/¢ (¢ | 0). Denote the corresponding solution
by u, and define @, = ¢u,. Then #, solves the variational inequality (0.1), (0.2)
with f = g and with § replaced by fe. Thus the problem for f, can be reduced to
the problem studied in this paper.

Remark 3. Consider the problem (0.1), (0.2) with « = —  when Q depends
on a parameter ¢: Q, = {x/¢, x € D} (¢ | 0). Denote the solution by u,and define

,(x) = e*u,(x/e), fulx) =1 (x/e).
Then for ii, we get a variational inequality in D with f replaced by f, and with
replaced by Be2. This problem is similar to the one studied in this paper and
some of the results are applicable here.
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