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1. Let K be a field with a non-trivial non-Archimedean valuation | |.
Let E be a Banach space over K with norm || ||. The unit ball

V={NeEK:]\N=1

is the valuation ring of K. Let E be a module over this ring. A nonempty
subset A of E is called absolutely convex if it is a V-module of E; that is,
ifa, b€ Aand A\, w € V, then ha + ub € A. A coset of an absolutely
convex subset is said to be convex. A subset A of E is said to be compactoid
if for every & > 0 there exists a finite set X C Esuchthat A C {x € E :
Ixll = &} + C,X, where C,X denotes the closed convex hull of X (A. van
Rooij [5], p. 134). The problem which we consider in this section is the
following.

Let A and B be closed convex subsets of E. Under what circumstances
is the subset A + B closed? It is well known that if A is compact, then
A + Bis closed. Further, A. van Rooij [5] has shown that if K is spherically
complete and A is compactoid, A + B is closed. By applying the results
in this section to continuous linear operators, we can obtain Banach’s closed
range theorem and the Fredholm alternative theorem in non-Archimedean
Banach space. In L. Narici, E. Beckenstein and G. Bachman [3, p. 91],
the Fredholm alternative theorem is mentioned for the completely continuous
operator. In Section 3, we shall extend it to compact operators as defined
by A. van Rooij [6, p. 142]. The existence of the nonzero completely
continuous linear operator implies that K is locally compact. However,
even if K is not locally compact, there exists a nonzero compact linear
operator of E to F, when E and F are Banach spaces [6, p. 182].

First we show the following result.

LeMMa 1. Let A and B be subsets of E. If A is open and convex, then
A + B is closed. In particular, every open convex subset of E is closed.
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Proof. We may assume that A is absolutely convex. If x € A + B,
then the subset x + A is a neighborhood of x and (x + A) N (A + B) =
a.

Let X and Y be subsets of E and let 0 < ¢z = 1. We say that X is
t-orthogonal to Y if for each x € X and each y € ¥,
lx + yl = ¢ max(ix|l, [lyl)-
The following statement shows that sums of t-orthogonal closed convex

sets are closed.

ProrosiTION 2. Let A and B be closed convex subsets of E. If A is
t-orthogonal to B, then A + B is closed.

Let A and B be closed absolutely convex subsets of E and let B,(0) denote
the unit ball {x € E : |lx|| = 1}. We make the following definitions:
P(A, B) = sup{le| : « € V, aB;(0) N (A + B) C (A N B)(0)) + B},
q(A, B) = sup{la]: @ € V, aB,(0) N (A + B) C (A N B(0)) + B},
r(A, B) = sup{la] : « € V, aB,(0) N (A + B) C (A N B,(0)) + B}.

These quantities have been defined by R. Mennicken and B. Sagraloff [3]
for closed linear subspaces of Banach spaces over the real number field.
By modifying their proof we have the following lemma.

Lemma 3. IfA and B are closed linear subspaces of E, then we obtain
the equalities p(A, B) = q(A, B) = r(A, B).
Proof. To prove p(A, B) = q(A, B), take o € V\ {0} such that
aB,(0) N (A + B) C (A N By(0)) + B.

For any B8 € K such that [8| < 1, 8 # 0, a subset afB,(0) N (A + B)
is a neighborhood of 0 in the normed space A + B. Then we have the
inclusion

aB,0)N(A + B)C(ANBN) + B+ («fB,(0) N (A + B)).
Let y, € aB(0) N (A + B). Then we can choose

such that y, = x, + y;. By induction we have two sequences x,, x;,
X, ... and yo, ¥1, ¥, ... such that, for each i,

yi = B% + yis1, % € (ANB) + B

and
Yi+1 € af*'Bi(0) N (A + B).
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Since y; tends to 0, y, = i, ,B"x,‘.AChoose u; € A N By(0) and v; € B such
that x; = u; + v;. Since |xf = 817" lly; = yidl = 1817" 18] = 1 and ||u
= 1, it follows that |jv]l = 1. Hence there exist -, B'w; and Z_, B'v;. Let
u=3",Buandv = =, Bv;. Then we have y, = u + v € (A N B,(0)) +
B and it follows that

aB,(0) N (A + B) C (A N By(0)) + B.
Therefore p(A, B) = g(A, B).
Next, by an elementary argument, we have
pB,(0) N (A + B) = pB,0)N(A + B) (pEV)

from which we conclude that r(A, B) = p(A, B). The inequality g(A, B) =
r(A, B) is trivial.
In particular, letting o = 1 in the above argument we obtain:

ProPOSITION 4. Let A and B be closed linear subspaces of E. Then the
following conditions are equivalent.

(1) B0 N (A + B) C (AN B)) + B.
(2) B,(0) N (A + B) C (A N By0)) + B.
3) B0 N(@A + B) C(ANB() + B.

Further it is easy to see the following lemma.

LemMA 5. Let A be an absolutely closed convex subset and let B be a
closed linear subspace of E. For any a € K, a # 0, the following conditions
are equivalent.

(1) aBy(0) N (A + B) C (B(0) N A) + B.
2) aBy0) + BN A CB(0) + (AN B).

If A and B are closed absolutely convex subsets of E and A is t-orthogonal
to B, then by Proposition 2 we have the same equality as in Lemma 3.
Further we obtain the following theorem.

THEOREM 6. Let A and B be closed absolutely convex subsets of E. If
A is t-orthogonal to B, then r(A, B) = t.

Proof. Take a € V such that |o| = ¢. Letx + y € aB,(0) N (A + B),
x € Aand y € B. Then |of = ||x + y|| = ¢ max(||x|,, lyl). Hence |x|| = 1.
So

x +y € (AN By0) + B.
It follows that
aB(0) N (A + B) C (A N By0) + B.
Therefore ¢t = r(A, B).
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We have the following theorem by a proof analogous to that in [4,
p. 462].

THEOREM 7. Let A and B be closed linear subspaces. Then r(A, B) > 0
if and only if A + B is closed.

Proof. 1If r(A, B) > 0, then by Lemma 3 we may choose 8 € K such
that
qA,B)= |g| >0 and BB (0)N(A + ByC A + B.
Hence it follows that
(A+B) = TEEJK (BB (0)N(A + B)CA +B.

Conversely, if A + B is closed, then A + B is a Banach space and it
follows that

A+B=UdBONA + B

Hence there exists an o, € K such that o,{(B,(0) N A) + B} has an interior
point x,. Therefore we may take 8 € K, |B| > 0 such that

xo + B{B1(0) N (A + B)} C ay{(B,(0) N A) + B}.
It follows that
BB,(0) N (A + B) = B{B,(0) N (A + B)} C a{(B,(0) N A) + B}.
Therefore p(A, B) > 0.

THEOREM 8. Let A and B be closed linear subspaces such that A N
B = {0}. Then the following conditions are equivalent.

(1) A + B is closed.
2) r(A, B) > 0.
(3) There exists t, 0 < t = 1 such that A is t-orthogonal to B.

Proof. By Theorems 6 and 7 we have (3) = (2) and (2) & (1). We now
show that (1) = (3). Since A N B = {0} and A + B is closed, the closed
linear subspaces are complementary to each other in the Banach space
A + B. Therefore by Theorem [6, p. 63], there exists a positive number
t such that

t max(|x||, [yl) = lx + y|| for any x € A and y € B.

2. From now on we suppose that K is spherically complete and A, B
are closed linear subspaces of E.

LemMA 9. Let w be a fixed element in K such that 0 < |n| < 1. Then
we have:
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1°. A + (B(0))° C (A N (B, (0)° C A+ + 7 1(B,(0))".
2°. w(B(0))° C By(0) C (By(0))°,

where B{(0) denotes the subset {x' € E' : ||x'| = 1} of E'.
In particular, if |K| is dense, then we have:

3°. Bi(0) = (By(0))".

Proof. 1°. The inclusion
A* + (By(0))° C (A N (B (0))

is clear. Let x; € (A N B,(0))°. For any x € A there exists an integer
n such that """ < |x| = |a|". Therefore |xj(m "x)] = 1 and |xj(x)| <
|7|~" |lx|l. Let X be the restriction of x4 to A. Then, by Ingleton’s ver-
sion of Hahn-Banach theorem, we can define an extension x' of X; to E
such that x’ satisfies the inequality

|x'(x)| = |m|~" |Ix| for each x € E.
Hence we obtain 7x’ € (B,(0))° and x' € 7~ '(B,(0))°, so
xp = x"+ (x§ — x') € w7 (B,(0)° + A*.

2°, It is clear that B{(0) C (B,(0))°. Let x' € (B,(0))°. Then for any
e > 0 there exists x, € E such that

x'(xo)]
[lxoll
Further there exists an integer n = 0 such that |7|"*! < ||x,| = |#|". Hence

(%'l = &) ™%l < |’ ((r™")"x0)| = 1.

X'l — &<

Then
('l = &) I ™" xoll < |,
)
(Ux'll = & <=~
Since ¢ is arbitrary, it follows that ||x'|| = |7 ~'| and wx’ € B{(0). This means
that 7(B,(0))° C B(0).

3°. If |K]| is dense, then the reverse inclusion B{(0) D (B,(0))° is shown
using [lx'|| = sup{x'()[; 0 < |Ix|| = 1}.

THEOREM 10. The subset A + B is closed in E if and only if A* + B*
is closed in E'.

Proof. If A* + B* is closed in E', then by Theorem 7 we can take
a € K such that r(B*, A*) > |a| > 0. It follows that

aB{(0) N (B* + AY) C(Bj(0) N B*) + A".
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We suppose that K is discrete. By Lemma 5 and Lemma 9.2° it follows that
am((B,(0)° + AY) N B* C (By(0)° + (A* N BY).
Hence
am*((B,(0) N A) + B)° = am*((B,(0) N A)° N BY)
C am*((A* + 7~ '(B,(0))°) N B*) (by Lemma 9.1°)
= am(A* + B,(0)°) N B*
C ((B(0))° + (A* N BY)
C (B,(0) N (A + B))°.
Hence we have
(B1(0) N (A + B))*® C (am®)~'((B,(0) N A) + B)™.
Since K is discrete, by J. van Tiel [7, p. 280] we have
(Bi(0) N (A + B)™ C (an*)”'((B,(0) N A) + B)

and
(B;(0) N (A + B))** = B,(0) N (A + B).
Then

(em®)B,(0) N (A + B)) C (B,(0) N A) + B.
Thus we conclude that

(e®)B,(0) N (A + B) C (B,(0) N A) + B.
Therefore 0 < |am?| = p(A, B).

If |K| is dense, then by using Lemma 9.3° and arguing as in the case
where K is discrete, we have

(Bi(0) N (A + B)™ C (em®)"'({(B,(0) N A) + B)™.
By J. van Tiel [7, p. 281],
(B,000 N A) + B> C » '((B,(0) N A) + B).

Hence
B,(0)N (A + B) C(B,(0) N (A + B))*®
C (7*a)"'(B,(0) N A) + B>
C (7 a"")(B,(0) N A) + B).

Then it follows that

maB,(0) N (A + B) C (B,(0) N A) + B.
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This means that 0 < |7’a| = p(A, B). Thus by Theorem 7, A + B is closed.
Since (A*)* = A, the converse is trivial.
From this proof we can induce the inequality

lw’p(B*, A*) = p(A, B) = |n|°p(B*, A*).

Moreover the following result can be also proved by Lemmas 5 and 9.

THEOREM 11. The following are equivalent.

(1) A + B is closed.
2 A* + B* = (AN B
3 A+ B = (AN BYHY.

Proof. First we prove (1) © (2). If A + B is closed, then by Theorem
7 we have r(A, B) > 0. Hence there is an a« € K, a # 0, such that

aB;(0) N (A + B) C (By(0) N A) + B.
Then

((B\(0)’ N B*) + A*

(B;(0) + B® + A*

7((B,(0) + B) N A)°

D m(a”(B,(0) + (A N B)) (by Lemma 5)
= m(a"'B,(0) + (A N B))°

7((e”'By(0))° N (A N B)Y)

(ma(B(0))°) N (A N B)*.

U

I

Thus
At + B* = U B(B(0)°NB*) + A"
BEK

= U B((B,(0))° N B*) + AY)
BEK

o ﬂgK B(ma(B(0))° N (A N B)*)

(ng /31ra(B,(0))°> N (A NB)*
= (AN B)*.

The reverse inclusion A* + B* C (A N B)* is trivial.

Conversely, if A* + B* = (A N B)*, then A* + B* is closed. Hence
by Theorem 10 A + B is closed.

Using Theorem 10 and the relation (1) < (2) in this theorem, we can
prove (1) & (3).

3. In this section we apply the preceding results to the space of linear
maps. Throughout this section let E and F be Banach spaces and L(E, F)
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be the continuous linear maps taking E into F. The product space E X F
can be normed by |(x, y)|| = max(|x|, |ly]) for x € E and y € F. Then
E X F is a Banach space. The dual space (E X F)' is the product space
E' x F’' and it is a Banach space with the norm

I, yOI = max(lx'll, |Iy'l) for x' € E" and y' € F'.

Let T be a linear closed map (in the sense that it has a closed graph)
between E and F with a dense domain D(T) in E. We set A = G(T), where
G(T) denotes the graph of 7. Then A is a closed linear subspace of
E x F. Let T' be the conjugate of T. Then T is closed. The set R(T) is
the range set of T.

Tueorem 12 (Banach’s closed range theorem). The following conditions
are equivalent.

(1) R(T) is closed.
) R(T) is closed.
Proof. Let B = E X {0}. We have A* = G(—T') and B* = {0} x F'.
Then A* and B* are closed in E' X F'. Since
A+ B=EXxXxRT ad A* + B* = R(T") x F',

the theorem is seen to follow from Theorem 10.
If T is a continuous linear map and D(T) = E, then T is closed. So the
next corollary follows from the previous results.

CoroLLARY 13. Let TE L(E,F),A = G(I),B = E x {0}, A' = G(T")
and B' = F' x {0}. Then we obtain the following diagram.

(i) T is open (i)' T is open.

l

(ii)) T’ is onto.

0

(iii) There exists a real number
t, 0 <t =1 such that
Tl = ¢ x| (x € E).

(i)’

(iii)’

(iv) There exists a real number  (iv)’
t,0 <t =1 such that A

and B are t-orthogonal.

4

(v) nA, B) > 0. )

l

T is onto.

0

There exists a real number
s, 0 < s =1 such that

ITOM = syl 0" € F).

There exists a real number
s, 0 <s =1 such that A’
and B'are s-orthogonal.

J

rA', B') > 0.
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) 0

(vi) A + B is closed. & (vi) A + B s closed.
(vii)) R(T) is closed. (vii)’ R(T") is closed.
(viii) T is open. (viii)’ T' is open.

In particular, if T is injective, then (i)—(viil) are equivalent and if T' is
injective, then (i)'—(viii)' are equivalent.

Proof. The equivalences (ii) < (iii) and (i)’ & (iii)’ are proved by
R. Ellis [2]. The implications (ii) = (i) and (ii)’ = (i)’ are instances of the
open mapping theorem. The eqgivalences (v) < (viii) and (v)’ & (viii)’ can
be easily shown [4, p. 464]. The implications (iv) = (v) and (iv)' = (v)’
are proved by Theorem 6. We prove (v) < (vi) and (v)' & (vi)' using
Theorem 7. Since A + B = E X R(T)and A’ + B' = F' X R(T"), (vi) &
(vii) and (vi)’ & (vii)’ are trivial. Theorem 10 proves that (vi) & (vi)'. We
now show that (iii) = (iv). For all (x, T(x)) € A and for all (y, 0) € B, we
have

G, Tx) + (v, Ol = max(lx + yl, TG

and

max([|(x, TN, &, O = max(lx]l, llyll, 1TCD.

If x|l # ly|l, then ||x + y|| = max(|x|], |lyl). Hence it is trivial that for
eachr,0<r=1,

IGe, Tx)) + &, Ol = ¢ max([iGx, T, |, O

If ||x|| = |lyl, then by (iii) there exists a real number ¢, 0 < ¢ = 1, such
that || T(x)|| = ¢ max(||x||, |[yll, IT(x)]) and it follows that

G, Tx) + @, Ol = ¢ max(||Gx, TG, 1G> OID.

Thus (iii)) = (@iv).
Conversely, if there exists a real number ¢, 0 < ¢t = 1 such that A and
B are t-orthogonal, then we have

e, T(x) + (—x, Ol = £ max([|(x, TG, [I(—x, 0)II)
= tmax(|x[, [T®[) (€ E).
Hence it follows that for all x € E |[T(x)|| = ¢ |lx|.

The proof of (iii)’ < (iv)’ is similar. In particular, if T is injective, then
A N B = {0}. Hence by Theorem 8 we can prove (iv) < (v). Thus it follows
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that (i) © (iii)) © (iv) © (v) & (vi) & (vii) & (viii) & (viii)’ = (i). The
proof of the case where T’ is injective is also similar.

DErFINITION. A linear map T : E — F'is called completely continuous if
for any bounded sequence of vectors {x,} in E, then the sequence {T(x,)}
contains a convergent subsequence.

However, if there exists a nontrivial completely continuous linear map,
then K must be locally compact. A. van Rooij [6] has extended this concept
as follows.

DEerFINITION. A linear map T : E — F is called compact if the subset
T(B,(0)) is compactoid in F.

If T is compact, then T is continuous. And if K is locally compact, then
T is completely continuous if and only if T is compact [6, p. 142]. The
following conclusions are extensions of results for the completely continuous
operator to results for the compact operator. Let T € L(E, E). Then it is
obvious that for A € K such that |T|| < |[A|, A — T is injective and
R(\ — T) is closed, where the operator A is defined by A(x) = Ax for x €
E. Let N(T) be the null space of T and R(T) be the range space of T. The
linear span of subset X of E is indicated by [X].

THEOREM 14. Let T € L(E, E) be compact and A\ € K, A # 0. If
N — T is surjective, then N — T is injective.

Proof. Let S = A — T and suppose x; # 0 satisfies the equation
S(x;) = 0. Since § is surjective, there exists x, such that S(x,) = x, and
S%(x,) = 0. By induction we can construct a sequence {x,} such that
x, # 0, S(x,) = x,_; and S"(x,) = 0. Thus we may also conclude that
N(S"™") C N(S" and the inclusion is proper. By the Riesz theorem
[3, p. 72] there exist y, € N(S") (n = 2, 3, ...) and a constant real number
a > 1 such that ||y,| = a and d(y,, N($""")) = 3. Since

N(SY) C N(S» C -+ C N(S"™ ") C N(S™ ...,

y, & N(S"™!) and y, € N(S"), the elements y,, y3, ..., Y., ... of E are
linearly independent and 7(y,), T(y3), ..., I(y,), ... are also linearly independent.
For if T(y,), T(ys3), ..., T(y,), ... are not linearly independent, then there
exists an m such that

T(ym) = azT(}’2) + o+ am——lT(ym—l) (ai € K’ i = 2a e, — 1)-

Hence T(y,,) = oAy, — S(y2)) + = + @pm-1(A\Yu—1 — S(¥mu-1)). Since y,,
Y3y eees Ym—1 € N(S™7), it follows that S(y,), S(3), ..., S(Vm-1) € N(§"7?).
Therefore we have T(y,,) € N(S™"). This means that y,, € N(S™"). This
contradicts y,, € N(S™™ Y. Thus T(y,), T(y3), ..., T(¥,), ... can constitute
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the base of the closed linear span of a countable set {T(y,); n = 2, 3, ...}.
Therefore there exists a positive number ¢ such that T(y,), T(y;), ... is a
t-orthogonal sequence [6, p. 62]. Since T(B,(0)) is compactoid, where B,(0)
denotes the subset {x € E : |x| = a}, T(y,) tends to 0 [6, p. 139]. For
n > m it follows that

This is a contradiction. Thus x;, = 0 and A — T is injective.

DeriNiTION. The subset X of E is called locally compactoid if every
bounded subset of X is compactoid.

If X is absolutely convex, then X is locally compactoid if and only if
X N By(0) is compactoid.

THEOREM 15. Let T € L(E, E) be compact and let A\ € K, A # 0. Then
N\ — T) is a locally compactoid and finite-dimensional linear subspace
of E.

Proof. Let x,, x,, ..., x,, ... be a t-orthogonal sequence of elements of
N\ — T) N By0).
Then the sequence T(x,;), T(x,), ..., T(x,), ... is a t-orthogonal sequence of

elements of 7(B,(0)). Then T(x,), T(x,), ..., T(x,), ... tends to 0 [6, p. 139].
Hence x,, x,, ..., x,, ... tends to 0. Hence by A. van Rooij [6, p. 139],
N\ — T) N B(0) is compactoid and so N(A — T) is locally compactoid.
Further, since N(A — T) is a closed linear subspace, N(A — T) is finite-
dimensional [S, p. 18].

Remark. The above theorem holds even if K is not spherically complete.
However K is now spherically complete, so N(A — T) is c-compact and
spherically complete [5, p. 26].

THEOREM 16. Let T € L(E, E) be compact and let A € K, A # 0. Then
R\ — T) is closed.

Proof. 1If E is finite-dimensional, then it is trivial. Hence we may assume
that E is infinite-dimensional. Suppose that R(A — T) is not closed. Then
there exists a sequence x;, X, ..., X,, ... of elements of E such that
(A — T)(x,) tends to y where y # R(A — T). Hence we may assume x, &
N\ — T) for any n. Since K is spherically complete and N\ — T) is
finite-dimensional, N(A — T) has an orthocomplement M, [6, p. 135]. Hence
there exist y; € M, and z; € N(A — T) such that

X =y + z.
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We have y, € N\ — 1), x| = max(yl, llz;)}) and A - Dx,) =
(A — I)(y,). Let N, = [y,] + N(\ — T). For all n = 2 if it should happen
that x, € N,, then we can conclude that y € R(\ — T). This is a contradiction.
Hence there exists k such that for n = k, x, & N,. We may assume n =
2. Since N, has an orthocomplement M,, there exist y, € M,, z, €
N\ — T) and «; € K such that

Xy = Y, + ay, + 2,
The elements x; and x, of E are linearly independent. Further we set
N, = [y, 2] + N\ = T).

For all n = 3, if x,, € N,, then there exist 8,, v, € Kand z, € N\ — T)
such that

Xy = Bnyl + YnY2 + Zn-

From the orthogonality of y, and N,;, and the orthogonality of y, and
N\ — T) where (A — T)(x,) = A — T)(B,y1 + v.)2) tends to y, the
sequences B;, Bs, Bs, ... and ys, V4, Vs, ... are Cauchy sequences. Let lim
B, = B and lim vy, = . Then

y == DBy + yy2).

Hence it follows that y € R(A — T). This is a contradiction. Therefore we
may assume x; ¢ N,. By induction, there exist y;, y,, ..., ¥, ... such that
v, is orthogonal to N, = [y, ¥2, ..., Y.—1] + N\ — T) and x, € N, and
X,+1 &€ N,. We set d, = d(x,, N — T)). Since NN — T) is a closed
subspace, the distance d,, is positive. Take m € K, 0 < || < 1. Then we
can choose w, € N(A — T) such that foreachn (n = 1, 2, 3, ...),

dn = “xn - Wn” < dn |7TI—] < dn |7T,—2’

The vectors x; — wy, x, — Wy, ..., X, — W,, ... are linearly independent.
Suppose that the set {T(x; — w;); i = 1, 2, ...} doesn’t contain infinitely
many linearly independent vectors. Then there would exist a number N
such that T(x; — wy), T(x, — w,), ..., T(xy — wy) are linearly independent
vectors, and, for any n > N,

Tx, — w,) € [T(x; — wy), Tx; — wy), ..., T(xy — wy)l.
Hence we can take a,, € K (i = 1, 2, ..., N) such that
O\ - T)(xn - Wn) = A(xn - wn) + Oy T(xl - wl) + o+ anNT(xN - WN)'

Since x; — wy, x, — w,, ... are linearly independent vectors, {x, — w,}
contains a subsequence {x,, — w,} (i = 1, 2, ...) such that T(x, — w,),
Tx, — W), ooy T(XN = WN)y Xy = Wapy Xy = Wiy ey X — Wey ooe

are linearly independent vectors. Therefore there exists a number ¢ > 0
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such that
T(xl - W]), T(x2 - Wz), eeey T(xN - WN)v Xy = Whps Xnp = Wy eee

is a r-orthogonal sequence [6, p. 62]. Since A\ — T)(x,, — w,,) tends to y,
for any & > 0 there exists a number M such that n;, n, > M implies

||()\ - T)(x,,, - Wp) — - T)(xnk - wnk)” <e.
While

I = Dxy, = W) — A= Dy — Wyl
= max (A, — wa)ll, N, = wadll, .o
“(C‘fml - ankl)T(xl = wll, ..o |l (amN - ankN)T(xN = walD
= 1My — Wil
Hence
I, = wall <t7'INe,

Therefore x,, — w,, tends to 0 and A — T)(x,, — w,) tends to 0. This
contradicts the assumption y # 0. Thus the set {T(x; — w;); i = 1, 2, ...}
contains infinitely many linearly independent vectors. So we may assume
that the vectors T(x; — w;), T(x, — w,), ... are linearly independent. Hence
there exists a number s > 0 such that the sequence

T(x; — wy), Tx; — wy), ...

is s-orthogonal. Suppose there is a number a such that for each n,
lx, — w,]l = a. It follows that T(x, — w,) € T(B,0)). Because T(B,(0)) is
compactoid, 7T(x, — w,) tends to 0 [6, p. 139]. Since

Xp — W, = )\—l((}\ - T)(xn - wn) + T(xn - W,,)),
the sequence x;, — w;, X, — w,, ... tends to A~ 'y. It follows that
y =K = DA ).

This contradicts y &€ R(A — T). Thus lim|lx, — w,|| = «. Now choose m,,
such that for each n,

mp-1
.

m=d,<|mw

|

It follows that
d, = |x, = wll <l|ml™ 2= d, |n| ™%

Let v, = (# )™ *x, — w,). Then the vectors v, v,, ... are linearly
independent and v, € B,(0). Therefore the sequence T(v,), T(v,), ... tends
to 0. Since (7~ "™ tends to 0,

\ = D) = (@ )"\ = Tx,)
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and

vy = AU = Dw,) + T(w,)),
the sequence v;, v,, ... tends to 0, while we have the inequality
™ ol = dy el 7 -

It follows that |7|* = |v,||. This contradicts the fact v, v,, ... tends to 0.
Hence our assumption that R(A\ — T) is not closed is false. The proof is
completed.

dn = "xn - W,,” = |7T

THeOREM 17. If T € L(E, F) is compact, then the conjugate T' of T is
a compact linear map taking the Banach space F' into the Banach space
E'.

Proof. Since T is compact, for every ¢ > 0 there exists a continuous
linear map S taking E into F such that S(E) is finite-dimensional and
IT — S|| = e [6, p. 142]. Because K is spherically complete, it follows that

I — S| =e.
We now show that S’(F") is finite-dimensional. Since S(E) is finite-dimensional,

there exist linearly independent vectors ¢; € F (i = 1, 2, ..., p) such that
for each x € E,

Sx) = aje; + ame, + - +ae, @GEK;i=12,..p)

We define the elements f; (i = 1, 2, ..., p) of (S(E))’ as follows. For each
x € E,

fil§®) = a; (=1,2,..,p).

Since K is spherically complete, each f; hgs an extension f; to F. We can
easily show that S'(f)), S'(f,), ..., S'(f,) generate the linear subspace
S'(F") of E'. Hence S'(F') is finite-dimensional. Then T’ is compact.

THEOREM 18. Let T € L(E, E) be compact and let A € K, A # 0. If
N — T is injective, then N\ — T is surjective.

Proof. Since A — T is injective and R(\ — T) is closed, by Corollary
13, A — T’ is surjective. Hence by Theorems 14 and 16, A — T' is injective
and R(\ — T') is closed. Therefore A — T is surjective.

Further we can obtain the following theorems.

THEOREM 19. Let T € L(E, E) be compact and let A € K, N\ # 0. If
N — T is injective, then there exists a real number t > 0 such that for all
xEE,
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[N = DI = tx].
Proof. By Corollary 13 and Theorem 16, it is trivial.
THEOREM 20. Let T € L(E, E) be compact and let \ € K, A # 0. Then
there exists a constant real number ¢ such that for all x € E,
dx) = c|(A — T)(x)|| where d(x) = d(x, NI\ — T)).

Proof. Since N(A — T) is finite-dimensional, N(A — T) is closed. Then
the quotient space E/N(A — T) is a Banach space with the quotient norm
II 1|l;. Let p be the quotient map

E— E/N\ — T).

For x € E, let X = p(x). Then we can define the continuous linear operator
H taking the Banach space E/N(A\ — T) into E by

Hx) = A = D).

Hence R(H) = R(A\ — T). Since R(H) is closed and H is injective, by
Corollary 13 there exists a real number ¢, 0 < ¢t = 1, such that

|H®)| = ¢|x|;, forallx € E/N\\ — T).
Then it follows that |[(A — T)(x)|| = td(x). Set ¢ = 1/t. Then we can conclude
the proof.

CoroLLARY 21. Let T € L(E, E) be compact and let A\ € K, A # 0.
Then if y € R\N — T), there exists an x € E such that \ — T)(x) = y
and ||x|| = cl|ly|l, where c is the constant of Theorem 20.

Proof. Since y € R(A — T), there exists an x, € E such that

y = A = Dx).

Let D be the orthocomplement to N(A — 7). Then we may choose
Yo E D and z; € N(A\ — T) such that x, = y, + z,. It follows that y =
(A — T)(ye) and d(xy) = |lyoll. Hence by Theorem 20 we have

[yoll = cllX = D).
Set
RN -1 ={)"€EE :x(x) =0, x ER0N — 1)},
RN -T)={x€EE:x(x) =0,x ER\ — T)}

and

‘NN -T)={x€EE:x(x)=0,x € NN — T).

Then we can prove the following theorem.
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THEOREM 22. Let T € L(E, E) be compact and let \ € K, N # 0. Then
the following equalities hold.

(1) RAN—-T7)=Nx-T).
2 ‘RN —T)=N\-T1).
B R\N-T)=°N\-T).
4 R\MN-T)=Nx-T"

Proof. We have

RN -1 =NA\A-T),R\—T)=N\-1),
RN —-T)=°N\-T) and R\ —T)CNM\-T1T) [1,p.285]

By Theorem 16, R(A — T) and R(\ — T') are closed. Then the equalities
(1), (2), (3) and the inclusion R\ — T') C N(A — T)° hold. Therefore we
must show that R\ — T') D N(A — T)°. Using Corollary 21 and Ingleton’s
version of the Hahn-Banach theorem, we can show this inclusion in the
same way as the Theorem A.7 in [1, p. 398].

The following corollary is the same statement as (3) and (4) of Theorem
22.

CoroLLARY 23. Let T € L(E, E) be compact and let A\ € K, A # 0.

(1) The equation (A — T)x) = y is solvable if and only if y €
‘N» — T).

(2) Given ay' in E' there exists an x' in E' such thaty' = (A — T')(x")
if and only if y' € N\ — T)°.

Lemma 24. (1) If xy, x5, ..., X, are linearly independent vectors of E,
then there exist elements g,, g,, ..., 8m of E' such that g(x;) = 8; (i,j =
1, 2, ..., m).

Q) Iffi, f2, ..., [, are linearly independent elements of E', then there
exist vectors ¥y, ¥z, ..., Yn of E such that fi(y;,) = 8, (i,j = 1,2, ..., n).

Proof. (1) Let M = [x,, x,, ..., x,,]. We define a functional 4, (i = 1,
2, ..., m) on M as follows:

h,' M- K, h,’(alxl + 0+ oax; + o0+ amxm) = .

Clearly, h; is a continuous linear functional and h(x;) = §;; (i,j = 1, 2,
..., m). Since K is spherically complete, 4; can be extended to a continuous
linear functional g; defined on all of E. These functional g,, g,, ..., g, are
desired elements of E’.

(2) Asin[1, p. 399], we can prove that

s oo ficiy fixr 0 LICAA] G=1,2,..,n)
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implies that f; is a linear combination of f,, ..., fi—1, fi+1» +-., f». From which
the statement follows.

THEOREM 25. Let T € L(E, E) be compact and A\ € K, A # 0. Then
dim NA — T) = dim N(A — T').

Proof. Using Theorems 17, 18, 22, Lemma 23, and the fact that a
continuous finite-dimensional linear map is compact [6, p. 142], we can
prove this theorem in the same way as the theorem for a Banach space
over the real field [1, p. 400].
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