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ISOMORPHISMS OF INCIDENCE RINGS

BY
JoeL K. HAaAck

Let R be a ring with identity and let (X, <) be a finite preordered set, that
is, a finite set X with a relation < that is reflexive and transitive but not
necessarily antisymmetric. The incidence ring I(X, R) of R over X is a ring
with the additive structure of a free R-module with basis {f,,|x < y} and
multiplication given by

(2 o7 (2 ir50) = E S _Z. 1)
X<zsy

[2], [5), [13], [16]. Such rings may be considered subrings of
(Card X) x (Card X) block upper triangular matrix rings over R [6]. The
question of finding classes of rings R such that I(X, R) =~ I(Y, R) implies
X = Y has been the subject of several studies [2], [3], [11], [14], [16]. Here
we consider whether I(X, R) > I(X, S) implies R =~ S, and in fact show that if
R is an indecomposable semiperfect ring and X and Y are finite partially
ordered sets, then I(X, R) = I(Y, S) if and only if there is a ring T and
(necessarily finite) partially ordered sets Z and W with R I(Z, T),
S=IW,T), and X x Z=Y x W. It follows. that I(X, R) = I(X, S) implies
R = S if R is semiperfect and X is finite. Further, if R is an IR-irreducible
ring and X is a finite partially ordered set, then any automorphism of I(X, R)
is the composition of an inner automorphism, an automorphism induced by
an order automorphism of X, and an automorphism induced by a family of
additive maps from R to R satisfying multiplication laws induced by the
partial order. (Compare [14, Theorem 2] which characterizes K-algebra
automorphisms of I(X, K) for K a field.) Finally, we answer a question left
open in [5] by showing that the incidence rings I(X, R) and I(X, S) have
Morita duality only if R and S do. Hence I(X, R) is self-dual if and only if R
is.

First, let us fix notation and recall certain facts. The symbol < will be
used for any preorder; the context will make it clear which relation is being
considered. Let X denote a finite preordered set throughout. The relation ~
defined on X by x ~ x’ iff x < x’ and x’ < x is an equivalence relation, and
the set X, = X/ ~ forms a partially ordered set with partial ordering defined
on equivalence classes x, and x; with representatives x and x’ by x, < xp iff
x < x’' in X. The incidence rings I(X, R) and I(X,, R) are Morita equivalent.
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The product X x Y of preordered sets X and Y is defined by (x, y) < (x/, ')
iff x<x"and y<y for x, x' € X and y, y' € Y. A result of Lovasz ([17]; see
also [8]) implies that if X, Y and Z are finite preordered sets, then X x Y
and X x Z are order isomorphic if and only if Y is order isomorphic to Z.
The incidence rings I(X x Y, R) and I(X, I(Y, R)) are naturally isomorphic.
A preordered set X is said to be connected if for any elements x and x’ of X
there is a finite sequence x = x,, X,, ..., X, = x' of elements of X with either
X; < X;4q OF X;00 <x; fori=1,..., m— 1. Any finite preordered set can be
written uniquely as the sum (disjoint union) of its connected components;

X =u{Y|Y is a connected component of X}.

The product distributes over sums. The behavior of the incidence ring con-
struction on sums is given by I(XuY, R) = I(X, R) x I(Y, R). An order iso-
morphism #: X — Y induces a ring isomorphism 6: I(X, R)— I(Y, R) via

0: Z fxx’ rxx’HZ fO(x)O(x’)rxx"

From a semiperfect ring R, we may choose a complete orthogonal set R of
primitive idempotents {e;, ..., e,}. A preordering of R may be defined by
e < ¢ iff there exists a sequence of idempotents e = ¢}, ..., e, = ¢ in R with

e;Re'; ., +0 fori=1,...,m—1.

With this preordering, R is called the associated preordered set of R. R is
indecomposable as a ring if and only if R is connected [1, Theorem 7.9]. An
incidence ring I(X, R) is semiperfect if and only if R is semiperfect and X is
finite. A complete orthogonal set of primitive idempotents for I(X, R) is given
by {frelxe X; i=1,...,n} where f, =f,, for x € X. Here, f.e,<f. e, if
and only if (x, &) < (x, ) in X x R, so that I(X, R) is order isomorphic to
X x R [16, Lemma 4.2]; we will write X x R for I(X, R). If R~ R, x R, as
rings, then I(X, R) = I(X, R,) x I(X, R,). If S is another semiperfect ring, we
will use g4, ..., g, to denote the elements of a complete orthogonal set of
idempotents for S; if Y is a preordered set, we will use h,, (with h, = h,) for
the canonical basis elements of I(Y, S) over S.

We are now ready to begin the analysis of an isomorphism between
I(X, R) and I(Y, S).

1. PROPOSITION. Let R be a semiperfect ring and X a finite preordered set.
If a: I(X, R)— I(Y, S) is an isomorphism, then there exists an inner automor-
phism B of I(Y, S) such that p«(X x R)=Y x §.

Proof. Since « is an isomorphism «(X x R) is complete orthogonal set of
primitive idempotents of the semiperfect ring I(Y, S). Hence there is an inner
automorphism of I(Y,S) carrying «(X x R) to Y x § [4, Proposition
18.235]. 1
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One might initially hope that if a: I(X, R)— I(X, R) is a ring automorp-
hism with

oX x R) =(X x R),

then a copy of R, say f, R =f_I(X, R)f,, would be carried onto some f,.R. A
little reflection shows that this need not be the case even if R is indecompos-
able and X is connected. For example, let F be a field and X = {1, 2} with
ordering 1 <1, 1 <2, 2<2. Then R = I(X, F) is isomorphic to the ring of
2 x 2 upper triangular matrices over F. Define «: I(X, R)— I(X, R) by inter-
changing the 2nd and 3rd rows and columns of the elements of I(X, R) con-

Y |
)

o —
()
r
(The map « corresponds to the twisting order automorphism t of X x X
given by 1(x, x') = (x’, x).) We do find, however, that f, R is sent to an inci-
dence ring.

N <

2. LEMMA. Let R be an indecomposable semiperfect ring and let x be any
element of a finite preordered set X. Let f,, =Y {f,/|x' € xo}. Let o be an
isomorphism from I(X, R) to I(Y, S) such that (X x R)=Y x S. Then there
exist an idempotent u of S and a subset Z of Y such that

fl(X, R)fy) = (Z {h,|z € Z}) I(Y, uSu) <Z {h,|z € Z}>

Hence M, (R) = I(Z, uSu) where x, has m elements and M,(R) is the m x m-
matrix ring over R. The subset Z consists of the first coordinates of the pairs in
the set o(xo % R).

Proof. First, notice that « restricted to X x R is in fact an order iso-
morphism, since the ordering on X x R is determined by the transitive exten-
sion of the ring-theoretic condition f, e;Rf.e;# 0. Because R is
indecomposable, R is connected. Hence there are idempotents gi, ..., gi in §
and a subset Z of Y with

wxo X R)=Z x {g},..., g} [16, Lemma 3.1].
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Letu=g) + - + gi. Then

oc(fxo)=a<z {frvelx €xq,i=1, ...,n})

=Y {h.gjlzeZ;j=1,...,k}
=Y {hulz e Z}.
Hence

W fxol(X, R)fyg) = alfxd(Y, S)olf,)

- (z h, u> I(Y, S) (Z h, u)
- (z h,) I(Y, uSu) (Z h,). [

Hence we see that the image of f, R under an isomorphism « is not con-
tained in some h,S only if R is itself nontrivially an incidence ring if x, is a
singleton. Define an indecomposable semiperfect ring R to be IR-irreducible
if whenever T is a ring and Z is a partially ordered set with R ~ I(Z, T), Z is
a singleton (so also T = R). If R is IR-irreducible and «: I(X, R)— I(Y, S) is
an isomorphism with X partially ordered, then the subset Z of Y in Lemma
2 must be a singleton, so that there is an idempotent u of § with R =~ uSu.
Furthermore, we have:

3. PROPOSITION. Let R be an IR-irreducible ring and X and Y finite par-
tially ordered sets with I(X, R) = I(Y, S). Then there exist an idempotent u of
S with R = uSu and a subset W of X such that S~ I(W,R)and X =Y x W.

Proof. Let a:I(X,R)—I(Y,S) be an isomorphism with a(X x R) =
Y x S. First assume that S is idecomposable. If x € X then from Lemma 2
and the IR-irreducibility of R, there exist an element y of Y and an indempo-
tent u of S with a(f, R) = h,uSu. Apply Lemma 2 to I(Y, S), y, and a' to
obtain a subset W of X and an idempotent v of R with

a~'(h,S)=Y {f.Iwe W}vRv
and S = I(W, vRv). Then
fiR=a"'a(f,R) S f,vRv;
hence v = 1 and S =~ I(W, R). Since
IX,R) = I(Y,S) = I(Y, (W, R)) ~ I(Y x W, R),
we see that X >~ Y x W (16, Theorem 4.3].
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If S is not indecomposable, write S as the product [[2-, S; of indecompos-
able rings S; and X as the sum Li,_, X, of its connected components. Then

1
[11(X,, B)
k=1

is the decomposition of I(X, R) into indecomposable rings since for each k,
X, x R is connected. For each factor S; of S, there are unique components
X4, ..., X! of X with I(Y, S) = a«(I(X’, R)), where X’ = XJiLs--LX/; this
gives a decomposition Li#_; X’ of X (1, Theorem 7.9]. Hence for each j there
is a subset W; of X/ with S; = I(W}, R) and X/ = Y x W,. Then

§=118,=I11W;, R)= LW, R),
and

X=uXz2u(Y xW)=Y x (W)
Since W; < X/, the W are disjoint so that W, < X. |

4. COROLLARY. If R and S are IR-irreducible rings with I(R, X) = I(S, Y),
then R~Sand X =Y.

Proof. The partially ordered set W of Proposition 3 must be a singleton. ||

Corollary 4 provides the uniqueness of the IR-irreducible decomposition of
an indecomposable semiperfect ring R in the following proposition.

5. PROPOSITION. If R is an indecomposable semiperfect ring, then there
exist an IR-irreducible ring T and a finite partially ordered set Z such that
R = I(Z, T); T and Z are unique up to isomorphism.

Proof. If R is not IR-irreducible, write R = I(Y, S) with Y not a sing-
leton. Since R is finite and R = Y x §, the cardinality of S is less than that of
R, providing a bsis for induction. |

Consequently, although an incidence ring over an indecomposable semi-
perfect ring may be isomorphic to a second incidence ring with neither the
ground rings nor the partially ordered sets isomorphic, we can decompose
the ground rings and obtain isomorphisms.

6. THEOREM. Let R be an indecomposable ring and X and Y finite partially
ordered set. If I(X, R) > I(Y, S), then there exist an IR-irreducible ring T,
idempotents v € R and u € S with T = vRv = uSu, and preordered sets Z and
W suchthat R~I(Z, T), S~ IW,T)and X x Z=Y x W.

Proof. Let T be an IR-irreducible ring and Z a partially ordered set with
I(Z, T) = R. Then

IY,)=IX,R)=IX x Z, T).
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Proposition 3 yields a subset W of X x Z such that S~ I(W, T) and
XxZxWxY. |

Immediately from Proposition 1 and the result of Lovasz concerning can-
cellability of finite preordered sets [7], we may conclude that if R is semi-
perfect and X is a finite preordered set, then I(X, R) = I(Y, R) implies
X = Y. From Theorem 6 and Lovasz’s result we may conclude that if R is
an indecomposable semiperfect ring and X is a finite partially ordered set,
then I(X, R) = I(X, S) implies R = S. The indecomposability assumption on
R is unnecessary:

7. THEOREM. If R is a semiperfect ring and X is a finite partially ordered
set, then I(X, R) = I(X, S) implies R =~ S.

Proof. Let a:I(X, R)— I(X,S) be an isomorphism with a(X x R) =
X x §. Write R as a product []i-, R, of indecomposable semiperfect rings.
With each R; is associated an IR-irreducible ring T; and a finite partially
ordered set Z; with R; = I(Z;, T). Some (or all) of the T; may be isomorphic;
let {T,|y € A} be a set of representatives of the isomorphism classes of the T;.
Collect the factors of R having associated IR-irreducible rings isomorphic to
T, and let R, be their product. R, is isomorphic to I(Z,, T,) where Z, is the
sum-of the partially ordered sets associated to the factors of R,. Let S, be
the product of the indecomposable factors of S having T, as their associated
IR-irreducible rings; we will show first that a(I(X, R)) = I(X, S,). To this
end, decompose X as the sum of its connected components L1 X, and § = []
S; as the product of indecomposable rings. The factorization of I(X, S) into
indecomposable rings is given by [] I(X,, S). Let I(X,, S,) be a factor in the
decomposition of a(I(X, R,)). Then there is a component X, of X and a
factor R; of R, with

I(Xy, S) =all(X,, R)) =1(X, x Z;, T).
Hence by Proposition 3 and Lemma 5, T, is the associated IR-irreducible
ring of S;. Thus a(I(X, R)) < I(X, S,). Applying a similar argument to o™!
and I(X,S,) shows that «”'(I(X,S,) < I(X,R,), so that «I(X,R,)=
I(X, S,). It also is apparent that S =[] §,. Now

IX,S)=I(X,R)=I(X x Z,, T).

Again by Proposition 3, there exists Y, € X x Z, with

S,=IY,,T) and X xY, =X xZ,.

Cancel X; then ¥, =~ Z,so that S,~ R,. Thus S=[] S, =[[ R,=R. 1

Of course, if there is an isomorphism o from I(X, R) to I(Y, S), the com-
ponents R, and §, still satisfy a(I(X, R,)) = I(Y, S,). This would allow us to
obtain a conclusion analogous to, albeit more complicated than, that of
Theorem 6 in the case of arbitrary semiperfect rings.
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Let us now turn to the structure of an automorphism o of a finite inci-
dence ring I(X, R) over an IR-irreducible ring R. First by applying the
inverse of an inner automorphism B, we may obtain the automorphism g~ 'a
satisfying

B la(X x R)=X x R,

yielding an order automorphism of X x R. Moreover, since R is IR-
irreducible, for any x € X there is an x’' € X with B~ '«({x} x R) = {x'} x R,
so that B~ '« induces an order automorphism 6 of X as well, via 6(x) = x'.
Let 0 be the ring automorphism of I(X, R) induced by 6. Finally, let x < y in
X. Then

6718 a(f;, R) =f, R

Let ¢,, be the additive map from R to R induced by the restriction of
0~'p '« to f,,R. The family {¢,,|x <y} satisfies @,,(r)¢.,(s) = @,,(rs) for
x<z<yandr,se€R,since

07 B U [0 BT U Sy ) = 071 BT el fy )

Conversely, any such family {¢,,|x < y} of additive isomorphisms from R to
R yields a ring automorphism ¢ of I(X, R). Thus we have shown:

8. THEOREM. Let R be an IR-irreducible ring and X a finite partially
ordered set. A map o is an automorphism of I(X, R) if and only if there exist an
inner automorphism B of I(X, R), an order automorphism 6 of X, and a family
{¢sy|x < y} of additive automorphisms of R satisfying ¢..(r)¢.,(s) = ¢.,(rs) for
x<z<yandr, s e R, such that o. = p0¢.

This decomposition of a is not unique, for there may exist distinct auto-
morphisms of I(X, R) arising from additive isomorphisms of R satisfying the
multiplicative conditions that compose to give an inner automorphism of
I(X, R); see the discussion and example in [14].

A ring R is said to be (Morita) dual to a ring S if there is a left R-right
S-bimodule C that is a left R-injective cogenerator and a right S-injective
cogenerator with S =~ End (3C) and R = End (Cy) canonically [9], [10], [15].
If R~ S, R is said to be self-dual. It is known that if R is dual to S, then
I(X, R) is dual to I(X, S) for any finite preordered set X. Until now, only
partial results have been available concerning the converse [5]. The converse
is true in general; we will now prove it. Since the basic ring of I(X, R) is
I(X,, Ry) where X, is the associated partially ordered set of X and R, is the
basic ring of R, it is sufficient to consider basic rings and partially ordered
sets in the proof of the following theorem.

9. THEOREM. The incidence rings I(X, R) and I(X, S) are dual if and only if
R and S are dual. In particular, I(X, R) is self-dual if and only if R is self-dual.
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Proof. Only rings that are semiperfect admit Morita dualities [12], so as
noted above it is sufficient to show that if X is a finite partially ordered set
and R and S are basic, then I(X, R) is dual to I(X, S) only if R is dual to S.
Let C be a minimal left injective cogenerator for R. Since R is a quotient
ring of I(X, R). R admits a duality; in fact, R is dual to End (xC) [10]. Hence
I(X, R) is dual to I(X, End (C)) [5, Corollary 3]. Because I(X, End
(zrC)) and I(X, S) are each basic and dual to I(X, R), I(X, End (3C)) and
I(X, S) are isomorphic [15, Proposition 1.5], [1, Proposition 27.14]. Then by
Theorem 7, End (3C) =~ S and Ris dualto S. §
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