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0. Introduction

In this paper, we prove some geometric consequences obtained from certain
linear relations among linear invariants of Riemannian almost-product mani-
folds. We also define and study weak-harmonic distributions.

In Section 1, we obtain a consequence of the Weitzenbock formula, (Theo-
rem 1.2), which will be used in the next section.

Section 2 begins with general concepts on Riemannian almost-product
manifolds. '

A Riemannian almost-product manifold is a triplet (.#, g, P), where (4, g)
is a Riemannian manifold and P is a (1,1)-tensor field on # satisfying
P2 =1 and g(PM, PN)=g(M,N), M, N € Z(M). The eigenspaces of P
corresponding to the eigenvalues 1 and —1, at each point, determine two
distributions ¥~ and %, respectively called vertical and horizontal.

Next, we get a linear relation among linear invariants of Riemannian
almost-product manifolds, (Theorem 2.8), by using Theorem 1.2, from which
we deduce some geometric consequences. Among these it is necessary to note
that:

THEOREM. A Riemannian almost-product manifold (M, g, P) with non-
negative sectional curvature in which ¥~ and ¥ are foliations whose mean
curvatures, restricted to each horizontal and vertical leaf respectively, have zero
divergence, is necessarily locally a product.
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One thus generalizes two results obtained in [1], where this conclusion is
proved, when ¥~ and 5# are both foliations with minimal leaves, or both
totally umbilical foliations with mean curvatures as in the theorem.

It is shown in [12] that one cannot find two complementary and orthogonal
totally umbilical foliations on compact Riemannian manifolds with non-posi-
tive sectional curvature, unless each one of them is 1-dimensional or a totally
geodesic foliation. As a consequence of Theorem 2.8, we get, in Corollary 2.11,
an improvement of this result for non-integrable distributions.

In the last section we generalize the concept of harmonic foliation that
appears in [7] and [8]. The distribution ¥~ of a Riemannian almost-product
manifold is said to be weak-harmonic if the canonical projection 4: T.A — ¥
from the tangent bundle onto horizontal bundle is an J#valued 1-form
orthogonal to A™%, with A* the Laplacian operator induced by the following
connection on #:

VXX =4[A,X], AV, XeN,

v¥X =4(vyX), X,YEN,

where ¥ is the Levi-Civita connection of /.

We prove that some of the main results of [8] on harmonic foliations
(Corollary 2.27, Theorem 2.34) remain valid for weak-harmonic distributions.
(On the other hand, these results are consequences of Theorem 2.8.) Further-
more, we show some new results about weak-harmonicity, among which are
the following:

(i) A weak-harmonic distribution with the property AF (Definition 2.3) is
a totally geodesic foliation.

(ii)) Let (4, g, P) be a Riemannian almost-product manifold with non-
negative sectional curvature in which the horizontal distribution is a foliation
with minimal leaves. Then, if the distribution ¥~ is weak-harmonic, the
manifold is locally a product.

All geometric objects considered throughout the paper will be of class C*®.

The author wishes to thank V. Miquel and A.M. Naveira for useful
comments.

1. A consequence of the Weitzenbick formula

Let (4, g) be an n-dimensional Riemannian manifold and & a vector
bundle over .# with a covariant differentiation D.

We shall denote A?(&, #) the vector space of all &valued differential
p-forms on .
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It is a well known fact that the covariant differentiation D induces the
following operators on &-valued p-forms: the covariant differential acting

on forms, D, the exterior differential operator, d?, the exterior codifferential,
82D, and the Laplacian operator, A”.

Furthermore, if & is a vector bundle over ./# with a metric {( , ), we have
on A?(&, #) the metric induced by the metrics ( , ) and g:

If 8,m € AP(&, A), then (8, 1) is the function on # given by

@nyx) =1 L (Beyie,)n(epne,))

where {e,,..., e,} denote an orthonormal basis of T,.#.

Let & be a vector bundle over # with a metric ( , ) and a metric
covariant differentiation D. If the manifold .# is compact and oriented, we
can define the inner product

(0,m) = [ (0, m)*1, 6, A(S,.4),

for which the operator 8 is the adjoint operator of d?; that is,
(dP8,7m) = (6,8"n), VYO AP (&, M), nE APYHE, M).
Consequently, for 8 € A?(&, A),
(A6, 8) = (46, d°8) + (8°8, 878).

THEOREM 1.1 (WEITZENBOCK’S FORMULA). Let & be a vector bundle over M
with a metric { , ) and a metric covariant differentiation D. If 6 is an
&-valued 1-form, then

(AP, ) = %A(0,0} + (D8, D) + 4

where A is the Laplacian operator of the Riemannian manifold M and A is a
function on M defined by

A(x) = i <0(S(ei))’0(ei)> - i RD(ei?ej’o(ei)’o(ej))

i=1 i, j=1
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where {e,,...,e,} is an orthonormal basis for T,M, S is the endomorphism of
T, M defined by Ricci tensor of M, that is, S(e;) = L} _1S;;e,, and

RP(M,N,¢,¢y) = (Dim,n1® — Dy (Dyo) + Dy(Dyo), ¥,
M,Ne%(#),,y €T(&).

THEOREM 1.2. Let & be a vector bundle over the Riemannian manifold
(A, g), with a metric { , ), and a metric covariant differentiation D. If 0 is
an &-valued 1-form satisfying

(0(M),80(N)) =g(M,N), M,NeZ(A),
then
7 — 1% = 2608 + (P9, d°6) + (59, 5°0) — (DO, DY),

where pl is the 1-form defined by p®(M) = —(8%0,0(M)), r is the scalar
curvature of M and t° the function on M given by

P(x)= 3 RP(ene, 0(e,). 0(e,)

i, j=1

with {e;}!., an orthonormal basis of T, M .

Proof. First, we will prove that
(AP6,0) = 28u° + (dP6,dP6) + (86, 8°6).

Since (0(M),0(N)) = g(M, N), M, N € & (M), we have

((De8)(M),8(N)) = =((Dy8)(N),6(M)), L,M,NeZ(A).

Let { E;}}., be a local orthonormal frame of 7.#. Then,

n

4%,8y = ~ % ((Dsd%)(E,. E).0(E)) + X (Dy(8%0),0(E)).

i, k=1 i=1
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Now,

S ((bya®0)(Ee E).0(E))

- % {(pa((Bst)8).0(5))
(D (D20)(B).8(ED) + ([ Do) (v1E0). (£ )
< VEE) B(E)>
+{ (e, s0) (£, 0(E))
- {- <(DE”)<E> (Ds8)(E)) - ((Deb)(E). 0(v,E))

~E((De8) (), 6(E)) + ((Dg8) (). (Dyp)(E))
+ <(bE,0)(Ek)’ 0(VEkEi)> - <(bE,0)(Ei)’ 0(kaEk)>
+((Ds8)(E).0(v5E)) = (Do, s8)(E).6(E)}

= —(d"9, d"9) + 2 {-E(878,8(E,)) + (8%0,6(VLE,))}
k=1

i, k=1

since,

| ki_l{((bsko)(E,.),(bEko)(Ei)> - ((Ds0)(E). (Ds8)(E)))

= (dD0, dD0)
and,

> {{(060)(v5E). 005 + (D p8)(E. 0(E))

i, k=1

- % o(van B){{(D:8)(E). 0050 + ((Bep)(5). 0(5))

ik, j=1

= % {(Bs0)(E). 0(E)) (8(T5E. E) + g(VE,, E))

ik, j=1
= 0.
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It follows that
(A8, 0) = (d"8,d"0) + Z {E,-<8D0,0(E,.)> - (8"0,0(VE‘,E,.))
i=1

+(Dg,(8%6),8(E,)))

= (dP8,dP9) — (86, 870) + 2 ¥ (Dg(8%8),6(E,)).

i=1

On the other hand,

B

o = = X (ap)(E) = - £ (9s (1)) - (55 5)

14

I
-

(~E(8%0,6(E)) + (8°,6(vE)))

~
i
-

I
|
M-

S (D, (8%8), 6(E,)) — (570, 86).

i=1
Therefore, we have
(AP, 0) = 28u8 + (dP6,d") + (66,5"0).

Now, by using the Weitzenbock formula, and considering that, in this case,
A=7—17%and A(8, 8) = 0, we have the required result.

2. A linear relation among linear invariants of Riemannian
almost-product manifolds: geometric consequences

A Riemannian almost-product manifold is a triplet (#, g, P), where (A4, g)
is a Riemannian manifold and P is a (1, 1)-tensor field on .# satisfying

P>=171 and g(PM,PN)=g(M,N)forM,N € Z(A).

A Riemannian almost-product structure P, determines two distributions ¥~
and 5 corresponding to the eigenvalues of P, 1 and —1, respectively called
vertical and horizontal. In turn, a distribution 2 determines, on a Riemannian
manifold, a complementary distribution 2+, and hence, a Riemannian al-
most-product structure whose vertical and horizontal distributions are & and
2+ respectively; this structure will be called Riemannian almost-product
structure associated to 2.
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LEmMA 2.1 [11).  In any Riemannian almost-product manifold (M#, g, P), we
have

@) g(VLP)M, N) = g(V,P)N, M) and

() g(v.P)PM,PN)= —g(V.P)M,N)
for L, M, N € Z(MA).

The proof is immediate.

It is shown in [11] that there are 36 different classes of Riemannian
almost-product manifolds, each one of which is characterized by some alge-
braic condition on VP. This classification was obtained by decomposition of
the space of covariant tensors of order 3 that have the same algebraic
properties as the tensor vy, given by y(L, M, N) = g((v_.P)M, N) (Lemma
2.1), under the action of the structural group of (4, g, P), 0(p) X 0(q),
where p and q¢ = n — p are the respective dimensions of the distributions ¥~
and 5. Some non-trivial examples for every one of these classes are given in
[10]; and in [4] the algebraic conditions, which define the classes, are inter-
preted in terms of geometric properties of the vertical and horizontal distribu-
tions.

In Definition 2.3, we describe the algebraic conditions on VP which
characterize the properties of ¥~ and ¢ in the different classes of Rieman-
nian almost-product manifolds.

DErFINITION 2.2, A foliation 2 on a Riemannian manifold (., g) is said
to be a totally geodesic or totally umbilical foliation if all the maximal integral
manifolds of 2 are totally geodesic or totally umbilical submanifolds of .#
respectively.

DEerINITION 2.3 [4], [11]. Let 2 be a distribution on a Riemannian
manifold and P the almost-product structure associated to 2.
(i) 2 is a foliation (property F) if and only if (V,P)B = (VzP)A4,

A, B e 9.

(i) 2 is a distribution with the property ,F if (V,P)4 =0, 4 € 9.

(iii)) A foliation with the property AF is a totally geodesic foliation
(property TGF).

(iv) 2 is a totally umbilical foliation (property F,) if and only if

(v,P)B = -ll;g(A, B)a®, 4,Bc9

where a? = LE(VEP)E,, (E,}}-, is alocal orthonormal reference of 9.
(V) 2 is a distribution with the property D, if

(V,P)B + (V,P)4 = %g(A, B)a®, 4,BcO.
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If 9 is a foliation on a Riemannian manifold, it is obvious that a? is, up to
a constant, its mean curvature. So:

(vi) A foliation 2 is a foliation with minimal leaves (property F,) if and
only if a? = 0.

(vi)) A distribution 2 which satisfies a? = 0 will be said to be a distribu-
tion with the property D,.

It is evident that a distribution has the property AF if and only if it has the
properties D; and D,.

A Riemannian almost-product manifold (#, g, P) will be said to be of type
(a, B) if the vertical distribution has the property a and the horizontal one has
the property .

Observe that in a Riemannian almost-product manifold (.4, g, P), the
almost-product structure associated to ¥~ is P, and the one associated to J¢ is
—P.

DEFINITION 2.4 [5], [13]. We define the configuration tensors T and O of a
Riemannian almost-product manifold (.#, g, P) by

1 1
TyN = 5(V,uP)PN, OyN = 5(V4P)PN
for M,N € (M), where »=1/2(I + P) and A=1/2(I — P) are the
projectors onto ¥~ and J# respectively.
It is obvious that T (resp. O) vanishes if and only if ¥ (resp. ) is a

totally geodesic foliation.

DEFINITION 2.5. On a Riemannian almost-product manifold we can define
S, (M,N) =4[vM,uN], S,(M,N)=10u[4M,4N]
for M, N € X (MA).
Evidently, S, (resp. S,) vanishes if and only if ¥~ (resp. ) is a foliation.

LEMMA 2.6. In any Riemannian almost-product manifold we have:

i 1 2
(i) T2 =5 X 8((VeP)E, (VeP)E,),
a,b=1
1 n
lorr=5 X s((vsP)E,(vsP)E,);
u,v=p+1
(ii) IvP|1> = 4(IT|1 + 011%);

(iii) 418,01 = 2IIT|I* = 4y, 411S,/I* = 2/|0))* — 4,
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where A, and A, are the linear invariants [1] given by

14 n
4,= ) g((VEaP)Eb’(vE,,P)Ea)’AZ = X g((vE,,P)Ev’(VE,,P)Eu);
a,b=1 u,v=p+1
(iv) IVP||* = |dP||* = A; + Ay;
1
(v) ldP||* = fllvPllz + 4(”51”2 + ||Sz||2);
(vi) 18P]1% = lla”||* + [Ja™ ||

where {E }F_, and {E,},_,.1 are local orthonormal frames of ¥~ and #
respectively.

The proof is immediate.

DEFINITION 2.7. On a Riemannian almost-product manifold (%, g, P),
we can define

p

TV: Z R(Ea’ Eb’ Ea’ Eb)’
a,b=1

n
7”: E R(Eu, Ev»Eu’Ev)’

u,v=p+1

y4 n
TVW: Z Z R(Ea’ Eu’ Ea’ Eu)
a=1u=p+1

where R is the Riemannian curvature operator of the manifold, and {E,}7_,
and {E, };_,. are local orthonormal frames of ¥~ and ¢ respectively.

It is obvious that the scalar curvature of (#, g, P), 7, can be written as
=774 2074 ¥

THEOREM 2.8. Let (A, g, P) be a Riemannian almost-product manifold.
Then

47 = |dP|1* ~ [ P|]* + 2 divy ¥+ 2dive o
where ley/ a)f’_‘ Zg_lg(anaJ{ Ea)’ lex aV= Z:=P+1g(vEuaV’ E“), and

{E,}f-1 and (E,},_, .. are local orthonormal frames of ¥" and  respec-
tively.
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Proof. By applying Theorem 1.2 to the T.#-valued 1-form P, we obtain
7= 1P = 28" + ||dP|* + ||8P||* - ||V P>

Now, 7 — 77 = 477% and

8 + P12 = ¥ (v (6P), PE))

i=1

P 14
== E g(anaV’ Ea) + Z g(an ’ a)
a=1 a=1
n

+ E g(VEuaV, Eu) - Z g(vEua”a Eu)

u=p+1 u=p+1

14

Y s((v5P)E, o« ) + divy o
a=1

[T

n
tdivea” =2 ¥ g((VsP)E, a¥)
u=p+1

1 . . 1
=1’ + divy o + div,, o + 5||a®|?
2 14 X 2

which implies the result.

COROLLARY 2.9. Let (M, g, P) be a Riemannian almost-product manifold.
(@) If (A,g, P) is of type (AF, AF), then

% = LIVP|.
(i) If (A, g, P) isof type (F,F), then
477 = — %||vP||2 + 2divy,a® + 2div, a”.
(iii) If (A, g, P) is of type (F, F,), then
v 1 2
7= —'8-||VP|| .

(iv) If (A, g, P) is of type (F, AF), then

277% = —||IT||1> + ||0||* + divy a”.
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(V) If ("”’ g’ P) iS Of type (D27 D2)’ then
Vo 1 2 1 12 1 H(12 : H# . ¥
277 % = Z”VP“ - ;lla ||* = E”a [|I* + divy-a™ + div,, o” .
(Vl) If (‘/”’ 8 P) is Of type (AF, DZ), then
v 1 2 1 H)12 : H#
2770 = Z”VP” - E||a [|* + divy a™.
(vii) If (A, g, P) is of type (F,D,), then

277 = — ;11-||or’“’||2 —|IT|1* + ]|O]1* + divy- @ + divye a”.

Proof. Results (i) through (iv) follow immediately from Theorem 2.8 and
Lemma 2.6.

For the remaining results, it is sufficient to consider that if ¥~ (resp. ) is a
distribution with the property D,, then

2 2
4, = Sl |12 = 2T (resp. 4, = Sl - 2n0lll)-

COROLLARY 2.10. Let (A, g, P) be a compact, oriented Riemannian al-
most-product manifold. Then

4f;m,,1 - f)up”ul + L{]|8P|]2*1 - j)lvPllz*l-

The proof follows from Theorem 2.8 by considering that
. 1 . 1
fﬂdlvy a®x1 = 7/)|a“’?n2*1 and j:”dlv,fa’/*l = 7U|aV||2*1.

Of course, the formulas of Corollary 2.10 which contain div,- & or div,, a”,
can be reformulated in compact manifolds.

COROLLARY 2.11. Let (A, g, P) be a Riemannian almost-product manifold.

(i) If (A, g, P) is of type (AF, AF), then 77 > 0, with equality holding
only if the manifold is locally a product.

() If (A, g, P) is of type (F,F) and the mean curvatures of the vertical
and horizontal foliations, restricted to each horizontal and vertical leaf
respectively, have zero divergence, then v** < 0, with equality holding
only if (A, g, P) is a locally-product manifold.
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@iii) If (A, g, P) is of type (D,, D,), compact and oriented, then

L{fr”"”*l >0,

and the equality is satisfied if and only if each distribution, ¥" and ¥, is
of dimension one or a totally geodesic foliation.

(iv) If (A, g, P) is compact and oriented, dim 5¥= 1 and ¥ is a foliation
with minimal leaves, then [,7***1 < 0, with equality holding if and
only if ¥ is a totally geodesic foliation.

Proof. Results (i) and (i) are deduced immediately from results (i) and (ii)
of Corollary 2.10 respectively.
(iii) Considering that

f divy- a®x1 = 5 [ [la*|?x1,
M

fﬂa [12*1

and by using (v) of Corollary 2.10, we deduce

N = va—a

fdlvx,a *] =

1 p—2 q-2
vx = = 2 712 1 = #12
2f7 x1 = 4f||vP|| *1 + f||a P+ + 25 f||a [2+1

and so, if dim ¥"> 2 and dim > 2, we have [ ,7”**1 > 0, equality holding

only if the manifold is locally a product.
If dim¥ = 1, ¥ is a totally umbilical foliation. Therefore

2
27| = 4, = :,,;Hot’/ll2 =2|7))?
and the last formula can be written in the following form:
-2
2 *x1 = [0 *1 + L= [ |ja®)2 #1.
/; [Jo 27l

So, if g > 2, then [,7”**1 > 0, equality holding if and only if J# is a
totally geodesic foliation. And if g = 1, the integral vanishes.

For dim s#= 1, the argument is analogous.

Gv) If (A, g, P)is of type (F,, F,), compact and oriented, we have

vty = 41 2 W1 — 2
2[; 1= f)]a %1 L{nTn *1

which implies the result.
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Comments. Result (i) in Corollary 2.9 (and consequently the result (i) in
Corollary 2.11) was obtained in [1] by using a different method.

Result (ii) in Corollary 2.11 generalizes two results obtained in [1]. There, it
was shown for a manifold of type (F,, F,) instead of (F, F). Furthermore, in
[1], it was also shown that, on manifolds of type (F,, F,), we have 77 < 0, the
equality holding only if the manifold is locally a product.

Result (iii) in Corollary 2.11 generalizes a result obtained in [12]. There, the
same conclusion is obtained for a manifold of type (F,, F,).

3. Weak-harmonic distributions -

In [7], F.W. Kamber and Ph. Tondeur analyzed some properties of harmonic
foliations and in [8] the same authors examined the relation between the
harmonicity property of a foliation with bundle-like metric and the sectional
curvature of the manifold, obtaining the following result: Let (.#, g, P) be a
Riemannian almost-product manifold of type (F,TGF) with non-negative
sectional curvature. If ¥~ is a harmonic foliation, then it is a totally geodesic
foliation [8, Corollary 2.27].

We shall begin this section by extending the concept of harmonicity which
appears in [7] and [8], obtaining afterwards a generalization of the above
result. Furthermore, we shall obtain, among other results, some generalizations
of several other conclusions found in [8].

DErFINITION 3.1. Let (4, g, P) be a Riemannian almost-product mani-
fold. We define the following connection on the vector bundle J¢:

V¥X=4[A,X], A€V, XEH
VEX =4A(VyX), X, Y €HF.

Its torsion, T, is the s#valued 2-form on .# defined by
T*(M,N) = v(AN) - v¥(AM) — 4|[M,N], M,NeX(A).
Writing this expression for vertical and horizontal vector fields, we have
T*(A,B) = —#4[A,B], T*(4,X)=0, T*(X,Y)=0

with A, BE ¥, X,Y €.

It is evident that v* is torsion free if and only if ¥~ is integrable, and in
this case, v * is the basic connection which is used in [7] to define the concept
of harmonic foliation.
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PROPOSITION 3.2. V% is a metric connection (with respect to the metric
induced by g in 5¥) if and only if ) is a distribution with the property AF.

The proof is 1mmed1ate

The connection V* determines the operators V”’, d*, 6% and A* on
Hvalued forms, which, in this section, will be applied to the s#£valued 1-form
£.

LEMMA 3.3

@) (vi%)B
V*fﬁ X= \'7;"2 A= —l(VXP)A, AeV, Xe#;
(Vi) J4= -3

- -;—(VAP)B, A, Be v,

*

(vi%)r=0, x,Yeux.

(i) &%= —;—a”.

(i) d*A(M,N)=T*(M,N), M, N € Z(M).
The proof is immediate.

DEerFINITION 3.4. (i) We will say that the distribution ¥~ is harmonic if
the s&valued 1-form # is v *%closed and v *coclosed, that is, d*% = 8§ % = 0.

(ii) We will say that ¥~ is a weak-harmonic distribution if the s#valued
1-form # satisfies g(A%%4, 4) = 0

It is evident that if ¥~ is a harmonic distribution, then it is a weak-harmonic
distribution.

THEOREM 3.5. (i) # is V*coclosed if and only if ¥ is a distribution with
the property D1
(ii) 4 is v*closed if and only if ¥ is a foliation.
(iii) ¥ is a harmonic distribution if and only if it is a foliation with minimal
leaves.

The proof follows immediately from Lemma 3.3.

THEOREM 3.6. Let (A, g, P) be a Riemannian almost-product manifold.
Then:

. 1 ..
(W) g(A%, £) = 5 dive a” + ISy

i 1 1.
@) g(A%%, £) = glIVPI? = S = 7 divy- o+ 7%,
(lll) If (‘/”9 g’ P) iS of type (—, AF)’ then

1 1
g(&%%, #) = IIT|* = 5l10]* + 7.
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Proof. (i) Let{E,}}_; and {E,},.,.; belocal orthonormal frames of ¥~
and ¥ respectively.

Y &((8%)E, E,)

u=p+1

g(A"’ﬂ, £)

n n

=-X X g((vzem)E, Eu),Eu)+% Z g(vie” E,)

i=1u=p+1

4 n
= Z E g(d'*Z(Ea, vaaEu), Eu) + % diV‘”’ aV

a=1u=p+1

1 1 1.
FITI? = 74, + 5 divea”

=||S,)1% + % div, a”.
(ii) By using (i), Lemma 2.6 and Theorem 2.8, we have
4g (A%, £) = 4||S)||* + 2dive «”
= 2||T||> + ||dP|*> = | VP|* + 4, + 2dive a”
=2||T||? + 477 - 2div, o« + 4,
1 .
= FIVPI? = 41S,]1? - 2div, a* + 477,
Evidently, if 5 is a distribution with the property AF, this formula is that
given in (iii).

The formula given in (iii) of the last Theorem was obtained in [8] in the case
that ¥ is a foliation.
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COROLLARY 3.7. Let (A, g, P) be a Riemannian almost-product manifold.

®

(i)
(iii)
i)
™
(Vi)

(vii)

If (A,g, P) is of type (—, TGF) and ¥ is a weak-harmonic
distribution, then 7”7 < 0, with equality holding only if the manifold is
locally a product.

If (M,g, P) is of type (F,TGF) and div,, a” =0, then 77 <0,
where the equality holds only if the manifold is locally a product.

If (#,g, P) is of type (AF, —), then ¥ is not a weak-harmonic
distribution, unless it is a totally geodesic foliation.

A distribution with the property D, is weak-harmonic if and only if it is
harmonic.

If (A, g, P) is compact and oriented, then ¥~ is a weak-harmonic
distribution if and only if it is a harmonic distribution.

If ¥ is a weak-harmonic distribution and 5 is a foliation satisfying
div,- a® = 0 (in particular if # is a foliation with minimal leaves),
then 77 < 0, with equality holding only if the manifold is locally a
product.

If ¥ is a weak-harmonic distribution, dim #= 1 and «* has zero
divergence, then % < 0, the equality holding if and only if ¥ is a
totally geodesic foliation.

Proof. Result (i) is an immediate consequence of part (iii) of the theorem

above.

(i)
(ii1)

@)
™

If ¥ is a foliation and div, a” = 0, then, from part (i) of the last
theorem, g(A*4, £) = 0, and the result follows from (i).

If ¥ is a distribution with the property AF, then, by using (i) of
Theorem 3.6, we deduce g(A%4, £) = ||T||* and the result follows.
This follows immediately from Theorem 3.6(i).

By integrating formula (i) of Theorem 3.6, we have

#, _ 2 _1_ )12
[ (&%, A)1 = [18i7+1+ 7 [ )41

which implies the result.

(vi)

This is a direct consequence of Theorem 3.6(ii).

(vii) If dim 5= 1, then ||S,||> = 0 and ||0||®> = 1/2||a**||% So we deduce

from Theorem 3.6(ii) that

g(A"%, 4) = %||T||2 - %diva’ﬂ il

and the result follows.

We observe that the result (ii) in the last corollary is clearly more general
than Corollary 2.27 in [8]. In any case, this result is an immediate consequence
of Corollary 2.11(ii).
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Furthermore, we must note that if ¥~ is a foliation satisfying div,, a” = 0,
then it is a weak-harmonic distribution, but it is not necessarily a harmonic
distribution.

The harmonic foliations of codimension one are also analyzed in [8], where
the following result is obtained.

If ¥ is a transversally orientable foliation of codimension one on a
compact and oriented Riemannian manifold .# with non-negative Ricci-
curvature then:

(i) If the Ricci operator is positive for at least one point in ., the

foliation ¥~ is not harmonic.

(i) If ¥ is harmonic, then ¥~ is totally geodesic.

Since a harmonic distribution is a foliation with minimal leaves, this result is
a consequence of the formula

fj”"”*l = - %fﬂnTnz*l

which is true if dim ##= 1 and ¥~ has the property F, (Corollary 2.11(iv)).
Furthermore, the result can be stated without the hypothesis of integrability of
¥~ (nevertheless, we must note that harmonicity implies integrability), and
considering the assumption on 7%, instead of that on the Ricci-curvature.

On the other hand, part (vii) in Corollary 3.7 can be considered as a version
of this result for non-compact manifolds.
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